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Spin-to-charge conversion for hot photoexcited electrons in germanium
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We investigate the spin-to-charge conversion in highly doped germanium as a function of the kinetic energy
of the carriers. Spin-polarized electrons are optically generated in the Ge conduction band, and their kinetic
energy is varied by changing the photon energy in the 0.7–2.2 eV range. The spin detection scheme relies
on spin-dependent scattering inside Ge, which yields an inverse spin-Hall electromotive force. The detected
signal shows a sign inversion for hν ≈ 1 eV which can be related to an interplay between the spin relaxation of
high-energy electrons photoexcited from the heavy-hole and light-hole bands and that of low-energy electrons
promoted from the split-off band. The inferred spin-Hall angle increases by about 3 orders of magnitude within the
analyzed photon energy range. Since, for increasing photon energies, the phonon contribution to spin scattering
exceeds that of impurities, our result indicates that the spin-to-charge conversion mediated by phonons is much
more efficient than the one mediated by impurities.
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I. INTRODUCTION

Spintronics aims at the active control of the carriers’ spin
degree of freedom to implement new functionalities in elec-
tronic devices [1–3]. Although semiconductors do not possess
a spin-polarized carrier population at equilibrium, net spin
densities can be generated either by doping with dilute mag-
netic impurities [3–5] or with electrical [2,6,7], mechanical [8],
and optical [9–13] injection of angular momentum. Moreover,
spintronics can also exploit spin-to-charge and charge-to-spin
conversion phenomena [such as spin-Hall (SHE) and inverse
spin-Hall (ISHE) effects], as shown in GaAs [14–17] and more
recently in Ge [18–21] and Si [22].

Another important issue of spintronics consists of un-
derstanding the spin dynamics of the carriers injected into
a semiconductor. In this respect, among all the generation
techniques, optical orientation is particularly interesting since
the initial energy distribution of the photoexcited carriers can
be tuned by selecting the wavelength of the impinging photons
[10]. Both Ge and GaAs allow efficient optical spin injection,
thanks to the high spin-orbit interaction, which, at �, separates
the heavy-hole (HH) and light-hole (LH) bands from the
split-off (SO) one by a large energy �0. This allows reaching
a photoelectron spin polarization P in the conduction band
(CB) immediately after photon absorption up to 50% for a
wide range of photon energies above the direct gap Edg, with
P = (n↑ − n↓)/(n↑ + n↓), where n↑(↓) is the spin-up (-down)
density referred to a quantization axis parallel to the light wave
vector [10,23,24].

In this work, we focus our attention on Ge, which is
characterized by a much larger spin diffusion length than GaAs,
opening the possibility of designing multiterminal spintronic
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devices which are inaccessible to a GaAs-based platform
[18,25]. This is due to the fact that the efficient Dyakonov-Perel
spin-depolarization channel [4,26–28] is active only in a non-
centrosymmetric lattice such as that of GaAs and is therefore
totally suppressed in Ge. Moreover, Ge represents the most
natural choice for the integration of spintronics, photonics,
and electronics functionalities on a platform compatible with
currently employed technologies. In fact, on the one hand,
the Ge direct gap matches the 1550-nm telecommunication
wavelength [29,30], and on the other hand, the 4% lattice
mismatch with Si allows for the ready integration of Ge with
a Si-based platform and for the growth of strain-engineered
SiGe heterostructures [13].

In this paper we study the spin-to-charge conversion at
room temperature in highly n and p doped Ge on insulating
substrates fabricated using the germanium-on-insulator (GOI)
technique. The spin-polarized electrons are generated by opti-
cal orientation directly in Ge. The spin current js resulting from
spin diffusion undergoes spin-dependent scattering, known
as the inverse spin-Hall effect, which gives rise to a carrier
current jc normal to both js and the spin-polarization unit vector
uP [31]:

jc = γ js × uP , (1)

where γ is the spin-Hall angle, which expresses the efficiency
of spin-to-charge conversion. Thus, in open-circuit conditions,
the spin current generates an electric voltage �VISHE measured
between two Ohmic contacts at the edges of the Ge stripes. The
detected signal is analyzed as a function of the incoming photon
energy hν and is found to reverse sign around hν ≈ 1 eV.
Such a result can be understood in the frame of a model that
explicitly accounts for momentum, energy, and spin relaxation
of optically excited carriers. Within this model, we investigate
the dependence of the spin-Hall angle γ of Ge as a function
of the incoming photon energy. We report an increase of γ up
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FIG. 1. (a) Sketch of the sample. A single crystalline Ge stripe of
dimensions dx × dy × dz = 1 × 20 × 1 μm3 lies on top of SiO2/Si.
Two Au/Ti pads deposited onto the stripe allow measuring the
photoinduced ISHE signal �VISHE. (b) Experimental geometry: ϑ and
ϕ are the polar and azimuthal angles of the incident light, respectively.

to 0.1 with the photon energy. This value is much larger than
the ones reported up to now for semiconductors (γ < 0.02)
[18,32–36]. In the following, we will show that this trend
indicates a higher efficiency of spin-to-charge conversion by
phonon scattering as compared to impurity scattering.

Momentum, energy, and spin relaxation have been shown
to play a relevant role in determining the degree of circular
polarization of photoluminescence from both the direct [37]
and indirect [38] gaps of Ge. However, photoluminescence
probes only the electrons undergoing radiative recombination
from the bottom of � or L valleys, whereas ISHE is sensitive
also to the spin currents generated by nonrelaxed electrons.

II. METHODS

The GOI wafer was fabricated by employing the Smart
Cut process [39]. The resulting GOI substrate consisted of
1-μm-thick Ge layers on top of a 1-μm-thick buried oxide.
To study spin transport in well-defined conducting channels,
Ge films were in depth implanted with either phosphorus
for n type (2 × 1019 cm−3, resistivity ρn = 1.2 m	 cm) or
boron for p type (5 × 1018 cm−3, resistivity ρp = 3.9 m	 cm),
exploiting multiple ion implantations at different energies in
order to obtain a uniform doping all along the film thickness
of 1 μm. The Ge layer was protected against oxidation by a
10-nm-thick SiO2 film, which was removed using hydrofluoric
acid before the introduction into the evaporation chamber to
deposit the Au(150 nm)/Ti(10 nm) Ohmic contacts. Then, the
samples were processed by optical lithography and reactive ion
etching to obtain the geometry of Fig. 1(a). The dimensions
of the stripes along the x,y, and z axes [see Fig. 1(a)] are
dx × dy × dz = 1 × 20 × 1 μm3, respectively.

Optical orientation is performed as indicated in Fig. 1
[10,17]. As a tunable light source, we use the monochromatized
light (typical bandwidth of 10 meV) from a supercontinuum
laser delivering nanosecond pulses at a 78-MHz repetition rate
in the 0.7–2.2 eV range [40]. In our geometry, as reported in
Refs. [15,17,22], the detectable js current density is parallel
to the z axis. Since the Ohmic contacts detect a jc current
density directed along y, the measured �VISHE is sensitive
only to the x component of P = P uP [see Eq. (1)]. To obtain
a significant in-plane component of the polarization, the laser
beam partially fills off axis a 0.65 numerical aperture objective,
focusing the light on the sample with a polar angle ϑ ≈ 20◦

FIG. 2. ISHE signal measured in the n-doped sample (hν =
1.97 eV) as a function of (a) ϕ [see Fig. 1(b)], with optical power
absorbed by Ge W = 246 μW and degree of circular polarization
DCP = 100%; (b) DCP, with W = 246 μW and ϕ = 0◦; and (c) W for
DCP = 100% and ϕ = 0◦. (d) ISHE signal in p-doped (red circles)
and n-doped (blue squares) samples as a function of the incident
photon energy. Each data point represents the average value of ten
acquisitions with an integration time of 200 s. The bars account
for the fluctuations of the data to twice their standard deviation.
The vertical gray dashed line marks the onset of SO transitions,
hν = Edg + �0 = 1.04 eV.

[see Fig. 1(b)] [41], thus producing a polar angle ϑGe inside
the Ge layer that is between 3.3◦ and 4.7◦, within the analyzed
photon energy range. All the measurements were performed at
room temperature.

The ISHE signal is measured with a lock-in amplifier by
modulating the light circular polarization with a photoelastic
modulator (PEM) operating at 50 kHz [15,17]. To further
increase the signal-to-noise ratio, the light intensity was mod-
ulated by a chopper at 21 Hz, and the signal was extracted by
a second lock-in amplifier in cascade with the first.

III. RESULTS AND DISCUSSION

A. ISHE data

The spin-related nature of the detected signal is confirmed
by the data sets in Figs. 2(a)–2(c). Figure 2(a) reports the
dependence of �VISHE as a function of ϕ [defined in Fig. 1(b)],
which follows the cos(ϕ) geometrical dependence expected
from Eq. (1) [15,17,22,42]. The proportionalities of �VISHE

with the degree of circular polarization (DCP) of the incident
light and with the absorbed light power W are shown in
Figs. 2(b) and 2(c), respectively [21,22].

The dependence of �VISHE normalized to the photon flux

ph = W/[π (d/2)2 hν], with d being the diameter of the laser
spot, is reported in Fig. 2(d) as a function of the incident photon
energy in the 0.7–1.7 eV range for n-doped (blue squares)
and p-doped samples (red circles). For both analyzed samples,
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FIG. 3. Relaxation times of spin-polarized electrons in Ge (for
further information see Sec. III B and the appendices). Triangles
pointing upwards (downwards) refer to n- (p-) doped samples, and
stars refer to both. The vertical lines separate different regimes, as dis-
cussed in the text. (a) Impurity (green) and phonon (red) momentum
relaxation times. (b) Energy (blue) and spin (red) lifetimes.

the signal reverses sign at hν ≈ Edg + �0 ≈ 1.04 eV, which
corresponds to the onset of excitations from the SO band [43].
Note also that the measured signal increases by roughly a factor
3 at the highest photon energy investigated.

As will be shown in the following, the sign reversal
originates from the dependence of relaxation times versus
the photoelectron kinetic energy, addressed in Sec. III B.
Indeed, as stated in Eq. (1) the interpretation of the data is
based on the knowledge of the spin current density js, which
depends on the spin-relaxation time and the spin polarization
at the generation time, as analyzed in Secs. III C and III D.
Notice that, although our data are not time resolved, we
introduce a model that explicitly accounts for the temporal
dependence of the spin polarization. This is necessary in order
to correctly reproduce the experimental observations and gain
insight into the physical mechanism leading to the observed
behavior.

B. Relaxation times

The above experimental results can be rationalized by mod-
eling the momentum, energy, and spin-relaxation processes,
which determine the electron spin dynamics. Momentum
relaxation is discussed in Appendix A and arises from two
main contributions: scattering with impurities (expressed by
the impurity-scattering time τimp) and with phonons (expressed
by the phonon-scattering time τph). For the latter, we take into
account all the inter- and intravalley phonon-scattering mecha-
nisms involving the L, �, and � valleys. The total momentum
relaxation rate τm

−1 is given by τm
−1 = τimp

−1 + τph
−1. As

shown in Fig. 3(a), impurities play a significant role for both
n- (green triangles pointing upwards) and p-doped samples
(green triangles pointing downwards) only for low kinetic
energies (εk � 0.2 eV). As εk increases, the carrier-impurity

FIG. 4. (a) Spin-polarization spectra at the generation time t = 0
(blue dotted line) and after 0.5 ps (orange dashed line) and 2 ps (green
solid line). (b) Total average spin current density (gray solid line) and
partial contributions originated by electrons excited from the HH (blue
dash-dotted line), LH (orange dotted line), and SO (green dashed line)
bands. The vertical dashed red line highlights the onset of transitions
from SO states.

interaction is reduced, and this contribution can be neglected
[44]. On the contrary, the scattering rate of the generic ith
phonon process τph,i

−1 increases with kinetic energy as
√

εk.
The total phonon relaxation time [red stars, Fig. 3(a)] is
obtained by weighting all the phonon-scattering mechanisms
as described in Appendix B. It turns out that intravalley
scattering is negligible, and inter-LL-valley (inter-��-valley)
scattering dominates the phonon scattering at low (high) kinetic
energies. The crossover between these two regimes occurs
around εk ≈ �EL� = 173 meV, corresponding to the energy
gap between L and � valleys.

Basically, impurity scattering is an elastic process, so it
does not contribute to energy relaxation [44]. On the contrary,
phonon intervalley scattering is anelastic. With h̄ωi being the
phonon energy of the ith scattering process, the corresponding
energy relaxation time is τε,i ≈ τph,i εk/h̄ωi [44]. The τε value,
calculated considering all the phonon-scattering processes, is
reported in Fig. 3(b) (blue stars).

In addition to momentum and energy relaxation, each
scattering event contributes to a partial spin depolarization
[4,45]. The dependence on the electron’s kinetic energy is
expressed by the Yafet-Elliot cross section: τs ∝ τm/εk

2. The
resulting τs is shown in Fig. 3(b) (red triangles; for further
details see Appendix C).

Notably, unlike τε, τs strongly depends on the kinetic energy.
The two relaxation times are comparable at εk ≈ 0.45 eV. This
kinetic energy separates two different regimes: a low-energy
region in which spin polarization is conserved while energy is
relaxed and a high-energy one in which electrons depolarize
before thermalization occurs.

C. Spin polarization

In Fig. 4(a) we plot snapshots of the spin-polarization
spectra at three different time intervals after optical excitation.
The spectrum P0(hν) at the generation time (t = 0) has been
calculated from the usual matrix elements for the HH → CB,
LH → CB, and SO → CB transitions [23], with the joint
density of states resulting from a parabolic approximation of
the band structure around � [46]. The onset of transitions
from SO (hν = Edg + �0) causes the spin polarization P0 to
drop since opposite net spin populations originate from the
(HH + LH)-excited electrons and the SO-excited ones [23].
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Each population has its own energy distribution in the CB,
which can be found from energy conservation [46]. Thus,
photoexcited electrons from different bands will experience,
for each photon energy, different spin and energy relaxation
times. The temporal dependence of the spin-polarization P (t)
has been obtained, for each photon energy, by account-
ing for the evolution of the three independent populations
in the CB originating from HH, LH, and, eventually, SO:
P (t) = [n↑(t) − n↓(t)]/[n↑(0) − n↓(0)].

It should be noticed that the polarization changes sign
after a certain time if transitions from SO states are allowed
(hν � Edg + �0). Indeed, just after the excitation, the polar-
ization is driven by the HH-originated electrons, which have a
higher kinetic energy than the minority electrons coming from
SO bands. Thus, according to Fig. 3(b), highly kinetic electrons
from HH and LH bands undergo efficient depolarization. Con-
versely, the depolarization of minority electrons from SO states
(which have an opposite spin with respect to the ensemble of
HH and LH electrons) is less efficient, eventually leading to
a polarization reversal. The spin transport is thus dominated,
when present, by the SO-excited electrons, which hold their
polarization for a longer time and induce the sign reversal
of the ISHE signal displayed in Fig. 2(d). This phenomenon
should not be confused with the change in the helicity of the
photoluminescence from the � valley investigated in Ref. [37].
Indeed, there, photoluminescence helicity reversal was related
to the higher probability to scatter out of � for HH- and
LH-originated electrons compared to the ones excited from
the SO band.

Note that the parabolic approximation slightly overesti-
mates P0 compared to the k · p calculations of Ref. [23].
A lower starting value of P0 would, however, only enhance
the polarization reversal effect. Moreover, to confirm the
robustness of the model, we notice that the time evolution of
P is driven by the ratio between τε and τs. This is independent
of the momentum scattering rate, thus decoupling the results
from the uncertainties associated with the latter.

D. Spin current density

From Eq. (1), since | js × uP | = js sin(ϑGe), the time-
dependent ISHE signal between the Ohmic contacts can be
expressed as

�VISHE(t) = γ 〈js(z,t)〉z ρ d sin(ϑGe), (2)

where ρ is the stripe resistivity and 〈js(z,t)〉z is the spatial
average along z of the spin current density js(z,t). Since the
laser repetition rate is much higher than the PEM frequency, the
demodulated signal �VISHE is the time average of Eq. (2) [47].
Thus, the measured �VISHE depends on the time- and space-
averaged value of js(z,t). This value should be found by solving
the time-dependent continuity equation for the spin density.
Anyway, it is possible to simplify the problem by noticing
that the time average of js(z,t) equals the solution js(z) of the
spin-continuity equation in the steady state:

∂js(z)

∂z
= −ns(z)

τs
+ P0 α 
ph e−αz, (3)

with js(z) = −De ∂ns/∂z, α being the absorption coefficient,
and De ≈ 12 (15) cm2/s being the diffusion coefficient for

FIG. 5. Estimated spin-to-charge conversion parameter γ as a
function of photon energy for n-doped (blue squares) and p-doped
Ge (red circles). Dashed lines are guides for the eye. The inset shows
the ratio γp/γn between the spin-to-charge conversion parameters for
n- and p-doped Ge. In the inset, the band marks the expected ratio
within an atomic picture, with m ranging between 2 and 4.

n- (p-) doped Ge [48,49]. Equation (3) can be solved by
imposing the boundary conditions js(0) = 0 and js(dz) = 0,
which express the fact that spin cannot leak from the stripe
at the Ge/air (z = 0) and Ge/SiO2 (z = dz) interfaces. The
value of j av

s = 〈js(z)〉z results by averaging js(z) over the stripe
height dz. The averaged spin current density (normalized to
the photon flux 
ph) arising from spins photoexcited from the
HH, LH, and SO branches is independently plotted in Fig. 4(b),
which also shows the total spin current density resulting from
the sum of the three contributions.

It should be noticed that holes have been neglected in
these calculations due to their substantially lower spin lifetime
[22,50]. Indeed, similar calculations accounting for hole spin
currents return a negligible contribution to j av

s . All the results
reported in Fig. 4 assume n-type Ge, with the results for p-type
Ge being only slightly different.

E. Spin-to-charge conversion

From Eq. (2) one can see that the measured signal �VISHE

is proportional to γ j av
s . Indeed, the change in sign in the total

spin current density [Fig. 4(b)] nicely mimics what is observed
in the experimental data [Fig. 2(d)]. However, the trends of
�VISHE (measured) and j av

s (calculated) are quite different,
thus pointing towards an energy dependence of γ , which can
be estimated from Eq. (2) and is displayed in Fig. 5 for n- (blue
squares) and p-doped Ge (red circles).

The value of γ for excitations around the direct gap for the n-
doped sample (≈2 × 10−4) is in agreement with those already
reported in the literature for n-doped Ge and related to L-point
thermalized electrons [18,35]. The spin-to-charge conversion
turns out to be much more efficient for hot electrons. Indeed,
contrary to the calculated j av

s , which decreases at high energy,
the measured �VISHE increases. Since the �VISHE signals
shown in Fig. 2(d) for n- and p-doped Ge are comparable, the
difference between γn and γp balances the different resistivities
for the two samples [see Eq. (2)].

It should be noticed that the experimental trend has roughly
exponential growth (eye-guide lines in Fig. 5), and γ varies by
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FIG. 6. Average spin current density inside a Ge stripe (dashed
line) and spin current density injected into Pt in a Pt/Ge junction (solid
line).

about 3 orders of magnitude for both samples in the explored
photon energy range. Notably, a similar growth of γ has been
observed in GaAs by Okamoto et al. [34]. Such a finding was
explained by them as being due to the increase in the occupation
probability of the L valley, in which spin-orbit coupling
turned out to be much more efficient, with the electron kinetic
energy.

The inset in Fig. 5 shows the ratio γp/γn between the spin-
Hall angles for p- and n-doped samples. At photon energies up
to hν ≈ 1.2 eV we obtain γp/γn ≈ 0.1, whereas at higher hν

the ratio increases up to 0.7. This behavior can be ascribed to a
decreasing of the impurity-scattering cross section, occurring
at high hν values. In fact, no difference between p- and n-type
Ge is expected when the spin-to-charge conversion is mediated
by phonons. On the other hand, as discussed above, impurity
scattering plays a relevant role at low photon energy (low
kinetic energy). We note that spin-to-charge conversion due
to impurity scattering is driven by the spin-orbit interaction
(SOI) [32], which strongly depends on the atomic number Z

of the scattering center. Assuming an atomistic picture with
a ∝ Zm behavior of the SOI scattering cross section, with
m ranging between 2 and 4, we get γp/γn ≈ (ZB/ZP)m ≈
0.01–0.11, with B and P being the dopants of p- and n-type
Ge, respectively. So the trend of the ratio γp/γn reflects the
fact that up to 1.2 eV scattering is mostly due to impurities,
while the contribution of the latter decreases with increasing
photon energy. Consistently, at higher photon energy γp and γn

approach the same value. Moreover, the paramount increase in
γ when the photon energy (i.e., electrons’ kinetic energy) is in-
creased indicates that phonon scattering, more relevant at high
kinetic energy, is a much more efficient process than impurity
scattering as far as spin-to-charge conversion is concerned.

F. Pt/Ge junction

To prove the validity of the model, we test it on a different
system. The high spin polarization achievable inside Ge moti-
vates its exploitation as a spin generator and the study of spin
transfer from the latter into other materials. In a previous work
we performed such a study by analyzing a Pt/Ge Schottky
junction [19,42]. In this case, thanks to the high SOI, ISHE
mainly takes place in the metal, where spin-polarized carriers
are injected from Ge. As shown in Ref. [19], the ISHE signal,

proportional to the spin current density injected into Pt, does
not show any sign reversal. Although at first glance this might
appear to be in disagreement with the case of bulk Ge described
above, by solving the drift-diffusion equation with the proper
boundary conditions [51], our model does not predict any
signal inversion, and the calculated js injected into Pt (Fig. 6)
well reproduces the experimentally detected ISHE signal. This
is a consequence of the fact that electrons diffusing from
Ge into Pt mostly depolarize in the metal, at variance with
the case discussed above where depolarization occurs in the
semiconductor.

IV. CONCLUSION

We have exploited optical orientation to photogenerate spin-
polarized carriers in highly doped Ge. The electric ISHE signal
resulting from spin-dependent scattering has been detected as a
function of the incident photon energy in the 0.7–2.2 eV range.
A change in the sign of the measured signal for hν ≈ Edg + �0

can be reproduced within a model describing momentum,
energy, and spin relaxation. The inferred spin-Hall angle γ

shows a variation of about 3 orders of magnitude in the
investigated photon energy range for both n- and p-doped
stripes. By comparing theγ values obtained for the two dopants
for photon energies around the gap, our model confirms the
role played by impurity scattering, as expected in an atomistic
picture. Moreover, we have shown that, at higher photon
energies, phonon scattering yields a more efficient spin-to-
charge conversion than impurity scattering.

APPENDIX A: MOMENTUM SCATTERING

Following the Brooks-Herring approach [44] it is possible to
evaluate the characteristic rate (τ imp

m )−1 of electron momentum
scattering due to impurities as

(
τ imp

m

)−1 = Nq2

16 π ε2
√

2 m∗
CB

(
ln (1 + β2) − β2

1 + β2

)
εk

−3/2,

(A1)

where ε is the dielectric constant, q is the elementary charge,
m∗

CB is the CB effective mass, N is the impurity concentration,
and

β = 8 m∗
CB �TF

2

h̄2 εk, (A2)

where �TF is the Thomas-Fermi screening length. As discussed
in Ref. [44], the scattering cross section decreases at high
energies due to the reduction of the interaction between the
electron and the scattering center.

Concerning the processes that involve phonon-scattering,
absorption (a) and emission (e) of phonons should be consid-
ered. For an electron in a valley i the rate of scattering events
transferring the electron to a valley j is [44]

(
τ

a(e)
ij

)−1 = πMjDij
2

2� ωij

g(εk − �Eji
+

(−) h̄ωij )

× (nph + 1/2 −
(+) 1/2), (A3)

where Mj = 1 for intravalley processes and Mj is equal to
the degeneracy of the j th valley for intervalley ones, h̄ωij is
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FIG. 7. Phonon momentum scattering time for electrons in (a) L,
(b) �, and (c) � valleys. (d) Sketch of the leading phonon-scattering
processes occurring in the Ge CB. (e) Valley occupation probability
as a function of the kinetic energy.

the phonon energy (from Ref. [52]), Dij is the deformation
potential (from Ref. [52]), � is the density of the material,
g(E) is the density of states, �Eji is the energy separation
between two valleys, and nph is the number of phonons given
by Bose-Einstein statistics. In Figs. 7(a)–7(c) we report the
scattering times for electrons in the L, �, and � valleys,
identifying the processes in which electrons scatter in the
same type of valley (τii) or in a different one (τij , i �= j ). The
phonon-scattering processes leading the electron dynamics are
sketched in Fig. 7(d).

It should be noted that L, �, and � scattering rates
cannot be summed to find the total scattering rate because
they are competitive processes (one electron cannot be in
more than one valley at once). Thus, to get the effective
scattering rate, it is necessary to find the valley distribution
of electrons, which we discuss in Appendix B. To simplify the
problem, from Figs. 7(a)–7(c) one can note that the scattering
rate to a � valley is negligible due to its low density of
states. On the contrary, scattering rates to L and � are of
the same order of magnitude, with the latter being slightly
larger.

APPENDIX B: VALLEY POPULATION

From the scattering rate it is possible to recover the proba-
bility p(j |i) for an electron in a valley i to scatter in a valley
j as

p(j |i) = τij
−1∑2

k=0 τik
−1

, (B1)

with k = 0,1,2 indicating the L, � and � valleys, respectively.
To find the number ni of electrons in the ith valley, we
can impose the steady-state condition ni(t) = ni(t + dt). The
applicability of this assumption is ensured by the fact that both
energy and spin relaxation require a large number of scattering
events. Moreover, already at the first scattering event, the
probability to scatter from �, where the spin population is
generated, to L or � yields populations nL and n� close

to the steady-state situation. Due to the negligible scattering
probability to � the problem can be further simplified by
assuming n� = 0. We obtain

n� = 1 − p(L|L) + p(�|L)

1 − p(L|L) + p(�|L) + p(L|�)
, (B2a)

nL = 1 − n�, (B2b)

which are plotted in Fig. 7(e). At this point, it is possible to
correctly take into account these competitive processes to get
the overall phonon-scattering rate:

τph
−1 =

2∑
i=0

ni

2∑
k=0

p(k|i) τik
−1, (B3)

which gives τph [red line in Fig. 3(a)].

APPENDIX C: SPIN-RELAXATION TIMES

Once the momentum scattering rate is known, it is possible
to derive the kinetic energy dependence of the spin-scattering
rate from the Yafet-Elliot relation as [45]

τs
−1 =

(
�0

Edg + �0

εk

Edg

)2

τm
−1, (C1)

which gives τs ∝ τm/εk
2, as reported in the text. When εk

approaches zero, due to the finite value of τm, τs diverges.
The spin lifetime for thermalized electrons is not a key term
in our model. Anyway, to better describe this parameter we
exploit the models of Refs. [53,54], also taking into account the
Bir-Aronov-Pikus (BAP) mechanism for p-doped Ge [10,55].
Indeed, exchange interaction can mediate spin transfer from
electrons to holes, where spins quickly depolarize [55]. BAP
scattering rate can be expressed as [10,55]

(
τ s

BAP

)−1 = 2

τ s0
BAP

vF

vB

εk

EF
NaaB

3, (C2)

where vF and EF are hole Fermi velocity and energy, respec-
tively, Na is the acceptor number, aB and vB are the Bohr radius
and velocity, respectively, and τ s0

BAP [55] is

(
τ s0

BAP

)−1 = 3 π

64 h̄

�ESR
2

EB
, (C3)

in which �ESR is the short-range exchange splitting of the
exciton ground state and EB is the Bohr energy of the exci-
ton. We estimate a ratio vF/vB ≈ 1.3, aB ≈ 6.4 nm, �ESR ≈
58 μeV [56], EB ≈ 6.9 meV, and EF ≈ 31 meV. Although
BAP scattering is the leading term for a thermalized electron
population in p-doped Ge, as energy slightly increases, it
rapidly becomes negligible compared to the other scattering
processes.
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