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Weyl magnons in pyrochlore antiferromagnets with an all-in-all-out order
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We investigate topological magnon band crossings of pyrochlore antiferromagnets with all-in-all-out (AIAO)
magnetic order. By general symmetry analysis and spin-wave theory, we show that pyrochlore materials with
AIAO orders can host Weyl magnons under external magnetic fields or uniaxial strains. Under a small magnetic
field, the magnon bands of the pyrochlore with AIAO background can feature two opposite-charged Weyl points,
which is the minimal number of Weyl points realizable in quantum materials, and has not been experimentally
observed so far. We further show that breathing pyrochlores with AIAO orders can exhibit Weyl magnons upon
uniaxial strains. These findings apply to any pyrochlore material supporting AIAO orders, irrespective of the forms

of interactions. Specifically, we show that the Weyl magnons are robust against direct (positive) Dzyaloshinskii-
Moriya interactions. Because of the ubiquitous AIAO orders in pyrochlore magnets including R,Ir,O7, and
experimentally achievable external strain and magnetic field, our predictions provide a promising arena to witness

the Weyl magnons in quantum magnets.
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I. INTRODUCTION

Weyl fermions, which were originally proposed as solutions
of massless Dirac equations [1], emerge as linear crossing
points [2—-8] of two electronic bands in solid-state materials,
the so-called Weyl semimetals. The Weyl points emit Berry
flux and behave like monopoles in momentum space, making
Weyl points robust again perturbations and leading to many
exotic properties. For instance, there are fermi arcs connecting
projections of two opposite-charged Weyl points on the surface
of Weyl semimetals. It also leads to interesting transport
phenomena [9-14], such as negative magnetoresistivity [9],
quantum anomalous Hall effects [10], and chiral magnetic
effects [10], etc.

These robust and interesting topological properties trigger
the search for topological magnon modes [15,16], especially
the bosonic analog of Weyl points. Weyl (or Dirac) points
are discovered in systems with phonons [17] and photons
[18,19] as well as magnons [20-27]. Like Weyl semimetals,
Weyl magnons exhibit magnon arcs on the surface connecting
the projections of opposite-charged Weyl points. Unlike other
categories, the Weyl magnons generically break time-reversal
symmetry owing to the presence of magnetic orders. Recently,
people have also proposed detections of chiral anomaly of Weyl
magnon by Aharonov—Casher effect [28].

Since plenty of distinct magnetic orders in three-
dimensional materials exist, one would naturally ask which
material provides the promising platform to realize Weyl
magnons. In this paper, by symmetry analysis and model
calculations, we show that under external magnetic fields,
pyrochlore antiferromagnets with all-in-all-out (AIAO) orders
can host Weyl points. We also show that the breathing py-
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rochlore [29-31] with ATAO order exhibits Weyl magnons
upon uniaxial strains. We emphasize that our symmetry anal-
ysis applies to the materials that share the same symmetry and
representation with the effective Hamiltonian constructed near
I" point, irrespective of the specific forms of complicated inter-
actions, like Dzyaloshinskii-Moriya (DM) interaction [32,33],
as we show later. Since the AIAO orders exist in many
heavy transition-metal compounds with 4d and 5d elements
[34,35], such as Nd21r207 [36], EUQII‘207 [37,38], Cd208207
[39], and Smj,Ir, O [40], etc., and Weyl points can be easily
manipulated by external magnetic fields [21], our proposals
call for experimental detections of Weyl points in pyrochlore
antiferromagnets with AIAO magnetic orders.

II. MODEL AND CLASSICAL PHASES

The point group of pyrochlore lattice is Oy, while it is
lowered to Tj, with the presence of AIAO orders. To model the
ATAO magnetic orders, we consider the following Hamiltonian
[20] on (breathing) pyrochlore lattice:

H=1Y 85-S;+J Y 5-5+D> (5272 (1)
{ij)eu (ij)ed i
where J > 0 and J' > 0 are antiferromagnetic couplings
between nearest neighbors in up-pointing and down-pointing
tetrahedra, respectively. As shown in Fig. 1(a), we take J = J’
for pyrochlores, and J # J' for breathing pyrochlores. The last
term in Eq. (1) describes the local spin anisotropy, where Z; is
the local anisotropic direction pointing to the center of each
tetrahedra as indicated by Fig. 1(b). For D > 0, spin tends
to lie in the plane perpendicular to local Z;. Thus there is an
accidental U (1) degeneracy of classical orders, which is found
to be broken by quantum disorder, leading to the existence of
Weyl magnons [20].
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FIG. 1. (a) A schematic plot of breathing pyrochlore lattice. The
tetrahedron in blue is up pointing while the tetrahedron in red is
down pointing. The uniaxial strains in the (001) direction are shown.
(b) A tetrahedra and AIAO order in one cubic, with Z directions of
local frames. The magnetic fields applied in the (100) direction are
indicated by the orange arrow. (c) The first Brillouin zone of fcc
lattice. The basis of the reciprocal lattice is given by b; = %(0, 1,1),
by = 1(1,0,1), by = 1(1,1,0), where the lattice constant is set to be
unit. (d) The magnon bands in pyrochlore lattice with AIAO magnetic
order. Note that the four bands split into a triple degeneracy and a
singlet at I" point.

Here we consider an easy-axis spin anisotropy D < 0. It is
easy to show that the classical ground state is AIAO ordered.
For D < 0, the third term is maximally satisfied if S; aligns
or antialigns in local Z;-directions. There are 16 total configu-
rations with two AIAO configurations among them. Only the
AIAO configuration satisfies the local constraint } ;. ;) Si =
0 from the first two terms to optimize the exchange interactions
simultaneously.

III. SYMMETRY ANALYSIS

A key observation of the magnon bands is that the states at
I" point are triply degenerate as shown in Fig. 1(d), a spin-wave
spectrum of Eq. (1) with D < 0. Thus these degenerate states
form a T, representation of 7j, group in the presence of AIAO
order, distinct from other magnetic orders in pyrochlore, e.g.,
the easy-plane orders [20], where the I" point is at most doubly
degenerate.

We first consider pyrochlore lattice with AIAO magnetic or-
der, which preserves 7}, symmetry, and will show the presence
of two Weyl points under external magnetic fields. Given that
the states at I" point form three-dimensional 7, representations
of Tj, group, we can construct an effective k - p theory near the
I point. The Hamiltonian up to quadratic order in momentum
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FIG. 2. (a) A schematic plot of two Weyl points at p, axis.
Red and blue colors denote opposite monopole charges. The applied
magnetic field is shown. (b) The magnon bands along the path
I'-X-W-I'-Y when magnetic fields are applied, with S = 1/2,J" =
J,D =-0.2J,B =0.05J. The band-crossing point is along I'-X.
(c) A schematic plot to show a nodal line emerges in the pyrochlores
upon a uniaxial strain along (001) direction. (d) The magnon bands
along I'-X-W-T'-Y path with S=1/2,J'=J,D=-02J,y =
2%,B, = 0.05 J. It clearly shows the nodal-line crossings.

space is constructed in Ref. [41] and is given by
Hr(P) =en|pl* + o2 Y pL}
i

+ [pxpy(a3{Lx’L)'} +oa4l;)+cp.], 2)

where L;(i = 1,2,3) is a 3 x 3 matrix (see Appendix for
details) and o;(j = 1,...,4) is a constant which characterizes
the dispersion around I' point. {} denotes anticommutator
and c.p. means cyclic permutations. Note that o4 term breaks
time-reversal symmetry. The subscript 7" indicates 7}, group.
There is a double degeneracy along each axis, namely,
(100), (010), and (001), as shown in Fig. 1(d), protected
by C, rotational and o, horizontal reflection symmetries.
A simple strategy to get Weyl magnons is to break these
symmetries, especially to split these twofold degenerate bands.
An experimentally accessible way to lower the symmetry is
applying an external magnetic field. Accordingly, we introduce
a Zeeman term Hz = Bz - L into Eq. (2), where 87 is pro-
portional to applied magnetic field. The subscript Z indicates
Zeeman effect. For simplicity, we assume the magnetic field
is along the (100) direction as indicated by the orange arrow
in Fig. 1(b). The Zeeman term is simplified as Hz = B L,.
Then the symmetry group is lowered from 7}, to Cy,. The
double degeneracy along the (010) and (001) directions is split
entirely; while the degeneracy along the (100) direction is split
except two crossings at (£01,0,0), where Q| = /|8 /]

Thus we get a minimal Weyl magnon band structure from
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FIG. 3. Four Weyl points emerge in breathing pyrochlore upon
uniaxial strains along the (001) direction. (a) A schematic plot of four
Weyl points. Different colors denote opposite monopole charges in
p. = Oplane. (b) The magnon bands along the path I"-X-W-I"-Y, with
S§=1/2,J/=0.6J,D = —-0.2 J,y = 2%, showing the Weyl points
are located at p, and p, axis. Berry curvatures of the four Weyl
points within the orange frame in (a) are plotted in (c) and (d). (c)
The projections of the directions of Berry curvature to p, = 0 plane
for p, , € (—1.5,1.5). It shows the four Weyl points with monopole
charge 1 (blue color) and —1 (red color). (d) The projections of
directions of Berry curvature to p, = 0 plane with applied magnetic
field B, = 0.005J.

‘Hr + Hz with only two Weyl points as shown in Fig. 2(a).
Note that the Weyl points are locked at p, axis owing to
C, rotational symmetry. In general, the magnetic field can
be applied in an arbitrary direction. Two Weyl points still
survive but will be shifted away from p, = 0 axis as long as the
magnetic field is small enough. Note that the Weyl magnons
also appear in breathing pyrochlore with ATAO orders when
magnetic fields are applied.

Another convenient way to lower the symmetry is by
applying strains upon the materials [5,6,23]. For instance,
uniaxial strain along the (001) direction lowers the symmetry
to D, group, giving rise the following term:

Hstrain = ﬂstrain(2L§ - LJZC - Li)’ (3)

where Bgrin 1S a real constant corresponding to the strength
of the strain. In the presence of Hyin, there emerges a nodal
line in p, = O plane, if &) - Bsrain > 0, as shown in Fig. 2(c)
(also see Appendix for details). This nodal line is protected by
oy, horizontal reflection symmetry. It may lead to flat magnon
surface states [42,43].

Now we consider the breathing pyrochlore lattice, in which
Oy, group of pyrochlore lattice is lowered into 7, group. (Note
that ATAO order in breathing pyrochlore preserves 7' group).
Following the same strategy, we add (001)-directional strains
to lower the symmetry from 7 group down to D, group.
Accordingly, we find, besides Eq. (3), the following term is

also allowed by symmetry:
Hp(p) = Bp(pxLy — pyLy), “)

where Bp is a real constant corresponding to the strength of
strains. The subscript D indicates D, group. After adding
Hswain + Hp to Hr, the nodal line splits into four Weyl points
located at the points (£0,,0,0) and (0, = Q,,0), since the
the horizontal reflection symmetry oy, is broken, where Q5 is
given in the Appendix. A schematic plot of these Weyl points
is shown in Fig. 3(a).

IV. SPIN-WAVE ANALYSIS

A. Weyl magnons in pyrochlores under a magnetic field

By symmetry analysis, with the background of AIAO
magnetic order, the Weyl magnons and nodal-line magnons
[42,43] appear under external magnetic fields or uniaxial
strains. Now we use linear spin-wave theory to show the
emergence of Weyl magnons explicitly. The spin operator can
be expressed in terms of the Holstein—Primakoff bosons S,
2y =S—alau Su-%. =28, +a})/2, and S, -, =
V2S(a, — a})/(2i), where a, (a}) is annihilation (creation)
operator of Holstein—Primakoff boson at pth sublattice, and
the local frames at each sublattice are listed in the Appendix.
The spin-wave Hamiltonian up to quadratic order is given by

H=Y"3"la} Auw(pap, + @puBu(Pa_p, +He)l,
pow
)

where A,,(p)= S[(S,W(J+J’—2D)—;(l —8,)(JH] e PumPy],
and B,w(ﬁ) =851 — Sw)e""’ﬂ”(J + J'e i PPy with ¢ =
¢ =—%, ¢oo = ¢13 = § and o3 = ¢1» = 7, are 4 x 4 ma-
trices in sublattice space. And p,, = p- l;ﬂ, with I;O = (0,0,0)
and 51,2,3 defined in the caption of Fig. 1(c). The spin-wave
spectrum is shown in Fig. 1(d), where the coupling constants
arechosentobe J = J',D = —0.2 J,S = 1/2. A gap between
the first and the upper three bands at I" is obvious. _ .
Consider applying a magnetic field, i.e., sH;, = B - ), S,
where B is the magnetic field (we have absorbed the coupling
into magnetic field, thus B has the dimension of energy),
in the linear spin-wave regime (i.e., the magnetic field is
small enough), we get §AZ, =3, B;jSA% ., where

J=x.y.2 Jouv?

SAZ = diag(—1, —1,1,1)/+/3, 8AZ = diag(—1,1, —1,1)/+/3
and (SAZZ = diag(—1,1,1, — 1)/\/5. To be specific, we consider
asmall magnetic field in (100) direction, i.e., B= (B,0,0). The
spectrum of H + 8 Hy is plotted in Fig. 2(b), showing a Weyl
point along I'-X line. The two Weyl points are restricted in p,
axis due to C, rotational symmetry along the (100) direction.
The magnetic field can be along any direction and it shift the
positions of the two Weyl points, realizing a tunable Weyl
points by external magnetic fields [21].

B. Nodal-line magnons in strained pyrochlores

Upon (001) wuniaxial strains, the antiferromagnetic
exchange interactions within an up-pointing (down-pointing)
tetrahedra become inequivalent, i.e., the two bonds lying in xy
plane are distinct from the rest of the four bonds. The coupling
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strengths become J — (1 £ y)J, where y characterizes
the effect of the strain. The perturbation introduced by
stains is captured by SHmam = Z [y J(S; 0" Sr 3t Sr |-
SFZ) - VJ(SrO Sr 1+ SI 0- Sr2 + Sr3 Sr,l + Sr,3 Sr,Z)
where the summation is over all unit cells. It leads to
SA:fffm =yA,,/3, and SXf;Lai" =yXu for p+v=3,
SX;“T““ =—yXu for pw#v,u+v#3, where X = A,B.
The spectrum of magnons with a small tensile strain y = 2%
is shown in Fig. 2(d). The crossing points in I'-X, I'-Y and
I'-W lines show the evidence of the predicted nodal line in
p: = 0 plane, which is protected by o, symmetry.

The applied strains will generically modify the background
AIAO order, since the constraint Zi culd) S; = 0 can no longer
be satisfied. However, if the strain is much smaller than J, J’
and D (y = 2% in our case), we can neglect the tilting of the
background from AIAO order. Note that the local frames are
also adjusted corresponding to the strains, but we can neglect
this effect since it only shifts the positions of the nodal lines.

C. Weyl magnons in strained breathing pyrochlore

The presence of two distinct tetrahedra in breathing
pyrochlore, where J # J’, lowers the symmetry from O
group to T group. The symmetry is further lowered by the
applied strain in (001) direction to D, group. The effect
of stains is captured by replacing J J' by (1+y)J_and
(1 £y")J', respectively, leading to § H(.;, = Zreu[y J(Sro0 -
Sr3+Srl r2)_VJ(Sr() Srl+Sr() Sr2+Sr3 S:rl'i'
S?3 Sr2)+2,6d[)/ J(S?o Sr3+5r1 . rz)—J/ J(S?o
Siq+ Seo- Sio+ Sea-Spi+ Ses- Sr,z) As predicted by
the symmetry analysis, four Weyl points emerge in the p, =0
plane in the spectrum of H + 8 H,,;, as shown in Fig. 3(b).
Actually they are located at p, and p, axes due to C; rotational
symmetry. The projections of Berry curvature to p, = 0 plane
are plotted in Fig. 3(c), where four Weyl points with monopole
charge 1 (blue) and —1 (red) are clearly shown.

One can again apply magnetic fields to the system, and
consequently tune the positions of Weyl points in the recip-
rocal space [21]. To explicitly show an example, we apply
a small magnetic field B = 0.005 J in (100) direction. The
shifts of Weyl points are shown in Fig. 3(d) indicated by the
Berry curvatures. Owing to the C, symmetry along the (100)
direction, two Weyl points (red) are still locked in p, axis.
Keeping increasing the magnetic fields, two Weyl points with
monopole charge 1 (blue) will hit one of the Weyl points with
monopole charge —1 (red), and then these three Weyl points
merge as a single Weyl point with monopole charge —1. But
there will emerge another four Weyl points (see Appendix for
details).

D. Weyl magnons in the presence of DM interactions

Here, we emphasize that the results from the symmetry
analysis are applicable not only to the representative model
Hamiltonian in Eq. (1), but also to all the magnetic materials
that satisfy 7; symmetry and whose magnon bands fulfill
three-dimensional T, representation near I" point. Especially,
the Weyl magnon can be robust in the presence of the DM
interactions, which are important in those strongly correlated
materials with spin-orbit coupling. To demonstrate that, we
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FIG. 4. Spin-wave spectra with DM interaction. (a) The magnon
bands along the path I'-X-W-L-I"with § = 1/2,D = —0.2 J, DM =
0.18 J. Note that the four bands split into a triple degeneracy and
a singlet at " point. (b) The magnon bands with applied magnetic
field B = 0.05 J along (100) direction. The band-crossing point is
indicated by a red point along I'-X line.

add DM interaction as an example,

_Z(JS .S;+ Dy -S; xS)+DZ(S 222, (6)
(ij) i

where DM vector D; ; 1s dictated by T, group (see Appendix

for details) whose magnitude is given by |D| = DM.

The “direct” (positive) DM interaction is found to favor the
AITAO ground state [40,44]. Our spin-wave analysis for Eq. (6)
shows that the magnon bands at I point also form a singlet and
a three-dimensional T, representation as shown in Fig. 4(a),
where DM = 0.18 J [40]. Thus all the symmetry analysis can
apply to such a case, namely, there will emerge two Weyl points
in pyrochlore under magnetic field, and there will emerge four
Weyl points in breathing pyrochlore under strains. Here, we
explicitly show the emergent Weyl points in pyrochlore under
magnetic field, which is indicated by red point in Fig. 4(b),
where the magnetic field B = 0.05 J is along (100) direction.

V. CONCLUSIONS

With the aid of symmetry analysis, we show that, under
magnetic fields, pyrochlores with AIAO orders can host Weyl
magnons. Moreover, the pyrochlores exhibit a nodal line upon
a uniaxial strain. We also predict that four Weyl points would
emerge in breathing pyrochlore antiferromagnets with AIAO
orders upon uniaxial strains. To confirm the predictions, we
perform a linear spin-wave calculation to a simple microscopic
spin model. Owing to the ubiquitous existence of ATAO orders
in nature and achievable technique in experiments, our findings
shed light on experimental realization of Weyl magnons. In
the case of pyrochlores with AIAO orders, applying magnetic
fields will generate two Weyl points, which is the minimal
number of Weyl points that can exist in lattice according to the
no-go theorem [11]. The inversion symmetry in the resulting
C»j, group connects the two Weyl points, which is an essential
ingredient in realizing the ideal Weyl materials [5,6,19,45].

We remark on the possible experimental detections of
these topological Weyl magnons. The bulk Weyl points can
be detected by inelastic neutron scattering. While for the
magnon arcs, for instance, there is a magnon arc connecting the
projections of opposite-charged Weyl points in (001) surface
Brillouin zone of the pyrochlore under magnetic fields, it
should be possible to detect them by using surface-sensitive
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TABLE I. Representations of 7;, group constructed from L and p.

Reps. L

-

P
A, 1 pi+p+pt
E, (L2 — L} - L}.L7 - L]) (2P = pi = p3.ri— 1)
T, (Lyx,Ly,L;)and ({Ly,Ly},{Ly,L.},{L;,L¢}) (PxPy>PyPzs P Px)
T, (Px, Py, P2)

probes, such as high-resolution electron energy-loss spec-
troscopy, or helium atom energy-loss spectroscopy. Besides
the spectroscopic experiments, the Weyl magnon would also
lead to anomalous thermal Hall effects [46-51], just like in
the Weyl semimetals [52,53]. In the materials showing the
AIAO orders, such as the pyrochlore oxides Eu,Ir,O7 [37,38]
and Cd,0s,07 [39], the breathing pyrochlores Baz Yb,Zns01;
[31], our predictions can be verified by the above techniques
experimentally.
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APPENDIX A: THE k - p THEORY

The point group of pyrochlore lattice is Oj. The AIAO
order preserves 7j group. The magnon bands have a triple
degeneracy at I" point, which forms 7, representation. Now
we construct the & - p theory near the I' point. Three spin-one
matrices serve as T, representations [41]:

0 0 0
L.=l0 o i |,
0 —i 0
0 0 —i
L,=|o o o |
i 0 0
0 i 0
L.=|—-i 0 0 (A1)
0 0 0

TABLE II. Local frame in each sublattice for AIAO orders,
indicated in Fig. 1(b).

122 )?;L 5111- ZH

1 1 1
0 lﬁ(—l,l,o) 75(—1,—1,2) 1ﬁ(l,l,l)
1 ﬁ(l—l,—l,O) ?g(—l,l,—Z) ﬁ(l,—l,—l)
2 1ﬁ(l,l,O) 7651,—1,—2) $(—1,1,—l)
3 (1,10 L(1,1,2) L-1,-11)

Using these matrices, one can construct all nine 3 x 3
hermitian  matrices: 13,Lx,c.p.,{Lx,Ly},c.p.,ZLg — Li —
L},L; — L3, where I3 is identity matrix and c.p. means cyclic
permutations. On the other hand, the momentum p; is a 7,
representation. We can construct the Hamiltonian by using
these two representations, as shown in Table I. Then the most
general Hamiltonian up to quadratic order in momentum is
given by

Hr(p) = |l +or Yy piL}

+[papy(es{Lly, Ly} +a4l;) +cp.], (A2)
where «; are real parameters. Note that o4 term breaks time-
reversal symmetry. By fitting to the spin-wave dispersion for
S=1/2,J =J =1,D = —0.2 in 10% Brillouin zone, these
parameters are given by a; = —2.75 x 10730, = 30.15 x
1073,a3 = 26.03 x 1073,y = 18.80 x 1073,

APPENDIX B: NODAL-LINE MAGNONS IN STRAINED
PYROCHLORES

To lower the symmetry of the system, one adds uniaxial
strains along (001) direction. The symmetry group is lowered
to Dyy. To capture the strain, we add Hgyain = ﬂstmm(ZLf —
L — Li) into the Hamiltonian. There is a band crossing along
(100) [or (010)] direction though the double degeneracy is split.
The crossing point is at (£Q,0,0) and (0, = Q,0), where Q =
/3 Bstrain/ 2. Note that Byain /a2 must be positive to have a
band crossing. Actually, there emerges a nodal line at p, = 0

Pz
1.5 =
- N
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A7ARN Ao 7>
1-71 E A 7 7]
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FIG. 5. (a) A schematic plot of six Weyl points in Brillouin zone.
Two of them are restricted in p, axis due to C, symmetry along (100)
symmetry. (b) The projections of the directions of Berry curvatures
in p, = 0 plane.
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plane, given by the function
6/382train + 4(“% + Olz)p)ch%
2
+o3 (Pl = py)” —ea(pi + p}) =0.

The nodal line is protected by oj horizontal reflection
symmetry.

(BI)

APPENDIX C: WEYL MAGNONS IN STRAINED
BREATHING PYROCHLORES

As shown in the main text, applying uniaxial strains to
breathing pyrochlore with ATIAO order leads to four Weyl
points. Diagonalizing H7 + Hguain + Hp leads to four Weyl
points located at (+Q,,0,0) and (0, £Q,,0), where O, =

\/(3()lzlgstrain + ,3%))/055

APPENDIX D: SPIN-WAVE ANALYSIS

Since there is no U(1) symmetry of Holstein—Primakoff
bosons, we can write the Hamiltonianas H = ) 7 CD;"H( pPP;

in  spinor spacl:e oF :(a,;,u,aiﬁ’u), where H(p) =
A(p)/2 Bi(p)

i~ . . The local frame for the four

C ) aTpy2 !

sublattices of the pyrochlore lattices is shown in Table II.
The expressions of the matrix elements of A,B are given
in the main text. The dispersions given in the main text are
obtained by diagonalizing g’H, where g = diag(lyx4, — I4x4),
including properly § H, ., and (or) § Hz.

In the strained breathing pyrochlore, applying an external
magnetic field shifts the positions of two Weyl points as shown

in the main text. Keep increasing the magnetic fields, and there
emerge four extra Weyl points, which are shown in Fig. 5: a
schematic plot of a total of six Weyl points in Fig. 5(a) with the
projections of directions of Berry curvatures in Fig. 5(b). Note
that these points in Fig. 5(b) do not indicate the Weyl points
located at p, = 0 plane since there is no symmetry to fix it.

APPENDIX E: SPIN-WAVE ANALYSIS WITH
DZYALOSHINSKII-MORIYA INTERACTION
The DM vectors are given by [44,54]

> DM > DM
Dy = —(—1,—

Dos = E(—I,I,O), 5 1,0),
Dy = %(0,—1,1), (E1)
V2
Doy = 2 (0,~1,—1), Dis = 2a(1,0.1),
V2 V2
- DM
Doy = E(1,0,—1). (E2)

Since AIAO is already the classical ground state for Eq. (1) in
the main text, we only need to check that AIAO is also a ground
state for the DM term. Assuming translation symmetry, the
problem reduces to the configuration inside a unit cell, which
has only eight degrees of freedom corresponding to four spins.
Expressed in local frame in Table II, one can do a variation
with respect to these eight parameters. When DM > 0, it turns
out that the lowest energy is given by the configuration where
each spin is parallel to the Z,, direction in local frames, namely,
the configuration corresponds to AIAO order.
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