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Generating and detecting coherent high-frequency heat-carrying phonons have been topics of great interest
in recent years. Although there have been successful attempts in generating and observing coherent phonons,
rigorous techniques to characterize and detect phonon coherence in a crystalline material have been lagging
compared to what has been achieved for photons. One main challenge is a lack of detailed understanding of
how detection signals for phonons can be related to coherence. The quantum theory of photoelectric detection
has greatly advanced the ability to characterize photon coherence in the past century, and a similar theory for
phonon detection is necessary. Here, we reexamine the optical sideband fluorescence technique that has been
used to detect high-frequency phonons in materials with optically active defects. We propose a quantum theory of
phonon detection using the sideband technique and found that there are distinct differences in sideband counting
statistics between thermal and coherent phonons. We further propose a second-order correlation function unique
to sideband signals that allows for a rigorous distinction between thermal and coherent phonons. Our theory is
relevant to a correlation measurement with nontrivial response functions at the quantum level and can potentially
bridge the gap of experimentally determining phonon coherence to be on par with that of photons.

DOI: 10.1103/PhysRevB.97.020302

Phonons are packets of vibrational energy that share many
similarities with their bosonic cousins: photons. Advances
in nanofabrication have enabled many parallels between the
development of photon and phonon control, such as photonic
[1] versus phonoic crystals [2], optical [3] versus acoustic
metamaterials [4], etc. Active manipulation of electromagnetic
waves through light-matter interaction have led to the creation
of nanoscale optical emitters [5] and gates [6] and similar
progress has been made in controlling phonons using their in-
teraction with matter especially in the realms of optomechanics
[7] and phononic devices [8,9].

Just like photons, phonons span a vast frequency range,
and, although techniques to control and sense lower-frequency
coherent phonons have been well developed [10–19], heat-
carrying coherent terahertz (THz) acoustic phonons have been
harder to measure directly due to the small wavelength and
numerous scattering mechanisms at these small wavelengths
[20]. Recently, surface deflection techniques with ultrafast
optics have been used to generate and detect phonons close
to THz frequencies in materials [21–24]. Nanoscale material
structures have also exhibited phonon coherence through their
thermal conductivity measurements and predictions [25–31].

In the past, THz crystal phonons have been generated and
detected in low-temperature experiments with defect doped
crystals [32–34] or with absorption and emission sideband
detection [33–38]. Sideband detection is attractive compared to
both thermal conductivity measurements and optical deflection
techniques due to its ability to directly access atomic length
scales where THz phonon wavelengths reside. Furthermore,
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sideband signals are universal in almost all materials with op-
tically active defects (such as Sm2+ doped potassium bromide
and chloride [34,36], magnesium fluoride [35], diamond [37],
etc.). Last but not least, the energy of the phonons detected can
be resolved precisely using an optical spectrometer, allowing
for a precise and yet broadband phonon detection.

Sideband spectroscopy has been used widely as a means
to detect nonequilibrium phonon population [37], phonon
propagation [37], phonon transmission through interfaces [36],
phonon band structures [35,39], etc. Extensive theoretical
studies in the 1950s have allowed rigorous understanding
of sideband line shapes and have been utilized to comple-
ment neutron-scattering phonon band-structure measurements
[40,41]. Optical coherence has been well characterized using
photon counting statistics [42] and the Hanbury-Brown-Twist
(HBT) experiment [43] thanks to the rigorous development of
the quantum theory of photoelectric detection [44]. However,
in this Rapid Communication, we offer a quantum theory
describing the sideband phonon detection response that will
enable its application in measuring phonon coherence.

In this Rapid Communication, we use the basis of quantum
theory of photodetection to rigorously characterize the phonon
coherence using sideband detection. We conclude that side-
band detection does not give a linear response but a nontrivial
function of the phonon number. Using this function, we deter-
mine that sideband photon counting statistics distinctly defer
between a coherent phonon and a thermal phonon distribution.
Then, we propose a sideband HBT interferometer [43] for
phonons and define a unique second-order correlation function
to detect phonon coherence. It is important to emphasize that
a HBT experiment can only be defined rigorously with a
quantum theory of the specific detector response. Moreover,
our approach can be generalized to other nontrivial detection
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FIG. 1. (a) Schematic of the sideband detection scheme. An incident optical beam gets absorbed and interacts with the local phonon
population. The measured spectral properties of the transmitted photons with a grating spectrometer give information of the local phonon
population. (b) Energy-level diagram of a defect electron with vibrational transitions for the ground state and excited state. Optical absorption
couples the ground to the excited state where the zero-phonon line (ZPL) couples the same vibrational levels (α = β) whereas any other case
α �= β implies that phonons are absorbed or emitted. The S parameter determines the average phonon energy absorbed. (c) 〈F (α)〉 versus the
S parameter and average phonon number 〈α〉 for a thermal-state ensemble. (d) 〈F (α)〉 versus the S parameter and average phonon number 〈α〉
for a coherent-state ensemble. Both (c) and (d) have similar behaviors at larger average phonon numbers, but there are noticeable differences
between them at lower S values.

responses [45] for rigorous quantum treatment of coherence
measurements.

Figure 1(a) shows the schematic of the sideband detection
setup consisting of a crystal with defects. An incident optical
beam excites the electrons in the defects, which absorbs some
of the photons. The transmitted light gets collected into a
grating spectrometer which diffracts the collected signal by
a frequency for detection. Figure 1(b) shows the energy-level
diagram for an optically active defect [46]. The ground-state
defect electron resides in the crystal field as a harmonic
potential consisting of different vibrational levels α, where
α denotes the phonon number. The excited state is assumed
to have the same vibrational frequency and therefore the
same harmonic curvature. Optical excitation coupling states of
the same vibrational energy α = β between the ground and
the excited states is known as the ZPL [47]. The excited-state
minimum in general is different from that of the ground state
and thus sidebands appear about the ZPL. The additional
energy between the ground-state minimum and the excited
state assuming a Franck-Condon (FC) optical transition is
determined by the Huang-Rhys parameter or the S parame-
ter. Physically, the S parameter equals the average value of
phonons absorbed or emitted per optical transition and is a

measure of the interaction strength between the defect electron
and the lattice phonons. Values of the S parameter can vary
by from 0.01 to 40 depending on the material of interest
[46], and we will consider a wide range of values for the
S parameter. Relevant information on sideband theory from
Refs. [46–48] is summarized in Sec. I of the Supplemental
Material [49]. Here, we proceed with an important result
derived from Eqs. (S6)–(S9) of the sideband theory which
describes the overlap strength between the ground vibrational
state |α〉 and the excited-state |β〉 as

|�αβ |2 = exp(−Si)
α!

β!
S

β−α

i

∣∣Lβ−α
α (Si)

∣∣2
, (1)

where Si is the S parameter for the ith normal mode and
the localized excitation and Lm

n (z)’s are Laguerre polynomials
[47]. Equation (1) is used to explain the shapes of absorption
or emission spectra in sideband detection experiments [35].

At low temperatures, almost all absorption processes will be
Stokes, i.e., the absorbed photon has a higher energy than the
ZPL [38]. However, phonons also do not equilibrate so easily
at low temperatures due to a lack of temperature-dependent
scattering processes. Thus, any nonequilibrium phonons gen-
erated can persist for propagation distances up to millimeters,
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allowing the presence of anti-Stokes signals to be detected [37].
Nevertheless, no rigorous coherence characterizations have
been carried out so far except from broadening inferences [37].
First, we recap the quantum theory of photoelectric detection
in Sec. II of the Supplemental Material [49] and highlight
an important result for the probability of one-photon pho-
todetection at time t0 + �t which is P (t0 + �t) ∼ η〈âl

†âl〉�t

where 〈 〉 means ensemble average, âl ,âl
† are photon anni-

hilation and creation operators such that 〈âl
†âl〉 = I, �t is

the measurement duration, and η is the overall experimental
detection efficiency taking into account of electron wave-
function overlap among initial and final states, collection area,
etc. [44]. This equation tells us that the probability of detecting
a photon is directly proportional to its intensity.

We propose a quantum theory for sideband detection
of phonons. Physically, two processes happen in sideband
detection compared to a single process of electron-photon
interaction. As shown in Fig. 1(b), there exists a electron-
phonon on the ground-state defect electron resulting in a
harmonic potential of vibrational states with phonon number
α [46,50]. Then, the ground-state electron gets a FC excitation
by an electromagnetic wave to the excited state [46,50]. In
this Rapid Communication, we will focus on the one-phonon
anti-Stokes absorption sideband which has been used for
phonon detection [36]. The one-phonon (β = α − 1) overlap
strength can be obtained from Eq. (1) and is defined as F (α) =∑

β |〈β|b̂j |α〉|2 = exp(−Si)α|L−1
α (Si)|2S−1

i here, where α is
the ground vibrational state energy level in Fig. 1(b). F will be
proportional to the sideband intensity of the one-phonon side-
band signal. Figures 1(c) and 1(d) show the ensemble-averaged
〈F (α)〉 as a function of the average phonon number and S

parameter for a coherent and thermal distribution. Although it
is clear that 〈F (α)〉 is not a linear function of phonon population
due to the oscillatory behavior of the Laguerre polynomials in
Eq. (1) 〈F (α)〉, we will show that the slight differences between
Figs. 1(c) and 1(d) for the average signal can lead to observable
differences in the detected sideband signal.

Phonon fields can be expressed in a quantized form, such
as the photon fields [46,51] which describes electron-phonon
coupling (see Eq. (S23) of the Supplemental Material [49]). We
formulate the interaction Hamiltonian for the crystal phonon
to the defect electron’s phonon interaction as

HI = d̂ξl âl

∑
j

�j B̂j (t), (2)

where d̂ is the dipole operator, âl = âle
−iωl t1 + âl

†eiωl t1 such
that â is the photon annihilation operators for photon ab-
sorption with frequency ωl, B̂j = {b̂j exp[i(kj r0 − ωj t)] +
b̂
†
j exp[−i(kj r0 − ωkt)]} for the defect phonon operators of

the j th modes [35], and ξl and �j are the products for
the proportionality constant of the photon and phonon fields
(defined in Eqs. (S16) and (S23) of the Supplemental Material
[49]), respectively. This derivation is one dimensional but can
easily be generalized to three dimensions. Also, we do not
consider the polarization dependence of the lattice modes or
the photon fields in this derivation for simplicity of illustrating
the concept.

We can now relate our result to Eq. (1) for the absorption
spectrum by using the anti-Stokes one-phonon overlap F (α).

After some algebra (Eqs. (S24) and (S35) of the Supplemental
Material [49]), our sideband detection probability in Eq. (S31)
is simplified further to

P (t,�t) = ηF (α)�t δ[ωl − (ωb − ωa) + ωj ], (3)

where η is once again the overall detection efficiency defined
in Eq. (S36) of the Supplemental Material [49].

Now, let us consider the case of phonon sideband detection
where we are not directly measuring the phonon intensity
α (Eqs. (S20)–(S22) of the Supplemental Material [49]) but
a function of the sideband photon count F (α) described by
Eq. (3). Then, sideband count probability p for the sideband
signal intensity can be formulated as Eq. (S37). In the long-time
limit, 〈f 〉 ≈ η〈F 〉T such that

p(f,t,T ) ≈ 1

f !
(η〈F 〉T )f exp(−η〈F 〉T ), (4)

just like the n photon probability except that it is not a direct
function of the phonon number α. In the short-time limit,
〈f 〉α ≈ ηF (t)T but since P (α) is a discrete distribution of the
phonon ensemble, we sum over all states α to obtain

p(f,t,T ) =
∑

α

1

f !
[ηF (α)T ]f exp[−ηF (α)T ]P (α)

=
〈

1

f !
(ηFT )f exp(−ηFT )

〉
α

. (5)

The difference between the sideband detection probability
and the photon detection probability in Eqs. (S20)–(S22) of
the Supplemental Material [49] is in the measured variable, but
they share the same physical principle where short-time limit
fluctuations arise due to the ensemble average of the whole
detection probability rather than just the measured quantity.
Here, we note the similar feature where a coherent state will
lead to the same result in the short- and long-time limits
[Eqs. (5) and (4)] but not for the thermal state.

Figure 2 shows the probability distribution p(f ) for differ-
ent values of the sideband count f with different time-scales
ηT under a coherent or thermal ensemble with an average
phonon number of 〈α〉 = 10. Here we arbitrarily choose the
value of ηT to account for the short-time (ηT = 0.1) to the
long-time limit (ηT = 10). Under these cases, we obtain two
limits for the coherent ensemble and compare the thermal
ensemble for different values of the S parameter. First, we
notice that the S parameter strongly affects the sensitivity of
the difference between a coherent and a thermal state. A small
S parameter will lead to a virtually undetectable difference
between the two. Physically, a small S parameter means less
average phonons absorbed or emitted and thus less sensitivity.
Second, higher values of S do not imply a greater difference in
signal between coherent and thermal states. This is caused by
the oscillatory nature of the Laguerre polynomials in Eq. (1).
Third, coherent and thermal states show different probabilities
in both the short- and the long-time limit unlike the case
for n-photon probability. This is because the function 〈F (α)〉
will have different average values in Eq. (4) [evident from
Figs. 1(c) and 1(d)] between a thermal and a coherent state for
the same average phonon number even in the long-time limit. It
is important to see that the probability of sideband detection for
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FIG. 2. (a)–(c) Plots of Eqs. (5) and (4) labeled as short (blue) and long (red), respectively. The coherent-state ensemble is labeled with a
circle, and the thermal-state ensemble is labeled with a cross. The probability of sideband detection for coherent phonons is orders of magnitude
lower than thermal phonons just at a few sideband counts. The short- and long-time limits do not show distinct variation in probability except
for the intermediate value of the S parameter. The average phonon number used here is 〈α〉 = 10.

coherent phonons is orders of magnitude lower than thermal
phonons at just a few sideband counts. Photon probability
measurements have been used to characterize coherent and
nonclassical states [42], and we can likewise carry out similar
measurements for sideband phonon detection.

A more well-known technique to characterize optical coher-
ence is using a HBT experiment [43,44], and it is conceivable
that a similar setup in Fig. 3(a) for sideband phonon detection is
possible. Here, an optical excitation generates a phonon beam

which becomes incident on a smooth oblique interface and gets
partially scattered and transmitted. Two optical beams incident
on different locations of the crystal then are used to create
two sideband signals which are correlated with each other.
Before examining this proposal further, let us first recap how
the photon intensity correlation function looks

g(2)(t,t + τ ) = 〈âl
†(t)âl

†(t + τ )âl(t + τ )âl(t)〉
〈âl

†(t)âl(t)〉2
. (6)
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FIG. 3. (a) Schematic of the proposed measurement of the second-order phonon correlation using sideband detection. An optical excitation
generates a phonon beam which gets split by a clean interface into two paths. Detection on each path with the sideband technique allows us to
measure the second-order correlation defined in Eq. (7). (b)–(d) Second-order sideband correlation for different values of the S parameter and
average phonon number 〈α〉 at τ = 0. The red line indicates the coherent ensemble, and the blue line indicates the thermal ensemble. Note that
the thermal state is always above the coherent state for all values of average phonon number 〈α〉 and S parameters.
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The numerator in the intensity correlation in Eq. (6) is
ordered with âl

† before âl and time ordered such that a state
〈α|âl

†âl
† → 〈α − 2| (the same for âl âl|α〉), which implies

two consecutive absorption processes by two photodetectors
from the same state. The denominator just implies independent
absorption events. For our case, we are measuring F (α), which

is a function of the phonon number. This function projects the
phonon number onto a function and prevents us from defining
our second-order correlation in the same manner as in Eq. (6).
Nevertheless, we can define a second-order correlation that
describes the same physical process of correlated absorption
events versus independent events. In this case, we have

g(2)(t,t + τ ) =
∑

α P (α)
∑

β,β ′ 〈α|b̂j
†
(t)|β〉〈β|b̂j (t)|α〉〈α − 1|b̂j (t + τ )|β ′〉〈β ′|b̂j

†
(t + τ )|α − 1〉

〈F [α(t)]〉2
α

= 〈F [α(t)]F (α[t + τ ) − 1]〉α
〈F [α(t)]〉2

α

(7)

Figure 3 plots the second-order correlation for the sideband
detection defined in Eq. (7) at τ = 0 for different values of
the S parameters. Note that we have the thermal ensemble
being above the coherent ensemble for all values of average
phonon intensity 〈α〉 for different values of the S parameter.
This is in agreement with the behavior of the photon intensity
correlation at time τ = 0 in Eq. (6). However, the photon
intensity correlation does not vary with the average photon
intensity or other parameters unlike our sideband correlation
here, which can vary by orders of magnitude for different S

parameters and average phonon numbers.
Our Rapid Communication differs from those in optome-

chanics and nonlinear coherent phonon control [52]. Optome-
chanics typically requires coupling a specific mechanical mode
that can be controlled coherently. It is remarkable that quantum
coherence of phonons has been predicted [53–55] and observed
[7] in this field. Here, we are proposing a detection scheme
for intrinsic phonon modes in materials which are usually not
coherent. Also, we only restrict our discussion to coherent and
thermal states, although it is possible to consider other quantum
states, such as Fock states and squeezed states [53–55]. For the
field of nonlinear coherent phonon generation, an optical field
directly couples to optical phonons [52] or zone-center acoustic
phonons [56], and as a result of the phase matching, always
results in coherent phonons being observed. Our Rapid Com-
munication actually detects high-frequency acoustic phonons
which are not capable of direct coupling to light through
phase matching. Recent work of sharing some similarity to
ours include phonon-mediated gate operations using defects
in nitrogen-vacancy centers [57] and characterizing phonon
coherence in thermal transport using correlation functions [27].

It is thus evident that characterizing high-frequency coherent
acoustic phonons in materials using quantum-mechanical de-
scriptions are only starting to be explored.

The low detection probability in Fig. 2 makes detecting
beyond a sideband counts challenging especially in the short-
time limit. For instance, sideband detection of phonons in dia-
mond [37] yields a detection probability of ∼10−19. However,
detecting such small signals has already been demonstrated
decades ago [33–38]. The proposed HBT experiment requires
the phonons to propagate long distances and a crystal with
a clean interface. This is however achievable given the low
temperature of the experiment and the ability to shape and make
good quality crystal interfaces [58]. Distortions to phonon
propagation may occur at the interface, but we just need some
of the phonons of the same frequency to persist after scattering
and transmission through interfaces [59,60]. Last but not least,
small nanocrystals can be used as local phonon detectors
similar to Refs. [15,61] where sideband signals can be used
to determine phonon coherences in optically inert materials
of interest. Thus, it is foreseeable that the feasibility of our
proposal is within experimental reach.

In conclusion, we propose a quantum theory of phonon
detection using the sideband technique and found that distinct
differences in sideband counting statistics between thermal and
coherent phonons. We further propose a second-order correla-
tion function unique to sideband signals that allows for rigorous
distinction between thermal and coherent phonons. Our theory
is relevant to correlation measurement with nontrivial response
functions at the quantum level and potentially can bridge the
gap of experimentally determining phonon coherence to be on
par with that of photons.
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