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Transport coefficients of Dirac ferromagnet: Effects of vertex corrections
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As a strongly spin-orbit-coupled metallic model with ferromagnetism, we have considered an extended Stoner
model to the relativistic regime, named Dirac ferromagnet in three dimensions. In a previous paper [J. Fujimoto
and H. Kohno, Phys. Rev. B 90, 214418 (2014)], we studied the transport properties giving rise to the anisotropic
magnetoresistance (AMR) and the anomalous Hall effect (AHE) with the impurity potential being taken into
account only as the self-energy. The effects of the vertex corrections (VCs) to AMR and AHE are reported in this
paper. AMR is found not to change quantitatively when the VCs are considered, although the transport lifetime
is different from the one-electron lifetime and the charge current includes additional contributions from the
correlation with spin currents. The side-jump and the skew-scattering contributions to AHE are also calculated.
The skew-scattering contribution is dominant in the clean case as can be seen in the spin Hall effect in the

nonmagnetic Dirac electron system.
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I. INTRODUCTION

The spin-orbit coupling (SOC) yields a variety of phe-
nomena in ferromagnetic materials, such as the anisotropic
magnetoresistance (AMR) [1-10], the anomalous Hall effect
(AHE) [9,11-21], and the spin-orbit torques [22-25]. These
phenomena have been studied enormously with fundamental
as well as applicational interest. Among these, AMR, the
change in electric conductivity upon varying the magnetization
direction, was observed experimentally more than 150 years
ago [1] and is one of the most accessible physical quantities in
experiments as well as AHE.

The theoretical calculations of AMR were done mainly
based on specific systems, such as the 3d-transition metals,
diluted magnetic semiconductors (DMSs), and strongly spin-
orbit-coupled systems. For the 3d-transition metals, the AMR
is explained by using the two-current model [2,3,26] and the ab
initio results showed good agreement with experiment [21,27].
The AMR depends on various factors including the L - S-type
SOC, the hybridization, and the density of states of s and d
electrons. For DMS ferromagnets such as (Ga, Mn)As, it is
possible to calculate microscopically based on simple physical
methods [6]. The AMR is determined mainly by the anisotropy
of the lifetime induced by the combination of SOC with
polarization of randomly distributed magnetic scatterers, rather
than by that with polarization of conducting electrons resulting
in an anisotropic band structure [6]. In this paper, we focus on
the AMR of the strongly spin-orbit-coupled systems, such as
the interface between the ferromagnetic metal and the heavy
metals and the magnetic semiconductors without inversion
symmetry. It should be noted that the crystalline anisotropy
can contribute to the AMR, but we here have focused on the
noncrystalline AMR.
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In the context of the AMR of a strongly spin-orbit-coupled
system, the two-dimensional (2D) Rashba ferromagnet was
studied in two cases. In one case where the magnetization is
made from randomly distributed magnetic impurities similar
to DMS ferromagnets, a finite AMR due to the anisotropy
of the lifetime was obtained by using the relaxation-time
approximation [8]. In the other case that the exchange field is
treated nonperturbatively, it was found that the AMR vanishes
in the clean case [7] because the ladder-type vertex corrections
(VCs) cancel out the bare-bubble contribution, as can be
seen in AHE [16]. The two results seem to contradict each
other since the relaxation-time treatment is equivalent to a
perturbation theory of the exchange field. This discrepancy
is possibly explained by the contribution from the anisotropy
of the band structure [5,6], which was not taken into account
in the relaxation-time treatment.

In order to reveal the microscopic origins of the AMR for
simple metallic ferromagnets with strong SOC, we calculated
an AMR of the three-dimensional (3D) Dirac ferromagnet [28],
an extension of the Stoner-type ferromagnet to the relativistic
region in the previous work. The Dirac ferromagnet has two
kinds of ferromagnetic order parameters in general: “magneti-
zation” M and “spin” S. The AMR was found to be determined
by the anisotropy of the group velocity resulting from the
anisotropic band structure, in addition to the anisotropy of
the lifetime. In the previous work, we calculated the diag-
onal conductivities without VCs. M = MZ and S = SZ are
assumed, and the diagonal conductivity without VCs is denoted
by a}z (A = |,L1), where || (L) means the conductivity parallel
(perpendicular) to the z direction. We found that the sign of
AMR defined as (o, — oy)/(0 1 + oy) is opposite between the
two typical cases: i) M >0, S =0 and (i) M =0, S > 0,
and the AMR magnitudes of (i) and (ii) are comparable and
large (5% ~ 25%). This is because the deformation of the
Fermi surfaces by M is in the opposite way compared to that
by S, and the deformations contribute to the anisotropy of
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the group velocity. For the coexistent case (iii) M = S > 0,
there is no deformation of the Fermi surfaces, and then only
the anisotropy of the damping determines the AMR, whose
magnitude is smaller (0.1% ~ 1%).

Although the previous work is devoted to the AMR (and
AHE) without the VCs, the effects of VCs are known to
be important and possibly contribute in the nontrivial ways
for transport properties [7,14,16,29,30]. Hence, the contribu-
tions of VCs in the Dirac ferromagnet need to be revealed.
Specifically, the ladder-type and skew-scattering-type VCs are
considered in this paper.

In this paper, we first evaluate the contributions of the
ladder-type VCs to the diagonal conductivities o4 (A = ||,L).
For the Dirac ferromagnet, we find that they do not change
AMR quantitatively since they almost equally increase o, and
o). We also show that there are two kinds of contributions: the
renormalization of the lifetime and the additional spin-current
contribution. The former contribution shows that the transport
lifetime 7 is different from the one-electron lifetime 7, as is
known in the electron gas system with the long-range impurity
potential [31] and in the 2D Dirac electron system with the
short-range impurity potential [32]. The latter contribution is
due to the correlation between the electric and spin currents
through the impurity scattering. The Dirac ferromagnet has two
kinds of spin currents: “magnetization” current j$, and “spin”
current j (the superscript z representing the component of the
“magnetization” or “spin”), according to the two kinds of the
ferromagnetic order parameters. We find that the additional
spin-current contribution to o, can be represented by using
the correlations between the current and the “magnetization”
current, while the contribution to o} can be written by using
the correlations between the electric current and the “spin”
current since j3, (%) flows only in the direction perpendicular
(parallel) to the Z direction.

We also calculate the important contributions to AHE
from the ladder-type and skew-scattering-type VCs. In the
previous paper [28], we evaluated the transverse conductivity
only without VCs which contains the intrinsic contribution
to AHE and the part of the side-jump ones. We find that the
skew-scattering contribution is proportional to mc?/nju and
dominates AHE in the clean case when the chemical potential
lies in the band [19], where 2mc? is the mass gap with m being
the mass of electron, ¢ the speed of light, and « is the impurity
potential. This can be also seen in the spin Hall effect of the
(nonmagnetic) Dirac electron system [33].

II. FORMULATION

Following the previous paper [28], we start with the 4 x 4
Hamiltonian

Hy = hek -op1 +mc?ps—M -op3— S -0, 2.1

where p; (i = 1,2,3)and o/ (j = x,y,z) are the Pauli matrices
in particle-hole space and spin space, respectively. “Magneti-
zation” M and “spin” S are two kinds of ferromagnetic order
parameters and assumed to be along the Z direction, M = M?Z
and S = SZ. In this paper, we consider M < mc?and S < mc?,
which correspond to the nontopological (trivial) phase.

It may be worth pointing out the two kinds of the ferromag-

netic order parameters of the Dirac ferromagnet: M and S. In

the literature of the spin-density functional theory, the model
containing only M was first introduced by MacDonald and
Vosko [34], and the model containing only S was proposed by
Ramana and Rajagopal [35]. It is emphasized that the Dirac
ferromagnet can be applied both to the relativistic case and to
the case of a low-energy effective model of electrons in solids,
where ¢ and mc? are replaced by the effective velocity and the
energy gap, respectively. It is true that for the relativistic case,
M couples to the magnetic field B and describes the magnetic
moment, while S stands for the spin but does not couple to
any (electromagnetic) fields.! In the case of an effective model,
however, itis possible that there is a coupling between S and B.
From these, we treat M and S on an equal footing. Note that a
Weyl semimetal [36—38] and a Dirac nodal semimetal [39-41]
are described by the specific cases of the Dirac ferromagnet,
S > mc? and M > mc?, respectively. We put c = /i = 1 and
the volume of the system to unity hereafter.

The Green’s function for Hj is defined by G;co)(e) = {e —
Hoy}~!, and by using the Pauli matrices it is expressed as

1
WEO=55 X &@nd. @2
k n=0,1273
v=0,x,y,z

Here, we have defined
Di(e) = (62 —k* —m* — §* + M?)* — 4{(eM + mS)*
+(8? = MAK?)
={€® — ¢ — 28k} €* — €] +2Ak(6)}, (2.30)

e = VK2 +m2+ §2 — M2, (2.3b)
Ax(e) = \/{Q(e)}z + (82 — MO, (2.3¢)
Qe) = €M + mS, (2.3d)

and g())(€)’s are listed in Table I.

As in the previous paper, we consider the randomly dis-
tributed impurities whose potential is the §-function type.
In order to take the skew-scatting contribution to AHE into
account according to the Ward-Takahashi identity, the self-
energy due to the potential should be considered within the self-
consistent 7 -matrix approximation. However, by assuming the
clean case,n; < landu ), _., vo.0(i) < 1, where nj and u
are the impurity concentration and potential, and vg’o(u) is
n band’s density of states at the Fermi level defined by (A4)
in Ref. [28], the self-energy is approximated to that within
the Born approximation. The retarded/advanced self-energy is
expressed as ZR/A(e) = nju? >k G;CO)[E + (—)i0]. Neglecting
the real part, we consider only the imaginary part

Im Z*A(€) = —(+) Y Yun(€)puo” (2.4)
n,v
with
— —n.yy2 ; 0)
m&%—mu%ﬁmm@+m&#l (2.5)

!Considering the relativistic case in accelerated frames, the “spin”
can couple to the mechanical rotation as shown in Ref. [44].
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TABLE L. The coefficients g of the unperturbed Green’s function G;co)(e) for M = M% and S = S3.

v

(m,v) 0 x y z
0 e(e? — ) —2MQ —28k.k, —28k.k, —S(€® — € +2k2) — 2mQ
1 —2(eS + mM)k, (€2 — €}k, (€ — d)ky k.(e? — €} +25% —2M?)
2 0 —2Qk, 2Qk, 0
3 m(e? — €f) +25Q 2Mk k, 2Mk k, M(€® — €} +2k?) — 2¢Q

[See Appendix A in Ref. [28] for explicit forms of y,,(€).]
Hence, the renormalized retarded/advanced Green’s function
G e) is given by (G} = {GVe + (—)ioly ! —
ZR/A(e).

We now calculate the conductivity tensor with VCs by using
the Kubo formula [42]. We evaluate the conductivity from the
retarded current-current correlation function divided by i w, by
taking the limit w — 0, where w is the frequency of the external
electric field. The retarded current-current correlation function
within the VCs can be obtained through the similar procedures
as in the previous paper [28] only by replacing the bare velocity
vertex [Eq. (2.8)] with the full one in the Matsubara formalism
[Eq. (D4)]. The temperature is assumed to be absolute zero.
Then, the diagonal conductivity in the clean case is expressed
as

2
0; = 26—7[ Xk:tl‘ [viGE(G)AI,iGi(e)]’e=u (2.6)

with i = x,y,z, where we neglected VCs which consist only
of the retarded (or advanced) Green’s functions because they
contribute in the higher orders with respect to nju?.

As shown diagrammatically in Fig. 1, the full velocity vertex
/L,i is given as

Ari(e) = v +nu? Y GR@Ai(e)Gpe)  (27)
o
with the bare velocity vertex defined by
dH, ;
= = l, 28
U= g = (2.8)

Al,i U

FIG. 1. The Feynman diagram of the velocity vertex. The filled
(unfilled) triangle describes the full (bare) velocity vertex. The solid
line represents the Matsubara Green’s function. The dotted line and
the cross symbol denote the impurity potential and concentration,
respectively. Note that Eq. (2.7) is obtained from the equation given by
this diagram after taking the analytic continuation i€,, — € + w + i0
and i€, — € — i0 and taking the limit @ — 0.

Equation (2.6) can be decomposed as
2
b, ¢ R A
01 =03 + 3 §k tr [v,-Gk(e)Al,,-Gk(e)]L:M, (2.9)

where the first term is the bare-bubble contribution aitl? identical
to Eq. (28) in Ref. [28], and the second term is the contribution
of the VCs, A;; = Ay; — p1o’ (see Fig. 2).
The off-diagonal conductivity is obtained as oy, = —0y,
with
__ _sea b+sj sk
Oyy =0y, + 0,7 + 0y, (2.10)
ando;, = 0,; = Owithi = x,y asexpected from the symmetry
of the configurations. Here, U;;a is the contribution from the
states below the Fermi level (Fermi sea) and given as Eqgs. (30)
in Ref. [28]. To be precise, there are the VCs to the Fermi-sea
contribution, but they are higher order with respect to n;u* and

hence neglected. The second term in Eq. (2.10) is given by

xy

2
btsj _ ¢ R 7 A _ R 7 A
oot = ;tr[vakALka v,GRA1LG]|

@2.11)

and denotes the contribution from the bare-bubble contribution
from the states at the Fermi level (Fermi surface) and the
ladder-type VCs. By using /il,,- =pio’ + Ay, this term is
decomposed as

e2

bt+sj _ b
Oy~ = ny+ -

> u[v.Gi A1, Gy — v, GRALGE]|
k

e=p’
(2.12)

and the bare-bubble contribution afy corresponds to Eq. (29)
in Ref. [28]. The last term of Eq. (2.10) is contribution from

the skew-scattering-type VC given by

2,03
& eniu

1 R,~R ~R 7 A ~A
W 4y Z tlF[AT,XGkGk”Gk’Al,ka’Gk

P
X RA~R 7 A ~A ~A
+A7,G{GpA1,GpGR G —R < A)]|€:H,

2.13)

where AT,i (i = x,y) is defined by interchanging R and A
in A, ;. Figure 3 depicts the Feynman diagrams of the off-
diagonal conductivity.

The detailed calculation of Eq. (2.7) is presented in Ap-
pendix B, and calculations of (2.6), (2.12), and (2.13) are given
in Appendix C.
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FIG. 2. The diagrammatic expressions of the diagonal conductivity and the two decomposed contributions from the bare bubble and the VCs.
The lines and symbols are defined in the caption of Fig. 1. These diagrams are defined in the Matsubara formalism as well as Fig. 1, and Eq. (2.9)
is obtained after rewriting the Matsubara summation of i€, using the contour integral, taking the analytic continuation i¢,, — i€, — w + i0,
and leaving the w-linear term which includes both retarded and advanced Green functions.

III. RESULTS AND DISCUSSION
A. Diagonal conductivity and AMR

The diagonal conductivities o;; (i = x,y,z) are rewritten as
that for perpendicular (6, = oxx = 0y,) and that for parallel
(0 = o) configurations. First of all, we rewrite the diagonal
conductivity without VCs UAb (A =1, [Eq. (44) with Eqs.
(45) and (46) in Ref. [28]], in terms of the correlation function
between dimensionless operators P and Q, (P; Q),

1 A N
(P; Q) = znu? Y u [GROPGR@Q]|._,, (D)
k

where P(Q) = fdr W’(r)ﬁ(Q)w(r) is dimensionless oper-
ators with the annihilation (creation) operator of the field
¥ (r). Here, (P; Q) denotes the correlation evaluated only
from the bare-bubble diagram and do not include any VCs. By

using this representation, o are expressed simply as

2
UE = L(]’x;]’x% 3.2)
Tnu?
b _ 2¢? .
o = 2<sz Jz)s 3.3)
Tniu

where j; (i = x,z)isthe particle current with the velocity given
by Eq. (2.8), and the explicit forms of (j,; j,) and (j; j,) are
shown by Egs. (A6a) and (Al6a) in the leading order with
respect to niu’.

The diagonal conductivities with the ladder-type VCs
[Eq. (2.6)] are expressed as

o =50+ o (A= 1),

3.4)

sea __b+sj
zy Y xy

where the first terms are given as the direct correlation
functions renormalized by the ladder-type VCs,

oo _ L= U i) s

b= 5 b (3.5)
1 —(ji s J..)
G = VSISl b (3.6)
I D, H
Dy (A = _L,]|) are given by
Dy = (1= G iD= (i i) = U di. s G
Dy == (iD= (i i) — s iif. (38)

and (Jyy 3 Jar s U Jaa)s (s 23 Js o)» and (i3 g ) are given
by Egs. (A6b), (A6c), (Al6a), and (Al6c). Here, jy, ; and jg;
(a,i = x,y,z) are “magnetization” and “spin” currents with
their velocities, respectively, given by

1 .
5{/030“,,010’} = Z EiapP20", (3.9)

B=x,y,z

o
Um.i

1 ,
g, = 5{00‘”010’} = P10ia; (3.10)

where {P, 0} = PO + O P isthe anticommutator. The second
terms of Eq. (3.4) are additional contributions by considering
the ladder-type VCs,

26‘2 <jx; j}f/],xxj;/l,x; ]x)

add
= s 3.11
o1 nu? D, 11
Gadd — 262 <JZ’J§Z)<J§Z’JZ> (3.12)
I wniu? Dy ’

which are given as the correlation functions of the electric
current with “magnetization” and “spin” current.

sk
Yy

FIG. 3. The diagrammatic expressions of the intrinsic, side-jump, and skew-scattering contributions to the AHE. The skew-scattering
contribution can be given as the two Feynman diagrams for the case n; < 1 and u Zn vgyo(ﬂ) <« 1. Equations (2.11) and (2.13) are obtained

through the procedures noted in the caption of Fig. 2.
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(i)M/m =0.4 w/VC

(if) S/m =04 w/VC

(i) M/m = S/m =02 w/VC

0.25 ——r o
f 5_ A . Ve

0.20 & e !

< 015 7 e £

< ¢ o o gralinegunt

< 0.10 A / o
0.05 7 7L %
0.00 / Opar. / _Opara Opara

00 05 1.0
uw/m

15 20 25 3.000 05 1.0
uw/m

15 20 25 3000 05 10 15 20 25 3.0

n/m

FIG. 4. The diagonal conductivities with the ladder-type VCs, o4 (A = L, ||), for the typical three cases (i)—(iii) as functions of the chemical
potential . The inset of (i) describes the configuration of the directions in which the current flows and the vector of the “magnetization” and/or
“spin”. They are normalized by oy = e2m?c®/h*y with y = nju?m?c/h*. In the region of 11/m < 0.6, the chemical potential lies in the gap.
In the regions of 0.6 < p/m < 1.4 and /m > 1.4, the system has one and two Fermi surfaces, respectively. Those in the paramagnetic state

(M = S = 0) are also shown for comparison.

Figure 4 shows o4 (A = L,||) as functions of the chemical
potential p for the typical three cases: (i) M > 0, § =0,
(i) M =0, S >0, and (iii) M = § > 0, together with the
one in the paramagnetic state (M = § = 0). Figure 5 depicts
the individual contributions to o, as functions of u, where
the contribution from the VCs, 04 — 08 = (65 — o}) + 03%,
contains both the renormalization of o and the additional
spin-current contribution. From Figs. 4 and 5, the VCs increase
the conductivities, and o4 in Fig. 4 is about 1.3 times larger
than aA’f’ in Fig. 5 for all three cases. However, qualitative
dependencies do not change even by considering the VCs, and
hence the AMR ratio with ladder-type VCs defined by

rR=2L"% (3.13)

UL+U\\

is quantitatively same as that without VCs, R >~ R}, where

b_ b
o] — o

b b*
UJ_—G—O'H

Ry, = (3.14)

(ii) 5/m = 0.4

From the above, we conclude that we do not need to
consider the VCs for the AMR in the Dirac ferromagnet.
This is different from the case of the 2D Rashba
ferromagnet [7].

The additional contributions oj{dd (A = L,|) can be un-
derstood as an effect that the impurity scatterings interchange
between the particle current and spin current. Since the
Dirac ferromagnet has two types of the order parameters,
“magnetization” and “spin”, there are the two correspond-
ing spin currents, “magnetization” and “spin” currents, and
they flow only in the specific directions, respectively, as
in Egs. (3.9) and (3.10). Hence, the charge current in the
X or ¥ directions includes only the contribution from the
“magnetization” current, while the “spin” current contributes
only to the charge current in the Z direction. Note that o*j;dd
is not dominant contribution of the VCs, as can be seen in
Fig. 5.

We demonstrate that the renormalization [Eqgs. 3.5 and 3.6]
can be understood as the similar change of the lifetime
into the transport lifetime for the case of M =S =0

(iii) M/m =S5/m=0.2

o
Y
o

o©
o
a

conductivity

0.00

et i Y )

.

00 05 10 15 2.0 25 3.000 05 1.0 15 20 25 3.000 05 10 15 2.0 25 3.0

p/m

pn/m fi/m

FIG. 5. The pu dependencies of the the bare-bubble and the VC contributions to the diagonal conductivities for the typical three cases

(i)—(iii). Note that the VC contributions are given by o, — og. The additional contribution o’

add "which is included by the VC contributions, is

also shown for comparison. They are normalized by oy given in the caption of Fig. 4.
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M=S=0 the ladder-type VCs. For the cases of M # 0 and/or S #
0.25 i 0, the lifetime depends on the spin, and the charge current
has the correlations with the two kinds of the spin currents.
0.20 | The coefficient of o® [Eq. (3.5)] is rewritten as
O para
0.15 e . 2 !
S V= Uit il _ (o Uil i)
= — 9 - — (a3 Jx) — 1_(.Z T > )
0.10 L1 -]M,x’ ]M,x
O para (3.23)
0.05 (w/o VC)
where the first two terms can be regarded as the correspon-
0.00 ‘ ‘ ‘ dences with Eq. (3.18), but the last term is obtained only in the
00 05 1.0 15 20 25 3.0 cases M # Qor S # 0.

p/m

FIG. 6. The diagonal conductivities for M = § =0 with and
without the ladder-type VCs. The VCs increase the conductivity,
which can be understood as the fact that the forward scattering is
dominant in the impurity scattering for the diagonal conductivity.

(see Fig. 6). For the simple case, the Green’s function is
given as

lo) (@l

_, 3.15
w—ne+il ( )

Gr(Wlu=s=0 =Y
n

where +¢;, = ++/k? 4+ m? are the eigenenergies, |pr) (or| =
(w+ p1k -0 + psm)/2u, and

T, m?
I'=—nuvi|l+— (3.16)
2 u?
is the damping of electron. In this case, the two spin currents
have no correlations with the charge current in the leading order
with respect to n; [33], and the ladder-type VCs are reduced to

Arx = p1o* +mu? Y GR(w) A1 Gy ().
k

(3.17)

This can be solved by presuming A, , = Up;o*, multiplying
the both sides by p;0* /4, and taking the trace

-1
12
U= (1 - ;tr [G,‘j(m/)]o*‘Gi(M)mH]) +0m;)

(3.18)
= 5 + 0. (3.19)
where I' is given as
T, 1 m?
= i v(u)§<l — F) (3.20)

Hence, the conductivities with and without the ladder-type VCs
are obtained as

222 T 2T G21)
Tpara = anu2l—U  mnull —T7 '
b o= 2—822. (3.22)
Pard - mpu? I

From these, the one-electron lifetime (r = %/ ") is changed
into the transport lifetime (rtr_' = ! — I'"/h) by considering

We can see that the forward scattering is dominant over
the impurity scatterings for the transport lifetime as other
systems [8,31,32]. The one-electron lifetime is expressed
as 7! f dQ2p, Wi p, and the transport lifetime is written
as 1 o [dQ, (1 —cosb,)Wy ,, where k and p are the
wave vectors on the Fermi surface, Wy , is the scattering
amplitude between the wave vectors, [dS2, is the integral
of the solid angle of p, and cosé, =k - p/|k||p|. Here, we
focus on the following systems with the nonmagnetic impurity
potential which has the 5-function type. For the free-electron
gas, the scattering amplitude Wj , is independent of 6, and
hence the transport lifetime coincides the one-electron lifetime
7y = T [31]. Onthe other hand, for the spin-momentum-locked
systems such as the 2D massive Dirac system [32], the 2D
Rashba system [8], and the (nonmagnetic) 3D Dirac electron
system, W; , depends on 6, because the scattering amplitude
is written as W p o | (¢,lor) |* and |@g) is in the spinor
form. Therefore, the transport lifetime is different from the
one-electron lifetime in these systems.

B. Off-diagonal conductivity (AHE)

We rewrite the off-diagonal conductivity without VCs,
which is identical to Eq. (52) in Ref. [28], as

b 2e?
o =
xy

{Jixs Jydsurt» (3.24)

Tniu?
where (ji; jy)surt 1S the Fermi-surface contribution to the
correlation between j, and j, evaluated from the bare-bubble
diagram and the explicit form is given by Eq. (A12a). Here,
(P; Q)¢ 1s defined by Eq. (3.1) as same as (P; Q), but we
distinguish (P; Q) from (P; Q) because off-diagonal corre-
lation functions include the Fermi-sea contribution in general.
In fact, (s jy) = (s Jy)sut + (wniu® /2¢*)0 s when evalu-
ated without VCs, while (j; ji) = {(jxs Jx)surf-

crf_f * can be expressed similar to the diagonal conductivity
as

btsj _ b dd
oy =6, tonS, (3.25)
where the first term is given as
2
1 — <]Z . jz )
~b M, x> JIM,x b
Oyy = < D, Oyy» (3.26)

104421-6
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(i) M/m=0.4 (i) S/m = 0.4 (iii) ]\[/m—S/m_OZ
0.04 | s nju/m = 0.5 | niju/m = 0.5| n; u/rn =0.5)
0.02 " AN > oW« oxu\,.""-»
- K S .':' S
b: 0.00 N e
S Ty N — o
) 1 B xy
& -0.02 =\ L :\ %
© ES xY —' o Xy % ks
b4 (total) = N (lotal)
-0.04 b+sJ /~ besj
xy
-0.06 : : : : ‘ : : : : : : : :
83 2 -1 0 1 2 33 2 -1 0 1 2 3-3 -2 -1 0 1 2 3

p/m

p/m

FIG. 7. The chemical potential dependencies of the off-diagonal (Hall) conductivities for the three typical cases. The total Hall conductivities

are no longer even/odd functions of 1 because of the skew-scattering contribution <7

which corresponds to crxbV renormalized by the ladder-type VCs,
and '

262 2

dd o L
oy = p—) {((jx’]ifl,x)ld) (-]]f/l,x’];/[sy>surf
T’(Jx; Jirchaldin s Jy)surf} (3.27)
is the additional contribution by considering the ladder-type
VCs. Here, we introduced (P; Q)4 as the correlation function
evaluated within the ladder-type VCs. For P = j, and Q =
Ty it 1s given by

—n u? Ztr

L
E(]x; ]54,)6)7

+ 2

(.]Jrv ]Mx T,XGE(G)KEGXG?(G):”G:M

= (3.28)
and (3 Jyg o ha = (s Jha =—Uys Ty yhd ==y Jy)a
up to O(n?). (See also Appendix C2.) Equation (3.27) con-
tains all the correlations through the “magnetization” current
assisted by the impurity scatterings. Note that there is no
contribution of “spin” current because it does not flow in xy
plane for S || Z.

The skew-scattering-type VC up to the leading order of n;
is obtained as

4¢?
Tniu

sk
Oy =

[ jeha® + (s i) 1 70e

+ 205 Jig cha s i haPao] (3.29)

where 7o, = yo./niu’ and 730 = y30/niu® are O(n?) with yo,
and y30 given by Eq. (2.5), and (j; ji)ia = (Jjy; jy)yq 18 given
as

nniuz

2¢?

In Fig. 7, the off-diagonal conductivities in the typical three
cases are shown as functions of the chemical potential, where
the skew-scattering contribution is plotted for nju/m = 0.5.
Note that the skew-scattering contribution ajly‘ [Eq. (3.29)]
is proportional to (nju/m)”!

(Jus Jxdd = oy. (3.30)

and the other contributions,

‘. Here, Ox» is shown for nju/m = 0.5.
o,y and of;r 9 do not depend on nju/m. As the value of

nju/m decreases (increases), the skew-scattering contribution
becomes dominant (negligible). At |u|/m = 1.4 for the cases
of (i) and (ii) and at u/m = —1 and 1.4 for the case of (iii),
the number of the Fermi surfaces changes. For the cases of (i)
and (ii), no Fermi surfaces are in the region for |u|/m < 0.6,
one Fermi surface is in 0.6 < |u|/m < 1.4, and two Fermi
surfaces are in |u|/m > 1.4. The two bands which correspond
to the spin degree of freedom contribute to the anomalous Hall
conductivity in the opposite signs. Hence, there is a bending
at these points, while O’XV % and o5 have kinks.

We can see from Fig. 7 that the total Hall conductivities are
neither even nor odd functions of the chemical potential in the
three cases. From the symmetry consideration as discussed in
Appendix E of Ref. [28], we find the following relations:

oo (.M, S) = —o ) (=, M,—S) (3.31)

=0 (—p.— (3.32)

which is the same symmetry as axy(u,,M, S)and o Sea(,u M,S),
while the skew-scattering contribution has the different sym-
metry

M.S),

oy (M. S) = a3 (—p. M. —S) (3.33)

—oy (=1, (3.34)

The derivations of these relations are shown in Appendix D.
Hence, the total Hall conductivity for the cases (i) and (ii) is
no longer (anti)symmetric for the chemical potential (Fig. 7).
This feature is shared by the spin Hall effect in the nonmagnetic
Dirac electron system [33].

As pointed out in Ref. [28], the finite Hall conductivities
are obtained in the band gap for the cases of (ii) and (iii)
because of o,", and their values depend on the way of the
momentum cutoff. We take isotropic cutoff in momentum
space in Fig. 7. In the paper by Goswami and Tewari [43], the
anomalous Hall conductivity in a topological phase and the
similar dependencies on the momentum cutoff are discussed.
They conclude that the regularization by using the cylindrical
momentum cutoff is reasonable on the basis of the bulk-
boundary correspondence. As the system we consider is in the
trivial phase and there is no such correspondence, it is not clear

—M,S).
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how to take the regularization. For more realistic situations, it
may depend on a system which we consider.

IV. CONCLUSION

In conclusion, we investigate the effects of the VCs on the
conductivity tensor of the Dirac ferromagnet. By considering
the VCs, the diagonal conductivities increase, and the incre-
ments are understood as the renormalization of the lifetime
and the contributions from the correlations between the charge
and spin currents. However, the AMR does not change quan-
titatively because the VCs contribute almost equally to the
conductivities parallel and perpendicular to the ferromagnetic
order parameters. For the AHE, the extrinsic contributions such
as the side-jump and skew-scattering ones are calculated, and
the skew-scattering contribution is dominant in the clean case,
as seen in the spin Hall effect in the nonmagnetic 3D Dirac
electron system [33].

As the effects of the VCs on the transport coefficients for the
simple model Hamiltonian are of our current interest, we have

J

considered the typical situations in which the “magnetization”
and/or the “spin” are as parameters. In order to discuss the
relevance of the obtained results to that in real materials,
however, we need to estimate more carefully the magnitudes of
the parameters for the specific materials. In addition, although
the form of the impurity potential in this paper is assumed
to be proportional to the unit matrix in the basis of the
Dirac Hamiltonian, it would depend on specific materials and
accordingly the results possibly change, especially for AHE.
This issue is shared by the spin Hall effect of the nonmagnetic
Dirac electron system and is also mentioned in Ref. [33].
Hence, we need more consideration in order to discuss the
relevance of the obtained results to that in real materials.
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APPENDIX A: INTERMIXING OF PARTICLE, “MAGNETIZATION”, AND “SPIN”
CURRENTS MEDIATED BY IMPURITY SCATTERINGS

In this Appendix, we calculate the first-order VCs to the velocity vertices of particle, “magnetization”, and “spin” current.
Then, we show that the impurity scatterings cause an intermixing between the particle current and the “magnetization” current
in the %,y direction, and between the particle current and “spin” current in the Z direction.

1. Intermixing of particle and “magnetization” currents

The velocity vertices of particle, “magnetization”, and “spin” currents are given by Egs. (2.8), (3.9), and (3.10). As the
contributions to the conductivities in the leading order of the impurity concentration are of our interest, it is enough to evaluate

niu® Y GR€)pu0  GR(€)le=y = (wvs /vy po” (A1)

k

up to O(n;) at the Fermi level. In the right-hand side, we expanded by using the two kinds of Pauli matrices, and the coefficients

are given as

l !
(wv; u'v') = Zniuz Z tr[GR(€)puo"Gr(e)pwa" ]|
k

(A2)

e=u”

We first consider the cases of v; and v}, ; for i = x and i = y. Substituting u = 1,2 and v = x,y into Eq. (A2), and taking the

traces, we find that almost all the coefficients of pﬂla"/ in Eq. (A1) vanish, and the nonvanishing components can be collectively

expressed as
p1o*
2 R p207Y
niu Xk:Gk(e) or0?

<
G (€)le=p = E
020" (

1x;1x
2y;1x
ly; Ix
2x; 1x

(AP +AP)

) (1x2y) (Ixely) (1a2x) [pio”
) 2y2y) yily) (2ys2x) || p2o” "
) (1y;2y) (lysly) (1y;2x) || po?
) (2x:2y)  (2x:1y)  (2x52x)) \p2o”
p1o*
y
Pzzy ’ (Ad)
020"

where Af) and Aﬂ) are O(n?)- and O(n;)-order terms, as we will show below. Here, (1x; 1x) (and also (1y; 1y)) is proportional
to the diagonal charge conductivity evaluated from the bare-bubble diagram [see Eq. (A6a)], (1x;2y) and (1y;2x) (also (2y; 1x)
and (2x; ly)) are proportional to the correlation functions between the (diagonal) charge current and the “magnetization” current.
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In order to emphasize this point, we write A(O)

(Jx3 Jx) < X’JMx) 0 0
A(O) — _<J;4,X’Jx) (/I%X’JM)C) 0 O (AS)
* 0 0 (vsdv)  (ividiny)
0 0 (irysds) by diy)
where these coefficients are obtained as
. . 22T niu’ b
(Jxidx) = UysJy) = (Lxs Ix) @ kT A = 72 L (Aba)
(iras i) = Uyt i) = (2x32x) = Q%3 (A6b)
(s dir ) = Ubgws d) = =0 2y) = =(iys iy ) = =gy Jy) = —Qnkd Ag (A6c)

with Q@ = Q(uw) and Ay = Ar(n) given as Egs. (2.3). We introduced the expression X (k,n) of a certain function X (k,n) as

X(k,
X(kn) = Zniu Z@ (u) ALY (ng_kzr3}6(ki—an>, (A7)

and we neglected the higher orders in n;. Here, I'; (j = 1,2,3) are defined, respectively, by

't = wyoo +myso — Syo; + Mys., (ABa)
[y = Myoo — Syso +myo; + i1ys;, (A8Db)
I3 = Syo. — My, (A8c)

with y;; = y;;(u) (i = 0,3, and j = 0,z) given by Eq. (2.5). «;, in Eq. (A7) is given by

= — kI —m? — §* + M? — 2nAy;. (A9)
The Heaviside step function
I [u<-m—=n|S—Mlor u>m+n(S+ M),
O,(n) = ; (A10)
0 (otherwise)

assures o, > 0. The k integrals are performed analytically, and the k, integrals are numerically calculated.

Similar relations can be found in A(j), that (1x,1y) (and (1y,1x)) is the Fermi-surface contribution to the off-diagonal charge
conductivity evaluated from the bare-bubble diagram. However, the Fermi-sea contribution gives rise to an important contribution
to off-diagonal charge conductivity (Jxs Jy),and (1x,1y) is not equivalent to {j; j,). To keep this difference obvious, (1x,1y) is

denoted by (j; jy)surt- Then, Al L )is given as

0 0 <jx; jy)surf <jx; jjl,)’)surf
AAS) — . O . (.)Z _<j§’1,x;jy)surf _<j;’1,x;j1f’1,y)surf , (All)
Gysdodsut— —(iys Jh e hourt 0 0
<jj’f,y; jx)surf _<j1f/1,y; j;’[,x)surf 0 0
where
(s dydsurt = —(iys Jdsurt = (1xs 1y) = =2 Ay Cyy, (Al2a)
(Fir Jir st = byt Jindar = 2X329) = —2(nAk + k2)Cay — 2(Syo0 — Myso)k2k2, (A12b)

(s Tir et = —Uits e deans = Ukt dv)aut = —Uiys Jiza) = (12:2x) = 2QCyy — (Myo; — Sys)k2ki,  (Al2¢)
and C,, is defined by

Cry = yoo(mQ + SkZ + nSAk) + y30(1Q — MkZ — nM Ag) + 0-:(MQ — niuAg) — y3.(SQ + nmAy). (A13)
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2. Intermixing of particle and “spin” currents

Second, we calculate Eq. (A1) in the cases of v; and U.ZS‘,i for i = z. Since AHE does not arise in this direction, it is sufficient
to evaluate the VCs up to O(nQ). Substituting u = 1, v = 0,z into Eq. (A2), and we find the similar expressions as i = x,y as

P10 ~0) [ P10°
niu? Z Gite )( )Gk @|_, =47 (p go) +O0(ni)(p20° + p20), (Al4)
1
where the coefficient matrix A?l ) is O(n?),
10 _ ( Gerded (i) ) ALS)
: <J§Z’J1) (J§2’1§Z>
and the matrix elements up to O(n?) are given by
2

(et i) = (12:12) = 22nAx + 87— M = 2 2o, (Al6a)
(i .3 jé.) = (105 10) = 2(uS + mM)*k2, (A16b)
(jo2 J5.) = (5.3 ) = (12:10) = —=2(uS + mM)nk2 Ag. (A16¢)

Equation (A15) shows that the particle current and the “spin” current in the Z direction are mixed by the impurity scatterings.

APPENDIX B: LADDER-TYPE VCS FOR VELOCITY VERTICES OF PARTICLE, “MAGNETIZATION”, AND “SPIN”
CURRENTS

Next, we calculate the ladder type of VCs. From Eq. (A1), it is easy to extend to arbitrary order VCs. For example, the VC of
the second order is calculated as

(i uz)zzc (OGP0 GREOGRE] _, = (o Viniu® Y GR(€)pwa” GR(e)|,_, = (v V) (v v pra
-

”

B

By using Egs. (A4) and (B1), we can calculate the ladder-type VCs to the velocities of the particle and “magnetization” currents
in the x and y directions as

Al,x ,OIO’x
Aoy | 4 A0 L AD L (AO L 402 p20”
S =0+AT A AT HA) + ] :
Ay + L L L 0107
A~2x pzax
pio”*
00 [} ,02(7y
o”

n=0 n,m=0 P1
P20

where A(i”) (m = 0,1) is O(n{") term, and we dropped O(niz). The first term is further calculated as

1 _(j;/l,x;j/fd,x> _<J/\’J;/Ix> 0 0
o _ ] (i din.) 1= G ) 0 0
> AP = — L N (B3)
Z)L 0 0 1 _(jM,x’JM,x) <JX’JM,X>
0 0 Uridire 1= i)
where
Dy == Ges iD= (i Jirs) = Ui dir ) (3.7)
We also obtain the second term of Eq. (B2) as
0 0 P —Pup
[o¢]
2 RO 1 0 0 Pump  Pum
(A(O))nA(l)(A(O))m — (B4)
n,lle:O . e (Dy)? Py —Pume 0 0
PMp _pMM 0 0
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with the matrix elements given by
Pop = 2t Jip )= (iroe i DUt Jirs b — (U= Uirt i) i dsunr = Gt i P Uit Jir s hae (BS)
Ptp = (s Jir ) Ui dydsurt (U= (ir5 Fir ) + Uk diry e — G Jie))}
i i e 1 U= Gz S (U = Uik i) + (s dia ) (B6)
Pan = 201 = (s oD Jig ) Firs b — Ui Fir) Gt ddsur = (U= (it oDt ity s (B7)

The ladder-type VCs to the velocities of charge and “spin” currents in the Z direction are also obtained as
Ay Z( A0y <PIUZ> R O A VS A R VA 1Y <m<fz> 8
A) = pio®) D\ (i) 1= s ) \ee®)

Dy = — (s j (1 = (i j5.)) = (e i) (3.8)

where

APPENDIX C: CALCULATION OF THE CONDUCTIVITY TENSOR

As we have obtained A;; (i = x,y,z) in Appendix B, we here perform the calculation of the conductivity tensor.

1. Diagonal conductivity

First, the diagonal conductivities [Eq. (2.6)] are calculated as

e R A e i x i
% = Gt | 21910 L CROAGEO | | = 5t o = ) )
where we have used Eq. (2.7).
For i = x, substituting Eq. (B2) with Eq. (B3) and taking the trace, we obtain
2% 1

. . Lo L 2
0L =0 = s W= Ui din ) e o)+ (s i - €2

where D, is given by Eq. (3.7), and (j,; j,), (J.sJy)> @and (jy; . jy ) are evaluated as Eq. (A6). By using Eq. (3.2) and
(jes ik ) = (s 3 jy), we obtain the result for o) as shown in Eq. (3.4) with Egs. (3.5) and (3.11). Similar procedures are
perforrﬁed fori = v, and it is found o, = oy, as we expected from the symmetry.

For i = z, substituting Eq. (B8) and taking the trace

2¢2 1 . . .. ..
o) =0y = WZ)—”{(I —(§ 2175 ) Gt i) + iz gEL)) (C3)

is obtained as shown in Eq. (3.4) with Egs. (3.6) and (3.12). Here, Dj is given by Eq. (3.8), and (j.; j:), (j:; Js..)» and {jg _; js .)
are shown in Eq. (A16).

2. Contribution from ladder-type VCs to off-diagonal conductivity
Next, the off-diagonal conductivity including the bare-bubble contribution and the ladder-type VCs [Eq. (2.11)] is calculated
as similar to the procedure of the diagonal one,

2

2
btsj _ Z R A _ ¢ x 7
O'xy Sj 27[” 2tI' |:/O10 (n u G (G)Al }G (6)‘ >:| = 27‘[711,{2& [pla Al,y]» (C4)

where we used Eq. (2.7) and tr [p;07 p;o”] = 0. Substituting Egs. (B2) to (B4), all the components of Eq. (B3) vanish because
of the trace, and the p;o* component of Eq. (B4) only remains,

. 202 P
Gb+s1 _ pp

= , C5
Y mniu* (D1)? ©

where P, is given by Eq. (B5). By using Egs. (3.24) and (A6), we obtain Eq. (3.25) with Egs. (3.26) and (3.27).

104421-11



JUNIJI FUJIMOTO PHYSICAL REVIEW B 97, 104421 (2018)

3. Contribution from skew-scattering-type VCs to off-diagonal conductivity

Finally, we calculate the contribution from the skew-scattering-type VCs [Eq. (2.13)]. We here evaluate AT,;‘ (i = x,y) defined
by interchanging R and A in A, ;. Using Eq. (A1) and

nuZZGA(em ‘Gi| _ = wvimpee” (C6)

we find that the O(n?) terms of AT, ; are equivalent to those of /Nll’ ;» hence, AT, ;= A i in the leading order. We calculate Eq. (2.13)
as

2

¢ *
aj_l‘f T - |:(n u’ Z G A GR) (niu2 ; GR,,) <n u? Z Gy A }GA>
(n u’ Z Ge A} GR) (nmz > Gf,zil,yGQ) (niuz > Gﬁ) ~R < A):|
K '

2

=

27‘[1’1 tr[(Al x /010x)(—il/wpu<fu)(/il,y - ;010“") + (/il,x - plo'x)(/il,y - plo-y)(iyuvpuav)]|e=u

y/w

= 2 tr[{(Al v — P10 ) Ay — p1o?) — (A1y — p10? )ALy — P16} u0 " ey (o))

Here,
o = (Uns ioha 10" = (i T 0207) (G dehia 2167+ (s i 1)y P20°7)
— (Gesdinda P10 + (s digacha P207) (Ui Jia 167 = (s Jig g P207)
=20 (st )0 + 20ias ehalivs Jig a3 + (vt Jigmo)- (C8)
and then we obtain Eq. (3.29).

APPENDIX D: SYMMETRY RELATIONS

In this Appendix, we show the derivations of the symmetry relations [Eqgs. (3.31) to (3.34)]. We first derive Eqgs. (3.31) and
(3.33). Since the conductivity tensor is given by

. Q,-j(ia), — w+ lO) - QU(O)
= lim )

w—0 iw

(D1)

O—ij

we consider the correlation functions corresponding to ax 9 and o in terms of the Matsubara Green’s functions G(i€,) =
lie, + 1 — Hy — X(ie,)]", which are given by

ngsj(lwt) = —e’kgT Z Ztr [vGrlie) Ay (i€ i€,)Grliey) — (y < x)], (D2)

O (i) = —nuksT Y Y tr[ Ay (ien.ie)Grlie)Gplie) )Gy lie) A1 (i€ i€ G (ie)Grlie,)
eyt

+ A1 (i€, ieN)GrlieNG i) Ay (i€ i€,)Gr(ie,)Gp (i€,)Grlie,) — (y < x)], (D3)

where ej =€, + wy, and ¢, and w; are the Matsubara frequency of fermions and bosons, respectively. Here, Ay (i€, i€y)
(i = x,y) is the full velocity vertex in the Matsubara formalism (see Fig. 1)

Avilien,iey) = v +niu® Y Grlien) Ay i(ien,ie)Grlicy). (D4)
k

We decompose the full velocity vertices once by substituting Eq. (D4) into Eqs. (D2) and (D3) one by one. For each decomposed
term, we insert 1 = UU' with U = p; in all the interspaces in the traces as in Appendix E of Ref. [28], and use the relation

UlGilien;m.M.S, 1)U = Grli€y; —m,—M,S.,j1) = —Gy(—i€y;m,M,—S,—p), (D5)
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then by changing the variable as —i€,, — i€, 4 i, in the summation of the Matsubara frequency, using the cyclic property of

the trace, and collecting them along Eq. (D4) again, we find

O w, M, S) = QY Viwr; —u, M, =), (D6)
O (i 1, M, S) = — Q3 (i =, M, —5). (D7)

Since the conductivities are antisymmetric parts, oy, (14, M,S) = —oy (0, M,S), we obtain Egs. (3.31) and (3.33). We can also
show the relations [Eqs. (3.32) and (3.34)] in the similar way by taking U = ¢” and changing the variables (k,,k,,k;) —

(—ky,ky, — k;) in the integrals.

[1] W. Thomson, Proc. R. Soc. London 8, 546 (1856).
[2] J. Smit, Physica (Amsterdam) 17, 612 (1951).
[3] I. A. Campbell, A. Fert, and O. Jaoul, J. Phys. C: Solid State
Phys. 3, S95 (1970).
[4] R. L. Potter, Phys. Rev. B 10, 4626 (1974).
[5] T. McGuire and R. Potter, IEEE Trans. Magn. 11, 1018 (1975).
[6] A. W.Rushforth, K. Vyborny, C. S. King, K. W. Edmonds, R. P.
Campion, C. T. Foxon, J. Wunderlich, A. C. Irvine, P. Vasek, V.
Novik et al., Phys. Rev. Lett. 99, 147207 (2007).
[7] T. Kato, Y. Ishikawa, H. Itoh, and J.-i. Inoue, Phys. Rev. B 77,
233404 (2008).
[8] K. Vyborny, A. A. Kovalev, J. Sinova, and T. Jungwirth, Phys.
Rev. B 79, 045427 (2009).
[9] A. A.Kovalev, Y. Tserkovnyak, K. Vyborny, and J. Sinova, Phys.
Rev. B 79, 195129 (2009).
[10] S. Wimmer, D. Kodderitzsch, and H. Ebert, Phys. Rev. B 89,
161101(R) (2014).
[11] R. Karplus and J. Luttinger, Phys. Rev. 95, 1154 (1954).
[12] P. Nozieres and C. Lewiner, J. Phys. 34, 901 (1973).
[13] A. Crépieux and P. Bruno, Phys. Rev. B 64, 014416 (2001).
[14] V. K. Dugaev, P. Bruno, M. Taillefumier, B. Canals, and C.
Lacroix, Phys. Rev. B 71, 224423 (2005).
[15] N. A. Sinitsyn, Q. Niu, and A. H. MacDonald, Phys. Rev. B 73,
075318 (20006).
[16] J.-i. Inoue, T. Kato, Y. Ishikawa, H. Itoh, G. E. W. Bauer, and L.
W. Molenkamp, Phys. Rev. Lett. 97, 046604 (2006).
[17] N. A. Sinitsyn, A. H. MacDonald, T. Jungwirth, V. K. Dugaev,
and J. Sinova, Phys. Rev. B 75, 045315 (2007).
[18] T. Tanaka and H. Kontani, Phys. Rev. B 77, 195129 (2008).
[19] N. Nagaosa, J. Sinova, S. Onoda, A. H. MacDonald, and N. P.
Ong, Rev. Mod. Phys. 82, 1539 (2009).
[20] A. A. Kovalev, J. Sinova, and Y. Tserkovnyak, Phys. Rev. Lett.
105, 036601 (2010).
[21] S. Lowitzer, D. Kddderitzsch, and H. Ebert, Phys. Rev. Lett. 105,
266604 (2010).
[22] A. Manchon and S. Zhang, Phys. Rev. B 78, 212405 (2008).

[23] A. Manchon and S. Zhang, Phys. Rev. B 79, 094422 (2009).

[24] 1. M. Miron, G. Gaudin, S. Auffret, B. Rodmacq, A. Schuhl, S.
Pizzini, J. Vogel, and P. Gambardella, Nat. Mater. 9, 230 (2010).

[25] H. Kurebayashi, J. Sinova, D. Fang, A. C. Irvine, T. D. Skinner,
J. Wunderlich, V. Novék, R. P. Campion, B. L. Gallagher, E. K.
Vehstedt ef al., Nat. Nanotechnol. 9, 211 (2014).

[26] S. Kokado, M. Tsunoda, K. Harigaya, and A. Sakuma, J. Phys.
Soc. Jpn. 81, 024705 (2012).

[27] J. Banhart and H. Ebert, Europhys. Lett. 32, 517 (1995).

[28] J. Fujimoto and H. Kohno, Phys. Rev. B 90, 214418 (2014).

[29] A. Langenfeld and P. Wélfle, Phys. Rev. Lett. 67, 739 (1991).

[30] V. K. Dugaev, A. Crépieux, and P. Bruno, Phys. Rev. B 64,
104411 (2001).

[31] G. D. Mahan, Many-Particle Physics, 3rd ed. (Kluwer, New
York, 2000).

[32] A. Sakai and H. Kohno, Phys. Rev. B 89, 165307 (2014).

[33] T. Fukazawa, H. Kohno, and J. Fujimoto, J. Phys. Soc. Jpn. 86,
094704 (2017).

[34] A. H. MacDonald and S. H. Vosko, J. Phys. C: Solid State Phys.
12,2977 (1979).

[35] M. V.Ramana and A. K. Rajagopal, J. Phys. C: Solid State Phys.
12, 845 (1979).

[36] A. A. Burkov and L. Balents, Phys. Rev. Lett. 107, 127205
(2011).

[37] A. A. Burkov, Phys. Rev. Lett. 113, 187202 (2014).

[38] A. Shitade, J. Phys. Soc. Jpn. 86, 054601 (2017).

[39] A. A. Burkov, M. D. Hook, and L. Balents, Phys. Rev. B 84,
235126 (2011).

[40] L. S. Xie, L. M. Schoop, E. M. Seibel, Q. D. Gibson, W. Xie,
and R. J. Cava, APL Mater. 3, 083602 (2015).

[41] A. Yamakage, Y. Yamakawa, Y. Tanaka, and Y. Okamoto,
J. Phys. Soc. Jpn. 85, 013708 (2016).

[42] R. Kubo, J. Phys. Soc. Jpn. 12, 570 (1957).

[43] P. Goswami and S. Tewari, Phys. Rev. B 88, 245107 (2013).

[44] M. Matsuo, J. leda, E. Saitoh, and S. Maekawa, Phys. Rev. Lett.
106, 076601 (2011).

104421-13


https://doi.org/10.1098/rspl.1856.0144
https://doi.org/10.1098/rspl.1856.0144
https://doi.org/10.1098/rspl.1856.0144
https://doi.org/10.1098/rspl.1856.0144
https://doi.org/10.1016/0031-8914(51)90117-6
https://doi.org/10.1016/0031-8914(51)90117-6
https://doi.org/10.1016/0031-8914(51)90117-6
https://doi.org/10.1016/0031-8914(51)90117-6
https://doi.org/10.1088/0022-3719/3/1S/310
https://doi.org/10.1088/0022-3719/3/1S/310
https://doi.org/10.1088/0022-3719/3/1S/310
https://doi.org/10.1088/0022-3719/3/1S/310
https://doi.org/10.1103/PhysRevB.10.4626
https://doi.org/10.1103/PhysRevB.10.4626
https://doi.org/10.1103/PhysRevB.10.4626
https://doi.org/10.1103/PhysRevB.10.4626
https://doi.org/10.1109/TMAG.1975.1058782
https://doi.org/10.1109/TMAG.1975.1058782
https://doi.org/10.1109/TMAG.1975.1058782
https://doi.org/10.1109/TMAG.1975.1058782
https://doi.org/10.1103/PhysRevLett.99.147207
https://doi.org/10.1103/PhysRevLett.99.147207
https://doi.org/10.1103/PhysRevLett.99.147207
https://doi.org/10.1103/PhysRevLett.99.147207
https://doi.org/10.1103/PhysRevB.77.233404
https://doi.org/10.1103/PhysRevB.77.233404
https://doi.org/10.1103/PhysRevB.77.233404
https://doi.org/10.1103/PhysRevB.77.233404
https://doi.org/10.1103/PhysRevB.79.045427
https://doi.org/10.1103/PhysRevB.79.045427
https://doi.org/10.1103/PhysRevB.79.045427
https://doi.org/10.1103/PhysRevB.79.045427
https://doi.org/10.1103/PhysRevB.79.195129
https://doi.org/10.1103/PhysRevB.79.195129
https://doi.org/10.1103/PhysRevB.79.195129
https://doi.org/10.1103/PhysRevB.79.195129
https://doi.org/10.1103/PhysRevB.89.161101
https://doi.org/10.1103/PhysRevB.89.161101
https://doi.org/10.1103/PhysRevB.89.161101
https://doi.org/10.1103/PhysRevB.89.161101
https://doi.org/10.1103/PhysRev.95.1154
https://doi.org/10.1103/PhysRev.95.1154
https://doi.org/10.1103/PhysRev.95.1154
https://doi.org/10.1103/PhysRev.95.1154
https://doi.org/10.1051/jphys:019730034010090100
https://doi.org/10.1051/jphys:019730034010090100
https://doi.org/10.1051/jphys:019730034010090100
https://doi.org/10.1051/jphys:019730034010090100
https://doi.org/10.1103/PhysRevB.64.014416
https://doi.org/10.1103/PhysRevB.64.014416
https://doi.org/10.1103/PhysRevB.64.014416
https://doi.org/10.1103/PhysRevB.64.014416
https://doi.org/10.1103/PhysRevB.71.224423
https://doi.org/10.1103/PhysRevB.71.224423
https://doi.org/10.1103/PhysRevB.71.224423
https://doi.org/10.1103/PhysRevB.71.224423
https://doi.org/10.1103/PhysRevB.73.075318
https://doi.org/10.1103/PhysRevB.73.075318
https://doi.org/10.1103/PhysRevB.73.075318
https://doi.org/10.1103/PhysRevB.73.075318
https://doi.org/10.1103/PhysRevLett.97.046604
https://doi.org/10.1103/PhysRevLett.97.046604
https://doi.org/10.1103/PhysRevLett.97.046604
https://doi.org/10.1103/PhysRevLett.97.046604
https://doi.org/10.1103/PhysRevB.75.045315
https://doi.org/10.1103/PhysRevB.75.045315
https://doi.org/10.1103/PhysRevB.75.045315
https://doi.org/10.1103/PhysRevB.75.045315
https://doi.org/10.1103/PhysRevB.77.195129
https://doi.org/10.1103/PhysRevB.77.195129
https://doi.org/10.1103/PhysRevB.77.195129
https://doi.org/10.1103/PhysRevB.77.195129
https://doi.org/10.1103/RevModPhys.82.1539
https://doi.org/10.1103/RevModPhys.82.1539
https://doi.org/10.1103/RevModPhys.82.1539
https://doi.org/10.1103/RevModPhys.82.1539
https://doi.org/10.1103/PhysRevLett.105.036601
https://doi.org/10.1103/PhysRevLett.105.036601
https://doi.org/10.1103/PhysRevLett.105.036601
https://doi.org/10.1103/PhysRevLett.105.036601
https://doi.org/10.1103/PhysRevLett.105.266604
https://doi.org/10.1103/PhysRevLett.105.266604
https://doi.org/10.1103/PhysRevLett.105.266604
https://doi.org/10.1103/PhysRevLett.105.266604
https://doi.org/10.1103/PhysRevB.78.212405
https://doi.org/10.1103/PhysRevB.78.212405
https://doi.org/10.1103/PhysRevB.78.212405
https://doi.org/10.1103/PhysRevB.78.212405
https://doi.org/10.1103/PhysRevB.79.094422
https://doi.org/10.1103/PhysRevB.79.094422
https://doi.org/10.1103/PhysRevB.79.094422
https://doi.org/10.1103/PhysRevB.79.094422
https://doi.org/10.1038/nmat2613
https://doi.org/10.1038/nmat2613
https://doi.org/10.1038/nmat2613
https://doi.org/10.1038/nmat2613
https://doi.org/10.1038/nnano.2014.15
https://doi.org/10.1038/nnano.2014.15
https://doi.org/10.1038/nnano.2014.15
https://doi.org/10.1038/nnano.2014.15
https://doi.org/10.1143/JPSJ.81.024705
https://doi.org/10.1143/JPSJ.81.024705
https://doi.org/10.1143/JPSJ.81.024705
https://doi.org/10.1143/JPSJ.81.024705
https://doi.org/10.1209/0295-5075/32/6/010
https://doi.org/10.1209/0295-5075/32/6/010
https://doi.org/10.1209/0295-5075/32/6/010
https://doi.org/10.1209/0295-5075/32/6/010
https://doi.org/10.1103/PhysRevB.90.214418
https://doi.org/10.1103/PhysRevB.90.214418
https://doi.org/10.1103/PhysRevB.90.214418
https://doi.org/10.1103/PhysRevB.90.214418
https://doi.org/10.1103/PhysRevLett.67.739
https://doi.org/10.1103/PhysRevLett.67.739
https://doi.org/10.1103/PhysRevLett.67.739
https://doi.org/10.1103/PhysRevLett.67.739
https://doi.org/10.1103/PhysRevB.64.104411
https://doi.org/10.1103/PhysRevB.64.104411
https://doi.org/10.1103/PhysRevB.64.104411
https://doi.org/10.1103/PhysRevB.64.104411
https://doi.org/10.1103/PhysRevB.89.165307
https://doi.org/10.1103/PhysRevB.89.165307
https://doi.org/10.1103/PhysRevB.89.165307
https://doi.org/10.1103/PhysRevB.89.165307
https://doi.org/10.7566/JPSJ.86.094704
https://doi.org/10.7566/JPSJ.86.094704
https://doi.org/10.7566/JPSJ.86.094704
https://doi.org/10.7566/JPSJ.86.094704
https://doi.org/10.1088/0022-3719/12/15/007
https://doi.org/10.1088/0022-3719/12/15/007
https://doi.org/10.1088/0022-3719/12/15/007
https://doi.org/10.1088/0022-3719/12/15/007
https://doi.org/10.1088/0022-3719/12/22/005
https://doi.org/10.1088/0022-3719/12/22/005
https://doi.org/10.1088/0022-3719/12/22/005
https://doi.org/10.1088/0022-3719/12/22/005
https://doi.org/10.1103/PhysRevLett.107.127205
https://doi.org/10.1103/PhysRevLett.107.127205
https://doi.org/10.1103/PhysRevLett.107.127205
https://doi.org/10.1103/PhysRevLett.107.127205
https://doi.org/10.1103/PhysRevLett.113.187202
https://doi.org/10.1103/PhysRevLett.113.187202
https://doi.org/10.1103/PhysRevLett.113.187202
https://doi.org/10.1103/PhysRevLett.113.187202
https://doi.org/10.7566/JPSJ.86.054601
https://doi.org/10.7566/JPSJ.86.054601
https://doi.org/10.7566/JPSJ.86.054601
https://doi.org/10.7566/JPSJ.86.054601
https://doi.org/10.1103/PhysRevB.84.235126
https://doi.org/10.1103/PhysRevB.84.235126
https://doi.org/10.1103/PhysRevB.84.235126
https://doi.org/10.1103/PhysRevB.84.235126
https://doi.org/10.1063/1.4926545
https://doi.org/10.1063/1.4926545
https://doi.org/10.1063/1.4926545
https://doi.org/10.1063/1.4926545
https://doi.org/10.7566/JPSJ.85.013708
https://doi.org/10.7566/JPSJ.85.013708
https://doi.org/10.7566/JPSJ.85.013708
https://doi.org/10.7566/JPSJ.85.013708
https://doi.org/10.1143/JPSJ.12.570
https://doi.org/10.1143/JPSJ.12.570
https://doi.org/10.1143/JPSJ.12.570
https://doi.org/10.1143/JPSJ.12.570
https://doi.org/10.1103/PhysRevB.88.245107
https://doi.org/10.1103/PhysRevB.88.245107
https://doi.org/10.1103/PhysRevB.88.245107
https://doi.org/10.1103/PhysRevB.88.245107
https://doi.org/10.1103/PhysRevLett.106.076601
https://doi.org/10.1103/PhysRevLett.106.076601
https://doi.org/10.1103/PhysRevLett.106.076601
https://doi.org/10.1103/PhysRevLett.106.076601



