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The paper investigates the role of spin-orbit interaction in the prediction of structural stability, lattice dynamics,
elasticity, thermodynamic and transport properties (electrical resistivity and thermal conductivity) of lead under
pressure with the FP-LMTO (full-potential linear-muffin-tin orbital) method for the first-principles band structure
calculations. Our calculations were carried out for three polymorphous lead modifications (fcc, hcp, and bcc) in
generalized gradient approximation with the exchange-correlation functional PBEsol. They suggest that compared
to the scalar-relativistic calculation, the account for the SO effects insignificantly influences the compressibility
of Pb. At the same time, in the calculation of phonon spectra and transport properties, the role of SO interaction
is important, at least, for P � 150 GPa. At higher pressures, the contribution from SO interaction reduces but not
vanishes. As for the relative structural stability, our studies show that SO effects influence weakly the pressure of
the fcc → hcp transition and much higher the pressure of the hcp → bcc transition.
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I. INTRODUCTION

Nowadays one can find a good many papers devoted to the
investigation of the effect of spin-orbit (SO) interaction on the
properties of pure metals calculated from first-principles (see,
for example, Refs. [1–18] and references in them). The authors
use different methods for calculation and different approaches
for the description of exchange-correlation interaction (various
LDA and GGA XC functionals). They more often focus on the
ground-state properties such as the equilibrium specific volume
V0 and bulk modulus B0. However, the SO effect can weakly
manifest itself in these properties and much stronger in others,
e.g., the phonon spectrum or relative stability of different
structures both under ambient and under elevated pressure
[13,18]. Material compression markedly changes interaction
between particles in the system and might also change the
contribution of SO effects to the system energy. It is worth
noting that calculations that account for SO coupling are about
an order of magnitude more time consuming than the scalar-
relativistic ones. The ability to avoid more costly calculations
without a noticeable loss of accuracy is often very necessary
in determining the properties of matter.

Lead is one of the interesting metals where the effect of SO
interaction manifests itself [16–19]. Under ambient conditions
it has a simple face-centered cubic structure. Experimental
data on phonon spectra dispersion for noncompressed lead
show some anomalies [20,21]. As demonstrated in different
DFT calculations, only relativistic calculations that account
for SO coupling are capable of reproducing these anomalies
with good accuracy [16–19]. As a result, it becomes pos-
sible to more accurately determine the electron-phonon and
transport spectral distribution functions, the electron-phonon
coupling strength, and some other quantities [18,19,22]. The
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ab initio calculations reported in Refs. [16–19] are done with
pseudopotential methods both in local (LDA) [16,18,19] and
in nonlocal (GGA) [17] approximation for the exchange-
correlation functional. It should be noted here that the phonon
frequencies calculated with and without SO coupling may
differ by tens of percents [16], while the SO effect on the
ground-state properties of lead, V0 and B0, is insignificant
[15–19].

Lead was also actively investigated under pressure in static
experiments. Experimental data from x-ray analysis show
that Pb under pressure undergoes two structural transitions,
fcc → hcp and hcp → bcc, at pressures P ≈ 13 ± 1 and
≈109 GPa, respectively [23–27]. Further compression up to
272 GPa did not show any structural changes [24,26]. Ab
initio calculations for the relative stability of fcc, hcp, and bcc
lead by the pseudopotential approach (LDA calculations) with
SO interaction were done in Ref. [28] and gave rather good
agreement with experiment. Though the authors of Ref. [28]
note the effect of SO interaction on the relative stability of
different Pb structures, it is not clear how exactly it influences
the pressures of the structural transitions. This issue is earlier
considered in more detail in Ref. [29] where calculations are
done by the LMTO method in the tight-binding approximation
(LMTO-TB). The authors [29] state that firstly, the absence of
relativistic effects incorrectly reproduces the equilibrium crys-
tal structure (diamond instead of fcc), and secondly, allowance
for SO interaction makes agreement between experimental and
calculated pressures of the fcc → hcp transition much better
compared to the ordinary scalar-relativistic calculations.

The boundaries of structural transitions under increasing
pressure and temperature were investigated in static experi-
ments where lead was compressed in a laser-heated diamond
anvil cell [27,30]. In Ref. [27], the behavior of the fcc-hcp
phase boundary was investigated in the temperature range
from room to T ≈ 800 K. In this range, the boundary was
shown to run almost vertically in the PT diagram, i.e., the
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pressure of the fcc → hcp transition was nearly unchanged
with increasing temperature. The authors of Ref. [30] obtained
the boundary of hcp and bcc coexistence in the PT diagram
of lead at temperatures above 1800 K. The line has a negative
slope and a triple point hcp-bcc-liquid at P ≈ 39 GPa and
T ≈ 2400 K. They also measured the melting curve of lead to
80 GPa. Currently, there are no ab initio calculations that would
provide information on the stability boundaries of different
structures of compressed lead at T > 0 and the effect of SO
interaction on them.

This paper aims to investigate the effect of SO interaction on
the calculation of some thermodynamic, elastic, and transport
properties of lead, as well as its relative structural and dynamic
stability at pressures from zero to hundreds of gigapascal. Ab
initio calculations with and without SO coupling are compared
with different experimental results and, in special cases, with
nonrelativistic calculations to see the role of relativity in
the ab initio calculations of various properties of Pb. Three
experimentally observed structures, specifically fcc, hcp, and
bcc, are investigated. Unlike most papers where lead properties
are calculated with the pseudopotential methods, the results
reported in this paper are obtained with the all-electron full-
potential method.

II. CALCULATION METHOD

Lead properties are calculated with the well-known FP-
LMTO (full-potential linear-muffin-tin orbital) method of band
structure calculation, implemented in the LMTART package
[31,32]. The 5d, 6s, and 6p electrons of Pb are taken to be
valence electrons; semicore electrons are not considered. The
equilibrium value for the parameter c/a of the hcp phase is
determined by minimizing the dependence of crystal specific
energy, Etot(c/a), for each of the compressions considered.
The temperature dependence of c/a is neglected.

The wave functions of core electrons are determined by
solving the Dirac equation with the spherically symmetric
part of crystal potential. For valence electrons, the relativistic
effects are considered approximately. The scalar-relativistic
Hamiltonian includes the mass-velocity and Darwin correc-
tions. Spin-orbit interaction is treated as a perturbation with
the corresponding term in the Hamiltonian in the form of
energy-dependent operator [32–34].

The internal parameters of the method were adjusted so as to
ensure acceptable accuracy in the calculation of specific energy
Etot (about 0.1 mRy/atom). For this purpose we investigated
how the values of Etot depended on the parameters. Integration
over the Brillouin zone was done with an improved tetrahedron
method [35]. The k-point grid was taken to be 24 × 24 × 24 for
the cubic structures and 24 × 24 × 12 for the hexagonal one.
These grids are quite sufficient for predicting thermodynamic
properties with acceptable accuracy, but the calculation of
the electron-phonon (EP) interaction matrix requires finer
meshes [36]. Therefore we used 32 × 32 × 32 (fcc, bcc) and
36 × 36 × 18 (hcp) grids for the EP matrix calculations. The
cutoff energy for representing basis functions as a plane-wave
expansion in the interstitial region depended on the degree
of crystal compression, but always was no lower than 680 eV.
The basis set included MT orbitals with moments lbmax = 3 The
spherical harmonic expansion of charge density and potential

was done to the moment lwmax = 7 The values of such FP-
LMTO parameters as linearization energies, tail energies, and
MT-sphere radius RMT were chosen similarly to the approach
described in Ref. [12], i.e., so as to minimize the internal
energy of the crystal. The optimal value of RMT is equal
to 3.17 a.u. The phonon spectra were calculated from linear
response theory implemented in the FP-LMTO code [31]. In
the case of the cubic structures, phonon frequencies ωj were
obtained on grids of 8 × 8 × 8 q points. For the hexagonal
one, it was 8 × 8 × 6. The contribution of lattice vibrations to
free energy was determined in a quasiharmonic approximation
[37] with the use of the calculated phonon spectra. The elastic
constants of fcc, hcp, and bcc structures were calculated with
an approach, which is described in detail in Refs. [38,39]. The
method is based on the calculation of specific energy as a
function of crystal deformation at arbitrary isotropic pressure.

The GGA exchange-correlation functional PBEsol [40] is
used for calculations. As shown in Refs. [15,41], it reproduces
the ground-state properties and compression isotherm of lead
most accurately compared to other GGA and LDA functionals.
Our calculations also show PBEsol to be best fit to the
description of lead behavior under pressure. So, if we compare
the equilibrium specific volumes V0 calculated with the PBEsol
and PBE [42] functionals, the disagreement with experiment is
more than 6% for PBE and less than 1% for PBEsol. The latter
also describes the bulk modulus of lead much better [41].

The transport properties, specifically electrical resistivity
ρ and thermal conductivity w−1, are calculated within the
lowest-order variational approximation LOVA described in
Ref. [43]. LOVA is based on an approximated solution of
the Boltzmann equation under the condition that the Fermi
distribution is rigidly shifted by the applied electrical field.
Phonon drag and thermoelectric effects are neglected in this
approximation. Expressions for ρ and w−1 at the specific
volume V are defined by [36,43]

ρ(T x) = πV kBT
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Here, x = ω/(2kBT ), N(EF ) is the electron density of states
on the Fermi level, 〈υ2

x 〉 is the average square of the x

component of the Fermi velocity, and α2
trF (ω) = [α2

outF (ω) −
α2

inF (ω)] is the transport spectral function (for more detail see
Refs. [36,43]). All the quantities required for the determination
of electrical resistivity and thermal conductivity from expres-
sions 1 and 2 can be calculated by the FP-LMTO method, as
it is shown in Ref. [36].

III. CALCULATION RESULTS

A. Phonon spectrum

See first how the phonon spectrum of lead changes with the
different degree of account for the relativistic effects. Figure 1
shows a part of the phonon spectrum in the �-K-X direction
of the Brillouin zone and the phonon density of states (PDOS)
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FIG. 1. (Left) Phonon frequencies of fcc Pb at T = 0 K in the
�-K-X direction of the Brillouin zone from calculations with different
degrees of account for the relativistic effects (NR: nonrelativistic).
Red and black circles show experimental results [20,44] atT = 100 K.
(Right) Phonon density of states of fcc Pb for the specified variants
of calculation. Both the pictures are for V/V0 = 1.

of fcc Pb for three variants of calculation at V/V0 = 1 (V0 =
200.14 a.u.3 is the experimental specific volume at T = 0 K
[15]). These are results of nonrelativistic (NR) calculations and
relativistic calculations without (no SO) and with SO coupling.

It is seen from Fig. 1 (left panel) that the fcc structure is
dynamically unstable when the relativistic effects are absent.
The acoustic phonon branch T1 near the � point becomes
negative. It should be noted that our NR calculations show the
fcc phase to remain dynamically unstable even for compressed
lead. Also, there is in fact no anomaly in the longitudinal
phonon branch in the interval �-K, and maximal frequencies
are about 1.5 times higher than experimental values. As seen
from Fig. 1, partial account for relativity (no SO) dynamically
stabilizes fcc lead and gives much better agreement with
experiment. The above mentioned anomaly now appears in
the longitudinal vibrational branch in the �-K interval. But
phonon branches are somewhere still noticeably higher than
the experimental values. Accounting for SO interaction again
improves the situation and gives the best agreement with
experiment. If we now neglect a small part of the NR spectrum
with negative frequencies and look at the phonon density of
states (Fig. 1, right panel), we will see that our step-by-step
inclusion of the relativistic effects shifts the phonon spectrum
to lower frequencies.

Let us consider how the phonon dispersion changes as
pressure increases. A special feature of fcc Pb is the presence
of a well noticed dip in the spectrum of phonon frequencies
near the X point of the Brillouin zone, both in the longitudinal
and transverse vibrational branches [20,21]. Figure 2 shows
phonon frequencies in the �-X-W direction at different values
of relative specific volume from calculations of two types. As
stated above, account for the SO effects markedly improves
agreement between calculation and experiment (Fig. 2, upper
panel), especially at point X. Results obtained in the present
work agree well with the earlier pseudopotential calculations
from Refs. [16–18]. Our calculations show that with increasing

FIG. 2. Phonon frequencies of fcc Pb at two values of V/V0 in
�-X-W direction of the Brillouin zone from our calculations with and
without SO effects. The red and black dots show experimental data
from [20,44] at T = 100 K, and the green ones show data from [21]
at T = 80 K.

pressure, first, the dips near point X disappear in both branches
of the phonon spectrum, and second, results with and without
SO coupling become almost identical (Fig. 2, lower panel).

Now consider how the phonon spectrum of lead changes,
on whole, with increasing compression. Figure 3 shows the
phonon density of states (PDOS) of fcc Pb for two compres-
sions and two variants of calculation. It is seen (Fig. 3, upper
panel) that at V/V0 = 1, PDOS calculated with SO effects
agrees with experiment much better than that obtained without
SO coupling. Differences in the phonon densities of states
from two types of calculation reduce as pressure increases and
becomes almost indistinguishable (Fig. 3, lower panel). That is,
high pressure gradually cancels the SO effect on the calculated
phonon spectra. This tendency is seen for all considered
structures. In order to quantitatively demonstrate how com-
pression changes the differences in the results of two types of
calculation, we evaluated the contribution of lattice vibrations
to the free energy of the system in a quasiharmonic approxi-
mation. Figure 4 shows the difference �F ph = (F ph

noSO − F
ph
SO)

of thermal contributions to the free energy at T = 300 K from
calculations with and without SO effects for fcc, hcp, and bcc
lead. For all the three phases, �F ph is seen to decrease with
the decreasing relative specific volume. At V/V0 < 0.625, it

094114-3



N. A. SMIRNOV PHYSICAL REVIEW B 97, 094114 (2018)

FIG. 3. Phonon density of states of fcc Pb for two values of the
relative specific volume V/V0. Our calculations with and without
SO coupling (black and blue lines) are compared with experiment
Ref. [21] at T = 80 K (red line).

becomes smaller than the specified calculation accuracy of Etot

(0.1 mRy/atom). It should be noted here that at T = 0 K, bcc
Pb is dynamically unstable in both variants of calculation if
V/V0 > 0.7. Moreover, in calculations with SO, the bcc phase
remains dynamically unstable to a bit higher compressions.

In order to comment on the above changes, let us consider
the evolution of the band structure of Pb crystal under com-
pression. Figure 5 shows the electron densities of states (DOS)
for fcc lead from our calculations at V/V0 = 1.0 and 0.45
with and without SO coupling. At normal specific volume, the
spectrum of valence electrons is seen as a set of bands jointed in
a number of separated “stripes” (Fig. 5, upper panel). As seen
from the figure, there is the splitting of 5d zones due to the SO
interaction. There are also noticeable differences in the density
of states of 6p electrons. With increasing pressure, the “stripes”
gradually join together. At first, it takes place at V/V0 ≈ 0.75
with the 6p and 6s bands and then, at V/V0 ≈ 0.65–0.475,

the 6p-6s “stripe” joins the 5d bands (Fig. 5, lower panel).
In the process, the differences in the densities of states near
the Fermi level obtained in calculations with and without SO
coupling gradually decrease. This is seen if we compare the
DOS on EF (NF ) in two variants of calculation shown in the

FIG. 4. The difference of thermal contributions to the free energy
at T = 300 K from lattice vibrations, obtained in calculations without
and with SO effects for the three considered structures. The vertical
dotted line shows the boundary of bcc dynamical stability.

inset of Fig. 5 (upper panel). The difference in NF , which is
well seen when compressions are small, becomes vanishing
at V/V0 < 0.6, and the results with SO effects gradually
approach those without SO coupling as the specific volume
decreases. The applied external pressure changes interaction in
the system and smoothes peculiarities in the electron DOS so
that the effect from the SO interaction becomes insignificant, at
least for some of the physical quantities. Nevertheless, as it will
be shown later, there are other quantities where the influence
of SO effects is not negligible even at high pressures.

FIG. 5. Electron density of states for fcc Pb at different compres-
sions and T = 0 K for two types of calculation. For convenience,
the figures are cut along the axis of ordinates. The inset in the upper
panel shows electron densities of states on the Fermi level for different
values of V/V0.
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FIG. 6. Compression curves at room temperature for three lead
structures in comparison with experiment. Solid lines show calcula-
tions with SO, the dashed lines are calculations without SO effects.
Experiment: • [24], ♦ [26], and� [27]. The inset shows c/a vs V/V0

for hcp Pb in comparison with experiment [24].

B. Compression curves, elasticity, and relative
structural stability

Let us next turn to SO effects on the compression curves
determined at room temperature, and on the temperature de-
pendence of bulk modulus. Figure 6 shows the isotherms 300 K
calculated for fcc, hcp, and bcc lead with account for structural
transformations, in comparison with experiment. Results from
two types of calculation are seen to run very closely and agree
well with experiment. The equilibrium specific volume at room
temperature equals 204.3 a.u.3 with SO and 206.8 a.u.3 without
SO coupling, and its experimental value is 204.8 a.u.3 [15].
So, the error of its determination is less than 1% in both cases.
The inset in Fig. 6 also compares the dependence of c/a for
hcp Pb with experimental data. One can see a small difference
between the results of two calculations and good agreement
with experiment.

Figure 7 presents the temperature dependencies of isotermal
bulk modulus B0 calculated for fcc lead in the quasiharmonic
approximation. It also shows data obtained in a recent experi-
ment [15] and results of the equation of state (EOS) [45], which
are based on earlier experimental data. At room temperature,
B0 equals 41.4 GPa in calculations with SO and 40.9 GPa in
calculations without SO interaction, the experimental value is
B0 = 41.2 GPa [15]. The calculated dependencies B0(T ) agree
well with experiment and results obtained with the EOS of
Ref. [45]. Spin-orbit coupling influences B0(T ) rather weakly;
at T = 400 K, the values obtained in the two calculations
differ by no more than about 2%. So, it can be stated that the
contribution of spin-orbit effects to compression curves and
the temperature dependence of B0 is quite small.

The effect of SO interaction on elastic constants is a bit
higher. At V/V0 = 1 and T = 0 K, calculations with SO
coupling give the following constants for fcc Pb: C ′ = 5.59 and
C44 = 19.98 GPa [C ′ = (C11 − C12)/2], while calculations
without SO effects give C ′ = 5.75 and C44 = 22.25 GPa. The

FIG. 7. Bulk modulus vs temperature for fcc Pb in comparison
with experiment. The solid blue line shows the calculation with SO,
and the dashed one shows calculation without SO interaction. The
red line shows experimental data [15], and the dash-dotted one shows
data obtained from the experimental EOS [45].

difference makes up 3% and 11% for C ′ and C44, respectively.
The experimental values reported in Ref. [46] are C ′ = 5.06
and C44 = 19.42 GPa. Calculations with SO coupling are
seen to agree better with experimental results. The difference
between two types of calculations gradually disappears as
pressure increases. Table I shows the elastic constants fcc, hcp,
and bcc structures of lead with account for the SO effects. As
stated above, bcc Pb is dynamically unstable at V/V0 > 0.7

TABLE I. Elastic constants (in GPa) of three lead structures
at different specific volumes and T = 0 K (calculations with SO
coupling).

V/V0 C11 C12 C13 C33 C44

fcc structure

1.00 54.51 43.33 − − 19.98
0.95 71.73 58.22 − − 25.17
0.90 93.03 77.17 − − 31.98
0.85 119.8 101.3 − − 40.25
0.80 151.6 131.0 − − 51.15

hcp structure

0.90 112.5 75.93 56.47 121.9 30.48
0.85 145.2 102.2 74.91 153.6 38.39
0.75 232.1 172.4 124.6 246.8 61.70
0.65 367.6 292.4 212.7 425.5 106.4
0.60 478.5 394.4 288.5 572.3 143.1
0.55 655.2 557.6 396.9 746.7 186.7

bcc structure

0.675 252.2 243.3 − − 110.0
0.65 295.3 278.6 − − 124.2
0.60 407.4 373.0 − − 161.3
0.55 569.7 509.3 − − 218.2
0.50 808.1 714.6 − − 294.7
0.45 1176.1 1034.6 − − 430.2
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FIG. 8. Longitudinal and bulk sound velocities vs pressure for
polycrystalline Pb. Our calculation with SO effects: solid red lines
are for fcc, blue dashed lines are for hcp. Experiments: , Ref. [47],

Ref. [48]. The dotted vertical line shows the approximate boundary
of the fcc → hcp transition.

and T = 0 K, which is confirmed by the calculated elastic
constants. An instability appears in the tetragonal deformation
of the lattice (C ′ < 0).

With the elastic constants for single crystal Pb, we can
calculate the pressure dependencies of the longitudinal and
bulk sound velocities for polycrystalline lead by Voigt-Reuss-
Hill averaging [49]. Figure 8 presents results for fcc and hcp
lead versus available experimental data [47,48]. Calculation
and experiment are seen to agree rather well. The vertical line
in Fig. 8 shows the approximate boundary of the fcc → hcp
transition. It can be seen that the bulk sound velocity is
practically free of drastic changes during the transition, while
the longitudinal one has a small discontinuity of about 4%.

Now we focus on the relative structural stability of lead
under pressure. Figure 9 shows the Gibbs potential differences
from three types of calculations (relativistic with and without
SO effects, and nonrelativistic) for the considered crystal
structures at T = 0 K up to 300 GPa. As noted in Ref. [29],
in the absence of relativistic effects, the equilibrium crystal
structure of lead is reproduced incorrectly. It is seen from Fig. 9
that bcc Pb has the lowest energy at P = 0 in NR calculations.
With the increasing pressure it remains the most energetically
favorable up to P = 300 GPa, at least. Also, the hcp phase is
more favorable than the fcc one. In the relativistic treatment,
the pattern changes drastically (Fig. 9) the transitions occur in
the correct order, fcc → hcp → bcc both with SO and without
SO coupling. Table II contains transition pressures Ptr from
two types of our calculations (with SO and no SO) along
with experimental results. Note that the account for SO effects
weakly changes the pressure of the fcc → hcp transition; its
value is almost the same for both variants of calculations and
well agrees with experiment. That is, FP-LMTO calculations
with SO coupling do not show a strong change of the pressure
of the fcc → hcp transition, unlike the LMTO-TB calculations
[29] where Ptr shifts by about 10 GPa. However, the values of
Ptr obtained with and without SO interaction for the hcp → bcc

FIG. 9. Gibbs potential differences of fcc, hcp, and bcc Pb vs
pressure at T = 0 K (without zero-point vibrations). The solid lines
show calculations with SO, the dashed ones show calculations without
SO coupling, and the dotted lines show nonrelativistic calculations
(NR).

transition differ markedly (by about 20%). With account for
SO effects, the agreement between calculation and experiment
becomes much better (see Table II). In order to see how the
calculated results on the relative structural stability of Pb
depend on the type of the XC functional, we did additional
calculations with the Gunnarsson-Lundqvist functional [50],
with gradient corrections [51], which quite well reproduced
the properties of lead in its ground state. These calculations
confirm what was earlier stated for the PBEsol functional (see
Table II). The different type of XC functionals only slightly
shifts the values of Ptr .

With the calculated internal energies and phonon spectra of
fcc, hcp, and bcc Pb, we determined the phase boundaries in
the quasiharmonic approximation for nonzero temperatures.
Figure 10 shows the PT diagram of lead up to 150 GPa. Here,
the melting curve is taken from the experiment of Ref. [30].
It is seen from Fig. 10 that the fcc-hcp phase boundaries
obtained with and without SO coupling are almost identical
and agree well with the experimental line from Ref. [27].
The slight reduction of the transition pressure at T > 800 K

TABLE II. Transition pressures Ptr from two types of calculation
(T = 0 K) in comparison with experiment at room temperature. The
value of Ptr from Ref. [30] is the value from Ref. [25] corrected
according to the pressure scale [52]. XC GL denotes our calculations
with functional [50] and gradient corrections [51].

Ptr (GPa)

Type of calc. fcc → hcp hcp → bcc

XC PBEsol, no SO 12.8 85
Calc. XC PBEsol, with SO 13.2 104.5

XC GL, no SO 16.6 89.4
XC GL, with SO 16.1 117.2

Exp. − 13 ± 1 [23] 109 [25],104 [30]
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FIG. 10. PT diagram of lead. The solid black lines show phase
boundaries from our calculation with SO, and the dashed green ones
are the boundaries from the calculation without SO coupling. The
blue line shows the experimental melting curve [30]; the red lines
are fcc-hcp and hcp-bcc phase boundaries determined in experiments
[27,30]. The dotted lines are the boundaries of the dynamical stability
of bcc Pb from the calculation with (black) and without (green) SO
effects. To the left of these lines the bcc structure is dynamically
unstable.

might be caused by the insufficiently accurate calculation of
anharmonic effects in the quasiharmonic approximation (no
phonon-phonon interaction). It is, however, not improbable
that such a decrease in pressure will be observed in experiment
at temperatures higher than 800 K. Here, we must note that the
contribution of anharmonic effects to the system energy can
be neutralized by the thermal excitation of electrons as it was
shown in Ref. [53].

The situation with the hcp-bcc phase boundary is more
complicated (see Fig. 10). As mentioned earlier, the bcc struc-
ture is dynamically unstable at relatively low compressions
(V/V0 > 0.7). As a result, the PT diagram has a pressure
range where it is impossible to determine the quasiharmonic
contribution from the nuclei thermal vibrations to the energy
of the system. Here, we have to more accurately consider the
anharmonic effects because they can dynamically stabilize the
bcc phase at high temperatures, as it happens, for example,
in titanium, zirconium, or hafnium [54]. But in our paper, the
consideration is limited to the quasiharmonic approximation.
Therefore the dotted lines in Fig. 10 show the boundary of the
dynamical stability of bcc Pb for calculations with and without
SO coupling. This boundary differs in the calculations with SO
and no SO because the values of V/V0 at which the structure
becomes dynamically unstable are slightly different. It is seen
from Fig. 10 that the hcp-bcc phase boundaries from two types
of calculation have a very close slope but markedly differ in
pressure. At temperatures above 1400 K and P < 60 GPa,
both the curves change the sign of slope because the phonon
spectrum of the bcc structure softens near the region of its dy-
namic instability. On the whole, the hcp-bcc boundary from the
calculation with SO coupling is seen to agree much better with
experiment than the boundary obtained without SO interaction.

FIG. 11. Electrical resistivity (top) and thermal conductivity (bot-
tom) of fcc Pb at V/V0 = 1 from calculations with (solid lines) and
without (dashed lines) SO interaction. Symbols show the experimental
results [55,56].

However, its correct determination at T > 1500 K requires a
step beyond the limit of quasiharmonic approximation since
the additional contribution from vibrational entropy in this
temperature range can crucially change the calculated results
[54].

C. Electrical resistivity and thermal conductivity

Consider how the transport properties of lead depend on
temperature and the degree of crystal compression. Figure 11
compares the temperature dependencies of electrical resistivity
and thermal conductivity for fcc Pb at V/V0 = 1 from two
types of calculation and from several experiments. With the
SO effects, both are seen to be much more accurate. The
effect of SO coupling on ρ and w−1 is the highest of all
the physical quantities considered. In the temperature range
100 � T � 300 where LOVA calculations are most accurate
[43], the difference between two types of calculation makes
up about 30% for ρ and 40% for w−1. The same results for
electrical resistivity obtained recently with the pseudopotential
approach are reported in Ref. [19].

Let us see how the pattern changes when compression
increases. Begin with Fig. 12, which shows resistivity ρ

versus pressure at room temperature up to P = 100 GPa with
account for the fcc → hcp structural transition. The electrical
resistivity is seen to strongly reduce as pressure increases.
The curves ρ(P ) calculated with and without SO coupling are
seen to gradually approach each other because the increasing
compression reduces differences in the phonon spectra and
the densities of states on the Fermi level from two types of
calculation. On the boundary of the fcc → hcp transition, ρ(P )
has a characteristic discontinuous rise. The inset in Fig. 12
compares the calculated relative electrical resistivity with the
available experimental data [57,58] in the vicinity of the
structural transition. One can see that calculations without SO
effects noticeably underestimate resistivity and the magnitude
ofρ/ρ0(P ) jumps in the pressure-induced phase transition. The
situation greatly improves when SO interaction is included. A
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FIG. 12. Electrical resistivity vs pressure for fcc and hcp Pb at
room temperature from calculations with (solid lines) and without
(dashed lines) SO effects. The vertical dotted line shows the ex-
perimental pressure of fcc → hcp transition [23]. The inset shows
the ρ/ρ0(P ) dependencies with stars for experimental data [57] and
the dash-dotted line for the approximation of experiment [58]. ρ0 is
the resistivity at P = 0 and T = 300 K.

small discrepancy between SO calculations and experimental
results at P > 5 GPa can be caused, on the one hand, by the
error, which appears due to insufficient calculation accuracy.
The accuracy of our determination of ρ under pressure relative
to the method parameters is estimated to be about 10%. On the
other hand, in experiment [57], the pressure in the region of the
structural transition was determined through the extrapolation
of Bridgman data on lead isothermal compression to 3 GPa.
By data from Ref. [57], the resistivity jumps at 16.1 GPa,
that is, a bit higher than the value of Ptr determined in
the x-ray diffraction analysis of paper [23] (13 ± 1 GPa). A
better agreement is reached with data from the more recent
experiment reported in Ref. [58].

At pressures higher than 100 GPa, bcc lead is most ther-
modynamically favorable. Therefore we consider just this
structure for P > 100 GPa. Figure 13 presents the values of ρ

and w−1, which were computed for two types of calculation.
The results obtained with and without SO effects are seen to
approach as pressure increases. At P = 700 GPa, they differ
by no more than about 8%, while under ambient conditions
the difference exceeds 30%. The remaining difference at such
high pressures is mainly due to the velocity 〈υ2

x 〉 present in
formulas 1 and 2. This velocity is determined by averaging
the band energy derivative with respect to wave vector k,

υnk = ∂εnk/∂k, and hence directly depends on the width of
the corresponding band. As our calculations show, despite that
the electron densities of states near EF from calculations with
and without SO coupling get closer, the bandwidths somewhat
differ and give the above difference by 8%. The tendency seen
in Fig. 13 suggests that the difference will go on to reduce with
increasing compression.

FIG. 13. Electrical resistivity (upper panel) and thermal conduc-
tivity (lower panel) vs pressure for bcc lead at room temperature from
calculations with (solid lines) and without (dashed lines) SO effects.

IV. CONCLUSIONS

We have discussed the role of spin-orbit interaction in the
FP-LMTO calculations of lead properties in a wide range of
pressures. Our studies show that the degree of its influence
on different properties markedly differs. The inclusion of SO
effects always makes the calculated results better, i.e., closer to
experimental data. Under ambient conditions, SO interaction
has the greatest effect on the transport properties of lead. Their
calculations with and without SO coupling may differ by 30%
and more. Such a discrepancy is mainly caused by differences
in the phonon spectra from the two types of calculation. With
increasing pressure, the discrepancy significantly decreases
and the effect of SO interaction gradually weakens. At
P ≈ 700 GPa, the differences are no greater than 8%. SO
interaction has the smallest effect on the isotherms and bulk
modulus of lead (�2%). A bit higher effect, about 10%, is
seen for elastic constants at P = 0, but it also reduces as
crystal compression grows.

The effect of SO interaction manifests itself differently in
the determination of structural stability of Pb under pressure.
So, it is weak (about 3%) for the calculated pressure of
the fcc → hcp transition, and rather strong (about 20%) for
that of the hcp → bcc transition. Our studies have clearly
demonstrated that taking the correct account of anharmonicity
(phonon-phonon interaction) requires that the hcp-bcc bound-
ary at T > 1500 K should be determined more accurately
than it is done in the usual quasiharmonic approximation we
used here. Our calculations show bcc lead to be dynamically
unstable at V/V0 > 0.7 (P < 45 GPa) and T = 0 K. Phonon
mode softening leads to losses in the accuracy of free energy
calculation and eventually to difficulties in the determination
of the hcp-bcc boundary at high temperatures and moderate
pressures.
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