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Nonempirical hybrid functionals for band gaps and polaronic distortions in solids
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We construct hybrid functionals in a nonempirical way by fixing the fraction of Fock exchange through either
the long-range screening or the generalized Koopmans’ condition applied to defect charge-transition levels. These
functionals not only give band gaps of solids as accurate as state-of-the-art GW calculations, but are also capable
of describing polaronic distortions. The Koopmans’ condition is found to be satisfied across a series of defects,
to the point of achieving accurate band gaps through a hydrogen probe. Extension to range-separated functionals
demonstrates the robustness of the present approach.
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Semilocal approximations to density functional theory
(DFT) have long been the method of choice for the study
of materials properties, due to the good compromise be-
tween accuracy and computational efficiency. However, one
important deficiency of these schemes is the severe under-
estimation of the electronic band gap [1]. Another short-
coming involves the spurious interaction of an electron with
its own charge density [2], which can more fundamentally
be identified as the many-body self-interaction error [3,4].
The self-interaction error (SIE) manifests through the failure
of semilocal DFT in describing electron localization asso-
ciated with small polaron formation in wide-gap materials
[5,6]. There are also indications that addressing the SIE
deficiency might lead to an improved description of the
band gap of solids [2,7–13], but the extent of this relation-
ship has not clearly been delimited. The generally accepted
electronic-structure method for overcoming the band-gap un-
derestimation is the many-body GW formulation [14–17].
However, this approach is computationally demanding and
does not trivially allow for structural relaxation, as would be
required for describing polaronic distortions.

There is therefore a general demand for having a more
accessible scheme to correct for the shortcomings of semilo-
cal DFT. Hybrid density functionals appear successful both
in opening the band gap [18] and in describing polaronic
distortions [19–21]. However, these functionals remain un-
satisfactory insofar as they contain an undetermined fraction
of Fock exchange α [22]. Range-separated hybrid functionals
offer more flexibility but at the cost of even more parameters
[23,24]. Two research directions have developed to fix such
free parameters in a nonempirical fashion. The first direction
leads to dielectric dependent hybrid functionals and consists of
enforcing the long-range screening properties [25–27]. Based
on the static Coulomb-hole screened-exchange approximation
to the GW self-energy [14], this can be achieved by setting
α = 1/ε∞ [18], where ε∞ is the high-frequency dielectric
constant. This choice not only leads to improved band gaps

*giacomo.miceli@epfl.ch

[18,28–35] and spectra [36,37], but also to a proper description
of polaronic states [38]. In the second direction, the generalized
Koopmans’ condition is enforced [3]. Most applications focus
on molecules [39–49] or on molecular crystals [50,51] and
achieve an accurate description of the excitation spectrum
[52,53]. However, the application of the same concept to ex-
tended systems has led to conflicting claims as far as the band-
gap determination is concerned [11,54]. Nevertheless, hybrid
functionals satisfying the generalized Koopmans’ condition
have generally been found to properly account for polaronic
localization [50,54,55].

In this Rapid Communication, we examine whether hybrid
functionals, in which the free parameters are nonempirically
set by enforcing physical constraints, can reproduce the experi-
mental band gap of extended systems and concurrently account
for polaronic distortions. To set a benchmark, we first focus
on alkali halides, which show a wide spread of band gaps and
the localization of polaronic holes. We perform state-of-the-art
GW calculations, which we use for assessing the accuracy
by which the constructed hybrid functionals determine the
band gap. The enforced physical constraints involve either the
long-range screening or the generalized Koopmans’ condition
applied to defect levels. The dependence on the nature of the
defect is also investigated and leads to the hydrogen interstitial
as the probe of choice, which is then successfully applied to
a wider range of materials. Allowing for higher flexibility
as in range-separated functionals supports the robustness of
the approach. The present results point to a close quantitative
connection between the long-range screening, the SIE, and the
band gap.

We first consider hybrid functionals PBE0(α), which con-
tain a single parameter α corresponding to the fraction of Fock
exchange [22]. Upon the creation of a point defect, the atomic
structure is not allowed to relax, implying that the long-range
screening is entirely described by ε∞. To overcome finite-size
effects, the single-particle defect energy levels are corrected
using the formula derived in Ref. [58], which is consistent
with state-of-the-art total-energy corrections [59–61]. In this
study, we only retain defect states that show well localized
charge, as inferred from the delocalized screening charge
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TABLE I. Band gaps Eg obtained at the QSGW̃ level and high-
frequency dielectric constants ε∞ calculated at the semilocal level
for various alkali halides, compared with experimental values from
Refs. [56] and [57], respectively. Mean absolute errors (MAEs) are
given with respect to experiment.

εtheor
∞ ε

expt.
∞ EQSGW̃

g (eV) Eexpt.
g (eV)

NaI 3.03 3.15 5.95 5.90
LiI 3.85 3.82 6.24 6.10
NaBr 2.56 2.70 7.18 7.10
LiBr 3.13 3.18 7.46 7.60
NaCl 2.22 2.38 8.27 8.97
LiCl 2.78 2.76 9.28 9.40
NaF 1.69 1.76 12.05 11.50
LiF 1.96 1.94 14.52 14.20
MAE 0.08 0.26

[60]. The dielectric constants ε∞ are determined within the
random phase approximation at the semilocal level [62], and
generally agree well with experiment, as shown for alkali
halides in Table I. The band gaps used as reference are obtained
with quasiparticle self-consistent GW calculations [63,64], in
which effective vertex corrections are included in the screening
(QSGW̃ ) [17,65]. We use the same setup as in the hybrid
functional calculations, to enable meaningful comparisons
between theoretical results. Computational details are given
in the Supplemental Material [65]. Reference band gaps for
alkali halides are reported in Table I and agree well with their
experimental counterparts.

We first focus on various alkali halides, namely, NaI,
LiI, NaBr, LiBr, NaCl, LiCl, NaF, and LiF. These materials
constitute a meaningful benchmark as they are dominated by
long-range screening, exhibit localized polaronic hole states,
and show a wide range of band gaps from 6 to 14 eV (cf.
Table I). To study the effect of incorporating the long-range
screening in the functional PBE0(α), we set α = 1/ε∞ [18,33].
The ensuing band gaps for the alkali halides are given in
Table II and are compared to the QSGW̃ results in Fig. 1(a).

TABLE II. Band gaps (in eV) of alkali halides obtained using the
hybrid functional PBE0(α), in which the fraction of Fock exchange α

(given in parentheses) is set through the long-range screening (1/ε∞),
or through the enforcement of the Koopmans’ condition on the +/0
transition of the polaron (αpolaron), or on the +/0 and 0/− transitions
of an interstitial H impurity (αH(+/0) and αH(0/−)). Mean average errors
are calculated with respect to QSGW̃ band gaps in Table I.

1/ε∞ αpolaron αH(+/0) αH(0/−)

NaI 5.78 (0.33) 6.05 (0.37) 5.57 (0.30) 5.77 (0.33)
LiI 5.90 (0.26) 6.28 (0.32) 5.88 (0.26) 5.95 (0.27)
NaBr 7.18 (0.39) 7.33 (0.41) 6.94 (0.36) 7.10 (0.38)
LiBr 7.40 (0.32) 7.78 (0.37) 7.40 (0.32) 7.40 (0.32)
NaCl 8.62 (0.45) 8.71 (0.46) 8.36 (0.42) 8.27 (0.41)
LiCl 9.32 (0.36) 9.67 (0.40) 9.32 (0.36) 9.32 (0.36)
NaF 12.89 (0.59) 12.00 (0.51) 12.40 (0.55) 12.40 (0.55)
LiF 14.54 (0.51) 14.05 (0.47) 14.41 (0.50) 13.92 (0.46)
MAE 0.23 0.25 0.20 0.20

FIG. 1. Band gaps of various alkali halides calculated with the
hybrid functional PBE0(α) vs reference band gaps obtained at the
QSGW̃ level. The fraction of Fock exchange α is set according to
different schemes designed (a) to reproduce the long-range screening
(α = 1/ε∞), or to enforce the generalized Koopmans’ condition (b)
for the +/0 transition of the polaronic defect, (c) for the +/0 and (d)
0/− transitions of an interstitial hydrogen impurity. The error bar for
NaF in (b) results from the consideration of a set of defects. MAEs
are given in the bottom right corner of each panel.

The agreement is excellent with a mean average error (MAE)
of 0.23 eV, similar to the MAE obtained when comparing the
QSGW̃ band gaps with experiment (cf. Table I). It is clear that
for these ionic compounds reproducing the proper long-range
screening is sufficient to achieve accurate band gaps.

Next, we consider the generalized Koopmans’ condition to
determine the free parameter α in the hybrid functional. The
Koopmans’ condition is an exact physical constraint by which
the total energy shows a piece-wise linear dependence upon
addition of electrons [3,4]. As the derivative of the energy with
respect to the occupation number gives the eigenvalue [66], this
condition implies that the single-particle energy level does not
shift upon occupation. Hence, the ionization potential of the
system with N electrons is thereby identical to the electron
affinity of the system with N − 1 electrons. To exploit this
property, it is necessary to focus on localized electronic states.

In this respect, the alkali halides under consideration in this
work show spontaneous hole localization upon removal of one
electron. This charge localization induces a substantial lattice
distortion due to the dimerization of two nearest-neighbor
anions, the so-called VK center [55,67]. A semilocal functional
does not give any distortion of the bulk lattice due to the SIE,
which opposes charge localization. At variance, the use of the
hybrid functional PBE0(0.45) ensures the dimerization in all
cases. We used the structural configurations obtained in this
way without considering any further relaxation for enforcing
the Koopmans’ condition. Thus, we use the polaronic defect
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FIG. 2. Band edges and single-particle defect energy levels of
various defect states in NaF vs the fraction of Fock exchange α used in
the PBE0(α) calculations. The green region is centered at the average
α achieved through the Koopmans’ condition and its width reflects
the standard deviation. The dashed lines are extrapolations of defect
energy levels to regions where the defect charge is not well localized.

structure to determine the optimal value of α to be used in the
PBE0(α) functional.

For all alkali halides studied here, we derive for various
values of α the energy levels of the lowest unoccupied state in
the positive charge state of the polaron and that of the highest
occupied state in the neutral charge state upon vertical electron
addition. These energy levels are found to depend linearly
on α and their crossing determines αpolaron, for which the
Koopmans’ condition is satisfied. This procedure is illustrated
for NaF in Fig. 2. The band gaps obtained with PBE0(αpolaron)
for the present set of alkali halides are given in Table II
and are compared to the QSGW̃ band gaps in Fig. 1(b).
The agreement is remarkable with mean absolute and mean
relative errors of 0.25 eV and 2.7%, respectively. Hence, for
the present class of compounds, the band gaps achieved by
enforcing the Koopmans’ condition agree with those achieved
by enforcing the correct long-range screening. The overall
accuracy is again comparable to that of QSGW̃ calculations.
The present results clearly suggest a strong connection between
long-range screening and SIE at the polaronic defect.

Following this suggestion, we infer that the optimal hybrid
functional identified via a defect probe should not depend on
the nature of the defect, but should directly stem from the long-
range screening of the host material. To verify this assumption,
we investigate a larger set of defects in the case of NaF. In the
same way as for the polaron, we evaluate the energy levels for
the 0/− transition of the anion vacancy, the +/0 transition of
the cation vacancy, the +/0 transition of the Mg substitutional
to Na, and both the +/0 and 0/− transitions for the hydrogen
interstitial Hi. In most cases, the defect states are well localized
and the energy levels can be determined for all values of α.
However, for the highest occupied state of Hi in the charge

state −1 and the lowest unoccupied state in the neutral Na
vacancy, we use linear extrapolations from α regions in which
the defect charge is well localized. The results are illustrated
in Fig. 2. The values of α satisfying the Koopmans’ condition
fall in the range α = 0.55 ± 0.03. These values give band gaps
for NaF within the interval 12.41 ± 0.36 eV [cf. error bar in
Fig. 1(b)]. The average band gap agrees well with the QSGW̃

reference, showing a deviation of only 3%.
The observed spread in α could result from intrinsic limi-

tations of PBE0(α) functionals and/or from inaccuracies due
to our modeling procedure [65]. We note that such errors have
larger consequences when the slopes of the energy levels vs α

in Fig. 2 are less pronounced, such as for the Mg substitutional
impurity. In this respect, the interstitial hydrogen is found
to give slopes among the strongest. It is thus particularly
suggestive to use such a probe for determining the band gap.
Figure 2 shows that both the +/0 and 0/− transitions of Hi

produce a value of α = 0.55, and thus the same band gap
of 12.40 eV, in good agreement with the QSGW̃ value of
12.05 eV (cf. Table II). To deepen this relationship, we use the
Hi impurity as a probe to select the optimal hybrid functional
also for all the other alkali halides. We use both the +/0 and
0/− transitions. The obtained band gaps are given in Table II
and are compared to the QSGW̃ band gaps in Figs. 1(c) and
1(d), respectively. For all compounds, the two values of α

obtained with Hi almost coincide, as seen for NaF (cf. Table II).
Furthermore, the comparison with the QSGW̃ band gaps yields
MAEs as small as 0.20 eV, indicating an even closer agreement
than obtained with α = 1/ε∞ or with αpolaron.

For the values of α obtained by enforcing either the long-
range screening or the Koopmans’ condition on defect levels
(cf. Table II), we verify that the polaronic distortion is always
stabilized. In particular, the contractions of the halide-halide
lengths are found in agreement with previous self-interaction-
corrected calculations [55]. Hence, the nonempirical hybrid
functionals constructed in this work not only yield accurate
band gaps, but also correctly feature the formation of small
polarons.

To further challenge our approach, we consider a wider class
of materials with different bonding character (cf. Table III).

TABLE III. Band gaps Eg obtained with the PBE0(α) hybrid
functional in which the fraction of Fock exchange is set through the
enforcement of the Koopmans’ condition on the +/0 transition of the
hydrogen interstitial defect (αH(+/0)) for a set of materials, compared
to QSGW̃ reference values.

αH(+/0) EH(+/0)
g (eV) EQSGW̃

g (eV)

Si 0.19 1.56 1.39
3C-SiC 0.17 2.40 2.69
C 0.20 5.70 5.89
m-HfO2 0.28 6.29 6.20
CaO 0.28 6.31 6.80
AlN 0.26 7.30 7.53
MgO 0.34 7.71 8.10
SiO2 0.44 10.20 10.10
Ar 0.60 14.60 14.62
MAE 0.22
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FIG. 3. Isocontour plots of the band gaps of Si and NaF in the two-
dimensional space given by the short-range fraction of Fock exchange
αs and the inverse screening length μ. The band gaps are calculated
with a CAM-type hybrid functional, in which the long-range fraction
of Fock exchange is set to α� = 1/ε∞. Isovalues of the band gap are
shown by solid lines. The dashed lines indicate compliance with the
Koopmans’ condition, and the green regions deviations below 0.1 eV.

We limit our investigation to the +/0 transition of the Hi

inserted in the largest interatomic void of the solid, as this
defect generally gives well localized states. We calculate the
band gap with the hybrid functional PBE0(α), in which α is set
to satisfy the Koopmans’ condition [65]. The comparison with
the QSGW̃ reference values yields a MAE of 0.22 eV, close
to those found for the alkali halides in Table II. These results
further strengthen the connection that we put forward between
the band gap and the SIE.

It is of interest to explore hybrid functionals with more free
parameters than available in the class of PBE0(α), in order to
take advantage of the larger flexibility. Therefore, we consider
range-separated hybrid functionals PBE0(αs,α�,μ) following
the Coulomb-attenuating method (CAM) of Yanai et al. [24].
This class of functionals includes different fractions of Fock
exchange at short (αs) and long range (α�), together with the
parameter μ, corresponding to the inverse of the screening
length over which the range separation occurs. This broader
class of CAM-type hybrid functionals englobes the PBE0(α)

functionals as a subclass, as can be seen by taking αs = α� = α,
but also other standard functionals, such as the HSE functional
[23], by setting αs = 0.25, α� = 0, and μ = 0.106 bohr−1. To
focus the discussion, we set in the following α� = 1/ε∞, so
that we effectively only keep two free parameters, αs and μ.

Taking Si and NaF as representive materials of different
bonding character, we systematically vary the parameters αs

and μ, and determine the band gap with the respective CAM-
type hybrid functionals. The calculated band gaps are displayed
as isocontours in the two-dimensional (αs,μ) space (cf. Fig. 3).
In this representation, results corresponding to PBE0(αs) are
recovered for μ = 0. The plots also show the curves where
the generalized Koopmans’ condition is satisfied for Hi in
Si and for the polaron in NaF. These curves closely follow
the evolution of the band-gap isolines. Hence, the band gaps
implied by the Koopmans’ condition remain constant when
more free parameters are considered in the hybrid functional.
In the case of NaF, we also verify that all the considered
CAM-type hybrid functionals satisfying the Koopmans’ con-
dition entail the occurrence of small polarons, with F-F bond
lengths remaining identical within 0.01 Å. These results
demonstrate the robustness of the achieved description. In
turn, they suggest that the extension to range-separated hybrid
functionals does not lead to any improvement with respect to
the PBE0(α) functional form.

In conclusion, we demonstrate a close connection between
the band gap, the long-range screening, and the self-interaction
error. The same fraction of Fock exchange in one-parameter
hybrid functionals is found to be uniquely determined by any
of these three properties. These results reveal a general route
for achieving accurate band gaps in a nonempirical fashion
and without resorting to computationally demanding GW

calculations, for instance through the use of simple hydrogen
probes.
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