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Magnetic and noncentrosymmetric Weyl fermion semimetals in the RAlGe family of compounds
(R = rare earth)
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Weyl semimetals are novel topological conductors that host Weyl fermions as emergent quasiparticles. In this

Rapid Communication, we propose a new type of Weyl semimetal state that breaks both time-reversal symmetry
and inversion symmetry in the RAIGe (R = rare-earth) family. Compared to previous predictions of magnetic
Weyl semimetal candidates, the prediction of Weyl nodes in RAlGe is more robust and less dependent on
the details of the magnetism because the Weyl nodes are generated already by the inversion breaking and the
ferromagnetism acts as a simple Zeeman coupling that shifts the Weyl nodes in k space. Moreover, RAlGe offers
remarkable tunability, which covers all varieties of Weyl semimetals including type I, type II, inversion breaking,
and time-reversal breaking, depending on a suitable choice of the rare-earth elements. Furthermore, the unique
noncentrosymmetric and ferromagnetic Weyl semimetal state in RAlGe enables the generation of spin currents.

DOI: 10.1103/PhysRevB.97.041104

Finding new quantum materials with useful properties is
one of the frontiers of modern condensed-matter physics and
material science [1-6]. The recent realization of a nonmag-
netic Weyl semimetal state in the TaAs class of materials
[7-25] has attracted significant attention. Further transport
measurements have revealed unconventional magnetic and
optical responses of the TaAs family [26-29]. Despite recent
advances of topological semimetals in both theory [30—43] and
experiment [26-29,44-51], the ferromagnetic Weyl semimetal
[8,9,52-57] has not been realized in experiments. A key issue
is that first-principles band-structure calculations on these
magnetic materials (e.g., iridates [8] and HgCr,Se4 [52]) are
quite challenging. For example, the all-in (all-out) magnetic
structures in iridates appeared to be complicated to verify
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in experiments [53] and model in first-principles calculations
[8,54]. Also, for many magnetic materials, such as HgCr,Sey,
the magnetic band structure may be very sensitive to the details
of the magnetism. As a result, the first-principles prediction
of Weyl nodes in magnetic compounds is not as robust as
that in nonmagnetic compounds, such as TaAs [10,11]. Here,
we propose a different strategy to search for magnetic Weyl
semimetals. Taking advantage of the Weyl nodes generated by
inversion symmetry breaking in the nonmagnetic compound
LaAlGe [44,58], we present a new type of magnetic Weyl
semimetal in its isostructural sister compounds CeAlGe and
PrAlGe [59,60] that are ferromagnetic [61-63]. We show that
the ferromagnetism in RAIGe can be modeled more reliably
in first-principles calculations as it is found to not completely
change the band structure. Rather, it acts as a Zeeman coupling
and splits the spin-up and spin-down bands, which shifts the
Weyl nodes in k space to break time-reversal symmetry. For
these reasons, the prediction of Weyl nodes in RAIGe is less
dependent on the details of the magnetism. Moreover, we show

©2018 American Physical Society
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FIG. 1. Lattice structure, Brillouin zone (BZ), and density of state
(DOS) of RAIGe (R = La, Ce, and Pr). (a) Body-centered tetragonal
structure of RAIGe with space-group /4,md (109). The structure
consists of stacks of rare-earth elements (RE), Al, and Ge layers,
and along the (001) direction each layer consists of only one type
of element. (b) The schematic of the RE atomic layer showing the
skew axis along the c¢ axis. (¢) The bulk and (001) surface BZ.
(d)—(f) First-principles DOS of (d) LaAlGe, (e) CeAlGe, and (f)
PrAlGe. The partial DOS for spin-up and spin-down states are plotted
in red and violet colors, respectively. The DOS from localized f
orbitals are drawn in green color.

that the R AlGe family offers remarkable tunability where type-
I, type-1I [30], inversion-breaking, and time-reversal-breaking
types of Weyl semimetal states are all available. Furthermore,
as recently predicted in theory [64], the time-reversal and
inversion-breaking Weyl semimetals uniquely can induce a
quantum spin current without a concomitant charge current.
In addition, whereas a noncentrosymmetric (magnetic) Weyl
semimetal is an intermediate phase between a trivial insulator
and a three-dimensional (3D) topological insulator (a 3D
stacked Chern insulator) state [65], here, with both symmetries
broken, the phase diagram may be even richer. This rich phase
diagram potentially may be explored via doping or chemical
substitution.

RAIlGe crystallizes in a body-centered tetragonal Bra-
vais lattice with an Z-breaking space-group [/4;md (109)
[58-60] [Figs. 1(a) and 1(b)]. Our results show that LaAlGe
is nonmagnetic, whereas CeAlGe and PrAlGe are ferromag-
netic with their magnetization easy axes along the a and ¢
directions, respectively. For CeAlGe, the calculated magnetic
moment is 1 p per Ce atom, and the experimental measured
value is 0.94up [61]. For PrAlGe, the calculated magnetic
moment is 2 p per Pr atom, whereas the experimental value
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FIG. 2. First-principles band structure of RAIGe (R = La, Ce,
and Pr). (a) and (b) Calculated bulk band structure of LaAlGe without
and with the inclusion of spin-orbit coupling. (c) and (d) Bulk band
structure of CeAlGe without and with the inclusion of spin-orbit
coupling. In (c) the bands of spin-up and spin-down states are plotted
in red and violet colors, respectively. (e) and (f) The same as in
(c) and (d) but for PrAlGe.

has not been reported in literature. Figures 1(d)-1(f) show
the calculated DOS without spin-orbit coupling (SOC) for
RAIGe. The DOS of the majority and minority spin states
are colored in red and blue. It can be seen clearly that in
LaAlGe the DOS of the two spins are equal, consistent with
its nonmagnetic nature. In contrast, an imbalance between
the DOS of the majority and minority spin states is seen in
CeAlGe and PrAlGe, suggesting a ferromagnetic ground state
in agreement with the experimental findings [62,63]. The green
shaded areas are the DOS of the f electrons. The electronic
configuration of the La atom is [Xe]6s25d'4 f°, meaning that
all f orbitals are empty. Indeed, Fig. 1(d) shows that all the f
electrons are in the conduction bands. On the other hand, a Ce
(or Pr) atom should have one (or two) electrons occupying the f
orbitals. As aresult, we see some f bands below the Fermi level
in Figs. 1(e) and 1(f). Moreover, our calculations [Figs. 1(e)
and 1(f)] show that the occupied f-electron states in CeAlGe
and PrAlGe clearly are spin polarized. These results suggest
that the ferromagnetic coupling between the f-electrons’ local
moments lead to ferromagnetism in CeAlGe and PrAlGe,
which, in turn, makes the conduction electrons (s, p,d orbitals)
near the Fermi level also spin polarized. Furthermore, our
band-structure calculations without SOC [Figs. 2(c) and 2(e)]
clearly show a spin splitting in the electronic states. These
results confirm our conceptual picture: The ferromagnetism
arises from the ordering of the f-electrons’ local moments.
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These local moments serve as an effective Zeeman field and
make the conduction (s, p,d orbital) bands spin polarized. We
highlight the fact that the ferromagnetism can be treated as a
Zeeman coupling and does not completely change the band
structure at low energies. In the presence of SOC, the spin-up
and spin-down states are further mixed by Rashba/Dresselhaus
interactions due to the lack of inversion symmetry, making spin
not a good quantum number. Thus, we do not color code the
bands in Figs. 2(d) and 2(f).

In order to explain the Weyl nodes in CeAlGe and PrAlGe,
we start from the nonmagnetic compound LaAlGe. In the ab-
sence of spin-orbit coupling, the crossing between conduction
and valence bands yields four nodal lines on the k, = 0 and
ky = 0 mirror planes and four pairs of (spinless) Weyl nodes
on the k, = 0 plane, which we denoted as W3 [44]. Upon
the inclusion of the spin-orbit coupling, the nodal lines are
gapped out, and 24 Weyl nodes emerge in the vicinity. We
refer to the 8 Weyl nodes located on the k;, = 0 plane as W1
and the remaining 16 Weyl nodes away from this plane as W2
[44]. Moreover, each W3 (spinless) Weyl node splits into two
(spinful) Weyl nodes of the same chirality, which we call W3’
and W3” [44]. Hence, in total there are 40 Weyl nodes for
LaAlGe [44].

We now turn to the Weyl semimetal states in CeAlGe and
PrAlGe. We conceptually consider a temperature-dependent
evolution. Starting at a higher temperature above the Curie
transition, we expect the Ce(Pr)AlGe sample to already be-
come a Weyl semimetal because of the broken space-inversion
symmetry with 40 Weyl nodes as in LaAlGe. Now we lower
the temperature below the Curie temperature, the effect of
the ferromagnetism in CeAlGe and PrAlGe can be under-
stood qualitatively as a Zeeman coupling to the conduction
electron states. To the lowest order, we expect that this will
shift the Weyl nodes in a way that their momentum space
configuration reflects the time-reversal symmetry breaking.
We use this picture to understand the calculated results of
the Weyl nodes’ configuration of these two compounds. In
CeAlGe, indeed, we found that the Weyl nodes are still the
W1, W2, and W3 as in LaAlGe [Figs. 3(a) and 3(b)]. The
difference is that they are shifted away from the original
location due to magnetism. In LaAlGe all W1 nodes can be
related by symmetry operations. However, in CeAlGe, the
inclusion of a magnetization along the a direction gives rise
to four inequivalent W1 Weyl nodes. They have different
momentum space locations and energies. Similarly, there are
now four inequivalent W2 and eight inequivalent W3 Weyl
nodes in CeAlGe because of the reduction of symmetries by the
inclusion of the magnetization. In PrAlGe, the magnetization
along the ¢ axis leads to one inequivalent W 1, two inequivalent
W2, and two inequivalent W3 Weyl nodes. In addition, we
find that the inclusion of ferromagnetization in PrAlGe may
introduce new Weyl nodes, which we denote as the W4 nodes
[Figs. 3(c)-3(e)]. The chiral charges of the Weyl points in
RAIGe are determined by the net Berry flux passing through
the two-dimensional (2D) manifold that encloses the Weyl
fermions [8].

In order to understand how the Weyl nodes are shifted by
the magnetization, we discuss the symmetry constraints in the
presence of the ferromagnetic order in CeAlGe and PrAlGe.

In CeAlGe, the magnetization is oriented along the a axis.
Both 7 and C; reverse this in-plane magnetization. However,
their product C,7 is still a symmetry of the magnetic system,
and the same is true for M. Thus, all symmetry-nonequivalent
Weyl nodes are found in the k, > 0 part of the BZ depicted in
Fig. 3(b). Due to C,7, all W1- and W3-derived Weyl nodes
are still pinned to k, = 0, and the W2-derived nodes are found
in %k, pairs. It is also interesting to note that the movement of
all the Weyl nodes in the vicinity of the M, (]| k;) mirror plane
(Wll, le, W22, and W23) is much more significant than those
of the M.(||k,) mirror plane (W3, W,4, Wzl, and W24). This
phenomenon is also symmetry related. Specifically, the Weyl
nodes near the M,(]|k,) mirror plane are roughly stationary
upon magnetization because the symmetries C,7 and M, are
the only constraints to the effective Hamiltonian near the M,
mirror plane [10,11]. However, this term turns out to be only
relevant for the energy but not for the position of the Weyl
nodes. The detailed information of the Weyl nodes including
the momentum space locations, the energies, and the type, is
shown in the Supplemental Material, Sec. C [66].

In PrAlGe, the magnetization is oriented along z. Both 7~
and any of the mirror and glide mirror symmetries reverse
this magnetization. However, their products, e.g., 7 M,, are
still a symmetry of the magnetic system. Furthermore, C5, and
Cy4, are preserved by the magnetization. Thus, all symmetry-
nonequivalent Weyl nodes are found in a quadrant of the BZ
depicted in Fig. 3(d). The main difference to LaAlGe is that
C,.T symmetry is broken. As a result, we expect the W1 and
W3 Weyl nodes to move along the k, direction and become
no longer pinned to k, = 0. On the other hand, the W2 Weyl
nodes are expected to stop appearing in £k, pairs.

Our theoretical discovery of CeAlGe and PrAlGe reveals
a new route for realizing 7 -breaking Weyl fermions. The
traditional and commonly accepted proposal for realizing 7T -
breaking Weyl fermions is to break the time-reversal symmetry
of a 3D Dirac fermion system as shown in Figs. 4(a) and
4(b). In this way, the Weyl fermions actually arise from the
breaking of the time-reversal symmetry. We can qualitatively
understand the anomalous Hall effect. As shown in Fig. 4(b),
we consider the Chern number of a series of (k,,k;) 2D slices
at different k, intercepts. Any slice between the left boundary
of the BZ and the first dotted line has a Chern number of 0.
As we continue sweeping the (k,,k.) slice to the right, we pass
through the blue Weyl node, and therefore the Chern number
changes by 1. Consequently, a slice between the first dotted
line and the second dotted line has a Chern number of 1.
Then we pass the red Weyl node, and the Chern number of
a slice between the second dotted line and the right boundary
of the BZ is 0. As a result, the Chern number averaged over
all k,’s in the BZ is nonzero, which demonstrates the existence
of an anomalous Hall effect. It can be checked that this simple
consideration carries over to CeAlGe and PrAlGe despite the
presence of additional symmetries, and an anomalous Hall
effect is expected on the plane perpendicular to the respective
magnetization. By contrast, in the Dirac semimetal case in
Fig. 4(a), the Chern number of any slice is zero, consistent
with the fact that Dirac semimetals do not show anomalous
Hall conductance. In terms of experimental realization, this
proposal means that one needs to introduce magnetism to a
Dirac semimetal system, such as TIBi(S;_, Se,),, Cd3As,, and
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FIG. 3. Weyl fermions in LaAlGe, CeAlGe, and PrAlGe. (a) and (c) Weyl nodes (denoted by W 3) in the first BZ of CeAlGe and PrAlGe with
SOC. The arrows indicate the magnetization orientation. The red and blue dots denote the new Weyl nodes (W4) generated by the magnetization
of the f orbitals of Pr. (b) Projection of the Weyl nodes on the (001) surface Brillouin zone (SBZ) of CeAlGe. The configuration of the other
half of the SBZ can be obtained by considering mirror symmetry. (d) and (e) The same as in (b) but for PrAlGe. (f)—(h) Schematics of the band
dispersion of the Weyl fermions in LaAlGe, CeAlGe, and PrAlGe, respectively.

Naj3Bi. Since these materials are nonmagnetic, one will need to
dope the system with magnetic dopants, which has been proven
to be quite difficult. It is also challenging to systematically
study the band structure of the magnetically doped system
through first-principles calculations.

We now elaborate on our new route for realizing 7 -breaking
Weyl fermions as demonstrated in CeAlGe and PrAlGe. Rather
than starting from a Dirac semimetal, we start from a space-
inversion- (Z-) breaking Weyl semimetal. As schematically
shown in Fig. 4(c), two pairs of Weyl nodes are generated
by the breaking of space inversion symmetry. In this case,
magnetization is only responsible for shifting the momentum
space location of the Weyl nodes. We note that a 7 -breaking
Weyl semimetal is defined as the breaking of the time-reversal
symmetry in terms of the Weyl node configuration. Specif-
ically, Weyl nodes of the same chirality cannot appear at
opposite momenta (+k). Therefore, although in this case the
Weyl fermions do not arise from ferromagnetism, the system in
Fig. 4(d) still counts as a T -breaking Weyl semimetal. This can
also be seen by studying the Chern number of the (k,,k;) 2D

slices. As shown in Figs. 4(c) and 4(d), introducing magnetism
leads to a finite k, range at which the Chern number of the
(ky,k;) 2D slice is nonzero. This also suggests the existence of
anomalous Hall conductance in the system shown in Fig. 4(d).
We emphasize a number of advantages of this new route.
Introducing magnetism is performed by going from LaAlGe to
CeAlGe or PrAlGe rather than doping. This not only avoids the
complicated doping processes, but also enables systematically
understanding the band structure in calculations as we have
achieved here. Furthermore, our results demonstrate an entirely
different way to search for 7 -breaking Weyl semimetals in the
future, i.e., to look for the isochemical ferromagnetic cousin
compounds of an Z-breaking Weyl semimetal.

Finally, we highlight the tunability of the RAIGe family.
As we have shown here, the low-energy band structures
of LaAlGe, CeAlGe, and PrAlGe realize the Z-breaking
type-1I, the T -breaking type-II, and the 7T -breaking type-I
Weyl fermions. Moreover, n (electron) doping can be achieved
by changing the ratio between Al and Ge, i.e., RAl;_,Ge;,
[60]. In the weak-disorder limit (x < 1), which cannot localize
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FIG. 4. A new route for generating magnetic Weyl fermions.
(a) and (b) The Dirac node in a Dirac semimetal splits into a pair of
Weyl nodes upon the inclusion of a magnetic field. The Weyl nodes
are connected by a Fermi arc surface state. (c) and (d) Two pairs of
Weyl nodes are present in an inversion-breaking Weyl semimetal. The
Weyl nodes are shifted in momentum space upon the inclusion of a
magnetic field, generating regions in k space with a nonzero Chern
number.

the conduction electrons from the Weyl fermions [67,68], the
doping will enable one to access other Weyl nodes that are
above the Fermi level [Figs. 3(f)-3(h)]. In general, RAIGe is

an extremely rich system that enables one to systematically
study all types of Weyl fermions in a single family.
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