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Thermalization in simple metals: Role of electron-phonon and phonon-phonon scattering
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We study the electron and phonon thermalization in simple metals excited by a laser pulse. The thermalization is
investigated numerically by solving the Boltzmann equation taking into account the relevant scattering mechanism:
electron-electron, electron-phonon (e-ph), phonon-electron (ph-e), and phonon-phonon (ph-ph) scattering. In the
initial stage of the relaxation, most of the excitation energy is transferred from the electrons to phonons through
the e-ph scattering. This creates hot high-frequency phonons due to the ph-e scattering, followed by an energy
redistribution between phonon subsystems through the ph-ph scattering. This yields an overshoot of the total
longitudinal-acoustic phonon energy at a time, across which a crossover occurs from a nonequilibrium state,
where the e-ph and ph-e scattering frequently occur, to a state, where the ph-ph scattering occurs to reach a
thermal equilibrium. This picture is quite different from the scenario of the well-known two-temperature model
(2TM). The behavior of the relaxation dynamics is compared with those calculated by several models, including
the 2TM, the four-temperature model, and nonequilibrium electron or phonon models. The relationship between
the relaxation time and the initial distribution function is also discussed.
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I. INTRODUCTION

Notwithstanding the fundamental interest in ultrafast dy-
namics of elementary excitations in solids excited by femtosec-
ond laser pulses the thermalization even in simple metals is not
well understood. The aim of this paper is to develop a theory
for the thermalization of metals beyond the well-known two-
temperature model (2TM), that is, beyond the quasiequilibrium
approximation.

The thermalization in metals after a pump pulse irradiation
is governed by the electron-electron (e-e), electron-phonon
(e-ph), phonon-electron (ph-e), and phonon-phonon (ph-ph)
scattering. The energy transfer between electrons and phonons
through the e-ph and ph-e scattering has been theoretically
studied by Kaganov et al. [1], motivated by the electron trans-
port experiment, where a deviation from the Ohm’s law was
observed in metals. Given that the e-e and ph-ph scattering keep
the electron and phonon distributions equal to quasiequilibrium
distributions, the energy relaxation can be described by the time
evolution of the electron and phonon temperatures. Based on
this picture, Anisimov et al. have first applied the 2TM to study
the energy relaxation of photoexcited systems [2]. Allen has
revealed the relationship between the e-ph coupling function
used in the 2TM and the Eliashberg function used in the strong
coupling theory of superconductivity [3], which has provided
how to interpret time-resolved experiments [4—7] and has been
a basis for studying the thermalization of condensed matters
theoretically [§-10].

However, it has been questionable whether the assumption
behind the 2TM is really valid or not. In fact, both the
experimental works using time-resolved photoemission
spectroscopy [11-14] and the theoretical works based on
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the Boltzmann equation (BOE) considering the e-e and e-ph
scattering [12,15-19] have revealed the breakdown of the 2TM.
Furthermore, recent studies have pointed out the importance of
the ph-ph scattering for better understanding the thermalization
in metals [20-23], semiconductors [24], and Dirac semimetals
[25]. Note also that several attempts have been made to extract
the e-ph coupling constant from experimental data [26-28] by
exploiting the nonequilibrium theory developed in Ref. [16].
In addition, thermalization in microscopic models based on
a Holstein-type Hamiltonian has been recently investigated
[29-31]. A picture for the thermalization in solids should
now be reconsidered without using the quasiequilibrium
approximation.

In this paper, we investigate the electron and phonon
thermalization in simple metals by solving the BOE taking
into account the e-e, e-ph, ph-e, and ph-ph scattering. Through
the e-ph scattering, most of the electron energy is transferred
into longitudinal acoustic (LA) phonons in the initial stage
of the relaxation. Simultaneously, the LA phonon decays into
transverse acoustic (TA) phonons via the ph-ph scattering.
This yields an overshoot of the total LA phonon energy at
a time. Such an overshoot is an indicator for a crossover from
a nonequilibrium state, where the e-ph and ph-e scattering
frequently occur, to a state, where the ph-ph scattering occurs to
reach a thermal equilibrium. Throughout the energy relaxation,
the effect of the e-e scattering can be negligible. The thermal-
ization scenario demonstrated is quite different from that of the
2TM [3]. A comparative study using several models shows that
the energy relaxation of quasiequilibrium states is faster than
that of nonequilibrium states. This implies that an application
of the 2TM to time-resolved experiments would lead to an
underestimation of the e-ph coupling constant of metals, which
is consistent with the results in Ref. [20]. It is also shown that
the relaxation time strongly depends on the initial electron and
phonon distribution functions as well as their initial energies.
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The paper is organized as follows. In Sec. ITA, the e-e,
e-ph, and ph-ph interaction Hamiltonians are formulated. The
matrix elements derived are used for describing the multi-
particle scattering events. In Sec. II B, the BOE for the electron
and phonon is derived. For later use, several models for the
energy relaxation of solids are provided. In Sec. IIIA, a
picture for the thermalization is presented by investigating
the time evolution of the excess energy, the energy transfer
rate, and the distribution functions for electron and phonon.
In Sec. IIIB, the behavior of relaxation dynamics in the
nonequilibrium electron-phonon model is compared with those
in other models. The relationship between the relaxation time
and the initial distribution function is also discussed. The paper
is summarized in Sec. IV.

II. THEORY

We consider the nonequilibrium electron-phonon dynamics
in simple metals excited by a laser pulse. The low energy exci-
tation of the electron and the phonon is described by the jellium
model and the continuum elasticity model, respectively. The
ultrafast dynamics of those elementary particles is regulated by
the BOE with the e-e, e-ph, ph-e, and ph-ph collision integrals.
Thus, we first formulate the interaction Hamiltonian necessary
to describe the scattering processes.

A. Hamiltonian

The total Hamiltonian is written as
H=He +Hp + Heps €))]

where H., H,, and H., denote the electron, the phonon, and
the e-ph interaction Hamiltonian, respectively. The former
two Hamiltonians include the e-e and ph-ph interaction part,
respectively. The expression for each Hamiltonian is given
below.

1. Electrons

In a simple metal, the valence electron can be treated as a
free electron in the zeroth-order approximation [32]. Since the
electrons interact with each other via the Coulomb interaction
forces, the electron Hamiltonian is written as [33]

i o
He = ;/drwa(r)<_%v )Kﬁa(")
+3 Z/ dr [ drull eV Qs o),

@

where % is the Planck constant, and m is the electron mass.
The first and the second terms are the kinetic and the e-e¢
interaction energies, respectively. ¥, (r) is the field operator
and is expanded by the plane waves

ikr

e
I/I(T (r)= ko ——= (3)
; Q

with the electron position r, the wave vector k, the spin o, and
the crystal volume 2. ay, (a,Tw) is the destruction (creation)

operator of the electron with k and o. V(|x|) withx =r — r’
is the screened Coulomb potential energy given as

2 e~ qrlx]

V(x| =

“

ey x|

with the electron charge e and the dielectric constant of vacuum
€0- g7F 1s the Thomas-Fermi wave number given by

12\'2 1
qrrap = <;> I 5)

with the dimensionless Wigner-Seitz radius r,; and the Bohr
radius ag = 4mweyh® / (me>?). Using the Fourier transformation,
Eq. (2) is expressed as

i
He = Z ExQy;Ako

ko

1 - 4
#3220 V@ g0, Wy g WUy (6)

kioy kaor q

where g, = 1i%k?/(2m) is the free electron energy and V (q) is
the Fourier component of the screened Coulomb potential

1 e’
Qe(q® +afe)

which is independent of the electron spin.

Vig) = )

2. Phonons

The lattice dynamics in an atomistic system can be consid-
ered as an elastic wave propagation in a continuum medium
within a long wavelength limit [32,34]. The Hamiltonian for
the latter is given by

1
Ho= 53 / P pi(rydr

1
+52/drcijkl77[j(r)77kl(r)

T ijkl
1
+3 2 / dr Cijamn iy (O (F) N (F), - (8)
" ijklmn

where Cjji (Cijimn) is the forth-rank (six-rank) tensor and
serves as the second-order (third-order) elastic constants with
i,j,.k,l,m,n =1,2,3. p; is the ion mass density given by p; =
M; N;/ 2 with the ion mass M; and the number of the ions Nj;
in a volume 2. The strain tensor is defined as [35,36]

1{du; du; duy duy
== —+— —— . 9
i () 2<axj oo T m o, ©
k
Within the isotropic approximation, the forth-rank tensor is
given by
Cijit = AL8ij6p + mL(8ixdji + 81 i), (10)

where A and . are Lamé constants, while the six-rank tensor
is given as

Cijklmn = Elsijéklgmn
+ E2[8ij(8km(sln + 6kn81m) + 8kl(Simajn + 8in8jm)
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+ 8mn(8ikdj1 + 8i16 k)]

+E3[8ik(8jmSin + 8jnbim) + 8i1(8 jmSin + 8 jndkm)

+ 8im (8 x01n + 818kn) + 8in(8jx81m + 8j16km)],
(11)

where E, E,, and E5 are the third-order elastic constants. The
displacement vector is written as

h T iQr
0= 3 Sty e e < QT

12)

where b, and bTQV are the destruction and creation operators
for the phonon with the wave vector Q = (Q1,Q»,03) and
the polarization y = LA, TA1, and TA2. ¢;(Q,y) is the ith
component of the polarization vector e( Q,y). The momentum
operator in Eq. (8) is given by

hpiwy( Q)(

pir)=—iy_ boy —b' p,) x e(Q.)e' 0"

(13)

Using the orthonormality of the polarization vectors for a
given Q,

e’ (Q.y)-e(Q,y) =38y, (14)

and the elastic wave equation

P (Dei(Q.7) =Y | D CijuQ; Q1 |ex(Q.y), (15)

k jl

the unperturbed phonon Hamiltonian, that is, the sum of the
first and second terms in Eq. (8), is given by

1
H = Zha)y(Q)<bTbeQy + 5). (16)
oy

The frequencies of the three phonon branches are given by

AL + 2L
T|Q| = Al 0Ol

1

CULA(Q) =

wtA1(Q) = wta2(0) = %|Q|EUTA|Q|7 17

where vpa and vra are the phonon velocities. The Debye
frequency €2, p for the polarization y is determined by the
normalization condition N; = fOQV’D D, (w)dw, where D, (w)
is the density of states (DOS) for phonons, resulting in 2, p =
vy(6n2Ni/ Q)13

The time evolution of the phonon population is governed
by the three-phonon process. Substituting Eq. (12) into Eq. (8)
and defining

Cijrimn = Cijikmn
+ AL (8 8kmBin + 8im8jndi + 8ikdj18mn)
+ UL (8ik8 jmOin + 6ik8 jnbim + 8i10 jnSkm
+ 8im8 jkS1n + 8im8 j18kn + 8in6 j18km), (18)

one obtains the perturbed Hamiltonian

1 o
— YV
M, = 6 Z Z A0.0.0%0+0+0"0
0.0.0" vV
XBQ}’BQ,V’BQUV”’ (19)

where Bg, = bg, + bl o, and the three-phonon matrix ele-

ments AVQV/QV /Q that is explicitly given as [37]
ALY i(i)m A 20)
eee Va\w/) o, (0w, (@), Q")
with

Apn = Ei(e- Q) - Q')e"- Q")
+ Exe- Q)l(e'-e")(Q - Q")+ (e - Q")("- Q)]
+ Exe' - Q)(e-e")(Q- Q")+ (e- Q")e" - Q)]
+ Exe” - Q")(e-€) Q- Q)+ (e- Q) - Q)]
+ Es(e-e)l(e”- 0)Q" - Q")+ (Q- Q") Q"]
+ Es(e- Q)" Q)e - Q")+ (Q - Q") -e")]
+ Ez(e-e")(e" - 0)Q" - Q")+ (Q- Q) - Q")
+ Es(e- Qe - Q)e"- Q)+ (Q- Q) -e")]
+AiLl(e- Q)e -e")(Q - Q"
+(e-e)(Q- 0" Q)+ (e-€e)Q- Q)" Q"]
+uLl(e-e)Q-e")(Q" - Q")
+(e-e)NQ-Q")N(Q -e)+(e-Q)NQ - Q")e -e")
+(e-e")(Q -e)Q' - Q")+ (e-e")(Q Q) - Q")
+(e- Q")(Q- 0 -e")] (21)

with the abbreviation e = e(Qy), e =e(Q'y’), and e’ =
e(Q"y"). Note that Ay, is symmetric under the exchanges

(e,0) < (€/,0),(e',0") < (¢",Q"),and (e, Q) < (¢",Q").

3. Electron-phonon interaction

The electron-lattice interaction Hamiltonian is expanded
into two terms: the static and dynamical lattice potential. The
former and the latter contribute to the Bloch electron formation
and the energy exchange during the relaxation. The leading
term in the latter is the deformation potential interaction [38].
The e-ph interaction Hamiltonian is given by

Hep = 3, [ drul Doy - wi(r)

=YY 8(Q.V)a}, g, k0 Boy.  (22)

ko Qyy

where D, is the deformation potential, which describes
the interaction between the electron and LA phonon
through the local density fluctuations of continuum medium.
Within the free-electron approximation, Dy = 2¢er /3 with ep
being the Fermi energy. Then, one obtains

h
80 = Di2l

8 . 23
03 oo O LA (23)
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The matrix elements of the electron-TA phonon interaction is
finite when one considers the umklapp processes. To treat it
phenomenologically, we introduce the polarization-dependent
deformation potential D,, and assume

n Q|
2 2

; =D ,
18(@.¥)l " apGu,

(24)

where Dya = Dy and Dra = (vra/via)? Do. The parameter
B is determined to yield a realistic value of the e-ph coupling
constant described below.

B. Models

We will formulate five models depending on the approxima-
tion level. In the first model given in Sec. II B 1, the presence of
the quasiequilibrium states is not assumed, while in the 2TM
given in Sec. IIB 5 it is assumed a priori.

1. NEP model

We first present the nonequilibrium electron and phonon
(NEP) model, where the relevant scattering processes are
considered. We thus expect that the NEP model would yield
a relaxation dynamics quite similar to the ultrafast dynamics

J

observed in time-resolved experiments. The BOE for electron
and phonon systems is written as [35]

afk,tr _ % g
T B <8t )e—e * (at )e—ph, (25)

0 0 d
"oy _ (—”) + (—”) , (26)
a1 0t ) e N\t ) o

where no contribution from the diffusion and external field
terms is assumed. fi, denotes the distribution function of
the electron state with (k,0). ng, denotes the distribution
function of the phonon state with (Q,y). The first and second
terms in Eq. (25) indicate the e-e and e-ph collision integrals,
respectively, while the first and second terms in Eq. (26)
indicate the ph-e and ph-ph collision integrals, respectively.

Given no magnetic impurities and weak exchange inter-
action between electrons in the system, it is reasonable to
assume that the electron distribution is independent of the spin
coordinate, that is,

Jer = fey = fie (27)
The transition probability for the scattering events is formu-
lated within the Fermi’s golden rule. Using Eqgs. (6), (19), (22),
and (24), the e-e, e-ph, ph-e, and ph-ph collision integrals are
written as

a 2w -
(8—];) =) 7”|V(q>|28me>[—fkfk/<1 — fer)( = fi—g) + (1= £ = fi) frra fie—q)s (28)
€—¢ k',q
% =Zz—n| (Q y)|2{—f(1—f )[n(+)8(s —¢€ —hwg,) +ngdex — € + ho )]
01 ) o s 7 s\, Jk Jk+Q) [ g k k+0 Qy Q0\ck k+0 Qv
+(1 - fk)fk+Q[n(ér)3(8k — €kt +hwgy) +ngd(er — Eky0 — thy)]}, 29)

k

on 2T By )
(5). =X T o 1

oy v

9 4
(—”) => 7”|g<Q,y>|2fk<1 — fero)[~n 0.8k — ery o + hwgy) + 1) 8(ek — exrg — hiwg,)].  (30)
ph—e

) )
N R R T L P

X (S(Fle’y — Fl(x)_Q’,},/ — th"PQ,yVN)

+) () (+)
+[ng, 0y nove = noyng yng. g J8iwg, + hog = iwgs g1}, (31)

where Ae = g + &y — er1q — &x—g and ng)y =ng,, + 1.Equation (28) describes the electron scattering (k,k") = (k + q.k' —

q) governed by the screened Coulomb interaction potential V(q) in Eq. (7). Equations (29) and (30) describes the e-ph and ph-e
scattering, where the electron with k is scattered into that with k + Q by an absorption of the phonon with @ or an emission of
the phonon with — @, and vice versa. The first and second terms in Eq. (31) denote the anharmonic phonon decay and inelastic
scattering, respectively, with the total wave vector conserved. For the former process, the phonon mode with (Q,y) decays into
two phonons of (Q’,y’) and (Q — Q',y”), while for the latter one, the two phonon modes with (Q,y) and (Q’,y’) are merged
into a phonon with (@ + Q’,y"). In the derivation of the collision terms, Egs. (29), (30), and (31), the relations Wy = W_gy

andng, =n_g , arising from the inversion symmetry are used.

Note that, for a simple metal, there are no three-phonon processes in which all three phonons belong to the same polarization
branches. This is due to the dispersion effect near the zone boundary [35]. In the present study, one can neglect the three-phonon
processes, such as LA (TA) < LA (TA) + LA (TA). Besides, there are no scattering processes in which one TA phonon creates
two LA phonons, and vice versa, due to the energy conservation law [35].
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When fj, is averaged over the electron states having the energy &, one obtains the distribution function for the electron state
with the energy ¢ [16,18]

fe)= > 8 — &) fo (32)
k

1
N(e)
where N (g) = Q(2m)*/? /e /(4m*R>) is the electron DOS per spin. Similarly, the phonon distribution function for the phonon
states with the frequency w is defined as [16,18]

1
ny(w) = D@ %8(0) —wgyNg.y, (33)

where D, (0) = Qw?/(27°v;)0u(Q,.p — w) is the phonon DOS for the polarization y. 6u(x) is the Heaviside step function:
O(x)=1for x > 1 and 6(x) = 0 for x < 1. By using Egs. (32) and (33), the time (¢) evolution for the electron and phonon
distribution functions are given by, respectively,

o)
";(f) — 21 / de’ f d / dE'Co_ale,6' £.E5(e + &' — & — EN— (&) (N1 — FE — fEN]
= @I = FENFEFEN +27 Y f ds / doCopn(e.£,0.7)(5(6 — & — R)LF(E) — f(&)In, (@)
Y
CFO = fEN 48 — &+ Ro)LFE) — F©)ln, @) + fEN - f@)) (34)
and
0
%“’) —4n / d / dECono(e.E.0) fOL] — FE =, @) — & + ) + [, (@) + 115 — & — ho))

#2005 [ dof [ a0 Gt ol "

X {%[n(;’)(w)nyr(a)’)n;ﬁ(w”) - ny(w)ngj)(w/)ngj)(w”)]5(an) — ho' — ha')

+ [nSP(@n (@] (@) = ny(@)ny (@) (@")]8(ho + he' — he')} (35)
with y = LA, TA1, and TA2. We introduced the coupling functions defined as
/ / 1 (7 2 / /
Ce_ele,e',8,8) = N @) k%: [V(g)"8(e — ex)d(e’ — ex)8(§ — errq)d(E" — ep_y)s (36)
K g
1 ~ 2
Cepn(&,6,0,7) = —— Z 18(Q.,¥)I70(e — er)8(§ — ery0)d(w — wgy), 37
AN (e) P
1 ~ 2
Con—e(8,6,0,7) = Z 18(0,y)I78(e — ex)d(§ — e+ 0)é(w — wgy), (38)
hD, () s
’ 1 vy’ /
Coh—ph(@,0",0",y,y",y") = 1D, () Z |AVQ?/Q’}T—(Q+Q’)|26(C‘) — w0y)8(0 — w80 — wgigyn). (39
0.0

(

For an isotropic system, these coupling functions are expressed ~ with the Fermi wavenumber kg, the e-ph coupling function in
as follows: The e-e coupling function in Eq. (36), Eq. (37),

32val EF <Dy)2 (ha))z
Cepn(€,&,0,y) = —— )
mESOT) =TV e \or ) (Tatn2) (Tm2)

¥
X Ou[l — hy(e,8,@)10u[1 + ha(e,§,w)],

1 [er h /00 4 [ 1 T
—_— s —_—
47262\ & mak Jo 5%+ (qtr/ kr)? @D

Ce_c(e,e';6,8) =

X Oull — hi(e,8,9)10ull + hi(e,£,5)] where Z,, is the number of the valence electron, and the ph-e
coupling function in Eq. (38),
X Oull — hi(e" & ,$))0ull + hi(e".&',5)], Ne)
C h—e(‘gv%‘sway) = —Ce— h(&é,w’)’)» (42)
(40) P D,(w) "
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where the functions /| and 5, in Egs. (40) and (41) are given
by

h1<e,s,s>=% 8—F<5—i—s2), 3)

& EF EF
(e .0) K,e3 [ & & (hw)? a4
&,&,w) = - —— -
? (hw)?e er 4K, er
with K, = mvf, /2. Note that when e¢=§&=

er, Ce—pn(€,§,w,y) is related to the Eliashberg function
for the polarization y [16,18]

Cophler,er,0,7) = @’ F(w,y) (45)

with o2 F(w) = Zy o’F(w, ). Using this approximation, the
e-ph coupling constants are defined by

0
Ay(@") = 2/ dwa® F(w,y)o" ™! (46)
0

with A(0") =3 4, . When the deviation of the single
partlcle energy from the Ferm1 energy is not negligible, we use
the expression of

EF -
Cepn(e.8,0,y) = \/;a F(w,y), (47)

where the factor /ep/¢ is multiplied [see the expression of
Eq. (41)], which will be used in Sec. II B 2.

The ph-ph coupling function satisfies, by definition, the
following properties

Cph—ph(wvw/,w”yyy]//7)/”)
= Cph—ph(@,0" &', y,y", ")
. D, (o)
D, (w)
The derivation of a simple expression for the ph-ph coupling
function is difficult, so that we evaluate Cyp_pn in Eq. (39)
numerically. The details including the derivation of Egs. (40)

and (41), and the numerical implementation of Eq. (39), will
be provided in Appendix.

Cph—ph(@',0,0",y" 7, ¥"). (48)

2. NE43T model

Second, we present a model that consists of the nonequilib-
rium electrons and the quasiequilibrium phonons characterized
by three phonon temperatures (NE+3T model). We assume
that the effect of the e-e and ph-ph scattering on the thermal-
ization is negligible in the initial relaxation. Then, Eq. (34) is
simplified into

af(g) =2 ZZ/@[ 2F(0,0)U(8,0,7.5),

y s=%

(49)
where

Ue.w.y.5) = Lf(e + shw) — f(©lnpe (0. T
+sf Ol — fe + shw)] (50)

with the Bose-Einstein (BE) function nBE(w,T;}’l’)) Tp(g)

is the phonon temperature for the polarization y. Since

the net phonon energy with y is defined by El(,r}‘fty)

f dwha)Dy(a))nBE(w,T;{ ), the ¢ evolution of Tp(lf ) can be
expressed as, by using Eq. (35),
aT(V)
Con = = 4N (er) / de f dowhw

x\/§a2F(w,y)U(e,w,y,+), (51)

where Cg) = BEI(JIITB /0 T(V) is the specific heat of the phonon
with y.

3. NP+IT model

Third, we present a model that consists of the
nonequilibrium phonons and the quasiequilibrium elec-
trons (NP+1T model). The net electron energy is EMV =
2 [ deeN(¢) frp(e,T.), where T, is the electron temperature
and frp is the Fermi-Dirac (FD) function. The ¢ evolution of
E(™ s expressed by

%{wt) = —47TN(EF);/dwazF(a),y)(ha))zv},(w,Te),
(52)
where
vy (@,T;) = npe(w,T;) — ny (). (53)

In the derivation of Eq. (52), we assumed that the e-ph
coupling function is approximated to the Eliashberg function
a?F (w,y). Again, the contribution from the e-e and ph-
ph scattering are omitted in Eq. (52). Thus, Eq. (52) is a
natural extension of Eq. (10) in Ref. [3], since the formula is
appropriate for the presence of nonequilibrium phonons. Using
the Sommerfeld expansion [32], E{™Y is expressed by the
t-dependent temperature T,(?), that is, Eé“e‘)(t) =3N.er/5 +
2N (ep) ks To()]? /3 with the total number of the electrons
N.. Then, one obtains

T,
= nkz Z/da)a F(w,y)(hw)*v, (0,T.).

(54)
Using Eq. (35), the t evolution of n,, (@) is simply written as

an, (@)  4rN(ep)ho 2p
o D,

(@, 7)vy(@.T).  (55)

4. 4TM

To further simplify the model, we assume that the electron
and each phonon subset are also quasiequilibrium. We replace
f(e) in Eq. (51) and n,(w) in Eq. (54) with fgp(e,T;) and
npe(w, Tp(fl/ )), respectively. Using the high temperature approx-
imation iw/(kgT) < 1, thatis, ngg =~ kg T /(Aiw), one obtains

the 4TM
aT.
Ce 8: :—Zgy T _T(y) ,
aT(}’)
) h )
o = & (e = T5"), (56)
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where C. is the specific heat of the electron. The coefficient
gy 1s written as
gy _ 3hk, (@?)

- = 57
Ce ﬂkBTe ( )

5 2TM

In the original derivation of the 2TM by Allen [3], all the
phonon temperatures are assumed to be the same. Then, one
obtains

aT,
Ce? = —-G(T. — Tph)y
ATy,
phT = G(T: — Tph), (58)

where G = ZV gy. The important fact is that the coefficient
G in the 2TM contains the e-ph coupling constant A(w?) =
ZV Ay(wz). The measurement of 7. as a function of ¢ will
make it possible to determine the magnitude of A (w?), if many
assumptions above, which might be difficult to be satisfied, are
correct.

C. Computational details

In the present model, the material properties are described
by six parameters which will be provided below. We study
the thermalization of aluminum (Al), the most studied simple
metal. Thus, we set r; = 2.07 [32]. To determine the elastic
constants of the isotropic system from those of a real solid, we
minimize X, and X3 defined as [37]

X, = Z(Gijkl — Ciju)*,
ijkl

X3 = Z (Gijtimn — Cijrimn)*s (59)
ijkimn

where G;ji; and G;jkima are the elastic constants of a realistic
system. For cubic crystals, one obtains

AL = é(cn +4C1n — 2Cy),
pL = +(Ci — Cra 4 3Ca),
Ei=%Cin+8Cin+8Cn

—$C144— %C244+;—2C456’
E, = % Cin + % Ciip — %Cm

+2 Cras + % Cous — 12 Cuse,
Es=5Cin—%Cin+ 5 Cin

—3 Craa + 35 Coas + 35 Cuses (60)

where the Voigt notation (11 — 1,22 — 2,33 — 3,12 —
4,23 — 5,31 — 6) is used. The values of C;; and C;j in
the right-hand side of Eq. (60) have been computed from
density-functional theory calculations [39]. Using the values
listed in Table I, we obtain the values of Ay, uy, Eq, E,, and
E5. All the parameters are listed in Table II. As mentioned, the
contribution from the term proportional to (e - Q)(e’ - Q')(e” -
0")inEq. (21) can be ignored in the elasticity theory approach.
Thus, we can set E; = 0.

TABLEI The second- and third-order elastic constants of Al [39]
in units of GPa.

Cy 110.4 Cipy 54.5 Cus 31.3
Cin —1253 Ciiz —426 Ci 153
Cias —12 Cies —493 Ciase -21

To determine the magnitude of the deformation potential for
the TA phonons, Dta, introduced phenomenologically below
Eq. (24), we set B = 1.5. The use of Eq. (46) yields » = 0.383
(Aa = 0.191 and Aps = 0.096) and A{w?) = 510.0 meV?
(ALa(@?) = 404.9 meV? and Aa(w?) = 52.5 meV?), which
are similar values reported in Al [8,40].

The BOE given by Egs. (34) and (35) is solved by the
fourth-order Runge-Kutta method, setting the time step of
0.2419 fs. In the present model, the Fermi energy is ep =
11.695 eV and the Debye energy for the LA phonon is
Eo = hQLa,p = 65meV. Within an electron energy window of
¢ € [ep — 10Eg,er + 10Ep], 1600 discrete electron energies
are considered. On one hand, 80 and 41 discrete phonon
energies for the LA and TA modes are considered.

III. RESULTS AND DISCUSSION

Using f(e) and n, (w) at t, the excess electron and phonon
energies, measured from the total energies in thermal equilib-
rium, are computed by

E =2 / dssN O£ — fineTo)l,  (61)

Epy = / dohoD, (w)[n, () — nge@.Tp)].  (62)

The factor of 2 in Eq. (61) comes from the spin degeneracy. In
the present study, we set Ty = 25 meV.

It should be noted that the effect of the e-e scattering
on the electron thermalization was found to be negligibly
small, that is, the #-E. curves with and without the e-e
scattering effect almost overlap. This seems to be different
from the results presented in Ref. [17], where the e-e scattering
influences the thermalization. The disagreement with their
results would be due to different approximations used for
the evaluation of the collision integral: The six-dimensional
integral in Eq. (28) is reduced to a three-dimensional [see
Eq. (34)] and two-dimensional integral in the present study
and Ref. [17], respectively. It should be noted that within the
present model the magnitude of the Coulomb pseudopotential
e defined in Refs. [16,18] was estimated to be about 0.33,
which is a reasonable value in realistic materials. To better
understand the thermalization in realistic metals, the use of
the wave-vector-dependent coupling functions is desirable, but
such a study is out of the scope of this paper.

TABLE II. Material parameters. A, ur, Ey, E,, and E; are in
units of GPa.

7 2.07
AL 53.16 i 29.96
E, —15.23 E, —~133.83 E; ~119.63
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A. Thermalization

As a model study, we start from the initial electron distribu-
tion function with Gaussian-type peaks above and below the
Fermi level, which is given by

B 2
1) = feo(e,To) +S:ZiSAx exp |:_<82Wjjo) :| (63)

where gp and W, are the peak position and the width, respec-
tively. Given a peak height A_, A is uniquely determined by
the electron number conservation law. We confirmed that the
form of Eq. (63) is similar to laser-excited electron distributions
around the Fermi energy described in Refs. [15,17], where
the electron-photon scattering processes have been considered
explicitly. In addition, similar types of the model functions
have been used to study the thermalization in metals [12]. In
this subsection, we set A_ = 0.1, &g = 300 meV, and W, =
50 meV, where the effective electron temperature amounts
to approximately 800 K. The initial phonon distribution is
assumed to be ngg(w,Tp). In Sec. I B, the effect of the initial
electron and phonon distributions on the thermalization will
be investigated.

Figure 1(a) shows the ¢ evolution of E¢, Epp 1A, and Epp ta1
defined as Eqgs. (61) and (62). Since the contribution from
Epnta2 is the same as Epy 1ag, the former is not shown in
Fig. 1(a). Hereafter, we denote Epp tar and Epp a2 a8 Eph Ta-
In the initial stage of the relaxation, r < 0.2 ps, E. decreases
drastically, while Epp, 1o and Ep, ta gradually increases. Most
of the electron energy is transferred into the LA phonons,
resulting in the overshoot of Epppa at t =19 = 0.21 ps,
followed by a slow decay of Ej, La and a slow increase in the
Epnta. After t = 3 ps, the values of Eej, Epppa, and Epp ta
are almost constant, indicating the thermal equilibrium of the
system.

To understand the overshoot of the LA phonon energy, we
decompose the energy transfer rate d Epy,,, /0t into a sum of
the contribution from the ph-e and ph-ph scattering, which is

FIG. 2. (a) The t dependence of Ryn_, and Ryn_pn, With y =
LA and TA1 computed from Egs. (64) and (65). For the inelastic
scattering, the curves of Rph_pha and Rpn_pnta almost overlap.
(b) The magnified view of Ry, up tot = 3 ps.

defined as, respectively,
dE,
Rpn—e, =< "’V) : (64)
ph—e,y at phoe

JdE
Ron—ph,y = < ap:’y> o (65)
ph—p!

The latter, Eq. (65), is further decomposed into two con-
tributions: the anharmonic decay Rpn_ph,,(anharmonic) and
the inelastic scattering Rpn—_ph,, (inelastic). Similarly, we can
define the energy transfer rate of the electronic system due
to the e-ph scattering, but the quantity is exactly equal to
_Rph—e,y~

Figure 2(a) shows Rpph_e, and Rph—pn, as a function
of ¢. Within the initial relaxation (r < 79 ps), Rph—e,LA 1S
positive and much larger than the other rates, indicating
that the LA phonons obtain a large amount of the electron
energy via the ph-e scattering. Simultaneously, the magnitude
of |Rph—ph,La(anharmonic)| increases with increasing . A
negative value of Ryp_pn 14 (anharmonic) indicates that the LA
phonon decays into low-frequency LA and TA phonons. Cor-
respondingly, both of Rpy_pn 1A (inelastic) Rpn—ph ta (inelastic)
increase with time. The sum of the contribution from the
anharmonic and the inelastic processes, |Rph—ph,La |, becomes
larger than the value of Ryp_c 1.4 aftert = 7o ps. In this way, the
overshoot of Epy 14, shown in Fig. 1(a), is due to a crossover
from the energy gain via the ph-e scattering to the energy loss
via the anharmonic decay into TA phonons.

Figure 1(b) is a magnified view of E. shown in Fig. 1(a).
Before t >~ 0.4 ps, E. decreases linearly in a log-log plot,
while before reaching the thermal equilibrium (¢ = 3 ps) the
relaxation behavior slows. Figure 2(b) also shows a magnified
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FIG. 3. (a) f(¢e) and (b) npa(w) for various ts. The FD and BE
functions with several T's are also shown. f(e) is nearly an odd
function with respect to ¢ = 0.

view of Rpp—e 14 and Rpn_e 1a in Fig. 1(b). Negative value of
Rph—e,La is observed during the time interval ¢ € [0.38,4.7]
ps. This means that the energy stored in the LA phonons is
transferred, in turn, into the electronic system. The time interval
showing Ryn_e 14 < 01is almost the same as the interval when
the electron relaxation slows [Fig. 1(b)]. Thus the appearance
of the backward energy flow is an indicator for reaching a ther-
mal equilibrium. A similar scenario involving the backward
energy flow has been reported in phononic systems [21]. Note
that the negative Rph_e.La is also observed after 1 = 8.7 ps,
while the value is quite small: Rpp_c 14 ~ —107*J/(cm? ps).
This is similar to the dynamics of the damped oscillators in the
classical mechanics when Ryp_e 14 in Eq. (64) is regarded as
the amplitude of the oscillation.

The decay process discussed above could be understood in
terms of the nonequilibrium distribution functions. Figures 3(a)
and 3(b) show f(¢) and npa(w) for various ts, computed by
Egs. (34) and (35), respectively. For comparison, the FD and
BE distribution functions with several T's are also shown. The
Gaussian peak observed at ¢/Ey = 5 in f(¢) is immediately
smeared out within 0.2 ps, while the deviation from the FD
function is still not negligible, which is similar to the numerical
results in Ref. [18]. After t = 0.36 ps, the quasiequilibrium
treatment for f(¢) may be valid, shown in Fig. 3(a). In contrast,
the LA phonon population increases due to the ph-e scattering
up to r = 0.36 ps, after which it decreases, as shown in
Fig. 3(b). To understand the phonon dynamics quantitatively,
we show the ¢ dependence of n,(w) at w = Q4 p/2 in
Fig. 4(a). Quite similarly to the t-Ep, 1o curve in Fig. 1(a),

0.50 ——rrrm——rrr——rrrm 0.10 T T T T
— LA t=0.00 ps
—_ _ $A25 meV Tosoees
L = d .08 =:=1=0.24 ps -
0.48 —-— T=26 meV 0.08 - - t=0.36 gs
- = T=27meV| | _.... t=0.48 ps
oasl T T=28 meV_ 0.06 - —— 1t=0.60 ps -
. —--1=0.72 ps
- — t=0.84 ps
R t=0.96 ps -
~ 044
&
3
S
& 042
0.40
0.38
0.36 sl —ial

2 4 2 4 2 4
0.01 0.1 1 10
t (ps)

0.00.20406081.0
W/Qap

FIG. 4. (a) npa(R2Lap/2) and n1a(R2La.p/2) as a function of .
The values of ngr(21a p/2,T) for T = 25,26,27,28 meV are shown.
(b) The deviation of n s (w) from the BE function with T = 27 meV
for several ts.

an overshoot of the LA phonon population is observed around
t = 0.34 ps, while the change in nta(2La p/2) is moderate.
Figure 4(b) shows the deviation of npa(w) from the BE statis-
tics at T = 27 meV for several #s. The phonon population at
® = Q. p increases with time and is maximumat# = 0.12 ps,
after which it decreases. Since the ph-ph scattering such as
LA < LA + TA frequently occur after the creation of the hot
high-frequency LA phonon, the population of the LA phonon
with lower frequency (w 2~ Q14 p/2) increases with time.

B. Impact of the nonequilibrium distribution

The total energy dynamics within the 4TM and 2TM,
described in Secs. [IB4 and IIBS5, respectively, are shown
in Figs. 5(a). The t-E., Epp1a, and Epp A curves in the NEP
model are also shown. Clearly, the initial electron relaxation
derived from the 2TM and 4TM is faster than that derived from
the NEP model. Figure 5(b) shows the relaxation dynamics in
the NE+4-3T and NP+1T models described in Secs. IIB2 and
IIB 3, respectively. The former model reproduces the initial
relaxation in the NEP model, while the latter model improves
the relaxation behavior slightly, compared with the 2TM. What
is important in these comparative studies is that the energy
relaxation in the quasiequilibrium treatment is faster than
that in the nonequilibrium treatment. This would lead to an
underestimation of the e-ph coupling constant when the 2TM
or 4TM are applied to time-resolved experiments. This result,
the underestimation of A({w?), is consistent with the results
reported in Ref. [20].

Finally, we study how the energy relaxation dynamics is
changed in response to the initial distribution functions. To
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FIG. 5. The ¢ dependence of the excess energies of the electrons
(red) and phonons (blue for LA and green for TA) computed within
(a) the NEP model, 4TM, and 2TM and (b) the NEP, NE+3T, and
NP+1T models, and 2TM. The deviations from the NEP model in E,
fort > 0.3 ps and Ey, ,, forz > 0.1 ps are due to the lack of the ph-ph
scattering effect in the NE+4-3T and NP+1T models.

characterize it, we define 7o, at which Epj, 1 4 is the maximum,
as the initial relaxation time, which may be determined from
time-resolved diffraction experiments [41,42]. In Eq. (63), we
tune three parameters: (i) A_, (ii) €9, and (iii) W.. We also
studied the case of (iv) f(e,t = 0) equal to the quasiequi-
librium distribution with 7.(+ = 0) higher than 7j. Table III
lists the tuned parameters, which determines the magnitude
of the excess electron energy given in Eq. (61) at t = 0.
Figure 6 shows tp as a function of E.(r = 0) for various
f(e,t =0). As expected, 1y increases with increasing E.(t =
0) for all cases (i)—(iv). However, the curves of ty-E.(t = 0)
cannot be described by a single function, implying that 7
is a functional of f(e,t = 0). Unfortunately, we could not
find a clear relationship between them, whose derivation or
microscopic understanding will be a future work. As shown
in Fig. 6, the quasiequilibrium approximation, the case (iv),
gives the lowest value of 7y with E. fixed. A similar result has
been reported in Ref. [15], while the initial distribution used is
different from that used in the present study.

More realistically, the electron distribution will change due
to the electron-photon interaction within a pulse width [15,17].

TABLE III. Tuned parameters for determining the initial electron
distribution function from case (i) to case (iv). &y, W, and kg7, are
in units of meV.

0] A_ €10.02,0.2] g0 = 300 W. = 50
(ii) A_=0.1 g0 € [100,450] W, = 50
(iii) A_=0.1 g0 = 300 W, € [10,100]

(iv)  kgT.(t =0) € [30,100]

0.26 T T KAl
0.24 B
0.22}- R
g 020 .- - "o. . _
- -
€ 0.18F Rt s
ST — A
016  a»' e (ieo
o - = (iii) W,
0.14} e @), ]
0.12 : : :
0 20 40 60 80
E/Q (J/em®)

FIG. 6. 13 asafunction of E.(t = 0) for various initial conditions,
f(e,t =0)s, from case (i) to case (iv) listed in Table III. The initial
phonon distribution function is assumed to be the BE function
with T().

During the finite pulse width, the phonons are also created
through the ph-e scattering, disturbing the phonon distribution
function. To consider this effect, we assume that the initial LA
phonon distribution is given as

_ 2
npa(w) = npe(w,Ty) + B exp [_(%W—W) :|, (66)
p

where B and W, are the peak height and the width. We
also consider the case that the initial distribution is equal to
the quasiequilibrium distribution npa(w) = ne(w, Tpn) with
Ton 2 To. nta(w) is assumed to be equal to npg(w,Tp) att = 0
ps because the magnitude of the electron-TA phonon coupling
is smaller than that of the electron-LA phonon coupling. The
initial electron distribution is still expressed as Eq. (63), where
A_ =0.1, g9 = 300 meV, and W, = 50 meV, yielding E.(t =
0)/Q ~ 40 J/cm?>. Table IV lists the tuned parameters for the
initial phonon distribution function: From case (v) to case (vii).
Positive B or T, — Tp yields a positive value of Ep,(t = 0).
Figure 7 shows 1y as a function of E.(t = 0) + Epn(t = 0).
Contrary to the cases of (i)—(iv), 7y decreases as the sum of
the excess energies increases. This means that the anharmonic
decay event occurs frequently with increasing Ep, 1a(f = 0),
as aresult of which 7o becomes shorter. The overshoot of Epp 1.4
will thus vanishif Eyp 1 a(f = 0)/E.(t = 0) > 1.Based on this
scenario, it is easy to understand the result of the case (vii): The
quasiequilibrium distribution approximation gives the highest
value of 7o with E. + Ep, fixed, since the anharmonic decay
rate slows. What is suggested by these special conditions is

TABLE IV. Tuned parameters for determining the initial phonon
distribution function from case (v) to case (vii). W, and kg Ty, are in
units of meV.

™) B €[0,0.16] Wy = 50
i) B=0.1 Wy € [0.02,0.20]
(vii) ks Tyn(t = 0) € [25,35]
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FIG. 7. 19 as a function of E.(t = 0) + Eu(t = 0) for various
nia(w,t = 0)s from case (v) to case (vii) listed in Table IV. The
parameters for the initial electron distribution are set to be A_ =
0.1, &g = 300 meV, and W, = 50 meV, which yields E.(t = 0)/ Q2 =~
40 J/cm?. The plotted curves for (v) and (vi) almost overlap.

that the anharmonic phonon decay would play an important
role in understanding the thermalization in metals.

IV. SUMMARY

We have studied the electron and phonon thermaliza-
tion in photoexcited metals by solving the BOE taking
into account the e-e, e-ph, ph-e, and ph-ph scattering.
We have found that in the initial stage of the relaxation,
most of the electron energy is transferred into the LA
phonons through the e-ph and ph-e scattering. Simultane-
ously, the LA phonon decays into TA phonons via the
ph-ph scattering. This yields an overshoot of the total LA
phonon energy at a time ty. The behavior of the thermalization
is not affected by the presence of the e-e scattering. The picture
for the thermalization demonstrated in the present study is quite
different from the 2TM scenario [3].

By systematically investigating the relaxation dynamics of
several models, we have shown that the energy relaxation
within the quasiequilibrium approximation is found to be faster
than that in a realistic situation. This implies that the use of
the 2TM underestimates the e-ph coupling constant in metals,
consistent with the results in Ref. [20].

We have also found that the relaxation time 7y strongly
depends on the initial distribution functions f(e,t = 0) and
n,(w,t =0) as well as the initial energy. An open question
is to find a functional form to estimate 7. Such a functional
must also contain the information about the e-ph and ph-ph
interactions.
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APPENDIX: DETAILS OF THE COUPLING FUNCTIONS

We first outline the derivation of Eq. (40) from Eq. (36).
Due to the spherical symmetry, it is reasonable to express the

summation in Eq. (40) by

Q o) T 2
Z_> —3/ dka/ doy sin@k/ dor. (Al)
2m)° Jo 0 0

k

Similarly, the summations with respect to k' and q are
transformed into the integrals. Without loss of generality, we
consider that g is parallel to the z axis. Then, 0, ¢, 64, and ¢,
can be regarded as the relative angle for q. Then, one obtains

) [ o
hN (e)

x / dq|V(@)I*8(0k — 67)5 (6 — 6},
0

Ce_cle,e36,8) =

(A2)
where 9,? and 9,?, are given by
V2
9,? = arccos —m(é —&—¢g,) |,
2hq /e
V2
69, = arccos n —& —¢g)|. (A3)
hqf
respectively. If 0 < 9,? <mand 0 < k, < 7, the integration

with respect to 6 and 6y becomes unity. Thus, one obtains
Eq. (40) in the main text. It would be straightforward to derive
Eq. (41) from Eq. (37).

‘We next consider the numerical implementation of Eq. (39).
Using the spherical coordinates, we express the phonon wave
vector and the polarization vectors as follows

Q = Qe,,
e(Q,LA) = e, = (sinf cos ¢, sin 0 sin ¢, cos ),
e(Q,TAl) = ey
e(Q,TA2) = ey = (—sin¢, cos ¢,0),

= (cos 6 cos ¢, cos 6 sin ¢, — sin ),

(A4)

where the abbreviation of 6 = 69 and ¢ = ¢ is used. Simi-
larly, we define

0 =04,
e(Q',LA) = (sin6' cos¢’, sinf’ sin ¢’, cos §’),

e(Q',TA1) = (cos B cos @', cos 0 sin ¢’,— sin6’),

e(Q', TA2) = (—sin¢’, cos ¢’,0), (A5)

where 6" = 0y and ¢’ = ¢ . Using these expressions, we can
obtain the expressions for @ + Q" ande(Q + Q’,y”) interms
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of 0,0’,0,0’,¢, and ¢’. Then one obtains

/ /! / "
Cphfph(aha) W vyvy 7)/ )

——Q Ay’ ds | ds’
_<2n)6hDy(w>(2_pi>/ f

» ww’ |Aph|2
(Uy Uy’)3 Uy”l 0+ Q/|

3" — vy 1@+ QD

(A6)

where [dS = [dOsin6 [d¢. The numerical integrals for
0 and ¢ are efficiently performed by using the spher-
ical design [43]. In the present work, 86 points on a
sphere were used. The Dirac-delta function in Eq. (A6) is

approximated to the Gaussian function with the broadening
of 0.02Ey. To reduce the numerical errors of the total energy,
we used the symmetry properties of f(w,0’,0”,y,y’,y") =
D, (0)Cph—ph(w,0’,@",y,y",y") with the replacement of
(w,y) < (,y") < (",y"). Using the averaged value of fs,
that is,

%[f(a),a)/,w”,y,y’,y”) + f(w,a)”,a)/,y,y”,y/)
+f(@ 00"y .y + f(@.0" 0y .y" )
—i—f(w”,w,w/,y”,y,y/)—i—f(w”,w’,w,y”,y/,y)],

we redefine the ph-ph coupling function as
Coh—ph(@,0",0" v,y v") = f(w,0 0", v,y .¥")/D)(w).
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