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We propose a framework for the connection between local symmetries of discrete Hamiltonians and the
design of compact localized states. Such compact localized states are used for the creation of tunable, local
symmetry-induced bound states in an energy continuum and flat energy bands for periodically repeated local
symmetries in one- and two-dimensional lattices. The framework is based on very recent theorems in graph
theory which are here employed to obtain a block partitioning of the Hamiltonian induced by the symmetry of a
given system under local site permutations. The diagonalization of the Hamiltonian is thereby reduced to finding
the eigenspectra of smaller matrices, with eigenvectors automatically divided into compact localized and extended
states. We distinguish between local symmetry operations which commute with the Hamiltonian, and those which
do not commute due to an asymmetric coupling to the surrounding sites. While valuable as a computational tool
for versatile discrete systems with locally symmetric structures, the approach provides in particular a unified,
intuitive, and efficient route to the flexible design of compact localized states at desired energies.
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I. INTRODUCTION

Compact localized states [1,2], i.e., wave excitations that
strictly vanish outside a finite subpart of a system, are caused
by destructive interference in the presence of local spatial sym-
metries [1]. Contrary to the case of Anderson localization [3],
where exponentially localized states are caused by disorder,
compact localized states (CLSs) typically occur in perfectly
ordered systems [1]. They were early deduced from symmetry
principles in bipartite lattices [4], and studied more recently in,
e.g., frustrated hopping models [5] as well as magnonic [6] and
interacting [7] systems. A possible application of CLSs lies
in information transmission [8—10] and directly stems from
their compactness: Being an eigenstate of the Hamiltonian,
a CLS does not spread out spatially during evolution, while
it is much less challenging to excite than a regular extended
eigenstate. For example, CLSs are ideal candidates for the
transmission of information along photonic waveguide arrays
avoiding “crosstalk” between waveguides [11]. Further, CLSs
essentially enable the appearance of isolated bound states
within a scattering continuum [12—14]. Such states were, e.g.,
realized recently as a symmetry-induced topological eigenstate
subspace of coupled-chain setups [15]. On a computational
level, CLSs induced by symmetries may also be used as a
symmetry-adapted basis for numerical computations [16]. In
periodic lattice systems, macroscopically degenerate CLSs
lead to the occurrence of flat, i.e., dispersionless, energy bands
[17]. Flat bands are studied in different contexts, including
the quantum Hall effect in topologically nontrivial lattices
[18-21], induced metal-insulator transitions [22,23], and non-
Hermitian quantum mechanics [24,25].

Different approaches have been suggested to design systems
featuring CLSs and flat bands. They are based on strate-
gies such as so-called origami rules [26], the repetition of
mini-arrays [27], working on bipartite Hamiltonians [28],
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detangling the lattice into Fano lattices [1], or even more
general approaches, such as band engineering [29] or generator
principles [2]. Most of these works are based on the presence of
different kinds of local symmetries, i.e., on the invariance of a
subset of matrix elements under a site permutation. In general,
local symmetries of the underlying Hamiltonian are indirectly
encoded into its eigenstates, as has been demonstrated recently
in various contexts [30-38]. However, not every locally sym-
metric system features CLSs, and a systematic framework
linking a theory of local symmetries to the formation and
control of both CLSs and the resulting flat bands is still missing.

In the present work, we take a step in this direction
by applying very recent graph theoretical results to generic
single-particle discrete Hamiltonians. The resulting unifying
framework connects two types of local symmetries to the
occurrence of CLSs, flat bands, and bound states in the
continuum. Complementing many of the above CLS design
strategies, this framework uniquely pairs a high degree of
control with an in-depth understanding of the impact of local
symmetries. Technically, we apply and generalize two recently
published theorems [16,39—41] to general Hamiltonian matri-
ces. These theorems, which we refer to as the equitable and
nonequitable partition theorems, quantify the effect of certain
local symmetries of the Hamiltonian matrix H underlying
a given discrete system. Specifically, the equitable partition
theorem (EPT) applies to locally acting symmetry transforma-
tions which commute with H, while the nonequitable partition
theorem (nEPT) applies to a subclass of transformations that
do not commute with H. In essence, the theorems assert a
symmetry-induced decomposition of H into a direct sum (i.e.,
block-diagonal form) of smaller matrices, whose spectrum
and eigenvectors thereby determine those of H. In particular,
the eigenvectors of submatrices corresponding to symmetric
subsystems of the complete setup uniquely provide all existing
CLSs of H together with their eigenenergies. The remaining
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submatrix is analogously connected to extended eigenstates
(non-CLSs) of H.

In the context of periodic lattices, the presence of lo-
cal symmetries is thus shown to automatically enforce the
presence of flat bands, while the (n)EPT can be used to
control both the flat and dispersive bands of the system. The
approach can be seen as complementary to the general and
powerful design principle of Refs. [1,2] based on elementwise
conditions on the underlying eigenvalue equation, in that it
solely relies on generalized symmetry concepts. Moreover, the
methodology can be used to reduce the computational effort of
diagonalisation by exploiting local symmetries present in the
Hamiltonian.

We apply the framework to the design of both flat bands
and symmetry-induced bound states in the continuum. It
should be emphasized that the approach allows for the design
of symmetry-induced flat bands at prescribed energies in
arbitrary dimensions. Moreover, since it is solely based on the
symmetries of a complex-valued square matrix, the framework
is applicable to a broad range of physical problems, treated by,
e.g., multichannel scattering theory or dyadic Green functions
[42-44]. We thus believe that this work may inspire the
exploration of the effect of local symmetries in the broader
research community.

The paper is structured as follows. Sec. II introduces the
concept and description of local symmetries and subsequently
states the EPT and nEPT in terms of simple example setups.
In Sec. III we demonstrate the methodology in the design of
bound states in the continuum and flat band lattices. Sec. IV
contains our conclusions.

II. LOCAL SYMMETRIES AND EQUITABLE PARTITIONS

The setting we will operate on is the eigenvalue problem

Hp=E¢ 1)

of a Hamiltonian matrix H modeling a (lattice) system of sites
n with elements

Un, m=n,
Hmn = hm,n 7£ O» ne ./\/(m), (2)
0 else,

where N (n) denotes a set of neighboring sites connected to site
n via a nonvanishing hopping. H is graphically represented
by a (weighted) graph with vertices connected by edges for
corresponding nonzero hoppings, as in Fig. 1. Throughout,
we will use different vertex sizes and coloring to indicate
different values of the onsite potential of the represented
Hamiltonian. The considered model can be seen as a general-
ized tight-binding network, with more than just next-neighbor
hopping being allowed. Such a model is extensively used to
describe single-electron phenomena, such as localization in
lattice systems [5,45]. It also effectively describes, for instance,
arrays of evanescently coupled photonic waveguides, in terms
of which both flat bands [11,46,47] and bound states in the
continuum [48,49] have been studied.

@ N\ /" (®)

FIG. 1. (a) The Hamiltonian of a three-site system is represented
by a graph with connected vertices, with vertex sizes (and colors)
indicating different onsite potential values. The system is symmetric
under the permutation of sites 2 and 3, or globally symmetric under a
left-right flip. In (b) the system is extended by attaching an arbitrary
subsystem (grey) to site 1 (which is fixed under the permutation),
so that the original global symmetry becomes a commutative local
symmetry. Independently of the parameters of the attached subsystem,
the eigenvalue v — & corresponding to a compact localized eigenstate
on the two sites 2, 3 is always present in the Hamiltonian spectrum.

A. Commutative local symmetries

To introduce the concept of local symmetry, let us first
consider the three-site system depicted in Fig. 1(a). Its Hamil-
tonian H is invariant under permutation of sites 2 and 3,
which represents a global left-right flip of the system. Since
the corresponding permutation matrix /1 squares to unity
(IT?> = I) and commutes with H, their common eigenvectors
will have definite parity under this permutation. The spectrum
o(H)={E|,E;,Es}of Hisgivenby E; =v —hand E; 3 =
%[v +vV+h+ \/8h’2 + (h 4+ v —v')?]. The corresponding
(unnormalized) eigenvectors are (bl =1[0,1,—1]T and ¢2‘3 =
[a+,1,117 (with a+ depending on all system parameters),
which indeed are of odd and even parity under /T, respectively.

Let us now connect an arbitrary subsystem to site 1, still
leaving the resulting composite system symmetric under the
site permutation 2 <> 3, as shown in the example of Fig. 1(b).
The corresponding permutation matrix /7 now has the di-
mension of the enlarged system, but performs the left-right
flip only locally on subsystem {1,2,3}, leaving site 1 and the
added subsystem identical, or fixed under I1. Since this local
permutation commutes with the Hamiltonian, [TH = HII, we
say that the system possesses a commutative local symmetry.

With 72 = I, the composite system eigenvectors again
possess a definite parity under 7. In particular, any eigenvector
with odd parity will have zero amplitude on all sites fixed
under I1 (since ¢, = —¢, for those sites), that is, the state
is compactly localized on the symmetric subsystem. Conse-
quently, also the eigenvalues of these odd parity states are left
unaltered by variations of the parameters (onsite and hopping
elements) in the fixed subsystem. In the example of Fig. 1,
the same eigenvalue E; = v — & (of the odd parity eigenstate)
will always be present in o (H), irrespectively of the fixed
subsystem connected to site 1. The corresponding eigenstate
is localized only on sites 2 and 3 with opposite sign.

The above symmetry considerations, explaining the per-
sistence of compact localized eigenstates of odd parity in
the presence of commutative local symmetries, are formal-
ized within graph theory by the so-called equitable partition
theorem (EPT) [50], which also provides the eigenvalues of
associated even parity eigenvectors. The term “equitable”
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FIG. 2. Left: Graphically represented Hamiltonian H (with
uniform hoppings / and onsite elements indicated by different vertex
sizes and coloring) of a system with local symmetry under mutual
exchange of (a) two subparts Ty, Ty, (b) three subparts Ty, Ty,
T,, and (c) two interconnected subparts Ty, T; (indicated by gray
background). Right: Using the equitable partition theorem (EPT), the
Hamiltonian matrix H is transformed (=) into a direct sum () of
the graphically represented matrices Ry and B;; Egs. (16) and (21).
In (a) and (b) there is no connection between the T;, and only the
divisor matrix Ry has altered hoppings [dotted lines; A/2h in (a) and
/3h in (b)] compared to H. In (c), the intraconnections between T
and T lead to altered onsite and hopping elements in both Ry and
B

J*

denotes a partitioning of the vertices of a graph into nonover-
lapping classes such that for distinct classes A;,A; all vertices
belonging to A; have the same number of adjacent vertices
belonging to class A;. Although this concept is limited to
unweighted graphs, which can be represented by very specific
matrices such as the adjacency or Laplacian matrix, the above
definition of equitable partitions has recently been extended to
general complex square matrices [39,51] including the model
Hamiltonians considered here. In this generalization, a matrix
is “equitably partitionable” if it can be partitioned into blocks
of constant row sum. For instance, in Fig. 1(a) this is the case
as

h (3)
Wl h v

with row sums v',2h’,h’,v + h.

Before stating the EPT, let us introduce the employed
nomenclature through a suitable example. Consider the Hamil-
tonian graphically represented on the left-hand side of Fig. 2(a).
The structure possesses a commutative local symmetry which
can be visualized as a local flip of the sites {1,3} and {4,6}
around the axis running through the sites 7 —2 — 5 — 10. By
“local” we mean that only the sites {1,3,4,6} are flipped, while
all other sites are unaffected. This commutative local symmetry

can be expressed by the commutation of the Hamiltonian with
the permutation matrix

i 0 0
Os=|0 J 0|=hk&,h:0I5h, )
0 0 &

Iy and Jy being the N-dimensional identity and exchange
(antidiagonal, reverse identity) matrix, where @ denotes direct
sum (i.e., block-diagonal concatenation). This symmetry op-
eration on H, or automorphism of its graph, can be described
as a simultaneous permutation

S: 133> 1,4—~ 6,6 4, 5)

with all other sites being unaffected. This permutation S :
{1,...,10} — {1,...,10} is commonly written in the so-
called cyclic notation

S = @2)G)(NB)9)(10)(1,3)(4,6). (6)

Each tuple within parentheses in Eq. (6) is called an orbit.
Orbits are classified by their size, i.e., by the number of sites
they comprise. Orbits of size 1 are called frivial. Note that since
permutations are bijective, orbits are always nonoverlapping.

In accordance with the above, we will call a permutation
S:{l,...,N} - {1,...,N} satisfying

H;; = Hsi sy Vi,j ©[H,IIs]=0 (7)

acommutative local symmetry of H, with S acting nontrivially
on a subset of the system’s sites, and I1s being the matrix
representation of S. If § is a commutative local symmetry
and all of its nontrivial orbits are of uniform size k, then we
call it a basic commutative local symmetry of order k. In the
present example, S given in Eq. (6) is a basic commutative
local symmetry of H of order 2 with two nontrivial and six
trivial orbits. It is clear from Eq. (7) that, in order to be a
commutative local symmetry, a given permutation must leave
the connections between sites invariant. For example, for H in
Fig. 2(a), the permutation

S = DHR)BG)HO)(N(O)(10)S.8) ®)

is not a commutative local symmetry: While indeed vg = vs,
S breaks the connection, e.g., between sites 7 (which is fixed
under §) and 8, hss). 57y = 0 # hg 7, thus violating Eq. (7).

If H is represented graphically, commutative local sym-
metries of order 2 can be seen as the invariance of the
Hamiltonian under a local flip of a subsystem about an axis
(which depends on how H is depicted graphically), represented
by a corresponding local permutation matrix I7s. While this
procedure aids in the graphical identification of commutative
local symmetries, the notion of orbits is more powerful as it
makes the description more compact in the case of increased
local symmetry. For example, in Fig. 2(b) all of the following
are commutative local symmetries of H of order 2:

Sa = (N@®)N(10)(2)(5)(4,6)(1,3),
Sp = (ND@)(9)(10)(3)(6)(4,5)(1,2), €))
Se = (DE)O)A0)1)(A)(5,6)(2,3),

each one corresponding to a local flip of a symmetric subsys-
tem. Those different local symmetries of order 2 can now be
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unified into a single one of order 3,

S = (N)(®)(9)(10)(4,5,6)(1,2,3), (10)
i.e., by the simultaneous cyclic permutations 1 > 2 + 3 > 1
and 4 — 5+ 6 — 4, exploiting the full local symmetry of
the system at once. For the purpose of the EPT, S is preferably
chosen to be of highest possible order.

There is a fundamental connection between a basic com-
mutative local symmetry S of order k and the structure of H:
If it exists, then the sites of the system can be reordered [40]
by a suitable permutation P such that H is transformed into

F G G G
GJr Co C1 Ckfl
H=P'HP=|G' C_ (11)
. ’ C]
Gl C Ci1 Go

with k copies of the block Cy on its diagonal and C; € C!,
where [ is the number of nontrivial orbits of S. For a Hermitian
Hamiltonian H = H' the relation C , =C ,L ; holds. A general

procedure to transform H to H for a given basic commutative
local symmetry S of order k, with f trivial and / nontrivial
orbits, is as follows:

(i) Collectall f sites fixed by S into the subset I of the set
N of all sites.

(i1) Construct a set T of size [ by picking one arbitrary site
from each one of the / nontrivial orbits of S.

(iii) Constructthesets T; = S'Ty,i =1, ...,k — 1, by the
i-fold application of S onto Ty (noting that T;, = SKTy = Ty).

(iv) Construct H in the form of Eq. (11) using

F=Hpy, G=Hrr,, C: =Hr,T, (12)

where Hy p denotes all elements H,,, withm € A, n € B.

As an example, for the system in Fig. 2(a) we could choose
Ty = {1,4}, so that T; = {3,6}, and get

v h 0 O
CO = 1 1,4 b Cl = 9
]’l4,1 V4 0 0
where C vanishes since there are no interconnections between
Ty and T,. The other matrices are given as

13)

B 1%) h2,5 0 hzyg 0 0
h5’2 Vs h5’7 0 0 0
F— 0 h7,5 v7 0 h7,9 h7,10
hgo 0 0 vg  hgo hgio
0 0 h9,7 hg,g Vg 0
L 0 0 hi7 hipg O V1o
-0 0
0 0
h 0
G=|7%" (14)
0 0
L 0 o4

Note that F' constitutes the Hamiltonian of the isolated fixed
subsystem FF, the matrix (k = 2)

Co Ci Cr—1
C = Cio1 G :

C1

Ci ... Cr Cy

[ v h1’4 0 0
/’14,1 V4 0 0
o 0 0 U1 /’l1!4
L O 0  ha1 v

s)

represents the isolated symmetric subsystem S = N\TF
(which in this case are two uncoupled symmetric blocks), while
G couples the subsystems IF and S. Thus, A in Eq. (11) can be
seen as a symmetry-adapted restructuring of the Hamiltonian.

We can now, following Refs. [39,40], state the following:
Equitable partition theorem. Let H € CN*N have a commuta-
tive local symmetry S of order k£ with / nontrivial and f trivial
orbits. Then the following properties hold:

P1 There exists an invertible, nonunitary matrix M such
that

R O 0
k—1 0 B
H =M'HM=Ro @ B; = !
j=1 0
0 ... 0 By,
(16)
where
F k-G —
R = [GT B, ] B = Z_;)wﬂ"cm, (17)
with @ = ¢¥/% and the matrices F,G,C,, as defined in
Eq. (12).

P2 The spectrum o (H) is given by

o(H)=0(H)=0c(R)Uo(B)U---Ua(Bi_1) (18)

(regarding the hermiticity of R, see the remark below).
P3 The N = f +kl eigenstates of the index-reordered
matrix H defined in Eq. (11) are given by

w, Of
v, Up,r
m
¢v — | v , ¢f+ml+r — W Uy (19)
v, w(kfl)mumm

forv e [1,f +1landm € [1,k — 11,r € [1,1], where R[}"] =
Ml 1 with w, € €1, v, € C*', and Byt = d sl r-

The vectors ¢/ ™+ are thereby compact localized on S.

P4 The first f 4 [ eigenvectors of H are symmetric under
S, while the remaining (k — 1)/ eigenvectors are both compact
localized and not symmetric under S. Specifically, defining the
index-reordered permutation matrix I[Is = P '[IgP with P
defined from Eq. (11), we have [Ts¢” = ¢" forv € [1, f + 1],
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FIG. 3. (al) Eigenvectors ¢" of the Hamiltonian matrix H, with index v ordered according to Eq. (19) in the EPT, (a2) their corresponding
eigenvalues {E,}, and (a3) eigenvectors of the matrices Ry and B; (j = 1,2), for the system of Fig. 2(a), depicted on the left, with indicated
onsite elements and homogeneous hoppings 4,,, = 1. (b1)—(b3) Similarly, but for the system of Fig. 2(b). The norm |¢, | of each real eigenstate
at each site n is plotted in black (red) for ¢, > 0 (¢, < 0). The sites comprising the locally symmetric part of H are indicated by corresponding
light and dark blue background. The eigenvectors of Ry and B;, which share eigenvalues E, with H, are spatially plotted following the
site-indexing of H with gray background for sites they are not defined on. Note that the CLSs [v = 9,10 in (al) and v = 7,8,9,10 in (b1)] are
constructed from the components of B; eigenvectors at the same energy [with pairwise degeneracy for v = 7,9 and 8,10 in (b1)], and that the

remaining eigenstates are symmetric within the locally symmetric part.

while the remaining compact S-localized eigenvectors trans-
form as

0y 0,
Uy, w(k—l)mumyr
ﬁS a)mum,r = Up,r (20)
w(k—l)mum,r w(k72)mum’r

Remark. The generally non-Hermitian “divisor” matrix R
defined in Eq. (17) is isospectral to the similar Hermitian matrix

R | F Vk- G
"7 Vk-Gt B

with eigenvectors [vl";):/];], where K =1;® Jk - I;. Thus,
properties P2 and P3 of the EPT hold if we replace R by Ry
andv, by v,/ k; we shall do so in the remainder of this work.

We see that, in essence, the EPT uses the symmetries
described by S to acquire partial information from H,
namely its spectral composition and corresponding eigenvector
localization, without diagonalizing it. This information could
indeed alternatively be obtained by considering the system’s
symmetry under local flip operations (represented by involu-
tory matrices I7), as explained above. In particular, however,
the EPT provides all eigenvalues and eigenvectors of H in
terms of those of the symmetry-adapted matrices R and B;,

]:KRK1 21

i.e., not only those of the “decoupled” CLSs. Since R and
B; are of reduced dimension, the EPT may additionally offer
a computational advantage in diagonalizing Hamiltonians of
extended systems with commutative local symmetries.

To give a concrete impression of the EPT, we consider
again the Hamiltonian H in Fig. 2(a), which is transformed
to the direct sum of matrices Ry and B, according to Eq. (16).
Recall that the similarity transformation involved preserves the
spectrum of H, while the final block-diagonal form ensures
property P2 in the EPT. The eigenvectors of H, Ry, and
B, of Fig. 2(a) are shown in Figs. 3(al)-3(a3) together with
their eigenvalues. As predicted by the EPT (here with f = 6,
k =2, and [ = 2), there are two (antisymmetric) CLSs of H
(states v = 9,10) localized on the sites {1,3,4,6} that form
a commutative local symmetry under the permutation S of
Eq. (6), while all other eigenstates are extended and symmetric
under S. In particular, the CLSs are constructed from the
components of the eigenvectors of B; in Fig. 3(a3).

The matrices Cy,C; and F,G, used in this example to con-
struct the matrices R and B; of the transformed Hamiltonian
H'inEq. (16), are given in Egs. (13) and (14), respectively, for
the choice Ty = {1,4} as initial orbit sites. Note that the choice
of Ty generally affects the matrices G, By, ...,By_; (but not
By), though does not change the resulting decomposition of
the spectrum and the eigenvectors of the Hamiltonian. In the
present example, the sites in each orbit are disconnected, so

035161-5



M. RONTGEN, C. V. MORFONIOS, AND P. SCHMELCHER

PHYSICAL REVIEW B 97, 035161 (2018)

that C; vanishes and

h
B() = 31 = C() = |:hlj1]1 1)144j| (22)

from Eq. (17) becomes the single submatrix corresponding to
the two CLSs.

The EPT works in a completely similar form for the example
infig. 2(b): There are now 2 orbits of size k = 3, leadingto (k —
1)l = 4 (pairwise degenerate) CLSs, as seen in Figs. 3(b1)—
3(b2). Note that any two degenerate real CLS eigenvectors
can be linearly combined to either be antisymmetric under one
of the (partial) local symmetry transformations in Eq. (9), or
to be of the complex form in Eq. (19). Also in this example
there are no intra-orbit connections, and so we have By = B; =
B = Cy.

In contrast, the system shown in Fig. 2(c) is invariant under
the permutation S = (1)(2,3)(4,5) but has intraconnected or-
bits (or interconnected local symmetry units Ty and T}), since
h23,h25,h43 7# 0. In such a case the matrices B; differ; here
we have (with the choice Ty = {2,4})

B v hag has  has
R = [Ul], B(l) = |:h4'2 s :| + |:h4.3 h4,5:|‘ (23)

Notably, the By and B here are given by adding and subtracting
the intra-orbit connection, respectively. In Sec. IIIA we will
use this property to tailor periodic systems featuring bound
states in the continuum.

B. Noncommutative local symmetries

So far we have considered the case of local symmetries
which, although localized within a part of a composite system,
are represented by a permutation matrix [1s that commutes
with the system Hamiltonian H. We now show, partially
following the procedure in Ref. [41], how the merits of the
EPT can be extended to cases where a symmetric subsystem
is asymmetrically coupled to the rest of the system under the
given site permutation. Since I1s then does not commute with
H, we call the underlying permutation & a noncommutative
local symmetry. In the following, we will impose two further
restrictions on S.

Specifically, consider a Hamiltonian H which can be index-
reordered, in analogy to Eq. (11), into the form

F  yG yG ... y'G
Gl Co 0 0
H=|»nGl 0 Co : (24)
: : .0
wGh 0 .. 0 G

with generally complex parameters y1, . ..,y. Asin Eq. (11),
the k copies of Cy e C*! correspond to the same local
symmetry units under permutation S, the matrix F € C"*"
corresponds to sites fixed by S, while G € C"* connects fixed
to local symmetry sites. Now, however, (i) the local symmetry
units are not interconnected (i.e., C;~o = 0), and (ii) while
each of them is geometrically coupled to the fixed part IF in the
same manner, the coupling strength for each unit is weighted
by a factor y;. Thus, if y; # y; for some i # j, the coupling
of S (denoting the locally symmetric subsytems as a whole)

H R
~oh/ 7k Ve Co
To T, = @ l
v2h 7h VER

FIG. 4. Graphically represented example Hamiltonian H of the
form in Eq. (24) with a restricted noncommutative (local) symmetry
under the exchange of subparts Ty and T, and its partitioning into
matrices R and Cy according to the nEPT with & = y?2 + y2.

to [F (denoting the fixed subsystem) is asymmetric, and S
is no longer a commutative local symmetry of H. A simple
example is given by the system in Fig. 4; also by Fig. 2(a)
if, e.g., only & 7 and h4 ;9 were multiplied by a factor y, or
similarly in Fig. 2(b)—though not in Fig. 2(c), where there is
local symmetry unit interconnection.

In the following, we will call noncommutative local sym-
metries fulfilling the above restrictions (i) and (ii) restricted
noncommutative ones. For such local symmetries the EPT can
be modified, along the lines of Ref. [41], to the following:

Noneguitable partition theorem. Let H € CN*V be of the
form in Eq. (24), with F € CH*f k copies of Cy € C™!, and
S arestricted noncommutative local symmetry of H. Then the
following properties hold:

P1 The eigenvalue spectrum of H is given by o(H) =
o(H') = o(R) U o0y_1(Cp), where H' is a similarity transform
of H and is given by

k—1
H:R@@CO,Rz[ : ] (25)
=1 \/gG C()

with & = ZI;ZI yl-z and o;(R) denoting i copies of o(R) (i.e.,
i-fold degeneracy of those eigenvalues).
P2 The N = f + kl eigenstates of H are given by

0y
%uo,r
~ - )23
w, VluO,r
b2
.
2
¢v — \/_Ev” , ¢f+ml+r — l;_T’uo,r
. i v
. ¥ 0T
%vv 01
: k—1)—m
(26)
for vell,f+1], mel[l,k—1], and r €[l,/], where

R[Y'] = )»u[':jf] with w, € C/*1, v, € C™*!, and Cou,,, =
)"O,rum,w

The naming of the theorem was chosen to reflect the fact
that, for unequal y;, the matrix (24) cannot generally be
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partitioned into blocks with blockwise constant row sum; that
is, the matrix is “nonequitably” partitionable according to the
definition above in Sec. IT A. The theorem is proven in Ref. [41]
for real H, but is generalized here in a straightforward manner
to complex H and yj; see the Appendix. This may allow
for the possibility to include appropriately applied external
magnetic fields in the present symmetry-adapted construction
of CLSs (via Peierls phase factors in the hopping elements
[28]), or to include parametric gain and loss (via complex onsite
elements [24]).

It should here be mentioned that there exists a large class of
local symmetries which are neither commutative nor restricted
noncommutative. Also, the restrictions for the nonequitable
partition theorem (nEPT) to apply are indeed relatively strong.
However, the nEPT may still provide larger flexibility than
the EPT (requiring exact commutative local symmetry) in de-
signing CLSs for systems with non-intraconnected symmetric
subparts.

Comparing the nEPT with the EPT, some similarities but
also subtle differences become evident. Both the nEPT and
the EPT block-diagonalize the Hamiltonian, and in both cases
the eigenstates are decomposed into two classes: extended
states generally occupying all sites of the system, and CLSs
localized on S (the sites of the symmetric subsystems, non-
trivially affected by the permutation S). However, the detailed
properties of eigenstates in each class are different for the EPT
and nEPT. Extended eigenstates [the ¢"<!"/*! in Egs. (19)
and (26)] are symmetric under the action of S for the EPT,
while this holds only for equal y; for the nEPT (in which case
S becomes commutative and the EPT applies). Also, CLSs
[the ¢/ T™*" in Egs. (19) and (26)] determined by the nEPT
are more compactly localized, on only a subset of S, as the
k — 1 — m vectors 0; in Eq. (26) indicate.

III. COMPACT LOCALIZED EIGENSTATES
IN LATTICE SYSTEMS

Having presented and analyzed the (n)EPT and its implica-
tions for the eigenspectra and eigenstates of discrete models
with (restricted non)commutative local symmetries, in the
following we demonstrate concrete applications to compact
state design in extended lattice systems.

A. Engineering bound states in the continuum

The band structure of a periodic lattice provides energetic
continua for extended (Bloch) eigenstates respecting the un-
derlying discrete translational symmetry. In this section we
will demonstrate how certain perturbations, which destroy
the periodic character of the lattice, may nevertheless leave
the band structure of the system unchanged. Key to this are
tailored local perturbations of one or more unit cells, which
can be described by local symmetries and thereby induce the
occurrence of CLSs.

Let us consider the system depicted in Fig. 5(a): a tight-
binding periodic chain (with v, = v and h,, ,+1 = h) perturbed
locally by replacing a lattice site with a dimer of onsite energy
vy and intrahopping h;, in turn connected to the chain by
hoppings A ;. For generic defect parameters, the Bloch states of
the unperturbed chain are no longer eigenstates of the system,

@ " @

U1

v Q

vy + he v2 — s ©
qF
o @
v1 — ho
-2
L‘lfhz.
3
-7 -3 0 3 ™
k
& @ D o
vy — ho vy — hy
v + ho
*
=
--~4—W~--@ @ ©® o & e
V2hs v — hg Vg — hy v
vy + ho

FIG. 5. (a) Periodic lattice system locally perturbed by a symmet-
ric dimer defect with indicated onsite and hopping elements (top). The
corresponding Hamiltonian can be transformed (bottom) via the EPT
into the direct product of the divisor matrix R, corresponding to a gen-
erally perturbed linear chain, and the 1 x 1 matrix B; corresponding
to a CLS on the defect with energy EcLs = vy — h,. For the special
case of h| = h/ﬁ and h; = v — vy, the spectrum o (H) consists
of the unperturbed chain band structure with an additional tunable
bound state energy Ecrs. (b) The same chain with an additional,
different, locally symmetric perturbation next to the first one, which
can be treated by an iterative decomposition. The first decomposition
(=) reveals the occurrence of two CLEs at energies v; — hy,v, — ha.
The second decomposition (%) applies if v, + hy = v, ﬁhg = hs.
For parameters tuned so that \/Ehl =h,vy+h,=v, ﬁhs = h,the
spectrum of the perturbed system again consists of the unperturbed
chain band structure and three CLS energies vy — hs,v, — hy,v. (C)
Band structure of the unperturbed chain (blue line), present in the
spectra of the tuned locally symmetric systems of (a) and (b), together
with indicated corresponding CLS eigenenergies. Different onsite and
hopping elements are depicted with different sizes and colors.

and defect modes with exponential decay into the left and
right semi-infinite chains arise. This may change, however,
if the defect forms a commutative local symmetry, as we
now demonstrate. In this case, the EPT provides a symmetry-
adapted partitioning of the Hamiltonian into the matrices R
and By, as shown graphically in Fig. 5(a). The divisor matrix R
corresponds to a linear chain with a single-site defect of energy
v; + hy, connected by hoppings +/2k;, while B; corresponds
to a single CLS, localized only on the dimer, with energy
EcLs = v; — hy, as indicated in Fig. 5(c) [52]. Following this
partitioning, the spectrum is given by 6 (H) = o(R) U o (By).

As we see, also in the partitioned representation a defect
is generally retained in the chain, which would lead to,
e.g., backscattering of incident waves lying energetically in
the unperturbed continuum. Note, however, that the defect
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parameters can be tuned so as to effectively recover those of
the unperturbed chain: Setting hy = h/ /2 and hy =v—1,
indeed makes R coincide with the unperturbed Hamiltonian.
Thus, despite the presence of the defect, the spectrum in
this case consists of the band structure of the unperturbed
chain, augmented by the energy of the CLS. Moreover, by
simultaneously tuning v, and h;, such that h, = v — vy, the
CLS can be moved in energy into the band of the chain, so
that it becomes “bound state in the continuum” [12,13]. In
the present case, this state does not interact with the extended
continuum states due to eigenvector orthogonality, and thus the
defect is effectively invisible for an incident wave (i.e., causes
no backscattering).

Such a “renormalization” of defects into unperturbed chain
sites was recently shown to explain the absence of localization
[53], though for the special case of one dimension and zero
intradimer coupling h,. Following the above paradigm, the
EPT can be used to easily generalize the approach to pertur-
bations of various complexity and connectivity as well as to
higher dimensions. The key for such a generalization is to have
a perturbation that renders the divisor matrix R identical to
the unperturbed Hamiltonian. Note that this can be done even
for different kinds of perturbations, as shown in Fig. 5(b).
Here, an iterative decomposition is possible, provided that
vy + hy = v, ~/2h3 = hs. If, additionally, ~/2h, = h, v, +
hy = v, «/Ehs = h [indicated by an asterisk in Fig. 5(b)],
then the original band structure of the unperturbed chain
is recovered, together with three additional bound states at
energies v; — hy,v, — hy,v, as shown in Fig. 5(c).

CLSs tailored as above to be “invisible” to a host lattice can
clearly be inserted in multiple positions in the lattice without
affecting the unperturbed band structure. Notably, the same
could be done for restricted noncommutative local symmetry
defects using the nEPT, as long as its conditions are met. This
concept of tailoring R is thereby neither limited by the number
of dimensions nor by the number of perturbed unit cells, and
thus applies to quite generic extended lattice models. As an
application, CLSs could be distributed along a given aperiodic
or even random sequence, to then study their interaction with
continuum states by gradually breaking the local symmetry of
the defects.

B. Using symmetries to design flat bands

The above engineering of bound states in an unperturbed
continuum via the (n)EPT relies on making the divisor matrix R
coincide with the unperturbed lattice Hamiltonian by tuning the
defect parameters. To obtain a band structure for generic defect
parameters, however, the defects need to be placed periodically
as well. Then, since the corresponding CLSs vanish on the
sites (fixed under the local symmetry S) connected to adjacent
lattice cells, their energy will also be independent of the
Bloch momentum. Consequently, a flat band will form at
each CLS eigenenergy. An example for this is the well-known
one-dimensional diamond ladder lattice [1] which can be
constructed by periodically repeating the perturbed unit cell
in Fig. 5(a) and which features global chiral symmetry [28];
similarly, cross-stitch and one-dimensional pyrochlore lattices
[1] can be treated with the present local symmetry approach.

We now show how the (n)EPT can be used to design
lattices in arbitrary dimensions hosting a prescribed number

(a1) . (a2) 10
8
<SU5 2 6 i
= - 6
AR Yh 4\/—¢E1
3 4 E2

"

i

|

I <
Q@

1

i

[
)
4

&

i "\/
N b 60 EEEE S
@ o——»o k
(b1) (b2) 10
:
( ¥ 4_\/_¢El
g E 2
0
<>®o
-2

FIG. 6. (al) Unit cell (indicated by dotted rectangle) of a periodic
setup, with a local symmetry under the permutation S: 1 <> 3,2 <
4 leading to CLSs at two energies E;,E,, and (a2) corresponding
band structure with flat bands at E;,E,. (b1)—(b2) As in (al)—(a2)
but with the same unit cell connected in parallel via two sites to each
neighboring cell. (c1)—(c2) As in (al)—(a2) but with the same unit cell
augmented by three sites and connected into a 2D lattice. While the
dispersive bands are different in each case, the flat bands remain at
E, , since the symmetric subsystem remains unchanged. In the lower
part of (al), the EPT decomposition (=) of the system’s Hamiltonian
into that of a modified lattice and (&) N — oo copies of isolated
dimers (with eigenenergies E| ,) is visualized. Arrowed lines indicate
complex-valued hoppings and dashed lines modified real hoppings.
For an asymmetry parameter  # 1 [indicated in (al)] and vanishing
intraconnections (4,,, = 0; m,n = 1,2,3,4), the nEPT applies (see
text).

of flat bands at desired energies. Consider a lattice like the
one in Fig. 6(al), featuring a commutative local symmetry for
y = lineach unitcell under the permutation S: 1 <> 3,2 < 4
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(leaving all other sites fixed). Then, by the EPT there are
(k — 1)l = 2 CLSs localized on the sites S = {1,2,3,4} within
the unit cell, with k£ and / being the uniform size and number of
nontrivial orbits of S, respectively. Two flat bands thus form at
the CLS energies E| , as shown in Fig. 6(a2) [52]. Specifically,
E| , are the eigenvalues of the matrix

v hip hiz hia
B = |:h2,1 v ] |:h2,3 h2,4]’ @7)
of Eq. (17), and thus depend only on the elements within the
subpart S of the unit cell. Note here that, for H to be Hermitian
and S-symmetric, i1; 3 and /i, 4 need to be real, while 4,3 =
h41 may as well be complex (indicated by arrows).

In complete analogy, flat bands form in the presence of
restricted noncommutative local symmetries in the unit cell
following the conditions of the nEPT. Specifically, for y # 1in
Fig. 6(al), but with vanishing local symmetry intraconnection

(hi1,3,h2.4,h23,ha; 1 = 0), we obtain two flat bands (not shown)
at the CLS eigenvalues of the matrix

v ki
Co = [hz,l vy ] (28)

defined in Eq. (12). Note that those are independent of the
asymmetry factor y .

Figure 6(b1l) shows a lattice where the same unit cell as
before is connected “in parallel” (via two connections) to each
neighboring unit cell, instead of “serially” as in Fig. 6(al).
Again, the unit cell’s CLSs lead to two tunable flat bands at
energies given by the eigenvalues of Eq. (27), as shown in
Fig. 6(b2).

In the two-dimensional (2D) example of Fig. 6(c1), the unit
cell differs from that of Fig. 6(al) in that it contains three
additional sites, though still containing the same locally sym-
metric unit. The CLS eigenenergies are also here independent
of the Bloch momentum, now in both directions of translational
invariance, and 2D corresponding bands thus arise. Note that
their position is the same as in Figs. 6(a) and 6(b), since the
underlying symmetric substructure is not changed.

Concluding the above, we have shown that a lattice auto-
matically features one or more symmetry-induced flat bands
if (i) the unit cell possesses a commutative or restricted
noncommutative local symmetry and (ii) this symmetry is
unbroken when isolated unit cells are connected to form the
lattice. Note that this approach to flat bands can be related
to the common description of symmetry via the point group
of the unit cell, whose action leaves at least one point fixed.
Indeed, the discreteness of the considered model Hamiltonian
maps each point group element to a site permutation. This
constitutes then a global symmetry of the isolated unit cell, and
thus a special case of condition (i) above. In turn, condition (ii)
is fulfilled provided that the unit cells are connected through
sites located at the point group’s fixed points. This link of the
proposed approach to point groups may aid the description and
design of symmetry-induced flat bands in more complex lattice
systems.

Having seen how local symmetries lead to (k — 1)/ flat
bands [k being the number of copies of Cy € C'*! defined in
Egs. (11) and (24)], let us now look at the remaining bands.
Note that these are usually completely dispersive, but could

contain flat bands as well that are induced by other means than
the above (restricted non)commutative local symmetries. In
any case, all of these remaining bands are entirely determined
by the divisor matrix R which is explicitly represented graph-
ically in Fig. 6(al) (between |} and &@). Thus, these remaining
bands can be directly obtained by diagonalizing the matrix
R which represents a strictly periodic system. Note that the
partition into matrices R and B; (by the EPT) or Cq (by the
nEPT) allows for an effective design process in which the
symmetry-induced flat bands and the remaining band structure
can be designed separately.

Itis clear that the present approach to design flat bands using
the EPT or nEPT applies to the class of lattices containing
commutative or restricted noncommutative local symmetries.
Thus, it does not cover other cases of lattices with other classes
of local symmetries, which may also host flat bands generated
by the very general method developed in Ref. [2]. The essence
of the present approach is that, instead of generating flat
bands from conditions imposed on the site-resolved eigenvalue
problem (1), it is based on unified and intuitive symmetry
principles forcing the occurrence of CLSs. We thus view
it as a complementary method which lends an insightful
understanding to already existing methods.

IV. CONCLUSIONS

We have shown how two very recent results from graph
theory can be used to analyze discrete Hamiltonians with
local symmetries. The resulting framework demonstrates the
impact of two types of local symmetries on the eigenstates
of a Hamiltonian H, including the formation of so-called
compact localized states (CLSs). These two types of local
symmetries are described by site permutations which either
leave all (commutative local symmetries) or some (restricted
noncommutative local symmetries) matrix elements of H
invariant. More specifically, the restricted noncommutative
local symmetries are such that the symmetric subsystems are
(i) not interconnected and (ii) asymmetrically coupled to the
remaining part of the system.

The essence of the framework is a symmetry-adapted
partition of H into smaller matrices R and B; whose collec-
tive eigenvalue spectrum is equal to that of the original H.
Depending on the exact character of the local symmetry, H is
assured to have one or more compact localized eigenstates
which are localized on the symmetric subsystem S. Their
energies are given by the spectra of the matrices B;. All other
eigenstates of H are not localized on S, with their energy
given by the spectrum of R. In short, the framework provides
the total eigenvalue spectrum as well as eigenvectors of the
Hamiltonian in terms of symmetry-adapted submatrices, which
are in turn more efficiently computed and better controllable
by parametric tuning.

We apply this novel framework to tight binding systems and
explicitly design flat bands at tailored energies in lattices of
one and two dimensions, with the generalization to arbitrary
dimensions being straightforward. Moreover, we use the
methodology to demonstrate the occurrence of bound states in
the energy continuum of a periodic chain perturbed by one or
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more symmetric defects. For both flat bands and bound states
in the continuum, our results give an intuitive understanding
of the impact of local symmetries, paired with a high degree of
control over the respective energies. We believe that the present
framework may serve as a complement to existing methods
in the design of CLSs and flat bands, by offering a unifying,
intuitive, and efficient way to connect them to local
symmetries.
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APPENDIX: PROOF OF THE nEPT

We here prove property P2 of the nEPT. To this end, we need to show that the vectors

0,
n
" uy,r
_ - Y2
wj )4 uO,r
Y1
Yy,
VEY :
Ly, Yo
X;=| VeS|, Ypu,= 5, Wo,r , (A1)
: P V;Z
: Y1Vm+1 uO,r
Yk 0
L veli !
I U

with j € [1,f +1],m € [1,k — 1],r € [1,1], are linearly independent eigenvectors of the Hamiltonian H’ given in Eq. (25).
Since [',‘,’j!'] is the jth eigenvector of the divisor matrix R [given in Eq. (25)] with eigenvalue A, i.e.,

F \/%_'G w; _ Fw_,“l‘\/g'ij — . w;
VE-G G v VE-Glw; + Cov; Lol
applying H' on x; yields
k
w; ij+_zril/élyf'zcvj Fw;+ & Gy, w;
Yy Tan . L YL . Glw; + XLCyv; Yy,
\/gvj 1G'w; + Z=Cyv Vi T ELoY; VEY)
Hx;=H|" |= SRS , = = (A2)
\/Agv] ykGij + %Covj Vker, + \};kgcovj \/%v./

Thus, {x;} are eigenvectors of H'. If we choose the set of eigenvectors {[',‘,’;']} such that they are pairwise linearly independent
(which can always be done), then this is also the case for the set {x ;}. To see this, let us assume that there exists an x; and constants
{a;} such that x; is given by a superposition of {x;} with j # i, i.e.,

inZOljx]‘. (A3)
J#
Then, from the definition of x;, it would hold that
Y | =D iy [ = =) qj , (A4)
[ﬁv’] ; j[ﬁvf v; ; o,

which is not true since the [}] are pairwise linearly independent. Thus, the x ; are pairwise linearly independent eigenvectors of
H' /
Further, since Coug , = Ao U0, by definition, application of H' on Y., yields

0, Co0y 0
| armo.r a1 Cog, au, ,
= = Ao, (A5)
aiuo,, airColtg,, aguo,r
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for any ay, ..
same and for different ug .

.,ax € C.Thus, the y,, , are eigenvectors of H'. As is easily shown, they are also pairwise orthogonal, both for the

Having shown that both sets {y,, ,},{x;} are eigenvectors of H', we need to show that they form a linearly independent set.
Evaluating the scalar product of x; and y,,_; , for arbitrary i and r gives

vE

Yi+1 lezl ypz
VE Vvisl

i 2
Xy = (M - __>,,j g, = 0, (A6)

where the last equality stems from the cancellation of the two summands in parentheses. Note that H' € CV*N has N = f + kI
linearly independent eigenstates. Since R € C"* and since { Y.} contains (k — 1)I orthogonal eigenstates, we have thus proved

that the eigenstates of H' are given by {x;},{y,, ,}.
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