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The impact of superconducting correlations on localized electronic states is important for a wide range of
experiments in fundamental and applied superconductivity. This includes scanning tunneling microscopy of
atomic impurities at the surface of superconductors, as well as superconducting-ion-chip spectroscopy of neutral
ions and Rydberg states. Moreover, atomlike centers close to the surface are currently believed to be the main
source of noise and decoherence in qubits based on superconducting devices. The proximity effect is known
to dress atomic orbitals in Cooper-pair-like states known as Yu-Shiba-Rusinov (YSR) states, but the impact of
superconductivity on the measured orbital splittings and optical-noise transitions is not known. Here we study the
interplay between orbital degeneracy and particle-number admixture in atomic states, beyond the usual classical
spin approximation. We model the atom as a generalized Anderson model interacting with a conventional s-wave
superconductor. In the limit of zero on-site Coulomb repulsion (U = 0), we obtain YSR subgap energy levels that
are identical to the ones obtained from the classical spin model. When A is large and U > 0, the YSR spectra are
no longer quasiparticle-like, and the highly degenerate orbital subspaces are split according to their spin, orbital,
and number-parity symmetry. We show that U > 0 activates additional poles in the atomic Green’s function,
suggesting an alternative explanation for the peak splittings recently observed in scanning tunneling microscopy
of orbitally-degenerate impurities in superconductors. We describe optical excitation and absorption of photons
by YSR states, showing that many additional optical channels open up in comparison to the nonsuperconducting
case. Conversely, the additional dissipation channels imply increased electromagnetic noise due to impurities in

superconducting devices.
DOI: 10.1103/PhysRevB.97.064518

I. INTRODUCTION

Several recent advancements are renewing the interest in
the interaction of atoms or impurities with superconductors.
Recently, scanning tunneling microscopy (STM) experiments
detected for the first time the orbital splitting of Yu-Shiba-
Rusinov (YSR) subgap states induced by Mn [1] and Cr [2] ions
on the surface of superconducting Pb. A rich spatial structure
was observed, reminiscent of the orbital structure of s, p, and
d atomic orbitals. The origin of the energy splitting of YSR
states was proposed to be due to crystal-field splitting [3,4].

In the field of atomic physics the use of the superconducting
ion chip [5] is revolutionizing optical spectroscopy and the
manipulation of neutral ions [6,7], including Rydberg states
with large radial quantum number n [8,9]. An interesting
question is whether the proximity of the atom to the super-
conductor provides additional opportunities to achieve control
of quantum information encoded in atomic states.

Finally, there is mounting evidence that unidentified atom-
like states close to the surface of superconductors are re-
sponsible for noise and decoherence of quantum bits based
on superconducting devices [10,11]. Several localized centers
were claimed to be sources of noise, including dangling
bonds [12], interface states [13], adsorbed molecules [14],
and molecular oxygen [11,15]. All theories to date ignore the
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impact of the superconducting proximity effect on the localized
states causing noise. However, such atomlike centers have
never been detected using microscopic probes such as STM.
Anderson’s theorem [16] proves that spinless centers cannot
give rise to subgap bound states in superconductors. Therefore,
the characterization of subgap bound states in superconducting
devices using STM may prove invaluable to identify the centers
that give rise to flux (spin) noise.

All these developments motivate the study of the super-
conducting proximity effect on general atomic and molecular
states. Usually, these studies are done by taking the localized
state to be a classical spin, the so-called Shiba model [17].
This shows that the magnetic moment of the atom leads to the
formation of Cooper-pair bound states with energy within the
superconducting gap, the so-called YSR states [17-19]. Under
Shiba’s classical spin approximation the impurity potential is
taken to be a § function in space, resulting in YSR states that are
localized wave packets of band orbitals of the superconductor
[4,20]. In other words, the classical spin approximation ignores
the native orbital structure of the isolated atomic state. While
this is certainly a good approximation for a short-ranged atomic
impurity potential with a small number of bound states, it
fails to give a satisfactory description of long-ranged states
in many-electron impurities or Rydberg states in atoms.

Here we present a quantum theory of orbitally-degenerate
YSR states to show that they give rise to many more
energy level splittings and transitions than previously
anticipated on the basis of the simpler classical model. The
orbitally-degenerate localized state can be realized by an atom
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or an impurity, but to keep the terminology concise we refer
to both as aroms. The paper is organized as follows: Section 11
describes our model, which is based on the Anderson model
for a spherically-symmetric hydrogenic atom hybridized with
a conventional (s-wave) superconductor. Section III describes
exact solutions of this model for the case of zero Coulomb
repulsion (U = 0) and general orbital quantum number /. We
show thatthe U = 0 limit reproduces the energy level structure
emerging from Shiba’s classical spin model. Therefore, we
conclude that the quantum model with U > O provides an
important generalization to non-quasi-particle-like YSR
energies and eigenstates.

Section IV describes the nature of the YSR states for arbi-
trary U in the large-A regime, the so-called superconducting
atomic limit [21-23]. These solutions become exact for arbi-
trary U in the limit A — oco. We present explicit calculations
for three kinds of atoms: s wave, p wave, and mixed s and p.
These cases demonstrate qualitative differences from U = 0
in that the Bogoliubov picture breaks down and additional
energy level splittings appear due to U > 0 in the presence
of electron number admixture. We use angular momentum as
the organizing principle and the Young tableaux formalism to
categorize the various eigenstates. We adapt the usual atomic
spectroscopic notation 25*1L ; to keep track of the symmetries
and of the electron number content of the YSR states.

Section V describes the impact of orbital degeneracy on
the atomic single-particle Green’s function and local density
of states measured by STM. It demonstrates that U > 0 gives
rise to orbital splittings of the quasiparticle peaks, suggesting
novel interpretations for the STM experiments.

Section VI describes the impact of orbital degeneracy and
electron number fluctuation on the optical transitions between
YSR states. It shows that superconductivity induces many more
optical transitions between localized states, demonstrating that
optical spectroscopy of atomic impurities can reveal much
more about superconductors than previously anticipated on the
basis of simpler models.

Finally, Sec. VII describes our conclusions and discusses
their implications for fundamental and applied research with
superconductors.

II. THE MODEL

We consider an atom hybridized with a conventional s-
wave Bardeen-Cooper-Schrieffer (BCS) superconductor. We
assume the atom’s valence shell (radial quantum number #) is
just below the Fermi level Ef, so that we can neglect all other
shells. In order to give a quantum description for the behavior
of the atom in a superconductor we use the Anderson + BCS
model [24-26]:

H == Hatom + 7_[BCS + thb- (1)

Here the valence-shell Hamiltonian is given by [27]

Uy
Haom = Y EN + ) %NI(NI’ —81.1). @
I

Lr

where§ = ¢ — Epand Ny =), djmad,mg are respectively
the single-particle energies and the number operators for local-
ized or “bare” atomic electrons with orbital angular momentum
1 =0,1,...,n—1 (Ep is the Fermi energy). The operators

df;m (dj;no) create (annihilate) the bare atomic states with az-

imuthal quantum number m = —I,...,/, and spino = +1/2.
The on-site Coulomb energy U;; models electron-electron
repulsion.

In the spherical-wave basis, the conduction electron wave
functions normalized in the volume V = ‘3—‘71 R? are given by
Yum (r) = 2/ Rkji(kr)Y;,,,(7), where j;(kr) is the spherical
Bessel function, and Y}, (7) is the spherical harmonic. Trans-
forming from the plane-wave basis to the spherical-wave basis
makes the BCS Hamiltonian take the form

T
HBCS = Z {Ekcklmgcklln(f

k,l,m,o
—Ao(=1)"cl, el +Hcl ()

The operator c,t,m(, (crime ) creates (annihilates) a conduction
electron in the state k,/,m,o and energy & = €, — Ep, with
€ = h’k?/2m* where m* is the effective electron mass. The
BCS model assumes that the energy gap A is nonzero only for
electrons within a cutoff Ziw, from the Fermi level; i.e., Eq. (3)
only includes electrons with |&;| < hw,.

The final ingredient of our model is the hybridization
Hamiltonian. For a spherically-symmetric atomic potential
V(r), we get

thb = Z Vi Cilmgdlma +H.c., (4)
k,l,m,o
with hybridization amplitude Vi; = (klmo |V |lmo) indepen-
dent of azimuthal quantum number m. As a result, the hy-
bridization linewidth for each orbital state is given by

, &)

where k; = /2m*¢;/h and p;(E) is the energy density for
conduction-electron [ states [28]. I'; represents the inverse
lifetime for an electron to decay from a localized atomic state
due to hybridization with the conduction electrons.

2

Ty = mpi(e)| Vi

III. EXACT SOLUTION FOR U =0

The U; » = 0 case provides valuable insight into the prob-
lem of orbitally-degenerate atoms because it can be solved
exactly. Moreover, U;» =0 is a good approximation for
certain impurities such as oxygen, which usually has its valence
2 p shell nearly fully occupied in most host materials.

In the absence of Coulomb repulsion, the total Hamiltonian
(1) can be written as a sum of decoupled Hamiltonians,

n—1 1
M=) "> Hum, 6)

1=0 m=—I

with each decoupled H;,, mixing orbitals that are the time
reversal of each other:

Him = %-l(ledelmT + le_midl—ml)

+ Z[Sk(czlmckzm + C/Td,mlckZ—mU
k

- A(_l)m(czlmTclilme + HC)

+ sz(C;tldelmT + C,tl_mdl—nu +He)l. ()
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Each H;,, can be interpreted as an independent U = 0 s-wave
atom, which can be diagonalized exactly using the following
Bogoliubov transformation [29,30]:

it = U} Yoy + (D" YL,

+ Z(MZ/VkImT + (_1)mUle1jz_m¢)a (8a)
k

Al = =D Ty + YL,

+ D (D" Vimt + wa¥_y). (8D
k

where we use uppercase upsilon (T}Lma) to denote a creation
operator for a bound subgap quasiparticle, and lowercase
gamma (y,jlma) for a continuum overgap quasiparticle. The
energy of the bound quasiparticle is denoted by E; and is given
by the positive root of

oy

VAR - E?

which can be shown to be always subgap, ie., E; < |A|.
The continuum quasiparticles have the usual BCS energy
E, = VI|AP? + Ekz, and the Green’s functions for conduction
electrons acquire poles at both +E; and +E;. After applying
the Bogoliubov transformation, Hamiltonian (7) becomes

E,z[l + } — g2 4r?, ©)

Him = H o™ 4+ H 5o, (10)

with
Hi™ = Ef(X) o Yot + Y] Timmy) + & — EDO(—E),
(11)

the diagonalized Hamiltonian for the atomic bound states, and

HM = Z[Ek(VlemT Yiimt + )/;jl_m VVi=m))
k

+ (& — EDf(kp — k)], 12)

the diagonalized Hamiltonian for the continuum states.
From Eq. (11) we obtain the values of the “dressed atom”
many-particle energy levels:

Eaom({Nvi}) = Y _[E/Nvi + (& — EDO(=&)],  (13)
!

where Ny; =0,1,...,2(2/ +1) is the number of excited
bound quasiparticles in the /th multiplet. The degeneracy of
each level is given by

gi(Nr) = (2(2;,; ”). (14)

Not all dressed atomic energy levels remain bound states; for
a level to be a bound state, its total energy must lie beneath
the continuum, which here is given by the total ground-state
energy (atom plus conduction electrons) plus one continuum
quasiparticle excitation with min{E;} = |A|. Therefore, the
criteria for Eom({Ny;}) to be a bound state is given by

Xﬁww<ML (15)
1

o

_O5j J/S7T,O|F=1.5 i

§1/14]

~1.5¢ ]
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FIG. 1. Relationship between the classical spin exchange scat-
tering amplitude J; and the U = 0 quantum model parameters &;,I";
divided by superconducting gap A. For each J; the choice of &,T; in
the corresponding curve makes the YSR energy levels of the classical
Shiba model identical to the U = 0 quantum YSR energy levels.

Since E; < |Al, it follows that each / multiplet gives rise to at
least one excited bound atomic level [which is itself 2(2/ + 1)-
fold degenerate]. But when E; < |A|, the number of different
bound excited energy levels may increase up to 2(2/ + 1) per
! multiplet.

We now compare this result to the classical spin (Shiba)
model [17]. Its main assumption is a spin-dependent scattering
Hamiltonian of the form

Hscar = — Z

k,k',l,m,o,0'

T
J1Chme T 50/ Ckiimo’ * Sshibas (16)

with the atom’s spin operator taken to be a fixed classical vector
Sshiba, pointing up or down along z. Under the latter assumption
Shiba’s model is also quadratic, so it can be diagonalized
exactly [31]. This results in 2(2/ + 1) bound quasiparticles per
1, each with energy

1 — (J; Sshiba 017 /2)*
1+ (J1Sshiva 017 /2)* |

where p;r = p;(EF)is the [-electron density at the Fermi level.

It turns out that the bound quasiparticle energies of Eq. (17)
are equivalent to the ones from the quantum model in Eq. (9),
in the sense that for each given J;Sshiba One can find a set
of U = 0 Anderson model parameters &;,I'; that yield E; =
EPhi®a This correspondence is shown in Fig. 1. We emphasize
that the models are not equivalent: They differ qualitatively in
that the Curie spin susceptibility is exactly equal to zero for the
U = 0 Anderson model and is always nonzero for the Shiba
model. The mapping that we propose is not obtainable from a
canonical transformation such as that of Schrieffer and Wolff
[32]; it is instead a nonlinear map between parameters of two
different models that makes the bound quasiparticle energies
identical in both models.

Therefore, we interpret the bound energy levels emerging
from the Anderson + BCS model [Eq. (1)] as the quantum
generalization of the YSR bound states obtained from the
Shiba model. Figures 2(a), 3(a), and 6 show the U; y = 0 YSR
energy levels for/ =0 (s),/ =1 (p),and = 0,1 (s + p). In

E[Shiba — |A|

a7
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FIG. 2. YSR spectra for s-wave atom. (a) Energy levels for U = 0 as a function of proximity pairing I',/|&|. Each many-particle level is

represented by a quasiparticle local density of states. (b) Energy levels for &

—2I'y and U > 0, as a function of U/ I';. The multiplicity of

each state (2J + 1) is indicated in parentheses. Note how the quasiparticle picture breaks down (excited states do not differ by multiples of a
single energy E;), and the ground state changes from singlet to doublet at U/ I’y > 2.5.

the following sections we study the impact of U; > 0 in the
YSR energy levels and eigenstates.

IV. APPROXIMATE SOLUTION IN THE
SUPERCONDUCTING ATOMIC LIMIT (LARGE A)

In the limit |A| — oo with hw./A fixed, it is possible to
integrate out the conduction electrons; the final result is an
effective Hamiltonian that describes the proximity effect of
superconductivity on undressed atomic operators [21-23]. The
exact diagonalization of the effective Hamiltonian yields the
exact quantum YSR energy levels for A — oo and arbitrary
U,&,T';. In this limit all atomic energy levels satisfy inequality
(15); therefore, all of them are bound states.

For A < oo, some of the higher-energy atomic levels are
not bound states, and the approach becomes an approximation,
whose regime of validity is generally referred to as the
superconducting atomic limit (SCAL) [23]. The reliability of
the approximation can be checked a posteriori: If the SCAL
result is a set of atomic energy levels {E;}, the ones that can
be considered “reliable bound states” are the ones satisfying

U=0 15 (1)
0 |
fp
26 4 2 2 2 2
S32® “P12® “Paj2® “D32® “Dsp2 (20)
35;) ___________________________________________________
4p y
Ep
5¢p
Ep
650 N 15‘0 (1)
Il Il Il L Il L L Il
0.0 0.2 0.4 0.6 0.8 1.0

Fp /1l

(a)

3Ep+3Ep
36,+2E,
3ép+Ep

36,-Epf
36,-2E, |
36,-3E,

(E; — Ep) < A. Therefore, the SCAL method is quite useful
when one is interested in describing low-energy excitations of
atomic states in superconductors (i.e., up to ~10 GHz).

In the first section below we give an explicit derivation of
the effective Hamiltonian for the orbitally-degenerate case; the
following sections consider the particular cases of s, p, and
mixed s + p atoms in detail.

A. Derivation of the large-A effective Hamiltonian

The method relies on eliminating the conduction-electron
operators in the Heisenberg equation of motion for the
atomic electron operators dj,,,(¢). By writing the Heisenberg
equation of motion for a conduction electron, i/icy,,(t) =
[Ckimo (2),H], using the complete Hamiltonian (1), and Fourier
transforming to frequency w, we get

[(hw)* — EF|ckime (@)
= [(ho 4 E) Vi dime (@) + 20 AV d] (—w)].  (18)

The key approximation of the SCAL method is to assume
ho < |Al in Eq. (18), so that its dependence on /iw outside

=056l | —
N—

3617 ¢

Uir,
(b)

FIG. 3. Orbitally-degenerate YSR energy levels for a p-wave atom. (a) U = 0 energies as a function of induced pairing I',/|§,,|. (b) U > 0

energies with induced pairing £, = —2I",, as a function of U/|§,].
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the argument of the operators is eliminated. This is equivalent
to “freezing out” the dynamics of conduction electrons while
allowing the dynamics of atomic electrons. As a result we get
a linearized equation for the operators ¢y, (@) in terms of the
atomic operators dj,;, (®). An inverse Fourier transform yields

&k A N
Ckimo (1) = — Evkldlma(t) +20(—1) Evkzdl,m,g(l‘) .
k i

19)

We plug Eq. (19) into Hny, and Hpcs to obtain the following
effective Hamiltonian:

7'leff = H;tom + Hprox» (20)

where H,,,, is the atomic Hamiltonian with renormalized
energy levels, and H o« accounts for the proximity effect on

the atom,

H;tom = Hatom + Z 2:ldljrmcrdlma: (21&)
Imo
Horox = — »_ o (=1)"Ayd}, d]_,,_, +He, (21Ib)
Imo
where
A A *\2
INED =T/ (22a)
k Ey
3
== 2Val (22b)
k k

are the induced pairing potential and the atomic self-energy,
respectively.

The renormalized atom Hamiltonian #],,, can be diago-
nalized by rotating the hydrogenic states into a set of operators
d,,,,- From here on, we assume this has been done and keep the
unprimed notation. Note that the induced pairing in Eq. (22a)
does not bind atomic electrons that have different orbital
angular momentum /. This is a consequence of our assumption
of a spherically-symmetric atomic potential.

The proximity Hamiltonian H0x in Eq. (20) describes an
attractive force between atomic electrons resulting from the
tunneling of Cooper pairs into the atom. This term induces
pairing of the atomic state m,o with state —m, — o.

The induced pairing A; can be calculated explicitly in the
BCS model by converting ), into an integral over the energy
range for nonzero A:

~ A
A=Y Va7

2
kEk

o A *\2
= dfkpl(fk)F(Vkl)

ho, k
P A
=20r(Vip) ; ékskz_i_—Az
ho.\ A
=207 (V) tan™! < )— (23)
o VAN

For most conventional superconductors we have fw,. =
30|A| [33]; in this regime, the induced pairing is well

approximated by

. A Vi A
Ay =mpp(ViY oo = r/< - ) %
N IVl ) 1A
which depends on the energy gap only through its phase.
Therefore, within the SCAL approximation the magnitude
of the proximity potential is always equal to the atom’s
hybridization linewidth, |A;| = T7.

B. Effective Hamiltonian and labeling of atomic states

To summarize, we may write the effective Hamiltonian (20)
as a sum of intra- and inter-/ contributions:

Her =Y _HT+ Y Vi (25)
l

<l

The intra-/ Hamiltonian is given by

H =N — 1)) [o(=1)"d},,dl_,_, +Hc]

1
+ EUz,zNz(Nz - D, (26)

and the inter-/ one by
Vi = Uy NNy (27

The effective Hamiltonian has the same symmetry as the total
mother Hamiltonian (1). In particular, with BCS s-wave pairing
and a spherically-symmetric atom, the model conserves total
orbital momenta, L = ), L;, and spin angular momenta, § =
Zi S;, as well as the total angular momentum J = L + S.
Therefore, it is convenient to represent the energy eigenstates
using the set of commuting operators {S2,L?, J*,J.}, leading
to the usual spectroscopic notation 25+ ;.

Sometimes it is convenient to keep track of the number
of electrons, N, in a state; we do this by adding another
superscript to the spectroscopy notation: 2L For example,
the two-electron state with symmetry 'D, is written as |1D§).
The proximity potential changes particle number by two;
therefore, we can separate the energy spectrum into states that
contain either an even or an odd number of electrons [i.e.,
Hamiltonian (25) commutes with the number-parity operator].
The atom’s energy eigenstates will contain mixtures of states
with different numbers of electrons (either even or odd).

The dimension of the effective Hamiltonian basis is the
number of ways to pick N electrons out of all the single-
electron orbitals, summed over all allowed N. For each [,
the number of single-electron orbitals is 2(2/ 4 1), so there
are g;(N) basis states with N electrons [see Eq. (14)]. The
total dimension of the atom’s / multiplet is the sum over all
allowed N,

& (201 + 1
gltolal — Z ( ( N+ )) =24l+2’ (28)

N=0
where we evaluated the sum using the binomial expansion
for (x + y)*?*D with x = y = 1. Furthermore, applying the
same expansion for x = 1 and y = —1 we get that the number
of states with even N is equal to the number of states with
odd N:

gleven — glodd — %gltotal — 24l+1. (29)
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C. YSR states from s-wave atom

We start with the simple case of atomic s states; while this case
is quite elementary, it allows the introduction of our Young
tableaux method [34] to determine basis states that make our
Hamiltonian block diagonal.

The total number of [ = 0 orbitals is 2(2/ 4+ 1) = 2; this
means that atomic states can be made of zero, one, or two
electrons, and that the total number of many-particle atomic
states is g% = 22 = 4.

1. Even-parity eigenstates

The even-parity eigenstates can contain either zero (vacuum
state |0)) or two electrons, gi**" = 2. We use an empty box to
represent the spin state; the spin part of a two-electron basis
state is determined from the tensor product of two boxes. In

Young tableaux notation we have
(e1-[TeH G0

The horizontal tableau is the symmetric (spin-triplet) state,
while the vertical is the antisymmetric (spin-singlet) state. In
the total spin representation (quantum number §) this equation
wouldread 1/2® 1/2=160.

Similarly, the orbital part of the basis state is found by using
boxes filled with symbols. We use E to represent an s orbital,

E®E=Eﬂ@%a 3D

which in the total orbital representation (quantum number L)
corresponds to 0 ® 0 = 0. Note that the vertical tableau was
deleted because we cannot form an antisymmetric wave func-
tion out of one single-particle orbital; in the Young tableaux
method we cannot have a tableau with the number of rows
larger than the dimension of a box.

The two-electron basis state is formed by the product of
a symmetric orbital state times an antisymmetric spin state,
leading to a state with symmetry 'S5 (a singlet) in the 25*!LY
notation:

elele = Psh=dyd0). @

This state, combined with the vacuum |0) (which is 1S8) forms
an optimal basis for even states. The proximity potential mixes
both states, leading to the effective Hamiltonian

even __ 0 _Fs |O>
= (—Fs 26, + U>|lsg)' 33)

2. Odd-parity eigenstates

odd

There are g

= 2 one-electron states, with spin and orbital
wave functions D and E respectively. The overall wave
function is

elo[ = 8l) =dl10) ordl 0).  (34)

The proximity potential yields zero when applied to these
states, because it attempts to add or remove two electrons;

therefore, our effective Hamiltonian is simply
HY = (&)]’S] ). (35)

with degeneracy 2J + 1 = 2.

Figure 2(a) shows the dressed atomic energy levels for
U = 0 as a function of the proximity pairing energy I'y. We
see that the only states that get affected by the superconducting
proximity effect are the 'S, singlet states. The effect of
superconductivity is to split them into bonding and antibonding
Cooper-pair states. They get dressed by the superconductor so
we refer to them as paired states. For the usual situation of §; <
0 the bonding state is mainly N = 2, while the antibonding
state is mainly N = 0. In contrast, the 28, 2 doublet states
are not affected by superconductivity, so we refer to them
as unpaired states. The figure also shows the corresponding
quasiparticle local density of states for each many-particle
state; there we see that the unpaired states are obtained from
a quasiparticle or quasihole excitation on top of the bonding
ground state. Thus, the unpaired state corresponds to either
both subgap states occupied or both empty. Figure 2(a) also
shows the corresponding quasiparticle local density of states
for each many-particle state; there we see that the unpaired
states are obtained from a single quasiparticle excitation on
top of the ground state. There are two kinds of quasiparticles
(spin up or down), leading to two kinds of unpaired states.

At low U the ground state is the S, singlet; at larger U a
quantum phase transition occurs and the %S}/, doublet becomes
the ground state.

D. YSR states from p-wave atom

The next situation is that of an atom where only p electrons
are available to pair. Unlike the s-electron case, it is possible
to form nontrivial states with odd numbers of electrons. The
number of single-electron p orbitals is 2(2/ + 1) = 6, so the
total number of YSR states is g;"al =20 = 64.

1. Even-parity eigenstates

The number of even-numbered YSR states is g7'" =

25 = 32. The two-electron states are obtained by adding two
electrons into the vacuum !S9; the four-electron states are
obtained by removing two electrons from the maximally
occupied state, |F) = ]_[m’(I d,T,,g|0), which is also a singlet,
ng. In this way we find that the two-electron states have the
same symmetries as the four-electron states.

The spin symmetries of the two-electron states are

D@Dz@@@,

S=1

(36)
S=0

and using the tableau @ to represent a p orbital we find their
orbital symmetries to be

e~ EJe 3]

—~—
L=1

37
L=0®2
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Therefore, the two-electron basis states have the following
symmetry:

) @)

= ("So ®'D2) ® (*Py @ °P1 @ °Py) . (38)

The four-electron states have exactly the same symmetries, and
the even-sector Hamiltonian takes the block-diagonal form,

Hp("So) 0 0
H(;ven _ 0 Hp (lDz) 0] (39)
0 0 -

Itis a straightforward exercise to write all basis states explicitly.
To do so, we use a Clebsch-Gordan table to write the orbit and
spin functions separately. Then we take their tensor product
and express the result in terms of d,;[w operators applied on
the vacuum. For example, consider the two-electron state with
symmetry 'So. We know from Eq. (36) that its S = 0 came
from 1/2 ® 1/2, and from Eq. (37) that its L = 0 came from
1® 1, so we get

|1S§) =|L=0M;, =0)|S=0,Mg =0)

1 "
= —(d},d",, +d'df, —dldi)I0).  @0)
/3 e 1141y 014}
After writing all the basis states we obtain explicit expressions
for all blocks of the effective Hamiltonian. For example, the
singlet (!Sp) sector is given by

HP(ISO)
0 VAT, 0 o\
_|v3r, 2¢,+Uu  -or, 0 |'53)
0 —2I',  4&,+6U V3r, ||'si)
0 0 V3r, 65, + 15U \F)
(41)

Note how the eigenstates of this matrix are mixtures of
N =0,2,4,6 electrons.

The other blocks (\D, @ 3Py @ P, @ 3P,) are all 2x2 and
can be expressed in a simple way:

|2S+1L3>
BREY/
(5L, = ((25[)1)4’_1% igle)r glp]) PSHL) (42)

Therefore, all states in the even sector are paired.

2. Odd-parity eigenstates

The number of odd-numbered states is also g5'¢ = 32. The
one-electron states are obtained by adding one electron to
the vacuum state, and the five-electron states are obtained
by removing one electron from |F). Their symmetries are
2 P @ 2 P

1/2 3/2-

The three-electron states are harder to obtain because they
contain mixed spin-orbital symmetries. Their spin and orbital

parts are represented by the following Young tableaux:

Cee =TT le[/le e,

(43)

®o|®[o]= @ @OO‘@OO‘.
0]
o]

When combining orbit with spin we note that the orbital
tableaux with mixed symmetry must combine with spin
tableaux of the same kind of mixed symmetry, leading to

o) s ()

= (453/2) S2] (2P1/2 S2) 2P3/2 D 2D3/2 @ 2D5/2) , (44)

where we used

olo] _ _1
eel-1@2, =3 (45)

This results in identical matrices for the 2P, sectors,

& VT, o\
H,CP) = | V2T, 3§,+3U  V2r, |[P))
0 V2r, 56, + 10U 2P3),

(46)

leading to a total of 3(2 + 4) = 18 paired states.

In contrast, the other 14 states 453 /2 &) 2D§ ) (&) 2D§’ P remain
unpaired withenergy 3(§, + U). Itis easy to see that this occurs
because these states have either maximum spin (S = 3/2) or
maximum orbital quantum number (L = 2). Therefore, it is
impossible to add two electrons to them without reducing either
S or L, so the action of Hpox is always zero. Therefore, in
contrast to the s-wave atom, some of the odd-parity eigenstates
are paired.

The complete energy spectrum of the p-wave atom is shown
inFig.3. AtU = 0 we canrepresent each many-particle state as
a diagram of occupied/unoccupied subgap states (not shown),
just as was done in Fig. 2(a). The difference is that for the
p-wave atom we have a total of six subgap states, three for
spin up and three for spin down. As a result, three quasiparticle
excitations are needed to reach the unpaired state with energy
3&,. For U > 0 some representations are energy split, and the
quasiparticle picture breaks down. The energy splittings obey
a weak version of Hund’s rules, in the sense that it violates the
hierarchy of the first and second rules. To see this, note that,
at each energy splitting, states with either larger S or larger
L become lower in energy. The full hierarchy of Hund’s rules
can be incorporated by adding an exchange energy parameter
to Eq. (2) [27].

A graphical representation of the effect of the Coulomb
interaction on the energy eigenstates is shown in Fig. 4. There
we see the amplitude of the mixing angles between the 'S
YSR energy eigenstates and basis vectors |0),|'S3),|S3), | F).
Figure 4(b) shows that the singlet sector splits into blocks
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SN oA
-~ 2 2 A~
=) — — 1y
0.87 11Yo)
0.70
1Y)
0.53
11Y2)
0.35
0.18 11Y3)

Mp=05]&l, U=1T,
(a)

< oA
=) — — 1y
0.99 11Yo)
0.80
1Y)
0.60 |
0.40
0.20

Mp=05]&, U=5T,
(b)

FIG. 4. Energy eigenstates of the p-wave atom, 'S, multiplet, at (a) low U and (b) large U. The eigenstates are shown in the vertical
axis, labeled |Y 1 2.3) in order of increasing energy. The horizontal axis shows basis states containing zero, two, four, and six electrons. The
color diagram represents the probability of measuring each N-electron basis state. At low U, all 'S, eigenstates display large particle-number
fluctuation. At larger U only the two lowest-lying energy levels display particle-number fluctuation.

with increasing Coulomb interaction, with the largest-energy
eigenstate mixing mostly with the maximally occupied state
| F), and the next-to-largest eigenstate mixing mostly with the
four-electron state. However, the two lowest-energy eigen-
states remain mixtures of predominantly the vacuum and
two-electron states.

The Coulomb interaction leads to a level crossing between
the lowest singlet 'Sy and sextuplet 2Py @ 2P, energy levels.
Thus, a quantum phase transition from singlet to sextuplet

happens at U > U, where

U r,?
—< :1+3%.
1€p] [€p]

The ground-state phase space as a function of I',/|§,| and
U/|&,| is shown in Fig. 5(a). Note the multiple islands of
sextuplet ground state. This is due to the fact that states with
different symmetries have a different behavior as a function of

(47)

3.0

Mp = 0.02|&|

- | 3¢p+2Ep
g 15 Sfp .
1.0 3ép—Epr
3¢p—2Ep
0.5 7 fp P
3§P_3EP7 ‘ ‘ ‘ ‘ ‘ L L ‘ ‘ ‘ ‘ ‘
0.00! \ \ \ w = 00 02 04 06 08 1.0 1.2 1.4
0.0 0.2 0.4 0.6 0.8 1.0
Mo 5| U /1¢pl
(a) (b)

FIG. 5. (a) Phase diagram for the ground state of the p-wave atom. The ground state alternates between the singlet 'Sy (parity even) and the
sextuplet 2Py, @ P;» (parity odd). At U < &, we find a sequence of quantum phase transitions. (b) Energy levels for parameters along the
red line in (a). The ground-state transitions occur because of quantum fluctuations of particle number in each eigenstate.
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rp=rS’§S=10§p,U=o
0+ Tsg (1)
& A A _A 2Pip@2P32  (6)
2er 1500 3P0@ P10 3Po@ 10y (1)
i{’: 453100 2P1/2® 2P3p® 2 Dajo® 2 Dsjp  (20)
58 [ Tsp@ 3Py@ 3P1@ 3P 1D, (15)
64 - 2Pip@ 2P (6)
So (1)
1 1 0
Pi— 'So ,
&s Sz (3
fp+is - \ BT R L N () —
2§+§S* 25120 2P1/2® 2P3/p® 4 P112® *P312® 4 P51o® 2 D30 2D5jp  (30)
ifp:gs— T\ 55035103Py@3P103P0 1P1e3D10300 3030 1D, (40—
55’; el 25120 2P1/2® 2P3jo® * P12 * P3j2® * Psj2® 2 D310 2 D50 (30)
6&p+Es - A Pi®3Py@3Pi@3Py (12—
o 2S12 (@
1 1 112
So—) P1
265 - sy (1)
ép+28és — 2P1p®°Pgp  (6)
2(ép+¢s) 1Sp@3Py@3Pi@ 3P 1Dy (15)
2?;? ++2§§‘3 - 4S310® 2 P10 2 P3j2® 2D30@ 2D5jp  (20)
5§pp+2§557 Tsp@3Py@3Pi@ 3P 1Dy (15)
2(3¢p+¢s) 2P1o®2%P3;  (6)
So (1)
| L | | L | L | I |

o/ 1ol

FIG. 6. Complete set of mixed s and p energy levels at U = 0. The solid (dashed) lines represent YSR states with an even (odd) number of
electrons. The red arrows represent all one-photon transitions that have the vacuum as the final state, while the blue arrows are all one-photon
transitions that have the ground state as the initial state. The pink labels represent the symmetry of each energy level, with the number in
parentheses denoting the degeneracy out of a total of 256 states. Note that all shown one-photon transitions are forbidden in the absence of
the proximity effect. For example, at I', = 0 the 'S, — 'P; transitions are forbidden because they connect the eight-electron ground state to
six-, four-, and two-electron states, respectively. When I',, > 0, these states become admixtures of all even numbers of electrons, leading to the

activation of the one-photon transitions.

the Coulomb interaction depending on the number of electrons
they contain. This leads to level crossings between eigenstates
of different symmetries, as is displayed in Fig. 5(b), with
parameters along the red line of the plot.

E. YSR states from mixed s- and p-wave atom

It is interesting to consider the case of mixed s and p waves
because it raises the possibility of optical excitation. For pure
simplicity we focus on U = 0 and the large-A limit. As we
have seen above, the effect of U is to decrease the energy of
multiplets with large S or L quantum numbers.

From Eq. (11) we get the sp Hamiltonian

Hop = T oo + 3 s oo
o

m,o

+ (Ss - Es) + 3(5;1 - Ep)v (48)

with E; ~ /2 + T2 and E, ~ /&7 + I'2 in the large-A limit.
The spectrum is displayed in Fig. 6.

Since the quasiparticle states have the same symmetry as
their native orbital, the symmetry of the atomic states can
be obtained from the same Young tableaux technique used
above. With eight orbitals, the total number of atomic states is
g§‘;}al =28 =256.

Both the ground state |G) and the most excited state |F')
are 'S, singlets, because they are the vacuum and completely
filled quasiparticle states, respectively. The symmetry of the
state with Ny + N, quasiparticles added to the vacuum is the

same as the symmetry of the state with Ny + N, quasiholes
added to | F).

For brevity we describe the symmetry of the two-
quasiparticle states in detail; all the others can be obtained in
an analogous fashion. There are a total of 28 two-quasiparticle
states (choose 2 out of 8). Their orbital wave function can be
represented by mixed orbital notation E, where x can assume
one of four orbitals (s orm, = —1,0,1). For two quasiparticles
the orbital wave function becomes

o= e f )

which in dimensions reads 4 ® 4 = 10 ® 6 [35]. A summary
of all two-quasiparticle mixed orbital wave functions is found
in Table I. The total wave functions for the YSR states are the
tensor products of the orbital and spin wave functions, in a way
that is antisymmetric under electron interchange:

®H =S (oo D) oA, (50)
®D]=2X (P @ Py @ °Py) 1)

In an analogous fashion we can find the symmetry of the other
states. All symmetries are shown in Fig. 6.
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TABLE I. Set of all mixed orbital wave functions for two quasi-
particles.

Orbital Tableaux Dimension L
Symmetric wave functions
IR X | X =@ x5)2 SOS®P®D
5S®s [o]e] 1=(1x2)/2 S
P®p oo 6=(3x4)/2 S®D
s®p 3=(1x3) P
~ Antisymmetric wave functions
X
I [x 6=(4x3)2 PoP
pP®p B =(3x2)/2 P
(o
s®p - 3=(1x3) P

V. ATOMIC GREEN’S FUNCTION AND LOCAL
DENSITY OF STATES

The zero-temperature retarded Green’s function

G oo (€) = /0dtei%(Gl{dma(t),dj,l/a/(o)}lG), (52)

with |G) the ground state of the many-particle system, gives
information about the energy required to add or remove one
electron from the ground state. Equation (52) contains poles
at E, — E¢, where E, is an energy level of the many-particle
system, H|E!) = E,|E"), with the superscript i labeling the
degenerate states. For U = 0 these are just the quasiparticle
energies. For U > 0, the poles yield a generalized quasiparticle
energy, in spite of the fact that for U > 0 the atom’s excited
states can no longer be written as sums of quasiparticle energies
[as was done in Eq. (13)].

A. Connection to STM experiments

STM experiments measure a convolution of the local den-
sity of states defined by [20,36]

A(e) = —— lim Im{z Gmama(e+in)}. (53)

7T n—>0t

Plugging the energy eigenstates and eigenvalues into Egs. (52)
and (53) leads to the spectral decomposition,

A©) = > {|(EL|d},1G)|"8le — (Eu — Eo)]

a,i,m,o

+|(ELldno|G) '8l + (Ea — E)I}.  (54)

We see that A(e) with € > 0 (e < 0) represents the density for
particle (hole) excitations, which is observed experimentally

as a current from the atomic impurity to the STM tip at lower
(higher) voltage. The height of the STM peak is given by the
prefactor for each § function:

=Y |(Eild}, (55a)
l m,o
wy = 3 Bl dno (55b)

which are known as the particle (+) and hole (—) spectral
weights, respectively. Integrating Eq. (54) over all € and using
the closure relation leads to the sum rule,

Z(w; +w;) =220+ 1). (56)

o

B. Selection rules for nonzero spectral weights

If the symmetry of the ground state is known, we are able
to predict the set of energies E, that can have nonzero spectral
weights w. There are two selection rules.

1. Spin-orbit selection rule

We want to find the allowed symmetries 2S'“L’J, for the

| E) with nonzero matrix elements (E, |djm |G), (Eg|dms|G).
The operators djm and d,, with single-electron orbital
angular momentum [ transform like L = [, with symmetry
lll ® 25]/2 = 21|1+1/2| (&) 2l‘l_]/2|. If the ground state has
symmetry >5*!L;, the Wigner-Eckart theorem constrains
the possible symmetries to be

S+, =

i1 ® L1 ® 2 Z W’y (57)

S\L'J'

While the constraint on J' is easy to find by simple addition
of angular momenta,

J' =7 —=1-3]

1T —1l =3[+ 1,....]+1+35, (58)

the analogous constraints on S” and L’ are much more involved,
requiring the application of the Young tableaux technique for
each particular / and ground state.

2. Parity selection rule

The YSR eigenstate is a linear combination of either an
even or an odd number of electrons. Since the operator dj,,(,
(dno) adds (removes) one electron from |G), the local density
of states will have peaks only for |E,) that have the opposite
parity of |G).

C. Explicit calculation of local density of states
for the p-wave atom

The p-wave atom is in an 'S, singlet ground state for U <
U, [see Eq. (47)]; therefore, its local density of states has peaks
at the following excited states:

(P12 ®°Ps) ® 'So = *P1)p @ *P3)o. (59)

which include all but one of the odd-parity energy levels. From
Fig. 3(b) we expect a maximum of six nondegenerate poles,

064518-10



QUANTUM THEORY OF AN ATOM IN PROXIMITY TO A ...

PHYSICAL REVIEW B 97, 064518 (2018)

A(E)I8pl
4
& 3
©
2
1
0
0 1 2 3 U/,
urr,

FIG. 7. Local density of states for the p-wave atom, as a function
of U/T, with §, <0 and I'), = 0.5|§,|. The y axis represents the
energy € of the pole, with the spectral weight A(e) given by the color
map. The expected location of each pole E, — E is represented by
solid (dashed) black lines for even-parity (odd-parity) states.

three positive and three negative. At U > U, the ground state
changes to 2Py, @ P3)p; as a result the poles that may get
activated have the same symmetry as the two-electron states
determined in Eq. (38). These turn out to be the complete set
of even-parity states. Thus, at U > 0 up to twelve poles may
get activated, six positive and six negative.

Figure 7 shows the explicit numerical calculation of the
local density of states as a functionof U/ T",, for0 < U < U..
To plot the spectral density as a color map we represented the
8 functions by Lorentzians with a small linewidth. The energy
differences E, — Eg, which set the possible location of the
poles, are represented by solid (dashed) lines for even-parity
(odd-parity) |Ey).

At U = 0 only two peaks are active, signaling the presence
of a single bound quasiparticle. In contrast,at U > 0, we find
that all the peaks allowed by symmetry get activated.

Our prediction of several activated peaks in the local
density of states is in agreement with the recent observation of
several subgap peaks in STM experiments of transition-metal
impurities in superconducting Pb [1,2]. As we show here, the
activation of multiple peaks and their splitting can occur solely
due to the presence of Coulomb repulsion, U > 0, even in the
absence of crystal-field splitting.

VI. OPTICAL SELECTION RULES FOR YSR STATES

The previous sections showed that orbitally-degenerate
YSR states may have nontrivial orbital, spin, and total angular
momentum symmetry. Electrons that can be in more than one
orbital are able to absorb or emit one photon while transiting to
a state with different orbital quantum number. Here we derive
selection rules for optical excitation of YSR states. These
selection rules are also relevant for electric noise; i.e., if two
states are connected by the electric dipole operator, then the

atomic impurity will emit noise at the frequency equal to the
difference in energy between the two states.

A. Spin-orbit selection rule

Under photon emission and absorption the atomic state with
symmetry 25*!L ; may undergo an electric dipole transition to
a state with different symmetry 25 *L’,,, where [37]

L —L=+l,
J —J=0+1 (J=0- J =0 forbidden),  (60)
S —8§=0.

All other transition rates (e.g., magnetic dipole, electric
quadrupole) are smaller by a factor of o> ~ 1074,

B. Parity selection rule

Without loss of generality we focus on the case of Sec. IVE
(mixed s and p orbitals). It is convenient to keep track of the
content of the YSR states with the notation s¢ pb , where a,b
are the number of electrons in each single electron orbital.

A YSR state can be in four parity configurations: even-even,
odd-odd, even-odd, and odd-even, referring to the parities of a
and b. Optical transitions connect s <> p, which, combined
with the fact that a 4+ » must be conserved because dipole
interactions conserve particle number, we arrive at the rule

a b

axl bq:l. 61
P one photon s p ( )

Unlike the dipole interaction, the induced proximity potential
changes particle number by 2, and because the proximity
potential does not mix s with p orbitals, the proximity effect
mixes YSR states with different numbers of electrons but with
the same parity. Thus a YSR state is the following mixture:

1Y) = Is“p") + 1s“F2pP) + s“p"*2) + - . (62)

Since every state in this series can undergo a transition
according to Eq. (61), we deduce the parity selection rule:

evena —even b ——— odd a — odd b,
one photon

odda —even b ——— evena — odd b. (63)
one photon

Note how this rule is much less restrictive than Eq. (61),
indicating that a large number of optical excitation channels

open up when the atom is in proximity to a superconductor.
The sp-mixed YSR eigenstates are shown in Fig. 6, with
solid (dashed) lines denoting even-parity (odd-parity) states.
We can read off the electron content of each state by looking
at the value of the energy level at I'), = 0. For example, the
ground state has energy 2&; + 6&,, at I, = 0, showing that at
', > O it becomes a mixture of 0,2 s electrons, and 0,2,4,6 p
electrons. With this information we can apply the above rules
to identify allowed transitions. The total number of allowed
transitions is very large, so here we focus on two particularly
important sets of transitions: the ones that have the ground state
as the initial state and the ones that have the vacuum state as
the final state. Both the ground state and the vacuum state have
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even-even parity and are pure 'Sy singlets; thus we get

even-even <> odd-odd

1S, < 'P,. (64)

As pictured in Fig. 6, only three transitions satisfy those rules
for both the vacuum and the ground state. It is interesting to
point out that all shown transitions are forbidden in the non-
superconducting case. Remarkably, the vacuum state becomes
optically active without the need for ionization.

VII. DISCUSSION AND CONCLUSION

In summary, we showed that the proximity of an atomic
state to a superconductor imprints Cooper-pairing behavior
on the atomic states, with the energy scale set by the rate
of tunneling of atomic electrons into the superconductor.
The resulting energy eigenstates are the orbitally-degenerate
YSR states, which form generalized Cooper pairs containing
mixtures of 0,2,4, ... (even-parity) or 1,3,5, ... (odd-parity)
electrons.

We resolved the nature of the YSR states using a combina-
tion of equation of motion, Bogoliubov canonical transforma-
tion, and effective Hamiltonian techniques. The eigenspectrum
was calculated exactly in two extreme limits: (1) zero electron-
electronrepulsion U and arbitrary energy gap A,and (2) U > 0
and large A.

We described the YSR energy spectrum of atoms with
mixed s- and p-wave character in detail, and organized their
eigenstates according to their orbital, spin, and total angular
momentum symmetries. The symmetries remain valid even
in the regime when the Kondo effect wins the competition
against Cooper pairing (when A < 3kg Tk, with Tk the Kondo
temperature) [22,29]. Thus we argue that our results capture
the essence of any physical situation with finite energy gap
and Coulomb interaction, except for some renormalization of
energy levels and matrix elements due to Kondo screening. The
only qualitative limitation of our approach is that it does not
allow the determination of which states are bound states in the
small-A regime. At U = 0 our Eq. (15) establishes a criterion
for determining which atomic states remain bound when the
atom is in proximity to a superconductor.

We showed that nontrivial orbital symmetry combined with
a particle-number admixture induced by the superconductor
opens up several additional channels for optical emission and
absorption. Therefore, optical spectroscopy of bound atoms or
impurity states may reveal much more about the superconduct-
ing state than the usual spectroscopy of delocalized quasiparti-
cles. The opening of additional decay and excitation channels
is a general result that will also occur for other probes such as
the ones based on magnetic transitions (e.g., spin resonance
or superconducting quantum interference device (SQUID)
microscopy) or electron tunneling (e.g., STM). Conversely,
the fluctuation-dissipation theorem implies that impurities in
superconductors will contribute additional electric, magnetic,

and electron-number (charge) noise [38] at frequencies equal
to the differences between their YSR energy levels.

While the number of allowed transitions is increased dra-
matically, some special states remain protected or long lived.
These are the states that are not allowed by symmetry to form
Cooper pairs; i.e., they remain eigenstates of the electron-
number operator [their energy level increases linearly with U;
see, e.g., the fourteen-plet of Fig. 3(b)]. Out of these states
one particular kind stands out: the ones with maximum spin
Smax = (21 + 1)/2 and L = 0 [see the 4S3/2 in Fig. 3(b) and
the 35, in Fig. 6]. All other atomic states have lower S, and the
ground state has either S = 0 (small-U regime), or S = 1/2
(large-U regime where the average number of electrons in the
ground state is close to one). Therefore, the Sp,« states are long
lived, because their decay requires a cascade of transitions that
are electric-dipole forbidden.

Recently, STM experiments were able to detect for the first
time the orbital splitting of atomic impurities in a superconduc-
tor [1,2]. The splittings, of the order of 1 meV, were interpreted
as arising from crystal-field splitting in the Shiba model [3,4].
Our Fig. 7 demonstrates that orbital splitting will occur solely
due to electron-electron interaction, even in the absence of the
crystal field.

Crystal-field splitting of bulk impurities in metals is ex-
pected to be negligibly small due to the screening of the lattice
charge by the conduction electron gas; for atoms at the surface
the crystal-field splitting can reach values up to 0.3 eV [39].
In contrast, transition-metal impurities are expected to have
U = 5-7 eV (see Table 15-1 of [40]), with U modified by as
much as 1 eV for impurities near sample edges [41] or surfaces.
Therefore, several of the energy splittings detected by STM
will be dominated by U.

Recent experiments have used superconducting devices
to serve as magnetic traps for Rydberg atoms above the
surface, enabling precise control and manipulation of quantum
information stored in the Rydberg atoms via laser excitations
[8,9]. While the proximity effect on these Rydberg states will
decay exponentially as a function of their distance from the
superconductor, the large Bohr radius of these states combined
with improved trap design may allow the detection of the
proximity effect on the atomic states. Our results show that
extra optical channels open up as a result of the superconduct-
ing correlations, offering new avenues to manipulate quantum
information stored in YSR-like states.
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