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We extend the microscopic Fermi-liquid theory for the Anderson impurity [Phys. Rev. B 64, 153305 (2001)]
to explore nonequilibrium transport at finite magnetic fields. Using the Ward identities in the Keldysh formalism
with the analytic and antisymmetric properties of the vertex function, the spin-dependent Fermi-liquid corrections
of order T? and (eV)? are determined at low temperatures T and low bias voltages eV. Away from half filling,
these corrections can be expressed in terms of the linear and nonlinear static susceptibilities which represent the
two-body and three-body fluctuations, respectively. We calculate the nonlinear susceptibilities using the numerical
renormalization group, to explore the differential conductance d1/dV through a quantum dot. We find that the
two-body fluctuations dominate the corrections in the Kondo regime at zero magnetic field. The contribution of
the three-body fluctuations becomes significant far away from half filling, especially in the valence-fluctuation
regime and empty-orbital regimes. In finite magnetic fields, the three-body contributions become comparable to
the two-body contributions, and play an essential role in the splitting of the zero-bias conductance peak occurring
at a magnetic field of the order of the Kondo energy scale. We also apply our microscopic formulation to the

magnetoresistance and thermal conductivity of dilute magnetic alloys away from half filling.
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I. INTRODUCTION

It has already been more than forty years since Nozieres’
phenomenological Fermi-liquid theory for the Kondo sys-
tem [1] and the corresponding microscopic description of
Yamada-Yosida [2-5] successfully explained the universal
low-energy behavior, which had been clarified by Wilson’s
numerical normalization group (NRG) [6-8]. Recently, there
has been a significant breakthrough, which extends Nozieres’
phenomenological description and reveals higher-order Fermi-
liquid corrections in the particle-hole asymmetric case [9,10].
Specifically, Filippone, Moca, von Delft, and Mora (FMvDM)
have presented the low-energy asymptotic form of the Green’s
function G, (w) up to terms of order w?, T?, and (eV)?, at
finite temperatures 7, bias voltages V, and magnetic fields
[10]. It shed light on a long standing problem in the Kondo
physics away from half filling, which has been studied for
dilute magnetic alloys [1-5] and quantum dots [11-14].

In the previous two papers [15,16], we provided a mi-
croscopic description for the higher-order Fermi-liquid cor-
rections away from half filling, extending the approach of
Yamada-Yosida using Ward identities. We have shown that
the next-leading Fermi-liquid corrections, which cannot be
neglected away from half filling, are deduced from one of the
key features of the vertex function for parallel spins: the w-
linear term of I'y4.54 (w,0; 0,) becomes pure imaginary with
noreal partat 7 = 0 and eV = 0. The additional Fermi-liquid
parameters can be expressed in terms of the static three-body
correlation functions of the impurity occupations, i.e., n4,’s.
The first paper is a letter, in which we have described an
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overview of the results that follow from this property [15]. It has
been proved in the second paper, hereafter referred to as paper
11, that the fermionic antisymmetry property causes the absence
of an w-linear term in the real part of [';5 .54 (@,0; 0,0) [16]. In
addition, we have also calculated the »? and T2 real part of the
self-energy at equilibrium using the Matsubara imaginary-time
Green'’s function [10].

In the present paper, we continue the precise discussion
started in paper II. We microscopically derive the low-energy
asymptotic form of the Keldysh Green’s function, extending
the nonequilibrium Ward identities for finite magnetic fields
[12]. We also calculate the Fermi-liquid corrections to transport
through a quantum dot [11,17-20] and also thermoelectric
transport [21,22] in dilute magnetic alloys away from half
filling. In addition, we apply the microscopic description to
the multiorbital case with N impurity components, and present
the precise form of the expansion coefficients for the self-
energy. The result of the order w? real part of the self-energy,
which has been deduced from the Ward identity, completely
agrees with the FMvDM’s formula [10]. There is, however, a
discrepancy in the coefficient of the order 72 and (eV)? real
part for finite magnetic fields. As it affects calculations for
the magnetotransport coefficients, we also provide a detailed
comparison between our results and those of FMvDM.

In order to see how the higher-order Fermi-liquid param-
eters evolve as the system deviates from the particle-hole
symmetric point, we also explore some typical cases using
the NRG. The corrections away from the symmetric case
are determined not only by the two-body fluctuations which
enter through the linear susceptibilities x,, but the three-body
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fluctuations described by the static nonlinear susceptibilities
Xﬂm;' Specifically, we see that each of these two types of
the fluctuations contributes to the 72 and (eV)? Fermi-liquid
corrections for the conductance through a quantum dot away
from half filling, and also at finite magnetic fields. The result
shows that at zero field the contributions of the two-body fluc-
tuations dominate in the Kondo regime, whereas the three-body
fluctuations are significant in valence fluctuation and empty-
orbital regimes. In contrast, in the case where a magnetic
field is applied to the Kondo regime, both the two-body and
three-body fluctuations give comparable contributions to the
T? and (eV)? corrections. We also discuss how these two types
of fluctuations contribute to the T'? corrections of the electric
resistance and thermal conductivity of the dilute magnetic
alloys.

The paper is organized as follows. In Sec. II, static nonlinear
susceptibilities and the Ward identities which have been de-
scribed in paper II are summarized. The nonequilibrium Ward
identities for finite magnetic fields are derived in Sec. III. The
results for the asymptotic form of the retarded self-energy is
described in Sec. IV. Then, in Sec. V, differential conductance
of quantum dot is discussed at symmetric tunneling couplings.
In Sec. VI, we apply the microscopic Fermi-liquid description
to thermoelectric transport of dilute magnetic alloy away from
half filling. A summary is given in Sec. VIL

II. FORMULATION AND SUMMARY OF EQUILIBRIUM
PROPERTIES

We study the transport properties in the Fermi-liquid regime
away from half filling in this paper. We consider the single
Anderson impurity coupled to two noninteracting leads: ‘H =

Ha +He + Hr,

M=) €45 +Unaynay, 2.1)
’ D
He= D Y / deec!, c.,, . (2.2)
Aa=L,R o YD
Hr = Z Z v*(l/j;[.,add + d;w)»,a)' (2.3)
A=L,R o

Here, d! creates an impurity electron with spin o in the
impurity level of energy €,,, and ng, = dj:dg. U is the
Coulomb interaction between electrons occupying the im-
purity level. Conduction electrons in the two leads at A =

L and R obey the anticommutation relation {c,, ,cl,,.} =
80 855:8(e — €’). The linear combination of the conduction
electrons, V, , = ff)D de /p. c.;, With p, = 1/(2D), couples
to the impurity level. The bare width is givenby A =T'p +T'x
with [ = np(,v,%. We consider the parameter region, where
the half-bandwidth D is much greater than the other energy
scales, D > max(U,A,le, |,|o|,T,eV). For finite magnetic
fields A, the impurity energy takes the form €,, =€, —oh,
where 0 = +1 (—1) for 1 (}) spin. The relation between the
differentiations is
d a a a a a

-2, 2 2__2 4 % (4
aéd BGdT + 86(“ oh BEdT + a€d¢ ( )

9 _1cd 59
and 57 = 3(35 — 9 3)

A. Local Fermi-liquid parameters in equilibrium
1. Free energy 2 and Green’s functionat T =0

The low-bias behavior of the self-energy can be deduced
from the equilibrium quantities. Specifically, at T = 0 and
eV =0, the usual zero-temperature formalism is applicable
to the causal Green’s function defined with respect to the
equilibrium ground state,

Gogol@) = —i /OO dt "' (Td_(1)d]}(0))

oo

1
= - . 2.5)
w— €45 +iAsgnw — E;]jo(a))

The corresponding 7 = Oretarded Green’s function is given by
G o(@) = 0(0)Gyy  (w) + 9(—w){G;lfa(w)}*, where 6(w)
is the Heaviside step function. The density of states for impurity
electrons is defined by
1

Oyo (@) = — - Im G, , (). (2.6)
We will write the density of states at the Fermi energy @ = 0 in
the following way, suppressing the frequency argument p,, =

0,4, (0) = sin 8, /7 A, where
€40 T Teq,s(0)
|

The phase shift §, is a primary parameter which characterizes
the Fermi-liquid ground state. The Friedel sum rule relates the
phase shift to the occupation number which also corresponds

8y = cot! [ 2.7)

to the first derivative of the free energy Q = —7 In [Tre~ /7],
02 7150 b

(Ngo) = —_— —. (2.8)
o€y, 7

2. Second derivative of

The leading Fermi-liquid corrections can be described by
the static susceptibilities following Yamada and Yosida [2]:

0°Q 0(nas) 10

Xoo' = — ==
0e . 0€,,

Pdo 5(00" (29)

8640/

Note that x, | = x,,. The renormalization factors are defined
by

~ X, ,0) 1 AT (o)
Xoo' = 817(7’ + Re -, —=1-— o7 .
€45 Zg ow 00

(2.10)

The susceptibility can be written as a static two-body correla-
tion function

T
Xoor = / dt (8ng4o (1) dnys), (2.11)
0

where 8ng, = ngs — (n4s). The usual spin and charge suscep-
tibilities are given by

R

Xe = =5 =X T X0 Xy F Xy (2.122)
e 1

6=z = 20 Fy— oy — ). (2120)
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The free energy €2 is an even function of the field .
Therefore y. and y; are also even functions of /. Furthermore,
X+, is an even function of &,

’Q 1 (829 9’Q
m=xm=—g———="7l77 " 77
de;  0h?

— = . (213
aedTE)e(u 4 ) ( )

Similarly, x44 + x,, is an even function of &, and x4y — X,
is an odd function of A:

1/9°Q  0°Q
=3 Ge T )

d [0
XM_XNZE an )

Therefore x4y = x, at zero field h = 0.

(2.14a)

(2.14b)

3. Third derivative of
The next leading Fermi-liquid corrections are determined
by the static nonlinear susceptibilities, as we will describe later,

Bl 33Q 0 Xy

(2.15)

X”l(72(73 -

aedo'] 36d0286d0'3 aedo']

Italso corresponds to the thee-body correlations of the impurity
occupation

T
R / drs / 1 (T3040, (13) 11y (T2) 11y ).
0 0

(2.16)
Similarly, the nth derivative of Q for n =4,5,6--- corre-
sponds to the n-body correlation function x ([,’]1(]7203,__. The Fermi-

liquid corrections can be classified according to n, and the
derivative of the Ward identity reveals a hierarchy of Fermi-
liquid relations, as described in the next section.

The n-body correlation function have permutation sym-
metry for the spin indexes x!"} =yl =yl =
-+, and thus it has n 4+ 1 independent components at finite
magnetic fields. There are four independent components for

the n = 3 case:

Oty _ L(Bx _ dxn noo Loxn 0
de,, 2\ e, oh 29¢ 7
0 Xoo _ 0 Xoo _ X1y h—>0  9Xpp _ laXN (2.18)

0€,, de, o€y, de;, 2 Oe,

for o = 1,]. At zero field 2 = 0, only two components are
inc.lepende.nt because XET]T = Xﬁ] , and XPT] L= XR] | due tp the
spin rotation symmetry, and dx4,/dh vanishes as x;, is an
even function of /. Furthermore, in the particle-hole symmetric
case forwhich&; = €; + U/2 — 0, the phase shift reaches the
unitary limit value 8, — 7. Then the charge susceptibility x.
and spin susceptibility y, take a minimum and a maximum,

respectively, and thus

X1t

9
IS (2.19)
36d h=0 aéd h=0

£4=0 &=0

The derivative of the renormalization factors X,, can also
be written in terms of the susceptibilities,

aN(T 0 l a 010
oo _ ooy + 27 0t 8o, Xg03 X0y, |- (2-20)
86d03 pdm ’

Note that the derivative of the density of states with respect to
the frequency and that with respect to the impurity level can
also be written as

, g

— = ——2 =271 C0t 85 Xo0 Py, (2.21)

ow

=0
Furthermore, the derivative of X, has the permutation sym-
metry for the spin indexes in a constrained way
2 ~ ~
a E;q.a(o) _ aXom _ 8)(002
aed(rzaedm aed(rz aed(rl

(2.22)
namely, the spin indexes other than o can be exchanged.

B. Ward identities at equilibrium ground state

The Ward identity for the causal Green’s function for the
equilibrium ground state, at 7 = 0, follows from the local
current conservation for each spin component o [2,5],

8E%Tg(w) 00X~ (w) _

eq,o
dw I

- Fao’;a’a (@0,0;0,w) P’
(2.23)

oo

where ['y5/.070 (0,0"; @, ) is the vertex function for the causal
Green’s function in the 7 = 0 formalism. The Ward identity
describes a relation between the vertex function and the
differential coefficients of the self-energy.

1. Leading Fermi-liquid corrections

At the Fermi energy w = 0, the Ward identity represents
the Fermi-liquid relation of Yamada-Yosida [2,5], i.e., the
antiparallel 0’ = —o and the parallel o’ = o spin components
of Eq. (2.23) can be written as

1
- = )7(7(% (2.24)
Z

o

Xre = —PayPay T'11:41(0,0:0,0),

Note that FT¢§¢T(O’O; 0,0) = FiTlTi(O’O; 0,0), and
I'56:66(0,0;0,0) = 0. These parameters also determine
low-energy properties of quasiparticles. The residual
interaction U and renormalized density of states p,, are
given by [23],

(2.25)

~ ~ J%
U =22,T110,0:00), By =~ = Yoo
o

In addition, the Wilson ratio Ry, and characteristic energy scale
T* which at zero field corresponds to the Kondo temperature
can be defined in the form

Ry =1+ /P, U =1-4T"y, . (2.262)
L1
T"= ———. (2.26b)
pvZeTv
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2. Higher-order Fermi-liquid correction at T = 0

Most of our recent results for the higher-order Fermi-liquid
corrections follow from an important property of the vertex
function for the parallel spins ['y4.00(@,0;0,m), ie., its @-
linear part does not have an analytic real component but has a
pure imaginary nonanalytic |w| component,

Ty p00(@.0:0,0)p7, =i x7, @ sgn(®) + O(w?). (2.27)

From this property of the vertex correction, the order w? term
of the self-energy can also be deduced, taking a derivative of
Eq. (2.23) with respect to w,

CED Il (5) X, 2
T oeqot® ) oo i X onw). (2.28)
dw? 0 aedo Pdo

Furthermore, the vertex function for the antiparallel spins can
be calculated up to the w? contributions, using the Ward identity
Eq. (2.23) again,

Fa-fa';fa'a(a)’O; 0,0)) Iodalod,fa
)?a,fa

= XN T Pag @
do

2
2 son(w) |@? + 0(w?).
86(1(; Pdo

(2.29)

C. Asymptotic form of T,,r.57, (@,0'; @ ,0) and T? corrections

We have shown in paper II that the low-frequency behavior
of the vertex corrections with two independent frequencies
Fooroo(iw,io';ie iw) can also be described by the Fermi-
liquid theory up to the linear terms in iw and iw’. The results
which were described using the Matsubara formalism can be
converted into the real-frequency expressions in terms of the
T = 0 causal Green’s functions:

FUU;O—U(G),G)/;CO/,Q)) 1050 = inx%i | — a)/| +oeen (230)
I‘(,,_(,;_U,(,(w,w’;w',w) PicPd,—o
8)7 o,—0 X 0,0
= =Xt + Pao OF Py gy — @
3 de d -0
+im Xw(|w—w|— o+ ')+ (2.31)

This asymptotically exact result captures the essential features
of the Fermi liquid, and is analogous to Landau’s quasiparti-
cle interaction f(po,p’c’) and Nozieres’ function ¢, (g,&")
[1,24]. One important difference is that the vertex function also
has the nonanalytic imaginary part which directly determines
the damping of the quasiparticles.

We have also reexamined the finite-temperature corrections
in paper II. We have obtain a simplified formula, with which the
leading 7% contribution of the retarded self-energy Eeq (0, T)
can be deduced from the derivative of Ty 5570 (@, 0"; @', @) with
respect to the intermediate frequency w':

(xT)
6

(w,T) — ,0) = U’ () + O(T*).

(2.32)

eqa eqa(

Here, W/ (w) is a retarded function. The corresponding causal
function is given by

Z Lootora(@,0; 0, 0)p g ().

(2.33)

U, (0) = m e

Equation (2.32) shows that this function determines the T2
corrections as W (w) = V" (w) for w > 0, and ¥/ (w) =
(v ~(w)}* for w < 0. The zero-frequency limit can be cal-
culated, substituting the double-frequency expansion of the
vertex functions Egs. (2.30) and (2.31) into Eq. (2.33):

2

1 0 X
LS i3g 2k sgn(w).
86d —0 Pas

hm V. (w) = (2.34)

In Appendix A, we provide an alternative derivation which
is also applicable to the multiorbital case. We will discuss
in the next section an exact relation between the 72 and the
(eV)? contributions which was first pointed out by FMvMD
[10] In our formulation, it follows from an identity ¥~ (w) =
—(w), given in Eq. (3.13).

eqo

III. NONEQUILIBRIUM FERMI-LIQUID RELATIONS AT
FINITE MAGNETIC FIELDS

The higher-order Fermi-liquid corrections, summarized in
the previous section for thermal equilibrium, are described
in terms of the differential coefficients which are taken
with respect to the spin-dependent impurity level €, . The
nonequilibrium Ward identities were previously obtained for
the spin SU(2) symmetric case, and were used to calculate
nonlinear conductance through a quantum dot at low bias
voltages [12]. In the formulation, the impurity-level derivatives
were taken with respect to the sum €, = €44 T €4, that does
not distinguish the two spin components. In this section, we
describe how the previous formulation can be extended at finite
magnetic fields. Using the extended identities, we calculate
the Fermi-liquid corrections to magnetoconductance through
a quantum dot, and also provide transport coefficients for the
thermoelectric transport of dilute magnetic alloys.

We use the Keldysh Green’s function [25] for impurity
electrons,

G, (t1.n) = —i (Td, (1) d} (1)), (3.1a)
G M (n.n) = —i (Td, (1) dl (1)), (3.1b)
G (t.0) = —i (d, (1) d} (1)), (3.1c)
G, M (t.0) = i (di(h)d, (1)) (3.1d)

Nonequilibrium steady state driven by the bias voltage eV
can be described using the noninteracting Green’s function, the
Fourier transform of which is given by [26]

Gy, (@) = [1 = fer(@)]Gp, (@) + fes(@) G, (@), (3.22)

Goy (@) = — ferr(@) G, (@) — [1 = ferr(@)1G, (@), (3.2b)
Goy (@) = = ferr(@)[ G, (@) = G, (@)], (3.20)
Giy (@) = [1 = ferr(@)][ Gy (@) — G, (@)]. (3.2d)
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The retarded and the advanced Green’s functions are written
explicitly in the following form:
00 (@) : (3.3)
w) = , .
00 w— €y +i(TL +Tg)
and G§, (w) = {G},(w)}". Similarly, the Fourier transform
of the causal Green’s function G, and its time- reversal
counter part Gar are related to each other through G, (a))
—{Gaa_(a))}*. One of the most important properties of these
Green functions is that both the bias voltage eV and tempera-
ture T enter through a local distribution function for impurity
electrons,

Jr(@) T + fr(w)Tr
'y +Tg ’

Here, f1/r(w) = f(o — py ) and f(w) = [e“/TH1]71 is the
Fermi function. We choose the chemical potentials such that
ur =oareV, ug = —ageV, and op + ag = 1. The parame-
ters «;, and ag specify how the bias is applied relative to the
Fermi level at equilibrium & = 0.

fett (@) = G4

A. Ward identities for the Keldysh Green’s functions
at finite magnetic fields

The corresponding self-energy satisfies the Dyson equation
of a matrix form, G,' = G;! — _,

G,- G,* DI s
In the Keldysh formalism, the dependence of X on the bias
voltage and temperature enters through the internal G, ’s, each
of which accompanies the nonequilibrium distribution fe(w).

Therefore the first few differential coefficients of this function
play a central role in low-energy properties,

Uferr(@) _ arl'r frl@) —arly fL/(w), (3.62)
deV) F'r+T;
O fer(@) _ oapTr fi@) t il fi@) o0
d(eV)? F'r+T17¢

Note that the low-energy limit of these two derivatives do
not depend on the order to take the limits eV — 0 and w — O,

im Wett(e + @) _ —u 3f(8)’ (3.7a)
o0 a(eV) de
2 2
im 0" feti(e + @) _ . 0 f(S)' (3.7b)
o T eV ) PYS)

eV—0

Here, ¢ is an arbitrary frequency argument, which for our
purpose can be regarded as an internal frequency of a Feynman
diagram. The coefficients are defined by

o = O[LFL —OlRFR ‘= OleL +O[%QFR
T4+l 7 Tp+Tr
and thus k — o2 = I, FR/(FL + FR)Z.

The differential coefficients of E;”/(w) with respect to eV
can be calculated by taking derivatives of the internal Green’s
functions in the Feynman diagrams for the self-energy. To be
specific, we assign the internal frequencies €’s in a way such

(3.8)

that every internal propagator carries the external frequency w.
Then the eV derivative of the noninteracting Green’s function
can be rewritten as a linear combination of the w derivative
and the €, derivative which includes both spin components,
0/0€, = 0/0€,, +0/0€,,

G (e + B 9
% - _a<£ + 86d>63“eqa(e + ),
(3.92)
82G5" (e +w) 9 3 \?
W - = K<£ + Bed) Oeqa(s + w).
(3.9b)

Here, the label “eq” represents the “equilibrium” limit,
Gg‘gqa = Gy, |,y—o- The right-hand side of Egs. (3.9a) and
(3.9b) have been expressed in terms of the equilibrium Green’s

functions, which can be calculated further, as

9 9 "
v +— o, GOeq(,(erw)

3f(8+w)

= _—[ 6:eq,a(8 + a)) - (a):eq,<7("3 + w)]’

ow
(3.10a)
3 9\
% + x Oeq (T(E + w)
Pfe+o) , .
= _T[ O:eq,a(8 + w) - O:eq,a(8 + w)]

(3.10b)

These relations between the derivatives of the noninteract-
ing Green’s functions at finite magnetic fields keep the same
form as those at & = 0 [12]. Nevertheless, it is necessary
for taking a variational derivative with respect to the internal
Green’s functions to keep track of the spin index o.

The first two differential coefficients of X, (w) with respect
to eV can be expressed in the following form, using Egs. (3.9a)
and (3.9b) for the derivatives of internal lines in the self-energy
diagrams

= —a(i + i)):eq,(,(w), (3.11a)
eV=0

8(8‘/) dw 8€d
3’ s (w) 2 9 5 \2
0 &o\W) Kl -
aeV)? <3 + 3Ed) eqo (@)
r,r ~
ﬁDzze%a(w)- (3.11b)
L R

Here, Xeg0(w) = Xy(w)l,y—g, and thus the right-hand
side of Egs. (3.11a) and (3.11b) are written in terms of the
equilibrium self-energy. The operator D? takes the second
derivative (3/0w + 3/d€,)* for each single internal Green’s
function of the Feynman diagrams for Xq o (w) [12].

Specifically at zero temperature, the standard 7 = 0 dia-
grammatic formulation, which only needs the causal Green’s
function is applicable, and the right-hand side of Eqgs. (3.11a)
and (3.11b) can be calculated further. Taking the variational
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derivative of ¥__ component with respect to the internal
Green’s functions and then using Egs. (3.10a) and (3.10b),
we obtain the following two identities:

2 0 s
w
dw | e €]
__Zfdw Frr(r (r(r(ww a) a))pd(x(w)[
- - Z F(ra’;a’a(a)v(); O»w) pdg’(0)7

o’

D2 Do (@)

af(w)}

(3.12a)

82 ’
- Z do’ F””/;”/” (w’w/; CL)/,a)) ;Oda’(w,) _L(;)
o’ oo’

(3.12b)

d
= §: F FUC";O"O‘(wsw/; a)/,a)) pda’(w/)
— w w'=0

The first one corresponds to the Ward identity given in

Eq. (2.23). The second identity shows that D*% Yigo (@) is
identical to the correlation function W~ (w):
Dzzgq;(w) =V " (w). (3.13)

Thus the (eV)? contribution emerging through the second term
of Eq. (3.11b) and the T contribution determined by Eq. (2.32)
appear in the self-energy as a linear combination,

IiTr (eV)Y?  (aT)?
(T, +Tg* 2 6

Although this was known for the imaginary part [11,12], it
has not been recognized until recently that the 72 and (eV)?
contributions of the real part of the self-energy are determined
by the same processes. This was first pointed out by FMvDM,
using the Nozieres’ phenomenological description [10]. Our
description provides an alternative microscopic proof.

The common coefficient for the set of the (¢V)? and T2
contributions can be calculated taking the w — 0 limit for
Eq. (3.13), and the result corresponding to Eq. (2.34) is given
by

(3.14)

2
lim D’ () = L i3 X ene). 3u15)
=0 , Pdc 8Edﬁ0’ Pdo

See Appendix A for the details, where a general proof ap-

plied to multiorbital Anderson impurity with N components

o=12,...,N is given using the T =0 causal-Green’s-
function formulation. The nonanalytic sgn(w) dependence in
the imaginary part of Eq. (3.15) reflects the behavior caused
by the branch cuts of the vertex function [yy.50 (@,0"; @', @)
along w — @' =0 and w + @' = 0 [5,16,27,28]. This imag-
inary part generalizes the previous result [12] obtained at

h = 0 to finite magnetic fields. It also agrees with the corre-

sponding FMvDM’s formula [10], and with the second-order-

renormalized-perturbation result as well [29].

There is, however, a discrepancy in the real part at finite
magnetic fields. We give a detailed comparison between
FMvDM’s result and ours in Appendix C. In our diagrammatic
formulation, Eq. (3.15) has been deduced from Eq. (3.13).

The antisymmetry property of the vertex function imposes
a strong restriction on the intermediate states, i.e., in the
summation over ¢’ in Eq. (3.13) the contribution of ¢’ =
o component vanishes because of I'55.55(0,0;0,0) =0 and
Re 0T 44560 (0,0'; @' ,0)/00 | y—o = 0, as shown in Appendix
A. Thus, for the N = 2 spin Anderson model, the intermediate
state must be unique, i.e., the spin 0’ = —o state, and it gives
a finite contribution (1/p,,) 0 Xoo'/0€45'-

B. Additional eV, weV, and (eV)? contributions emerging for
the case of « # 0

In the situation where o # 0, the self-energy also captures
the terms of order eV, weV, and an additional (eV)? contri-
bution emerging through the first term in the right-hand side
of Eq. (3.11b). We calculate the coefficients for these terms
in the following, using the low-energy asymptotic form of
600 (@,0;0,w), given in Egs. (2.27) and (2.29).

The order eV contribution is determined by Egs. (3.11a) and
(3.12a). Using the explicit form of the vertex function given in
Egs. (2.27) and (2.29), we obtain

0T (w) ) d Gl __
o 2 = —alim [+ — )2 (@)
V=0 0=0\dw ¢, v

lim
w0 d(eV)
(04 Z Fmr/;a/a (0’ 0; an) lod(;’

(3.16)

= —u XU,*O"

The order weV contribution can also be deduced from
Egs. (3.11a) and (3.12a), using Egs. (2.27) and (2.29),

.0 [0X] (w)
lim —| —2——~
0=>00w | 9(eV) J,v_o
y 9 [0 4 0 £ (@)
=—alim —| — + — 1)
o—>0dw \dw  d€,) 7

—ozhm—zr‘,m o0 (@,0;0,0) pyg0

w—0 0w
%o :
—o| oo i Mo |, (3.17)
86110 loda

The additional (e V)? contribution, which enters through the
a? term in Eq. (3.11b), can be deduced from Egs. (3.12a) using
Egs. (2.27) and (2.29):

o? lim< 9 + 0 >22__(a))

w—>0\ dw o€ d o
= —a? lim (i + i) Z Coorio0 (@,0;0,0) pyp
w—>0\ dw 8ed p ? o

%00 ;
:a2|: Xomo _ nx—sgn(w):|

aed,fo' pda

(3.18)

IV. LOW-ENERGY ASYMPTOTIC FORM
OF SELF-ENERGY

The low-energy behavior of the retarded self-energy for
finite magnetic field X (w,T,eV) can be deduced exactly up
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to terms of order w?, T? and (eV)?, from the results given in
Egs. (2.28) and (2.32)—(2.34) for equilibrium, and Eqgs. (3.13)

J

Im S (w0, T,eV) = 7,

- = — [(w aeV ) +

and (3.16)—(3.18) for finite bias voltages. The imaginary part
can be expressed in the form

3 FLFR

2 2
T, 1 T2 (eV)y +(@T) j| +

A.1)

The spin dependence enters through the density of states p,,, in the prefactor

Owing to the recent knowledge about the double derivative Re 8>%

~ /dw? described in Eq. (2.28), the real part of the

self-energy can also be expressed in terms of the susceptibilities, or renormallzed parameters for the quasiparticles,

1 oo 1 REK: ar.r
€io +Re (0. ToeV) = A cot8y + (1 — Foo)w + = 27 42 X4 [ LR (eV)2+(7rT)2j|
2 Oey, 6 pdg' d€4,—o L(T'L +Tg)
~ a~ 8 o,—0
— FpoaeV + eV + = 220 2V + 4.2)
' €io 2 0€4 o
At zero magnetic field & = 0, the real part can be rewritten in the following form, using Eqs. (2.17)-(2.20):
€, +Re X (w,T,eV)
1 (9x 1dx 1 190 ar,r
———)Acot(S—l-(l—XM)w—}- ( M 2N 2 cot s )(%)w + —=— XN|: LR 2(e\/)z—i—(7rT)2i|
20, \ 0¢€q 2 ey 12 pg 9¢eq | (I'p +TR)
(1 aXN 1 1 BXN 2 2 2
_ XNO‘eV + — <2 de, + 2m cotd XMXN>0lve + %(E be, + 2m cot$ XN)“ (eV)-. 4.3)
[

This expression agrees with the previous result, Eq. (19)
of Ref. [12] as shown in Appendix D. The higher-order {G;(a),T,eV)}’1 =w-—[e,;,, +Re X (w,T,eV)]
fluctuations emerging away from half filling enter through A p
dx41/0€, and d x, | /d€, at zero-magnetic field, and these two +ilA—ImZ; (@, T.eV)l, G-
parameters can also be written in terms of the wave-function 1 ,
renormalization factor z = 1/44 and the Wilson ratio: Ay(w,T.eV) = T ImG,(@,T,eV). (5.2)

dlIn dlnz dIn
i _ 232, 1A 4.4)
de, de, de,
dIn(— a1 oln(R,, — 1
n(—x4y) _ 9lnxpy n n(Ry, ), 4.5)
de, de, de,
a1
P4 — 22— Ryy) xp1 cot 8. (4.6)
de,
Figure 1 shows the €, dependence of sin® §, Ry —1,and z at

zero field 7 = 0 obtained with the NRG [29]. Correspondingly,
their logarithmic derivatives with respect to €, are shown in
Fig. 2. The derivative of the density of states p,; = sin? 8/ A
is obtained using Eq. (4.6) while the derivatives 0 In z/d€,; and
d1n(Ry, — 1)/0€, are numerically evaluated from the discrete
NRG data for z and Ry,. These derivatives with respect to €,
are enhanced near the two valence-fluctuation regions ate; >~ 0
and at €, > —U. Note that the logarithmic derivatives can be
related to the B functions for renormalization group equations
[30].

V. NONEQUILIBRIUM TRANSPORT THROUGH A
QUANTUM DOT

We apply the low-energy asymptotic form of the self-
energy obtained in the above to the nonequilibrium current
I through quantum dots [11,17-19]. The retarded Green’s
function G, (w,T,eV) and the spectral function A_(w,T,eV)
can be obtained from Eqgs. (4.1) and (4.2):

Note that p, (w) = A, (w,0,0). Then, the current I can be
calculated using the Meir-Wingreen formula [11,20],

4r,. 1T
] = e Z LR
ZJTFIU FL+FR

X/ do|fi(w) — frl@)TA (0, T,eV). (5.3)

oo

Thus T and eV enter through the distribution function f; — f&
and the spectral function A .

A. Conductance formula for I'y =T'r and a = 0

In the following, we consider the situation in which o = 0,
taking the tunneling couplings and the bias voltages such that
I' =Tr =A/2and oy = ap = 1/2. We obtain the spectral
function up to terms of order w?, (eV)?, and T2,

TA Ay (w,eV,T)

= sin’ 8o + msin28, Yoo @

1 sin 24, 3)(
2 2 2 o oo 2
+ 7 250 4 — -
|:COS (XUU 2XT¢) 27 aed(r :|a)

7 (3 sin 28, dx
- —COSZSG- 2 _—G—T‘L
3 <2 N7 Ton Ber,

x [%(evf + (nT)2i| + (5.4)
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FIG. 1. NRG results of sin’§ (= 7 Ap,), Rw — 1, and z at zero
magnetic field 7 = O are plotted vs €,/ U for U /(w A) = 1.0, 2.0, and
3.0.

The contribution of the nonlinear fluctuation, 9 x4, /0€4 s,
enters in the coefficient for (w7)* + (3/4)(eV)*> through
Eq. (4.2). We calculate the current / up to order (eV)? using
Egs. (5.3) and (5.4), and obtain the differential conductance

dl e* .
AT ng[sm2 8o — CT’U(JTT)Z - cv.[,(eV)2 + -]
5.5
The coefficients c¢; , and ¢y, , are given by
w? 2 2
Cro = 3|~ €08 285 (X 5o +2X5,)
Sin28, {0 Xoo X1y
, 5.6
+ 2r <36d0 + 064 _o (>6)
m? 2 2
Cyo = T|:— cos 28, (x5y + 95 XN)
Sin28, (0 X0 Xty
3 . 5.7
+ 2w <Beda + 0€4 o .7

©

_I L I LU I T T T 1T I L I_
6 U/ 4
r 1.0 7
S 4 *:20 7]
% 2 0:3.0 _]
g 0
5 -2
D -4
-6
_8 I 11 1 1 I 11 1 1 I 11 1 1 I 11 1 1 I
-1.5 -1.0 -0.5 0.0 0.5
Ed/U
8_' LU I L I LU I L I_
6 U/mA
S » u: 1.0
W
o 4 *207]
;l\ 2 ®:3.0
=
< O -
S 2
T 4l N
) - B
6 |
_S_I 11 1 1 I 11 1 1 I 11 1 1 I 11 1 1 I_
-1.5 -1.0 -0.5 0.0 0.5
€4/U
8_' LU I L I LU I L I_
6 U/
» u: 1.0
& A *20 7]
T 5 ®:30 _|
N N
3 o :
© ) - —]
-] - .
I 4} —
—_6 -
_8_| 11 1 1 I 11 1 1 I 11 1 1 I 11 1 1 I_
-1.5 -1.0 -0.5 0.0 0.5
€4/U

FIG. 2. Logarithmic derivatives of p, (= sin?8/mA), Ry — 1,
and z with respect to €, at zero magnetic field 2 = 0 are plotted vs
€,/U for U/(wA) = 1.0, 2.0, and 3.0.

We note that the derivatives, for which sin 2§, are multiplied,
can be rewritten in terms of the derivatives with respect to €,
and £,

0 Xoo a O Xoo a
X SER Sy Sty (5.8)
o€, €4 o €y oh
aer aXTl aer aX?\L 8XT¢
3 = 2—=. (59
ve, Chen  ve, " aeg T Ton - O
In the particle-hole symmetric case at which €, = —U /2 and
h = 0, the previous result is also reproduced [12],
h—0 2 ~2 h—0 2 2
a0 Xip T2X3 a0 Xip T5X4,
Cre — A2 Cy.o AT (5.10)

since 8§, = /2 and p,, = 1/(7w A).

The lastline of Eq. (5.6) and that of Eq. (5.7) are expressed in
terms of the derivative with respect to the center of the impurity
levels €, and the magnetic field 7. We may also express these
coefficients in a dimensionless way such that CT.O'(T*)Z and
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< 0.8 u: 1.0
~ r *:20
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= OE .
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q-0.2_— ]
L [T B .
0.0_1.5 -1.0 -0.5 0.0 0.5

€4/U

FIG. 3. Susceptibility y44 is plotted vs €;/U at zero magnetic
field & = 0. The reciprocal of it is proportional to the characteristic
energy T* = 1/4 x,4. Here, the Kondo temperature Tx = zow A /4 is
defined at half filling €,/ U = —0.5 with the renormalization factor
zo which depends on U: zp =~ 0.63, 0.24, and 0.08, for U/t A = 1.0,
2.0, and 3.0, respectively.

¢y o (T*)?, scaling the quadratic (7w T)* and (¢V)* parts by the
characteristic energy T* = 1/4_/x11 xy that is introduced in
Eq. (2.26b) and is a function of €, and A:

a2 [1 )
o _ 2|z in?s,
v~ 2nh [2 ;sm

2 2
—CT<7;{) —CV<6T—‘:) +} (5.11)

(T*)? (T*)?
Cr=-—5— XU: Cror Cy =5 Xa: Cyqe (5.12)

B. Conductance away from half filling at zero field

The coefficients given in Egs. (5.6) and (5.7) take a
much simpler form at zero magnetic field & = 0. Since
9x4y/0hlp=0 = 0 as xy, is an even function of /, we obtain

CTo =5 ?[_(X%T + 2x%¢)cos 28 + si;1n26 88XTT;:|
(5.13)
hs0 T 5 5
Cyo — I[_(XM +5 x7,)cos28
+ 81;7128 (aaij + aaxejﬂ' (5.14)

These coefficients ¢ , and ¢y, , for h = 0 coincide with those
of FMvDM’s [10], which were first presented in Ref. [9] by
Mora, Moca, von Delft, and Zarand (MMvDZ) away from half
filling at zero magnetic field.

Corresponding dimensionless parameters in this case are
scaled by the characteristic energy T* = 1/4x44 which in-
creases as €, deviates from the particle-hole symmetric point
as shown in Fig. 3:

2

b

_ T O, 5.15

Cr 48(WT + 0O44) (5.15)
2

C, = a(Wv + O — Opy). (5.16)

U/mA=3.07]

2-body correlations

0 p R
_1_14—-4%l||||||||M1_

-1.5 -1.0 -0.5 0.0 0.5
Ed/U

-
o

)

0.0F

Orp

3-body correlations

U/mA=3.0

ool
-1.5 -10 -05 0.0 0.5
Ed/U
FIG. 4. (Top) Contributions of the two-body fluctuations
parts W, = —[1+2(Ry, — 1)*]cos28, and W, = —[1 + 5(R,, —
1)*] cos 28 are plotted vs ¢, for U/mA = 3.0 at h = 0. (Bottom)
Contributions of the three-body fluctuations ® ,, = 22 - ()axﬁ and
X5y %€
0, = —dn2 ;?% In the limit of |e,| — oo, these parameters

converge towards W, — —1,W,, - —1,0,, - —2,and®,, — 0.

Here, W, and W, represents contributions of two-body fluc-
tuations determined by the spin and charge susceptibilities, or
the Wilson ratio Ry, :

Wy = —[1+2(Ry, — 1)*]cos 28, (5.17)

W, = —[1 4 5(R,, — 1)*] cos 26. (5.18)

The other parts, ®M and ®T |» represent contributions of three-
body fluctuations which can also be described in terms of the
nonlinear susceptibilities ! defined in Eq. (2.15):

010720

. sin28§ 1 8X¢¢ (5.19)
T2 x3 de,
in28 1 0x

0, = — o (5.20)

At half filling § = 7 /2, the Wilson ratio approaches R, — 2
for the Kondo regime U 2 2A, and then W, — 3 and W,, —
6, whereas the contribution of the three-body fluctuations
vanish ®,, — 0 and ©,, — 0 as charge fluctuation is mini-
mized and spin fluctuation is maximized [2]. We discuss in the
following how the two-body and three-body contributions vary
as €, deviates away from the particle-hole symmetric point.
The behavior in the other limit at €¢; > max(U,A) cor-
responds to the empty-orbital regime as already examined
by MMvDZ [9]. In the empty-orbital regime, the interaction
can be neglected at low energies and thus for €, — oo the
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FIG. 5. Contributions of the three-body fluctuations ©, and ©
are plotted for several different values of U/ A (= 1.0,2.0 and 3.0).
As U increases, both of these two significantly vary at the crossover
region from the Kondo regime to the empty (fully occupied) orbital
regime seen at€,/U >~ 0.0 (¢,/U ~ —1.0).

parameters asymptotically behave such that Ry — 1, § ~
A€y xrr = AJ(ed), and x4y =~ 0. Therefore

lim W, = —1, lim W, = —1, (5.21)
les1—00 legl—00

lim ®,, = -2, lim ®,, =0. 5.22
leyl—00 " lesl—00 2 ( )

The opposite limit €, — —oo, corresponding to a fully filled
orbital, links to the empty-orbital regime through the particle-
hole transformation. The behavior of the two-body-fluctuation
and three-body-fluctuation parts at intermediate €; can be
explored using the NRG. Figure 4 shows a typical result
obtained for U = 3w A. We see in the right panel explicitly
the contributions of the three-body fluctuation, ®,, and ©, |,
are suppressed in the Kondo regime, —1.0 S¢,/U < 0.0. It
also shows that the three-body fluctuations become important
outside the Kondo regime. The antiparallel component ©,
shows a maximum in the valence fluctuation region near
€,/U =~ —1.0 and 0.0, whereas the parallel component ©,,
does not have an extremal point. Figure 5 shows the three-body
contributions for several values of the interaction: U/m A =
1.0, 2.0, and 3.0. The crossover between the Kondo and
empty (or fully occupied) orbital regimes becomes sharp as U
increases, and correspondingly the transient region becomes
very narrow for large U. The dependence of C; and C,, on ¢,
was already discussed by MMvDZ [9]. We also provide similar
results in Fig. 6 in order to explicitly show how the sum of two-
body and three-body fluctuations determines these coefficients.
The contributions of the two-body fluctuations which enter
through W, and W,, dominate in the Kondo regime, whereas

6_| T T T AL | _
- UlrA A
4F Wr+O11 w10 ]
~ L
O [
2_
o) 0//
T r

a1
4—1.5
B
/|
> [
(@) [
2_
3 0_/// ]
© r .
—_2F
= Wy+011-01y
_4_|....|....|....|....|._
-1.5 -1.0 -0.5 0.0 0.5

Ed/U

FIG. 6. Dimensionless coefficients Cy and Cy are plotted vs
€,/U for U/m A = 1.0, 2.0, and 3.0 at & = 0. Note that numerical
factor has been introduced such that (48/72)C, = W, + ©,, and
64/ C, = W, + O — 0y

the three-body fluctuation give significant contributions for
lea +U/2| 2 U/2. In the |e;| — oo limit of the empty (or
fully occupied) orbital regime, the coefficients converge to-
wards (48/712)CT — —3 and (64/712)Cv — —3 [9], while
those in the Kondo regime are given by (48/7?)C, — 3 and
(64/7*)C,, — 6 for U 2 2w A.

C. Conductance at finite magnetic fields for ¢, = —U /2

We next consider the conductance at finite magnetic fields
h # 0, applied at half filling £; = 0. In this case, the average
of total occupation number for both spin components is
fixed at ngy +n4, =1, and thus the phase shift for each
spin component can be expressed in the form 6, = 7 (1 +
omg)/2, with mg = ngy —ng, the induced magnetization.
Furthermore, since Par = Pay» Xy = Xy > 24 = z,(= z), and
the coefficients for the 72 and (¢ V)? terms defined in Eqgs. (5.6)
and (5.7) are simplified,

1
E ; Cr.o

2

£—0 T 5 ) sin(zwmy) 0 x4,
3 |:(XM +2x5,) cos(mmga) — “r on I
(5.23)
1
5 ZCV,(T
2 .
&—0 T 2 2 Sll’l(ﬂmd) 8X’]\L

(5.24)
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FIG. 7. Magnetic field dependence of Fermi-liquid parameters at
half fillinge, = —U/2for U/m A = 3.0 plotted vs 1/ U Inset shows
an enlarged view of a small & region, for which the horizontal axis
is scaled by Tx = 0.027 A determined at 7 = 0. Upper panel shows
Z, Ry — 1,1 Ap, = cos*(wmy/2), and m, = n,, — n,, . Using this
definition of Tk, the reciprocal of the field-dependent characteristic
energy T* is plotted vs i/ Tk in the right panel.

The three-body terms which enter through 9x44/0€, and
dx4,/0€, have vanished because the contributions of 1 and
J spin components cancel each other out. The characteristic
energy T* = 1/4 )44 in the present case depends on /2 as shown
in Fig. 7. We note that in FMvDM’s formulas the three-body
terms enter in a different way at finite magnetic fields as shown
in Appendix C.

Multiplying Egs. (5.23)—(5.24) by (T*)?, we obtain the
dimensionless coefficients

(S8

2
(WEh+0,), Ch=—(W!+20,).

ch = (5.25)

&3

Here, W% and W‘]} represent contributions of the two-body
fluctuations,

Wi =[142(Ry, — 1)*]cos(my), (5.26)

Wi =[145(Ry, — 1)*]cos(mmy). (5.27)

The remaining contribution of the three-body fluctuations are
described by ©,, represents

sin(mmy) 1 9dxpy
2t xi 9k

O, =— (5.28)

The contribution of this three-body correlation at finite mag-
netic fields can also be decomposed into the logarithmic
derivatives of the renormalization factor and the Wilson ratio,

w T )
c o B 17
-g 2 U/mA =3.0 :' v 17
8 aF e=-U2 Ews 11
e} £ e ]
Q 2k 3 1 1 1 3
L; a 700 05 10 15 20]]
o] h/Tx B
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h/Tk
U/mA =3.0, €4=-U/27]

v e by v b by
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h/U

3-body correlation: ©y
|
N

o

FIG. 8. Two-body and three-body correlations, which determine
Ch and C} are plotted vs h/U at half filling ¢, = —U/2 for
U/m A =3.0. Inset shows an enlarged view of the small & re-
gion, for which the horizontal axis is scaled by Tx = 0.027r A (=
0.0066U ) determined at 1 = 0. Upper panel shows the contribution of
two-body fluctuations Wi = [1 + 2(R,, — 1)*] cos(zrm,) and Wi =
[1+4+5(Ry, — 1)?] cos(rrmy). Lower panel shows the contribution of
three-body fluctuations ®,, = —sin(nmd)/(an%T) (0x14/0h).

similarly to Egs. (4.5) and (4.6),

0 1n(—x4,) _ dlnyxyy  9In(Ry — 1) (5.29)
ah oh oh ’ '
dlnyyy  dlnz Tmy
AL S 2Ry tan (T54).(530)

Figure 7 shows the magnetic-field dependence of the renor-
malized parameters, obtained with the NRG [29]. It indicates
that the induced magnetization m, and the density of states
sin? 8 = wAp, rapidly vary at small fields & < Tk as the
Kondo resonance goes away from the Fermi level. In contrast,
the wave-function renormalization factor z and Ry, vary more
slowly than m,; and sin?8, with the energy scale of the
Coulomb interaction U. Figure 8 shows the magnetic-field
dependence of the contributions of two-body fluctuations and
three-body fluctuations on the coefficients C% and CY.. The
two-body correlations are given by W} =3 and W! =6
at zero field for large interactions (U 2 2w A) as my =0
and Ry — 2. As h increases, these two-body contributions
change sign near h = 0.8Tx with Tx = 0.027 A = 0.0066U
that is determined at & = 0 for U = 3.0mr A. Both of these
two correlations show a minimum near & >~ 0.02U, and then
approach limy,_, o W# = —2 and lim,_, » W(,’ = —2 for large
magnetic fields where my — 1 and Ry, — 1. The three-body
contribution ®,, vanishes at 4 = 0, and also in the large-field
limit limje |00 ®y = 0 as x4, decreases faster than x;4. It
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FIG. 9. Magnetic-field dependence of the d/dV coefficients:
upper panel shows (48/7%)CL = W! +®,, and (64/7%)Cl =
Wk 4 20,,. Inset describes an enlarged view of the small / region.
Lower panel shows rescaled coefficients C, = (Tx/T*)*CL and
C, = (Tx/T*)*C? definedin Eq. (5.32), using the h-independent Tx .
The Kondo temperature Ty = zomw A /4 is determined at 7 = 0 with
the renormalization factor zy >~ 0.08, 0.05,and 0.03 forU/w A = 3.0,

3.5, and 4.0, respectively

also has a deep minimum of ®,, >~ —6.0, which is deeper than
that of W"} ~ —3.7, at an intermediate field 2 >~ 0.02U for the
case U =3.0mA. We also see that ®,, gives a comparable
contribution with that of W;‘ and W‘]} at small fields h < Tk.

The left panel of Fig. 9 shows the total contributions:
(48/7) Cl = W}t + ©,, and (64/72) Cl, = W} +20,, for
the same interaction U = 3.0r A. For h 2 0.8Tx = 0.0053U,
both the two-body and three-body correlations give negative
contributions, and thus the minimum of C;ﬁ and also that
of C!, become deeper than the minimum of the individual
contributions alone. It indicates that the three-body correlation
©®,, dominates the contribution on the T? and (eV)? part of
dI/dV near the minimum 0.01U < h <0.1U. So far, we
have used the field-dependent energy T* to scale the T2
and (eV)? dependencies. In order to examine the universal
Kondo-scaling behavior for small magnetic fields, however, we
use Tk determined at 7 = 0 as an h-independent characteristic
energy and rescale d1/dV such that

Il 221 .,
=3 L
+ } (5.31)

(5.32)

In the right panel of Fig. 9, C;, and C,, are plotted vs i/ T,
using Tx for each U/m A =3.0,3.5,4.0. We see that both
the coefficients C, and C,, show universal Kondo behavior.
This is mainly caused by the fact that the Wilson ratio is
almost saturated Ry ~~ 2 for strong interactions U. These two
coefficients, fr and Ev’ also show a similar 4 dependence,
especially they both change sign at finite magnetic field & ~
0.38Tk of the order of the Kondo temperature. Therefore the
zero-bias peak of the conductance splits for large magnetic
fields h 2 0.38Tx as dI/dV increases from the zero-bias
value as eV or T increases [31]. These observations are also
consistent with the result of the second-order renormalized
perturbation theory [31,32].

VI. THERMOELECTRIC TRANSPORT OF DILUTE
MAGNETIC ALLOY

The Kondo effect in dilute magnetic alloy (MA) has been
studied for a wide variety of 3d, 4 f, and 5 f electron systems.
Our formulation can also be applied to these original Kondo
systems. In this subsection, we provide the microscopic de-
scription of the Fermi-liquid corrections for magnetotransport
properties of dilute magnetic alloys away from half filling.
Specifically, we calculate the electric resistance R,;,, ther-
moelectric power S, and thermal conductivity « using the
linear-response formulas [21,22],

1 1 —1 L
—_—= Z/:OU’ — _h7 (6.1)
Ryy 2Ry, <" lelT 35 Loo
2
Mo (Z(r ‘clv(f)
= L, —="—". 6.2
‘ T (20: 20 Z(r EO,O‘ ( )
The coefficients are defined by
[o¢] n a
Lo = / do —2 _r@)y 6.3)
o TAA(@,T) dw

The factor Ry, is the unitary-limit value of the electric
resistance at zero field. Similarly, 5, is defined such that the
T -linear thermal conductivity should take the following form
in the unitary limit,

22
=T lhor
3

Note that thermoelectric transport through quantum dots can
also be determined in a similar way [33].!

Ko 6.4)

A. Coefficients L, , for finite magnetic fields

The coefficients £, ,, defined in Eqs. (6.3), are written
in terms of the inverse spectral function which physically
represents the relaxation time due to the many-body scatter-
ing by the impurity at equilibrium eV = 0. For this spec-
tral function, we use the low-energy asymptotic form given

'"Thermoelectric response of quantum dots is described by the
coefficients: L = — [* dw " A,(w,T) "g%
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in Eq. (5.4),
A5(0,0,0 3 in28, 0
#: _ _Coszggxa_&ﬂ (xT)
As(w,T,eV =0) 3Ap,, \2 2r  0€4—o
Sin 28, Xoo n T 2+ 25.) ) 1 25 42 4 sin 28, 0 Xoo 2, ©6.5)
- w €08 28, — — oS 28, W + . .
Apy, AP,y Xoo = 35 X1 2r Oey,
Note that 7 Ap,, = sin® 8. Using also the integration formulas,
o 0 1
/ dw o? _Y @) _ —(nT)?, (6.6a)
oo 0w 3
o0 0 7
/ doot( =L@ 2 — (nT)*, (6.6b)
oo ow 15
we obtain £, , forn =0, 1, and 2:
1 F14 sin 28, [0 X0 X1y
Loo = 1 2 28,) x2, —2cos28, x? T + O(T™, 6.7
0, ﬂAPdU{ e o [( +€08285) Xgo = 2005205 X1 + (8% Deq . (@T)y ¢+ 0T, (6.7)
2 t Sy
Lip=—2 20 4, TV + O, 6.8)
3 mApy,
(nT)? T , 6 s SIN28; (Oxos = 5 Oxpy 2 6
Ly, = 1 2 + cos 268, — = 0828, — T o(T®). (6.9
20 = 3o | T a0, O )Xo = 7 It o e, T 2096, )| OUD- (69)

The derivatives in the last part of £, , can also be written as

aXa(r i 8XT¢ — aXd(r _ EE)XTi o EaXTi
de;p 21 0€4—0 de, 21 de, 21 oh
(6.10)

The asymptotic exact low-temperature form of the transport
coefficients Ry;,, S, and « for finite magnetic fields can be
explicitly written down using Egs. (6.7)—(6.9) for Eq. (6.2).
As those general Fermi-liquid expressions become rather
lengthy for h # 0, we explicitly write in the following the
transport coefficients of dilute magnetic alloys at zero magnetic
field.

B. Thermoelectric transport coefficients at zero
magnetic field

The electric resistance takes the following form at zero
magnetic field 7 = 0 away from half filling:

R
% —sin?§ — CII\Q/IA(T[T)2 + 0(T4)7 (6.11)
Ryia
) .
A T ) ) sin28 9 x4q
o = | o cos2)ady —2ems2aad, + T2 L
(6.12)

Note that it reproduces the results of Yamada-Yosida in the
particle-hole symmetric case [2,3],

(

nT

A

N i
3

RMA £4—0
0
RMA

2
) + O0(T". (6.13)

(

We introduce the dimensionless coefficient C}‘{IA which is
scaled by T* = 1/(4x44), the characteristic energy at & = 0:

2
T
CYA = NANT*? = E(W};M +0,4), (6.14)
W™ =2 + cos 28 — 2(Ry, — 1)* cos 26. (6.15)

Here, W};’IA represents the contribution of the two-body fluc-
tuation and ©,, which is defined in Eq. (5.19) represents the

contribution of three-body fluctuations. The coefficient C}*
does not depend on the antiparallel component of three-body
correlation O, similarly to the coefficient C; for quantum
dots given in Eq. (5.15).

In our formulation, low-temperature expansion of the ther-
mopower S can be carried out just for the leading T -linear
term. It is determined by the derivative of the density of states
at the Fermi energy w = 0, and can be written in the following
form at zero magnetic field,

_7'[2,0; T

+ o(T?).
3 py lel

(6.16)

Here, p‘/, is the derivative with respect to w, defined in
Eq. (2.21).

The thermal conductivity « can be deduced up terms of
order T through Eq. (6.2). At h = 0, the leading T* term of
the ratio (3", £1.5)*/ Y, Lo.» is given by

(Za ‘Cl»a)z
Za ‘CO’G

8 2
=%cot2cﬁx

, (T)*

7+ o(TY.
" xag, TOT9

(6.17)
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FIG. 10. Contributions of the two-body fluctuation parts W4
and WMA | defined in Egs. (6.15) and (6.23), are plotted vs €,/ U for
U =3.0rA.

Using this ratio and £, , given in Eq. (6.9), we can explicitly
write the thermal conductivity at zero magnetic field,

2n%n, T cMA 2 s
= 1+ == T) |+ O(T), 6.18
* 3 sin’$ |: sin® 8 1) ] ()., (&18)

L

@ =75 ST
in26 [ 8 0
+ B2( 22 | (6.19)
2 de, 21 Oey

Here, the sign and normalization of ¢M* has been determined
in such a way that the thermal resistivity, the reciprocal of «,
is written in the following form:
1 3 -2 MA 2 3
— = ———[sin"§ — nT o(T).
= T MA (X T)*] + O(T?)
In the particle-hole symmetric case, Eq. (6.19) reproduces the
expression that can be deduced from the result of Yamada and

lOSida,
- 2n 2 | / X2 + 6 X2 ] 2

(6.20)

(6.21)

We also introduce the dimensionless coefficient in the same
way as that for the coefficient C}* of the electric resistance

T MA 8
6.22)

C}(VIA = C,I(VIA(T*)Z —

a2 1Lcos20 6 0 12 ge0s. (6.23)
21 7

Both the parallel and antiparallel components of the three-
body fluctuation, ®,, and ® 1 contribute to the thermal
conductivity. The dependence of these three-body correlation

functions on €, has been shown in Figs. 4 and 5.
We also show the €, dependence of the two-body-
fluctuation part of the electric resistance and the thermal
conductivity, WM and WMA, in Fig. 10 for U = 3.0 A. The

contributions of the two-body fluctuation reach the unitary-

limit value WMA 2% 3 and wMA Z% 137 i the Kondo

w
=)

-15 -10 -0.5 0.0 0.5
€4/U

FIG. 11. Coefficients C¥* and CMA, defined in Eqs. (6.14) and
(6.22), for the electric resistance and thermal conductivity are plotted
vs €4/ U for U/m A = 1.0, 2.0, and 3.0. These coefficients converge
towards (48/72) CMA — 1 and (80/77%) CM* — 1/21 for |¢,,| — oo.

regime where § — 7/2and Ry — 2. Both WM and WMA do
not change sign in contrast to W, and W), for the quantum-dot
conductance shown in Fig. 4 but have a minimum at the
transient region between the Kondo regime and empty (fully-
occupied) orbital regime at €, ~ 0 (¢, > —U). In the opposite
empty-orbital (EO) limit |e;| — oo at which cos2§ — 1 and

Ry — 1, the two-body contributions approach W};’IA 203

and WMA 3 4321,
The coefficients CY* and CM” are determined by the
sum of the two-body and three-body contributions. Figure 11
shows the NRG result. Contributions of the two-body fluc-
tuations which enter through WM* and WMA dominate for
—1.0 L €4/U 5 0.0. In the Kondo regime, these contribu-
tions determine the total value such that (80/772)C %[A — 3
and (80/77%)CMA — 13/7. However, outside of this region
leq/U + 0.5] 2 1.0, the three-body fluctuations, especially the
parallel spin component ©,,, give negative contributions and
suppress the net value of C¥* and CMR. In the |e,| — oo
limit of the empty (or fully-occupied) orbital regime, these

coefficients converge towards
48 80 CMA

im — CMA =1, lim — =i. (6.24)
legl—o00 T2 legl>00 T2 ¥ 21

C. Thermoelectric effects at finite magnetic fields

We next examine thermoelectric effects at finite magnetic
fields, specifically at half filling e, = —U /2. The thermopower
vanishes & = 0 at half filling also for & # 0 because the
contributions of the two different spin states cancel out L4 +
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Ly, = 0.Itcan also be explained from the fact oy, + p;, = 0.
In this case, the density of states can be written in terms of the
induced local moment, as p, = cos (”’"d )/TA.

The magnetoresistance and thermal conductivity can be
expressed in the following form at half filling:

7\2
Ryia = Ry |:C052 (%) - Cll\e/[%(j;* ) :| +0(TY),

(6.25)
2727, T CcMA T\’ 5
= 1+ 3 + O(T”).
S e () [
(6.26)

Here, T* = 1/(4x44) is the field-dependent energy scale used
in the previous section. The dimensionless coefficient for the
electric resistance Ry, is given by

oA = Z;( WA 1 @,), 6.27)

Wi = 2 —cos (mmg) + 2(Ry, — 1)* cos (tmy),  (6.28)
and that for the thermal conductivity « is

cCMA = 78—’:)2(th B ) (6.29)

WMA =2 — cos(mmy) + é(RW — D?cos(mrmy).  (6.30)

The parameters WM and WMA represent the contribution of
the two-body ﬂuctuatrons as determined by the induced local
magnetization m, and the Wilson ratio Ry,. The three-body
contribution ®,, has already been defined in Eq. (5.28). It
takes a negative value at finite magnetic fields and vanishes at
h =0and h — oo as shown in Fig 8. Therefore, at zero field,
the coefficients are given by Cply = Wit =3 and C)) =
WMA = 13/7 for large Coulomb interactions U 2> 27 A, as
Ru; — 2 and my = 0. In the high-field limit & — oo, the four
parameters C }\f’;, C}(V[,’f, W};’[Q, and W%f approach a common
value 3,as my — 1 and Ry, — 1.

Figure 12 shows the & dependence of these parameters for
U = 3.0r A. The two-body contributions WM and W A are
positive and vary in a relatively small range from the hlgh field
value 3.0. For the thermal conductivity, it takes a minimum
WK 5 =13/7 at h =0 and increases with h. The electric
resistance part has a minimum W};’fﬁ ~ 1.6 at a finite field
h >~ 0.015U. In contrast, the three-body contribution ® ,, has
amuch bigger dip as shown in Fig. 8. Therefore the coefficients
C}\{[ 5 and C! MA become negative in an intermediate region of
the magnetic ﬁelds typically, Tx < h < 0.1U, while both of
these two coefficients are positive outs1de of this region.

VII. SUMMARY

In summary, we have studied low-energy properties of
the steady-state Keldysh Green’s function in the situations
where both the bias voltage and magnetic field are finite.
The (eV)? real part of the self-energy has been deduced from
the nonequilibrium Ward identities, using the previous result
of the w? real part of the self-energy [10,16]. We have also
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e4=—Ui2
0.0E1r—1 | ENPHT TN N NN TN NS ST A Y U AN
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o
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FIG. 12. Thermoelectric transport coefficients are plotted vs i/ U
at half filling ¢, = —U/2 for U/m A = 3.0. Inset shows an enlarged
view of the small % region, for which the horizontal axis is scaled
by Tx = 0.027 A (= 0.0066U) determined at & = 0. Upper panel
shows the contributions of two-body ﬂuctuatlons WRR and WMR.
Lower panel shows the coefficients (48/7%) C}'s = Wy's 4+ ©,, and
(80/7m*) CYt = WY + (13/21) ©,, for the electric resistance Rya
and thermal conductivity «. For the thermal conductivity, the two-
body contribution becomes smallest WM* = 13/7 at h = 0 and it
increases with 4. The behavior of three-body contribution ®,, for the
same situation is described in Fig. 8.

shown that the (eV)? correction and the T2 correction of the
self-energy are determined by a common correlation function,
D’S ;]’a (w) = ¥~ (w). It indicates that these two corrections

arise as a linear combination, (7 7)? + (3 /4)(e V)2, in the case
where the bias voltages are applied such that o« = 0. This output
has previously been pointed out by FMvDM [10], and our result
provides an alternative proof. We have also provided a detailed
comparison between our results and those of FMvDM.

We have applied the low-energy asymptotic form of the
Green’s function given in Egs. (4.1)—(4.2) to explore the non-
linear magnetoconductance of quantum dots, and also the
electric resistance and thermal conductivity of dilute magnetic
alloys. The Fermi-liquid corrections in the general case are
determined by two different types of contributions: the two-
body-fluctuation contribution described by the susceptibilities
Xoo and the three-body-fluctuation contribution enters through
the nonlinear susceptibilities x> . Using the NRG, we
have examined the T2 and (eV)? corrections of the transport
coefficients for some particle-hole asymmetric cases. At zero
field, the two-body fluctuations dominate the corrections in
the Kondo regime where n,;, +n,, = 1 and the Wilson ratio
is almost saturated R, >~ 2. The contribution of the three-body
fluctuations become significant far away from half filling,
especially in the valence-fluctuation regime and empty-orbital
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regime. Furthermore, we have also reexamined a controversial
problem of the zero-bias peak of dI/dV at finite magnetic
fields [10,31,32]. In this case, the three-body fluctuations give
a contribution that is comparable to the two-body contribution
even for small magnetic fields. The three-body contribution
also plays essential role in a splitting of the zero-bias peak
occurring at a magnetic field, 7 ~ Tk, of the order of the
Kondo energy scale Tk . This observation based on the formula
Eq. (5.24) is consistent with our previous result of the second-
order renormalized perturbation theory [32].

Furthermore, we have also studied the Fermi-liquid cor-
rections for the magnetoresistance and thermal conductivity
of dilute magnetic alloys away from half filling. The NRG
result shows that the contributions of the two-body fluctua-
tions dominate in the Kondo regime, whereas in the valence-
fluctuation regime far away from half filling the contribution
of three-body fluctuations become comparable to the two-body
contribution. We have also provided the formulas for higher-
order Fermi-liquid corrections for the Anderson impurity with
N flavor components in Appendix A. Further details of the
multicomponent case will be discussed elsewhere.

ACKNOWLEDGMENTS

We wish to thank J. Bauer and R. Sakano for valuable
discussions, and C. Mora and J. von Delft for sending us
Ref. [10] prior to publication. This work was supported by
JSPS KAKENHI (No. 26400319) and a Grant-in-Aid for
Scientific Research (S) (No. 26220711).

APPENDIX A: THE ZERO-FREQUENCY LIMIT OF ¥~ (w)
FOR AN N-COMPONENT ANDERSON IMPURITY

It has been shown in Eq. (3.13) that D? qu’*a (w) =

W~ (w), which indicates that the common coefficient in the
(eV)2 and T2 corrections to Tiqo (@) is determined by the
lim,_,o ¥, " (w). In this appendix, we calculate this value. In
order to give a general derivation, which can also be applied
to an Anderson impurity with a number of components, we
extend the impurity part of the Hamiltonian such that

(N)

Zedﬂ o+ 5 ZU o MagMa - (AD
(f;é(r’ |
Z'D ,Imi[‘ A () o' w)
~ do 90 oo'io’c (W, ;W ,
2 d /!
S eamor] [

o'(#0)

do” — 1
+ — G (w )
i

eq,0’

//

— / /" dw
Y eq’a(a)—a) + ") pyy + i

W1,01 Wo,02
—> '
- —
Wy, 04 w3, 03
FIG. 13. Vertex function 1"0102;0304 (w1,w7; w3, wy).

The interelectron interaction U, , generally depends on o and
o', with the requirements U_,, = U, foro’ # o.For N =2,
it describes the single-orbital Anderson model for spin 1/2
fermions which we have considered so far. The remaining
part of the Hamiltonian takes the same form as Eqgs. (2.2) and
(2.3) but the index runs over 0 = 1,2, ..., N. Namely, the free
conduction band H, also consists of Nflavor components, and
Hr describes the tunnelings that preserve the index o. One
of the features of interest in the multicomponent impurity is
that for N > 2 the three-body correlations x ;33, -, among three
different components oy # o, # 03 # o also contribute to the
low-energy properties.
For general N, the function ¥~ is defined by

Z L0070 (0,030 ,0)pyq (@),

(A2)

in terms of the vertex function illustrated in Fig. 13. We show
in the following that the zero-frequency limit is given by

— 5 e

Pdo ()

oo’

lim W~ _im
w—0 86(10

((1)) Xoo" Sgn(w)
Pio o'(F0)

(A3)

The vertex function ['y 476 (@,0'; @', @) has lines of singu-
larities along @ — @’ = 0 and w + @’ = 0 [5,27,28]. For small
w and ', these singularities emerge through the three diagrams
shown in Fig. 14, and the imaginary part of W_~(w) can be
calculated as [12]

eq,0’

Z

Gego (@) —

0 — 1
" (@ +o —w )pdg,:| + .-

=7 Y ITo0r09(0,0;0,0)° pg, i, [25g0(0 — @) + sgn(w + )] + - --

o'(#0)

_—

o'(F#0)

2
Xoo’

[2sgn(w — &) + sgn(w + &)] + - - -

(A4)

035435-16



HIGHER-ORDER FERMI-LIQUID CORRECTIONS FOR AN ...

PHYSICAL REVIEW B 97, 035435 (2018)

w,0 w',o w,0 w',ad' w,0 w',d
w_w|+wl| 1 w" w_w|+w|| | w" w+w| w" A1l

oY Ag Y Ag s Y Yo

w,o w',o e w',d' e w',ad'

FIG. 14. Feynman diagrams which provide the imaginary part
to the vertex function Fw, oo (@00 @) for small o and
'. The shaded square represents the zero-frequency vertex
part [, 5r475(0,050,0), which for ¢” = o identically vanishes

[46.60(0,0;0,0) = 0. The singular sgn (v — w’) term arises from the
intermediate particle-hole excitation with o’ = o shown in the left
panel, and also from the particle-hole pair with o’ # o in the middle
panel. Another singular term sgn (w + ') arises from the particle-

particle pair excitation with o’ # o in the right panel.

In the second line, the three integrals correspond to contribu-
tions of each diagram shown in Fig. 14. The left and middle
diagrams yield the nonanalytic 2 sgn(w — ') contribution due
to the particle-hole pair excitation, and the right diagram yields
the sgn(w + ') contribution due to the particle-particle pair
excitation. Taking first the limit @' — 0 keeping the external
frequency w finite, we obtain the imaginary part of Eq. (3.13),

2
X
hm ImV¥, ~(w) =37 Z o
o0 o'(F0)

(AS5)

The real part of W_~(w) does not have the nonanalytic
sgn(w) dependence, and it can be deduced from Eq. (3.13)
by taking first the @ — 0 limit,

3
Re W, ~(0) = Zpdﬂ 5 ReToory

+ )" Touie(0.0:0.0) o).
o'(#0)

(A6)

The second term of Eq. (A6) can be expressed in the form

X ’
Z Faa/;a/a(O’O; 0’0) 'Ot/ia’ =- Z = 101/10"
o'(#0) o'(#£0) Pdo Pao’

(A7)
The first term of Eq. (A6) can be calculated as

ad
; IOda" M Re Faa’;a’

d
= Z Pao 5o R Toraion (@,0:0,0)

=0

w'=0
= Z ,Odg Re Faa(rzr
o'(#0) @'=0
_ Z o iLaRe E;Cl;,(w)
o _
da 0P V|,
_ oy P (1 0 Ty <w>>
o' o) P Oas g =0

_ Z Pdo’ 3)(0/0’ _ Z Pdo’ 3X<m

o'Ga) Pdo ey o' o) Pdo e
_ L (aXUJ’ B Xoo' 8pdg’> (A8)
Pis o'(#0) aeda’ PasPis aeda’

Note that I'y4/.55(0,0"; @',0) = T'yro00(@',0; 0,0), the sym-
metric property of the vertex function has been used to
obtain the second line. To obtain the third line, we have used
the property that the vertex function for the parallel spins
I's6:00(@,0;0,w) has no w-linear real part, which has been
shown in paper I [ 16]. Therefore we obtain the following result
from Eqs. (A6)—(A7), using Eq. (2.21) for the density ofxbrk
states:

1 8)(00/

Re W-~(0) = -
do’

(A9)
Iod(r o'(#0)

The (eV)> and T contributions of Re X, (0) arise from
the intermediate single-particle excitation, which carries the
different flavor indexes o’ from the external one o.

From these results, the vertex function for
Cooroo(w,0';0' ,w) can also be deduced. For o' =0, it
takes the form

2 . 2
FUG’;O’U(a)?w/; w,7a))10d(7 =i Z X{ra"w - a)/| + R

o'(+0)
(A10)
and it for o’ # o is
Fao’;o’a (a)»a)/; (1)/9(1)) PioPas
X X
Xaa + pda XO'U' w + pda/ XU o a)/
de €io de €do
—I—inxm,(|w—a)|—|w~|—a)|)+--- (A11)

These results and the @ contribution of the self-energy are
related each other via the Ward identity, given in Eq. (2.23).

APPENDIX B: COEFFICIENTS oy, & ¢,, OF FMvDM

In this Appendix, we summarize the relation between
the parameters used in the description of FMvDM and the
derivative of the susceptibilities. The coefficients «, and ¢,
are the parameters which were introduced by Nozieres for his
phenomenological description,

Ao

4
= Xy ;z—XN. B1)
Note that X4y = Xyt and it is an even function of & because of
2 is an even function of £, as mentioned.

The coefficients ay, and ¢,, defined in Eqs. (13a)-
(13d) of the FMvDM'’s paper [10] can also be written in
terms of the susceptibilities. Substituting the charge and
spin susceptibilities, x. = x,, + x;, + x4, + x4y and x, =
%t(XTT + Xy, — X4, — Xy4), into the definitions and rescaling
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the magnetic field as B = 2h,

oy +any 3 9xs 1 0y
2 __Zaéd _1_63€d
1 d a0
=5 (5e * 70)
X [_Z(XM + XH) + (XN + XH)]v (B2)
0y — O _18)(5 §3Xc
2w 2 0B 8 0B
1 d d
~5(“aer )
X [Z(XM + XH) + (XN + XM)]a (B3)
¢2¢ +¢2¢ 9 Xs 19y,
2 - _B_ed Zaed
1 d d
= 5(@ + H)(XN + x4 (B4)
¢2¢ _¢2¢ _ 2% _ laxc
2 JB 2 0B
—1 d d
=7<_3€_51T+3€d >(XN+XH) (B5)

Thus the coefficients o, and ¢, can be expressed in the form

%0 _ l X oo % 5 aXN (B6)
T 2 de,, T de,,

o

Using these relations, the coefficient for the w? real part of
the self-energy, provided in Egs. (B2a) and (B8b) of FMvDM’s
paper [10], can be confirmed to agree with Eq. (2.28) of ours:

RU w g
= = %0 _ 71,02(10 cot .
o T[pd(r Zg
1 0 19%
=- (ﬁ + 27 cot 80(3(,) = o By
2pdo aed(r 2 de dtr

We have also used Eq. (2.20) to obtain the last line.

APPENDIX C: COMPARISON WITH FMvDM’S
FORMULAS

As mentioned in Sec. III, there is a discrepancy between
our results deduced from the Ward identities and the FMvDM
results obtained with the Nozieres’ phenomenological theory.
The difference appears already at equilibrium, eV = 0, in the
T2 contribution of the real part of the retarded self-energy

Yeq.o(@,T). Our result can be expressed in the following form:

0,7 0,0
lim Re ©.1 - ( )

T—0 (T)/6

¢2,7O’
27Tpd¢7

1 0 1 0 0
Lo O ( Xty o XN).
Pio aed,—a zpda aed oh
Here, we have used Eq. (B6) for the definition of ¢, . In
contrast, the FMvDM result given in (Bla), (B2a), and (B8a)

eqa eqa

(CDH

of Ref. [10] can be expressed as
Efé‘“;DM(O,T) Efg’[;DM(O,O) by
B 27T'0da
oy 1 <8XN _03XN>
Pas V€as 2045 \ 3¢ oh )

Note that ¢, /2mp,, = ZRG v/zo [10]. The problem is
which parameter “0 X1y / aed,_a or d X1y /€, alternatively
in FMvDM’s notation “¢, __ or ¢, ,” should determine
the coefficient for X . Our derivation starts with the iden-
tity given in Eq. (3.13), for which the summation over
o’ can be restricted to the intermediate states with o’ #
o as shown in Appendix A. This is because the contri-
bution of intermediate state, which carries the same spin
o' = o as that of the external propagator o vanishes ow-
ing to the antisymmetry properties ['y4:55(0,0;0,0)|p—0 = 0
and Re (3/00 ) 55.06(0,0"; @' ,0)| =0 = 0, corresponding to
Eq. (2.27). Thus, for the spin 1/2 single-orbital Anderson
model, the intermediate states that give a finite contribution to
ReD’% Zeq.(0) become unique, i.e., the ¢’ = —o component.

The discrepancy in the self-energy also transmits to the 72
coefficient of the spectral function and the conductance, given
in Egs. (B7c) and (29) of Ref. [10]. Specifically, FMvDM’s
conductance formula can be rewritten in the form

lim Re
7—0 (nT)?/6

(€2

2 $in 28, 3 xoo
oM = 3 [— 08 28, (x2, + 2)(&) + X—}

2w 0dey
(€3)
72
CEMYDM. 7 [— 08 28, (x2, + 5)(&)
sin 28, <8Xw X1y . 3XN)] ()
2w de, deq oh

These two expressions can be compared with our Egs. (5.6) and
(5.7), which coincide with FMvDM’s formula at # = 0 where
dx4,/90h = 0. However, the difference becomes significant
as magnetic field increases. At half filling €, = —U/2, the
FMvDM'’s formula takes the following form:

T*)? N
= ()
and
(T*)? FMvDM  §a—0 n?
= (WV — @M), (C6)

2 V.o 64

o

where T* = 1/4x44. It can be compared with Egs. (5.23)—
(5.25) of ours. The difference is in the way the ®,, term
enters. This may be the main reason for the disagreement” of
FMvDM'’s numerical result for the magnetoconductance with

>The authors of Ref. [10] (C. Mora, private communication on
Oct. 9, 2017) informed us that after reading our preprint Ref. [15],
they found a sign mistake in their Fermi liquid calculation of the
conductance, and that once the mistake is corrected, their Fermi liquid
theory yields formulas in agreement with those of our microscopic
theory (see also Ref. [34]).
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the previous second-order-renormalized-perturbation results
[32].

APPENDIX D: COMPARISON WITH Re X7 (w,eV)
DESCRIBED IN REF. [12]

The explicit low-energy expression of the real part of the
self-energy given in Eq. (4.2) reproduces at zero magnetic field
h = 0 the previous result, reported in Eq. (19) of Ref. [12]. It
was written in such a way that the coefficient for the w? real
part, b, as an additional parameter that had not been related to
the other renormalized parameters:

923! ()
e . —

b =R
dw?

(D)

=0
Recent development clarifies that this coefficient can be written
in terms of the derivative of the static susceptibilities b =
dX11/9€,4, as mentioned for Eq. (2.28). With this recent
knowledge, we can explicitly confirm that the previous result
is completely identical to Eq. (4.3).

The coefficients for weV and a?(eV)? terms in Eq. (19) of
Ref. [12] can be written, respectively, as

_<b_ %) __ O X _ 0Xm _ OXn
e, dear e, Bey ey
(D2)

b 0Xs _0Xrt _

J ~
E(XM = Xt)

de,;  Oeyy
_ 3% X _ dXn (D3)
deyy ey, Bey

These coefficients agree with the corresponding results given
in Eq. (4.2) for o = 1 and h = 0. Furthermore, the coefficient
for the (eV)? term that emerges through the D? operator can
be written in the form

ax L ax
_ lim b_ﬂ‘f‘&)(ﬂ = lim ﬂ—x—?p:j
h—0 de; Py h=0\ €4, 05

0
— fim | [ X))
h=0 | 9€,u \ Pgy

1 0
= lim — X1t (D4)
h=0 P4 8edi

m B,Od¢:| — lim 1 3X¢¢

- _— Ay
Pay €4y h=0 g O€ 4

This agrees with the general result, given in Eq. (A9).
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