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For the one-dimensional spin-1/2 XX model with either periodic or open boundary conditions, it is shown by
using a fermionic approach that the matrix element of the spin operator S (S} S*) between two eigenstates with
numbers of excitations n and n + 1 (n and n) can be expressed as the determmant of an appropriate (n 4 1) x
(n 4+ 1) matrix whose entries involve the coefficients of the canonical transformations diagonalizing the model.
In the special case of a homogeneous periodic XX chain, the matrix element of S} reduces to a variant of the
Cauchy determinant that can be evaluated analytically to yield a factorized expression. The obtained compact
representations of these matrix elements are then applied to two physical scenarios: (i) Nonlinear optical response
of molecular aggregates, for which the determinant representation of the transition dipole matrix elements between
eigenstates provides a convenient way to calculate the third-order nonlinear responses for aggregates from small
to large sizes compared with the optical wavelength; and (ii) real-time dynamics of an interacting Dicke model
consisting of a single bosonic mode coupled to a one-dimensional XX spin bath. In this setup, full quantum
calculation up to N < 16 spins for vanishing intrabath coupling shows that the decay of the reduced bosonic
occupation number approaches a finite plateau value (in the long-time limit) that depends on the ratio between
the number of excitations and the total number of spins. Our results can find useful applications in various

“system-bath” systems, with the system part inhomogeneously coupled to an interacting XX chain.
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I. INTRODUCTION

The study of quantum spin chains has a long history
dating back to Bethe’s exact solution of the one-dimensional
Heisenberg model in the early 1930s [1]. With the intention
of finding system that bears reasonably close resemblance to
the Heisenberg model, Lieb, Schultz, and Mattis [2] intro-
duced the one-dimensional XY model and solved it exactly
using the Jordan-Wigner transformation, which changes spin
operators into fermions. Later, the authors of Ref. [2] applied
a similar second-quantization formalism for fermions to the
exact solution of the two-dimensional Ising model [3]. Over
the past several decades, the fermionic approach has found
wide applications in dealing with many-body systems of spin
degrees of freedom. Recently, lorgov et al. derived a factorized
formula for spin-operator matrix elements between general
eigenstates of the transverse Ising model by using the fermionic
technique [4].

In this work, we will consider a simpler but frequently
used quantity, i.e., the spin-operator matrix element (SOME)
between two eigenstates of the XX spin chain, which can
be calculated by using similar techniques to that in Ref. [4].
In spite of its simple form, the XX model not only models
the physics of spins arranged in a row, but it can also
describe many other quantum phenomena, such as the re-
pulsive Bose-Hubbard model in the strong interaction limit
[5], quantum state transfer [6], coherent excitation transfer in
light-harvesting [ 7] and Rydberg systems [8], and the dynamics
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of molecular aggregates [9,10], among others. These SOMEs
naturally emerge in a generic class of composite systems con-
sisting of an XX chain (the “spin bath”’) with each spin coupled
to the other common quantum system (the “system”), e.g., a
single bosonic mode [10] or a central spin [11,12]. Note that
the number of excitations (e.g., the number of spins pointing
upward) of the XX chain is conserved. We will focus on two
types of SOMEs, both of which are relevant in the study of
static or dynamical properties of these hybrid system-spin-bath
systems. The first operator we consider is the spin-lowering
operator S, of spin-j, which connects an eigenstate with
(n + 1) excitations to the other eigenstate with n excitations.
The other type of operator we are interested in is the product
of the spin-lowering and spin- raising operators on two (not
necessarily different) sites j and j’, namely S; S , which does
not induce spin-flip and connects two elgenstates with the
same number of excitations. These kinds of matrix elements
might first appear in the study of nonlinear response [9] and
superradiance [10] of one-dimensional molecular aggregates,
where the Frenkel-exciton model description of the aggregates
resembles an XX chain. Recently, Wu et al. [12] studied the
decoherence dynamics of a single qubit in an extended Gaudin
model with an interacting spin bath modeled by the XX ring,
where linear combinations of the matrix elements of §;” emerge
as coefficients in the equation of motion of the system.
Though the aforementioned matrix elements are important
in various physical systems involving the XX chain, their
evaluation is not straightforward since the eigenstates of
the XX chain generally do not admit simple forms in the
spin configuration space, but rather they are filled by the
Jordan-Wigner fermions. For example, in the context of a
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one-dimensional molecular aggregate, the matrix elements of
the excitonic transition dipole moment, which is proportional
to Y j(e””f S;’ + H.c.) (with k the wave vector of the light
field and r; the position of the jth monomer, respectively), was
shown [9] to have a form similar to Eq. (20) (see below) that
involves a multisummation over all configurations of the spatial
indices with a fixed number. Meanwhile, it was recognized
that these sums are usually difficult to evaluate [9]. When the
spatial dimension of the aggregate is much smaller than the
optical wavelength, so that the phase factors in the transition
dipole moment do not depend on the molecular position r;,
the authors of Ref. [10] have been able to evaluate the sums
through “some tedious calculation.” Actually, they obtained
a factorized formula [see Eq. (21) below] for the matrix
element of the collective spin operator S~ = ) ; S, which
was recently used in the study of enhanced photon capture
in ringlike optical emitter systems [13]. There were some
attempts to derive this factorized expression through evaluating
the multisums by using the properties of matrix determinants
[14]; however, to the best of our knowledge, an explicit proof
of Eq. (21) is still absent from the literature.

In this work, we employ a similar fermionic technique de-
veloped in Ref. [4] to derive the matrix elements of both S; and

S ST between two relevant eigenstates of an inhomogeneous
XX chain with either periodic or open boundary conditions. We
show that both of them can be expressed as the determinant
of some (n + 1) x (n + 1) matrix whose entries involve the
coefficients of the canonical transformations diagonalizing
the model in its Jordan-Wigner fermion representation. For
the special case of the homogeneous periodic XX chain,
the determinant representation of the matrix elements of S
turns out to be a variant the Cauchy determinant that can
be evaluated analytically, and hence leads to the factorized
formula discovered in Ref. [10].

We next apply the obtained results to two physical problems,
namely the nonlinear response of molecular aggregates and the
real-time dynamics of an interacting inhomogeneous Dicke
model consisting of a single bosonic mode coupled to an XX
chain. In the former case, the determinant representations of the
SOMEs provide a convenient way to calculate the aggregate
transition dipole matrix elements, which are essential for
obtaining the nonlinear optical response functions. The advan-
tages of the present method become more apparent when either
the aggregate sizes are large compared with the optical wave-
length, or higher-order nonlinear responses are considered, for
which the transition dipole matrix elements do not admit closed
forms anymore and the determinant representations offer an
almost unique tool for efficient evaluation of these matrix
elements. In the latter case, the proposed hybrid model can
properly describe a linear molecular aggregate located in a
single-mode cavity [15]. In the absence of the nearest-neighbor
coupling within the chain, the model reduces to the ordinary
inhomogeneous Dicke model that has been studied thoroughly
in quantum optical systems [ 16—19]. By writing the spin-boson
interaction in the eigenbasis of the XX chain and the free
boson using the obtained SOMESs, we perform full quantum
calculation of the system dynamics. In the noninteracting
limit with inhomogeneous excitonic energies and a uniform
spin-boson coupling, we find that the decay of the reduced

bosonic occupation number starting with a pure boson number
state shows an initial oscillatory decay and approaches a finite
plateau value in the long-time limit. These plateaus are found to
increase monotonically with the ratio between the initial boson
number and the total number of spins. In the interacting case,
we find that the exciton coupling between nearest-neighboring
monomers has a significant effect on the photon generation
from the excitonic ground state.

The rest of the paper is organized as follows. In Sec. II,
we will briefly review the diagonalization procedure of the
inhomogeneous XX chain with periodic/open boundary con-
ditions, and we introduce the definition of the two types of
SOME:s. In Sec. III, we will derive the determinant formulas
for the SOMEs using the fermionic technique. Section IV will
be devoted to the application of the formalism to the nonlinear
optical response of molecular aggregates and to the dynamics
of the interacting inhomogeneous Dicke model. Conclusions
are drawn in Sec. V.

II. THE XX SPIN CHAIN AND SPIN-OPERATOR
MATRIX ELEMENTS

A. The XX spin chain
The XX spin chain in an inhomogeneous transverse mag-
netic field consists of a chain of N spins 1/2 with nearest-
neighbor XX-type interactions, and is given by the Hamilto-
nian
N N 1
Hyx = 31 (SISE, + SISh) — Zh,(s; ; 5>, M)
j=1 ]

Jj=1

where Sj-‘ (a = x,y,z) are the spin-1/2 operators, J; is the (in-
homogeneous) isotropic nearest-neighbor coupling between
spin-j and spin-(j + 1), and 4 is the magnetic field imposed
on spin-j. We assume periodic boundary condition Sy ; = S}
when Jy # 0. The usual homogeneous periodic (open) XX
chain described by Hppc(h,J) [Hosc(h, J)] can be obtained by
setting J; = J,Vj[Jj=J(j#N); Jy =0land h; = h,Vj.
In the noninteracting limit J; = 0,Vj, Hxx reduces to the
atomic model Hyom({%;}) used by Dicke in the discussion of
the superradiance phenomenon [20].

To introduce the notations used later for the illustration
of our problem, we first briefly review the diagonalization
procedures of the Hamiltonian (1). The first step is to perform
the Jordan-Wigner transformation (with Sj.E =87 +iS j‘)

+ 1 - T 1
Sj =CjTj,Sj ZCjTj’szchj_Ev (2)

where c} creates a spinless fermion at site j, and T; =
l_[lj;ll a1- 26‘;61) are the Jordan-Wigner strings, which include

Ty = e YiLider ag the fermion parity operator. It can be
easily checked that the following relations hold:

a, J<I,
TjC]Tj = —¢ ] -1 (3)
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After the Jordan-Wigner transformation, Hxx is mapped into
a noninteracting spinless fermion model,

N-1 N
1 ;
HXX = 5 E Jj(CjCj+1 +C;+16j) — E ]’leICJ
j=1 j

1
) N(ijcl + CJ{CN)TN-Hv “4)

where we have separated out the bulk and boundary parts of
the hopping terms.

For Jy = 0, we have an open XX chain that can be brought
into a diagonal form,

Hyy —ZE A )

by further performing a canomcal transformation of the
fermions,

N
CJ:ZUﬂjg'Z’ &y = ZU iCis (6)

where U isan N X N unitary matrix satlsfymg Z UyiUy; =
8yy. In the special case of a homogeneous open XX chain
described by Hopc(h,J), the canonical transformation is of

the form

U 2 inK,j with K ilidd 7
- sin wi L
W N+1 nJ TTN+1
The corresponding single-particle dispersion is E, =

JcosK, —h.

For Jy # 0, since the fermion parity 7y is conserved, one
can separately diagonalize Hxx in the two subspaces with an
even (Tyy+; = 1) and odd (Ty+; = —1) number of fermions.
This can be achieved by two individual sets of canonical
transformations,

N N
¢j =Y UT%. Eo=y U, ®)
n=1 Jj=l1
which gives the diagonal form

1401 1+ol
(p) Z N+1 N+1
o=%

N
HP =3 "E, £ &.,. ©)

n=1

where 0 = 1 (—1) indicates the even (odd) subspace. In the
special case of a homogeneous periodic XX chain described by
Hpgc(h,J), the canonical transformation is of the form (N =
even)

1 @ ;
(o) iK©
Uﬂ] - We Y, (10)
where
©) _ o—3\m _
K,] = -7+ <2n+ T)N, n=12,...,N (11)
are the allowed wave numbers that give the periodic (o = —1)

or antiperiodic (¢ = +1) boundary conditions in the c-fermion
representation.

For notational conveniencg, we define vectors made up
of spatial and mode indices j, = (ji,j2,...,jn) and 7, =
n1,m2, - -,m), with the convention 1 < jj < jo<---<
Jn<Nand 1 <npp<m<--- <y < N Thus, any eigen-
state of HyY can be written as [ii') = [/, & . |0), where
|0) is the vacuum state of the ¢ fermions, and 0,, = 4+ (—)if m is
even (odd). The eigenstate |77(p )) isrelated to the real-space state

|]m =11, c 10) filled by m fermions on sites ji, j2, . .., jm
via
) = 2 S5z m): (12)

J/n

where the function

(om) (Om) (om)
Uﬂl-jl Umvjz T Um-jm
(Om) (om) (om)
o = det U'Iz,jl 02, J2 e U'Iz,jm (13)
(om) (om) (om)
Unm i U S Unm-,jm

is the Slater determinant made up of the transformation
coefficients. A similar expression to Eq. (12) holds for the
eigenstate |7j\”) = [T~ &1 |0) of HY. Tt is useful to observe

that the fermion occupation state Ifm) is consistent with the
real-space Ising configuration [, S;l J -+ ]) in the spin
representation:

| jm) Hsﬂ I (14)

In the atomic limit described by Hyom({%;}), we simply
have |7j,,) = |fm). For a uniform magnetic field &, all the C}
states {|7,,)} are degenerate and process a common energy
&m = —hm. The fully symmetric Dicke ladder states [20] are
then given by the symmetric linear superpositions of these
states,

N N >
‘—,m— = me (15)
2 2 /C™
Cy Tim
where Cy = ﬁ is the binomial coefficient.

B. The spin-operator matrix element: Some known results

In this work, we are interested in the following SOME:

P 5, =07 1780) 1)

between two eigenstates |niﬂl) and |2) (|ﬁ£21) and |x\”))

of H;& (H)(&) that differ by a single excitation, where S is
the lowering operator of spin-j. We also define the collective
SOME,

/o) —
B () =

RS 87172)

N
(00
Z 8 F i i a7
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which is associated with a distribution of some variables, {g;}
(j=12,...,N), e.g.,, a nonuniform system-bath coupling
configuration [12].

The other type of SOMEs we will consider involve two
spin operators and two eigenstates |%."”) and |, "/®) with
the same number of excitations,

_ pelos (7000|5787 |71/, (18)

7-(p/0)
F) UL Xon

l’l/;)?n ’)?r/z
which is relevant to, for example, the superradiance master
equation describing linear molecular aggregates interacting
with a light field [10]. In the atomic limit, the energy basis

(7P} reduces to the Ising configurations {|j,)}, so that

F](ll),/_ (},) 7 gives the matrix element of the XY -type spin interac-

tion S7'S) + S'S;, in real space (for [ # 1),

3 R
(Gl SESE+ 8N = = (E¥2 - +

(p/0)
2\ anz;fn,]',;)' (19)

At first glance, it seems difficult to calculate F;Pﬁ/(fl 5, OF
F,(?/ % _ due to the J ordan-Wigner string involved in the spin

" Xy
operators. A naive attempt is to write the eigenstates |ﬁ,(1p+/(1)))

in terms of the real-space fermion states through Eq. (12) and
rearrange the operators using fermion commutation rules. As
shown in Refs. [9,10] for a uniform distribution g; = g (and
independently in Refs. [11,12] for a nonuniform distribution
{g;}), the matrix element F;]f’il,ﬂlx({g ;1) for the periodic (not
necessarily homogeneous) XX chain can indeed be expressed
in terms of the Slater determinants as
n+1
FP A8 =28 5 D 8iSs 50 (20)
Jutt I=1

where the vector f(l) =, ...

n+l — 3jl—17jl+l, "'7jn+l)isaString
of length n with the element j; being removed from the (n + 1)
string j,+. For the sake of completeness, in Appendix A we
give some details of the derivation of Eq. (20) under periodic
boundary conditions (similar expressions hold for the open
boundary conditions).

However, Eq. (20) still looks cumbersome to calculate
[9,12] due to the multisums over the n + 1 site indices
J1 < ja <+-- < jnq1. For the simpler case with a uniform
distribution g = g;, as well as a periodic homogeneous XX

J

A. Calculation of F®)

We first start with the complex conjugate of Eq. (16),

chain described by Hppc, the matrix elements F;EPEC% (g) do

admit closed forms [10],
n+l1 n
(PBC) 1 n n I,
F;]n+la)?n (g) = g2nN2 n(S Z K7(7(; +])’ Z 1<)(((17 ) hnn+l;Xnﬂ
j=1 i=1
(21)

where the Kronecker delta function §(x,y)is | whenx =y +
27m (m € Z), and O otherwise, and h; .3, is a factorized
function of the momentum configurations:

h;]/erl;)?n
) . (0 1)
—iKon) —IK(‘T) iK, "
[Tai (775 =™ )Hj>/" (e —

) H?:] H;H;} (1 — eii(K:,{;"H)fK;fim)))

- On1)
elknﬂ )

(22)

As claimed by the authors of Ref. [10], Eq. (21) can be
obtained after “some tedious calculation” [21]. In spite of some
attempts to derive Eq. (21) directly by using the properties
of determinants (see, e.g., Ref. [14]), efficient evaluation of
F® _ ({g;}) beyond Eq. (20) is still absent.

Mn+15Xn

III. EVALUATION OF THE SPIN-OPERATOR MATRIX
ELEMENTS: FERMIONIC APPROACH

Instead of calculating F. rng)l,in ({g;}) directly from Eq. (20),
in this section we follow a different strategy by starting with
the definition of the SOMEs, Egs. (16) and (18), and we derive
simple expressions of them by employing a fermionic approach
developed in the work of Torgov et al. [4] in the derivation of
factorized expressions for the SOMEs in the quantum Ising
chain. We will show that either F;f)ﬁ/:fl, 5 OF FI(I;/;)I 7 can
be expressed as the determinant of some (n + 1) X (nn +1)
square matrix involving the coefficients of the corresponding
canonical transformations. In turn, Eq. (21) is shown to be a
direct consequence of the application of the obtained general
formulas to a homogeneous periodic XX chain with uniform
system-bath coupling. In the following, we will focus on the
periodic XX chain since similar results hold for the open XX
chain.

J3in+15Xn

(p)* _[z®) | ¢tz T
= ST IR0 = Ol s, TiclEl €] 10

N
= Z U)(((T})* (018,16, -+~ En.a Tjg)t.unéil,(rn T ET,,,U,, 0}, (23)
x=1

=

where & = —o and we have used S ;

T, c} and shifted to the energy representation. We emphasize that the mode index x is

not necessarily less than yx; in Eq. (23). Let us focus on the expectation value in the last line of Eq. (23),

Di(1]1) Mt 15X X oo K — (018,15, -~ En.an Tfé;ﬁng;l,an o 'ginvan“)). 24
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The trick is to insert the identity 7;7; = 1 between &,, 5, and &, 5, in Eq. (24):

) — T f
D5 coneritiicatn = Ol =0, [T, T 0,641, 6y 1O)

..........

N
(CAnE t
= Z Um,;lr’l (O|§nn+176u e g’]z,&u Tj(Tan,Tj)S;,Ungilaan e )I(u,trn 0)
n'=1
N
(), (on)
=D AP0 5 B T 0,6l o Elon £ [O), (25)
x'=
where the coefficients Ag/ 2 are given by
N j—1
(@) — AG)@)x — _ @)k p7(0)
A = gy = (L2 T urus, @)
I=1 I=1
and we have used Eq. (3) in the derivation of the last line of Eq. (25). It can be easily checked that
N N
Z AU @@ _ sgn(j’ = PU, ;s J # Js @7
n:X x.J' U® s
x=1 U J=17-
The Ag,’ 1(’(")’5 can be combined to form
N N jmax_l
3G 0) ()s(0) AU (0)* __ (7),@) A(UNE) _ _ (6)xy7(0)
A = Z Aix Ay = Z A Ay =y — 2 Z Upi Uy s (28)
x=1 x=1 1= jimin
where j;,, = min{j,j'} and jh. = max{Jj, j'}, respectively. Equation (28) will be used below to derive the expression for Fz(lzj/)- il
Note that
160 _ 3G D) _ 7GLD(0)*
Ay =A, =A . (29)
Let us now come back to Eq. (25) and note that only x" = x,x1, ..., X, contributes in its last line, we hence have
n
() — AU)(en) () —_1ym AU)s(0n) ()
DVll ~~~~~ M+ 15X5 X1s-ee Xn T Am,x Drl2n~~7ﬂn+1§Xla~~7Xn + Z( 1) AnlaXm DV]Zq»»w"lnH§X7Xl~,---»Xm—laXm+l ----- Xn’ (30)
m=1

where the factor (—1)" arises from moving &,/ to the right to pass by the m creation operators i;‘j(’an , éj(l o, -»and Eim,] ,- The

expansion on the right-hand side of Eq. (30) reminds us of the Laplace expansion of a determinant. By noting that (0|7;]0) = 1,
we thus obtain

(),(on) (J),(on) (). (on) (j)(on)

AﬁhX Anl,){] Am,xz e A’IIaXn
(),(on) (j),(on) (),(0n) (J),(on)

A7I2>X A’IZ»X] A’Iquz e A?hqxn

)] —
Dﬂl ____ Tt 1K Xl seves Yn = det . (31)

(j):(on) ()),(0n) (j)s(on) (j)(on)

A’leaX Ann+laXl A')nﬂ,)(z e A'In+1»Xn

Substituting this equation into Eq. (23), and using Eq. (27), we finally have

() (). (on)% () (on)* (J),(on)*
Um,j A’llaXl Ams)(z T AnlaXn
() (), (on)* (), (0n)% (), (on )%
Unz,j A'IM] Anz,Xz e Anz,xn
() _
Fj;ﬁn+|,)’<,, — det . (32)
(G2) (), (on)% (J),(0n)% (), (on )%
Unn+|,j Nnt1:X1 A’]rH»lxXZ T Ann+]v)(71

Equation (32) is one of the main results of this paper, and it provides an easy way to numerically calculate the SOMEs of S
for an inhomogeneous XX chain by evaluating a single determinant. Since there are no general formulas to evaluate the sum
of determinants, calculating the C}, Cf\’,“ collective SOMESs Fj; ., 3. given by Eq. (17) requires calculation of all the NC}, CX,“
SOMEs F; ;... 5., which costs N times the memory needed for the former. Note that Eqs. (24)—(32) also hold for the open XX chain,
with the indices o’s removed from the corresponding expressions. In the atomic limit, it is easy to show that Eq. (32) reduces
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to F? _ =y"tls, j8m 7. for two Ising configurations \,+1) and |I), which is consistent with the definition F*

Jilnt1,1, Jilen kT

(1S ns1)-

B. The homogeneous XX chains

For a homogeneous open XX chain described by Hopc, we have (with sin¢x/ sin x = o when x = 0)

. o
Ay =dux = N ir 1 = S(IJH_(;{)(K K_ )K L s(ijn;i)(i"; )KX) ' 33)
L 2By x 2B x
and hence
sin K, j A;{)e)(l AEIJ;),XZ T Agzj;),xn
sinKpj Al Al Al
(OBO N+1det . (34)
sin K., J Agl{:)Jthl A%ﬁl,m e Agz{il-,xn
The corresponding collective SOMEs are then calculated by using Eq. (17).
For the homogeneous periodic XX chain considered in Refs. [10-12], it is easy to check that
ADE) _ Eei(KLU")i‘Kf"))j K (35)
nx N el-Kilﬂn) _ eiK)(("")
Combining the above equation with Egs. (10) and (32), we have
1 —momy o
1=~ =K 1=~ o =K )
1 /2\" _ . 1 -1 ... 1
R L6 R R e | @9
Lo i =K Lo i =K
where we introduced the momentum transfer between the two states |*££|)_l) and | X,ﬁp)),
n+1 n
Birio = DK = KT, 37
=1 i=l

which clearly lies in the set {K{}.
Equation (36) can be simplified further by noting that the determinant appearing in Eq. (36) can be evaluated analytically. In

IKGIX+1)

fact,if wesetx; =e "% (j=12,...,n4+1),y; = K (i =1,2,...,n), and yo = 0, then the determinant has the form
of a variant of the Cauchy determinant,

1 . l_[j>j '_xj’)l_[i>i '_yi’)

det = , (38)
1 —Xx;jyi [T TT;,(1 = xiy))
which after some manipulation leads to
1 /2\" . .
®BOx = | ) Li=DAG Lyt
Ej;;]nJrl:)zn - \/N(N) ¢ ' ’ h"’n+]§Xn7 (39)

where h; . .5 is given by Eq. (22).
The corresponding collective SOMEs for an inhomogeneous distribution {g;} can be readily calculated by introducing the
Fourier transform of {g;},

i= —Ze gy 8q= Ze"” gj-q € 1K), (40)
which results in
—inA; n
e Np+1:Xn 2
F(PBO) Aijyiy,in
nrH»l X/x({ j}) = W (ﬁ) hﬁn+lv)?n' (41)
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The above equation states that for two eigenstates Inn +1> and Iq(p)) of the homogeneous periodic XX chain with momentum

difference Aj;, ,, 3,,the matrix element of the operator ) _ . ; &S} between the two is simply proportional to the Fourier transform g,
of the distribution {g;} in the mode ¢ = Aj,,, 7,. For a uniform distribution g; = g, we simply have g4, o = 8N(AG,,, 7,,0),
so that Eq. (21) is recovered.

We point out that in Ref. [12] the inhomogeneous collective SOMEs FEPBC) ({g;}) were numerically computed by directly

using Eq. (20), which is numerically expensive and memory-demanding due to the multisums over the spatial indices ],,H The
(PBC)

factorized expression Eq. (41) derived in this work provides an easy way to calculate F; Foer ({g;}). In addition, the evaluation of
;PB]C))( ({g;}) does not involve the calculation of the NC},Cy "1 SOMEs F;Pan) o , thus the computational memory and time can
e further saved.
C. Calculation of Fl(’;z
Xnan
We now turn to the SOME Fl(‘l’,) I which can also be evaluated by using a similar fermionic approach. For the sake of
simplicity, we outline in Appendix B details of the derivation of FI(FI)/ I which actually closely follow the method used in
Sec. IIT A.
It turns out that F[(';’,) 7, is given by
((7,1)* (0)% (0n)%
81,1 U sz,l T an
v A i >,/<an) RN I (RONCH
— (p) 145, X1» X1,X1 X2,X1 Xns X1
Fl,l’;)?,,,)?,’,z(_l) vdet] --- ) 42)
(on) A 1),(G) A1), (Gn) A1), (G)
Ux,’,.,l’ AX]»X,: AXLX,’, o AXmX,’,
Equation (42) states that F, 1(?') .7, €40 also be expressed as the determinant of a single (n + 1) x (n + 1) matrix. It is worth men-
tioning that another, more natural way of calculating F;‘;,) . 5 istoinsert the completeness relation Y ") ) > 7P E =1

between S, and S;" in the definition given by Eq. (18), and we observe that only those states with n + 1 excitations contribute
[22]. It is shown in Appendix C that a combination of the obtained results for F/('?r‘;m ., [Eq. (32)] with the Cauchy-Binet formula
can also yield Eq. (42).

Let us now look into the case of [ = [’ a little bit further. In this case,

(o) (A (o)
LU Ui o Uyl
(on)
. Ux{.l Suxi Sl S
p _
Fllinin det] --- ] (43)
(on
UX,;,I (Sx],x,’, 8Xz,x,; T 5)(,,,)(,;
In physically relevant cases withn > 2, if the set {X,} = {x1, - - - ,x»} contains more than one element, for example X4, , Xa,» - - -
not being equal to any element in the set {X,} = {x]. ..., x,}. then it is obvious that FI(I;,))-( 7 vanishes since the (ay + Dth, (a2 +
Dth, ... columns of the matrix in the above equation have their last n elements being zero. Thus, the necessary condition for
F,(‘l’)x % being finite is that the two sets {),} and {x,} share either n or n — 1 elements. Actually, by performing a Laplace

expansion of the determinant in Eq. (43) along the first row, we arrive at

=) arl 1@y o)
Fi iz 5, = Otk ZZ( DU Uy i85 g (44)

a=I a'=1

In the double summation on the right-hand side of the above equation, it is easy to see that x, # X;,, when y’ # o', and x., # X,
when y # a. Thus, x, = x_, corresponds to the case of X, = X/, and xo # x_, corresponds to the case in which {x,} and {X,}
share exactly n — 1 elements, i.e.,

(X1 e Xam1s Xat s o0 Xn) = (X0s oo s K12 Xe g 1o = = = 2 Xon)s (45)
with x, ¢ {X,} and x_, & {Xn}. respectively.
For ¥, = X,, we have

Y. =1—ZU“’">U("" . (46)

UL Xns Xn
a=1
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In the latter case, one can show that, among the totally C} (C%, — 1)/2 pairs of (X, X,) with X, and ¥, distinct (regardless of the
order of the two), there are actually Cj N(N — n)/2 such pairs in which y, and X,, share exactly n — 1 elements. For a given pair
(7n,7,) having this property, assuming that it is g (1) that does not appear in the given set {7} ({77.}), then from Eq. (44) we

have

, can give the matrix elements of operators such as S Se ] Se

1y 7(on)xyr(on)
= )HHUTUE, 47)

J+

etc., which are relevant to the central spin model, the Heisenberg spin chain, and so on. Actually, from the relation S, St = 2 - 57,

G o = (XPISF%P) = 185,57 — Fivs 48)

n lal;XVUX)/I’

)
Fi i
The case of [ = I’ considered above is interesting since F, '13 i
we can define
which also vanishes for {,} and { )z,’l} sharing fewer than n — 1 elements, as well as
() P gz ¢z -'/(p)
GIZ’X,Z)Z”:< |SS’

where the set of summation indices {7j,} in the above equation has n or n — 1 common elements with both x, and ¥/,

Z G(P) (P) ., (49)

X 1in 1’ s Xy

so that the

two sets {X,} and {x,} have at most two distinct elements. One can also show that there are C}, CIZV Cjzvfn /2 such pairs of (X, X))
in which the two have exactly n — 2 common elements. When N and n are relatively large, we have C}, > C12v C 12\,7”, and hence
the total number of matrix elements to be considered can be greatly reduced.

Combining Eq. (44) with Eq. (48), the collective matrix elements of Zj-vzl g}

as

(p) _ */(p)
Gy dgh =

‘”IZ& ;

S;’. for some distribution { g;} can be calculated

—5%%. Zg, +ZZ( et ZgJU(“")*U;"")j J— (50)

a=1a'=1

It can be shown that G(p) - ({g}}) can also be written as [12]
| N
() Iy — - /
7, (18D = —385,.% 2.8
j=1

+ ) 8555k 5 (Z g},>. 51)
Jn I=1

For auniform distribution g, = g', itcan be seen from either
Eq. (50) or Eq. (51) that

N
Gy (g)-g( 3>6;4,;”. (52)

In the atomic limit, the transformation matrix U reduces
to the identity matrix and the eigenbasis reduces to the Ising
configurations in real space. It is shown in Appendix D that the
matrix representation of the real-space matrix element F (p) S

given by Eq. (42) survives only for two Ismg conﬁguratlons
satisfying jim = ]/(’") for some m and m’, where [ = j,, ¢
{ ]n} andl' = j, ¢ { ]n} are the two distinct elements that are
not shared by the two sets. This is consistent with the definition

Fl(,[l)');],,,f; = (]_'),,|Sfr SIT|]7,;) that is often used in conventional
diagonalization of spin models, where / and !’ correspond to
the two sites that are connected by S;"S; . Thus, Eq. (42) also
provides a compact way to calculate real-space matrix elements

of the XY-type spin-spin interaction in interacting spin chains.

(

For the Heisenberg model described by Hpeisenbere = Hxx +

Higing, where Higng = Z A J Sz SZ+1, it is interesting to note
that Hxx is diagonal in the elgenba51s {1%x)}, while Higing 18

diagonal in the real basis {| ]n)}.

IV. APPLICATIONS

In this section, we apply the results obtained in the preceding
section to two physical systems, namely the nonlinear optical
response of a one-dimensional molecular aggregate studied in
Ref. [9], and the real-time dynamics of an interacting Dicke
model. Whereas the latter problem can in principle also be
dealt with by other numerical methods, the nonlinear response
of molecular aggregates requires essentially the information of
matrix elements of the transition dipole operator in the energy
basis of the aggregates.

A. Nonlinear optical response of one-dimensional
molecular aggregates

As mentioned in the Introduction, the one-dimensional
XX spin chain described by Eq. (1) can model a linear
molecular aggregate consisting of an array of coupled two-level
molecules, with J; and 4 ; being the nearest-neighbor dipole-
dipole coupling and the optical two-level transition frequency
of the jth molecule, respectively. Taking advantage of the fact
that the fundamental electronic excitations in such a system are
in fact fermions, Spano proposed a simplified way to calculate
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the third-order hyperpolarizability for an aggregate with site
disorder [9]. The third-order response requires knowledge of
the one- and two-exciton eigenstates and eigenenergies, for
which the obtained determinant representation of the transition
dipole matrix elements can be directly used.

To calculate the nonlinear optical response, the matrix
elements of the transition dipole operator (with p the transition
dipole moment between the ground and excited state of the
two-level molecule)

N
p=p ) (Sh+57) (53)
j=1

are needed, where we assumed that the dimension of the ag-
gregate is small enough compared with the optical wavelength.
In particular, the third-order aggregate hyperpolarizability
y(—w;w,w, — w) is related to the matrix elements [9],

1o, = (012&110), n=1.2,....N,

Iy = (016,28 €110), 1 < x1 < x2 <N,

which connect the vacuum state |0) to the N one-exciton
states |n), and connect the latter to the Cf\, two-exciton states
| x1,x2), respectively. We recognize that (o, (fy, 5, x,) 1S just
the collective SOME defined in Eq. (17) withn =0 (n = 1),

wo.y = mFyo({g; =1}, (54)

P = WFnq(g; =1D. (55)

For ahomogeneous molecular chain with periodic boundary
conditions, these matrix elements are given by the factorized
expression in Eq. (21) (for N = even molecules):

wity = uV'N8, 31, (56)
2
®) - (+1) D _ gD
Moy = MWB(KX1 + KXz K'? )
S Ka K

. (57)

X

[1- e*"(KQT”*KY”)][l - e*"<K§§l)*K§4))]
We see that Mﬁ}fZ] vanishes unless K{~" =0, and WP s
nonzero only if K(V + KD — K"V = 0 or 27, imply-
ing the momentum conservation of excitons in the optical

response.
For a homogeneous molecular chain with free ends studied

in Ref. [9], the corresponding u& and p{)  can also be
calculated analytically from Eqgs. (33) and (34),

o 2 1—(=1) K
T ZM‘/N+ZTCOt7n’ (58)
/ 1 K
MS;?;(]XZ =Hu 2N + 1) cot %[_(SXHFU,)Q + 8X1+X2,'7)

+ OBy 0tn + Sxatotn2v+n)] — (X1 < x2)  (59)
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FIG. 1. The ratio of the excitonic absorption peaks occurring
at the first peak w = E; to that at the second peak w = Ej,
ie, Imly(—w;w,0, — w)l|g, /Imly (—w; 0,0, — w)]|g,, for homo-
geneous aggregates of different sizes [see Ref. [9] for an ex-
plicit expression of the third-order aggregate hyperpolarizability
y(—w; w,w, — w)]. Open boundary conditions are assumed for the
molecular aggregates. Other parameters are set the same as those in
Ref. [9].

for n # x, and n # x,. For n = x;(and hence 1 # x, since
X1 # X2), we have

[ 1 K
© = - —1 X2
MX[’XIXZ i 2(N + 1)[1 - (_1))(2 ]COt T
_ ! KX]
— M 2N + 1) COtT+COtKX1

X (52)(1,)(2 - 8X2+2X|,2(N+1))- (60)

Similarly, when 1 = x, (and hence n # x1), n), ,, can be
obtained from u® by swapping x; and x, and noting that

X1, X1X2
u&"},xl o = (XOZ), xaxn® We see from the above expressions that
ug’; is nonzero only if 1 is odd [9], while “?xm vanishes

unless n and x; + x> have the same parity [23].

For a homogeneous aggregate with free ends, the sat-
urated excitonic absorption spectra show peaks at w =
E\,E3,Es, ... [9]. Figure 1 shows the evolution of the ratio of
the imaginary parts of the hyperpolarizability y (—w; w,w, —
w) (see Ref. [9] for an explicit expression) at the first
peak w = E to that at the second peak w = E3 with the
number of molecules N in the aggregate. It can be seen
that the ratio Im[y(—El 5 E[ ,E] ,—El)]/Im[}/(—E3; E3,E3, —
E3)] drops quickly as N is increased from small N, and it
keeps decreasing more moderately as N increases further up
to several tens, which is consistent with Ref. [9].

There may be cases in which the aggregates sizes are
comparable with the optical wavelength [24]. As a result,
the transition dipole operator can generally no longer be
written as a collectiye form given by Eq. (53), but rather as
oL=u Z?’:](e"k'rf S]T + H.c.), where k and r; are the wave
vector of the light and the position of the jth molecule,
respectively. In turn, the matrix elements for the transi-
tion dipole operator do not admit closed forms such as
Egs. (54)—-(60) and must be evaluated through Eq. (17) by
calculating all the NC%Cnt' individual matrix elements
Fj3....%.- Thanks to the determinant form of F; ,, 3, obtained
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in Eq. (32), the lengthy sums over the site indices in Eq. (20)
[9] are avoided. We note that if periodic boundary conditions
are imposed on the molecular aggregates, the transition dipole
matrix elements can be obtained most simply through the
factorized expression given by Eq. (41). The advantages of
the present method become more apparent when higher-order
nonlinear optical properties are involved [25], for which multi-
exciton states with more than two excitons need to be taken into
account. The formalism developed above provides a conve-
nient method to calculate these higher-order nonlinear optical
responses.

B. The interacting Dicke model and its dynamics

As the second application of the developed formalism for
the SOMEs, we now turn to the study of real-time dynamics of
the interacting Dicke model. Specifically, we consider a model
consisting of a periodic XX spin chain coupled to a single
bosonic mode:

Hin = Higo + Hin, 1,

N
1
Hino = Zw‘,’ (Sf + 5)

J=1

N
+T) O (SS5, +878Y,) + wdla,
j=1

N
Hiy =Y gi(Sfa+ S;ab), (61)

j=1

where a is the boson annihilation operator for the single-
mode photon with frequency w. In the Frenkel-exciton model
description of molecular aggregates located in a single-mode
cavity, {w;} and {g;} are the (inhomogeneous) excitonic
excitation energies and the exciton-photon coupling constants,
respectively. J is the uniform nearest-neighbor exciton cou-
pling between adjacent monomers arranged in a line [10,15].
It is easily seen that Hj, conserves the total number of
excitations M = afa + 3 j(S}": + 1/2), implying that H;, can
be diagonalized in subspaces with fixed M’s.

The usual inhomogeneous Dicke model Hp;c that de-
scribes a set of N two-level atoms interacting with a single-
photon mode [16,17] can be obtained by setting J = 0 in Hiy,.
In the special case of a uniform light-atom interaction g; = g,
Hpicke(g) is integrable and can be solved by using the Bethe
ansatz [19,26]. The dynamics of the inhomogeneous Dicke
model has been studied in detail in Refs. [16,17,19]. Note that
H;y 1s no longer integrable, and hence the Bethe ansatz ceases
to be applicable.

To obtain universal short-dynamics for different numbers
of spins, we define the collective Rabi frequency [12,15]

(62)

which will be used as an energy unit below. The Hilbert space
in the M sector is spanned by the Dy = YN} € basis
states {|7,,; M — m)} in which Hi, o is diagonal, where m

counts the total number of excitations in the XX chain. So

any state in the M sector can be written

min{M,N}
W)= Y Y A i M —m). (63)
m=0 Tim

The matrix element of Hj,, between any two basis states
[m; M — m) and |77,,; M — m’) reads

<7];n’; M- m/lHint|ﬁm; M — m)
m

= (Sm,m’ l_[ (Sn,',m [87]”, + (M — m)]
=1

+ am/,m-&-lF;;kI’”H’;]’m({gj}) VM —m
+Sm’,mflF'm,ﬁ;”fl({gj})V M—m+ 17 (64)

where &;,, = Y|, E,, is the total energy of the m fermions
occupying the set of modes {7, }.

In the following numerical simulation, we use Eqs. (17)
and (32) to compute the collective matrix elements Fj, ., 7,
appearing in Eq. (64). Once the block Hamiltonian in the
M sector is constructed, the time-evolved state |y (7)) =
e H'y) from an initial state |y) is then calculated by
numerically integrating the Schrédinger equation i 9, |y (¢)) =
H|y(r)). We also consider numbers of excitations no larger
than the total number of spins, i.e., M < N. We emphasize
that the dynamics of the same model can in principle also
be treated in the real-space basis of the XX chain. However,
Eq. (64) offers us a compact expression for evaluating the
matrix elements of the Hamiltonian provided the SOMEs
Fj,...7,({g;}) are obtained.

1. Noninteracting chain, homogeneous coupling

Using a combination of mean-field analysis and algebraic
Bethe ansatz, the authors of Ref. [19] studied the decay
of the bosonic occupation number N,(t) = (W®lataly @)
in the integrable model described by Hpicke(g), With uni-
formly distributed spin excitation energies w; = (j — l)ﬁ
between zero and the bandwidth A. It was pointed out in
Ref. [19] that neither the mean-field approach nor the Bethe
ansatz solution, which requires a truncation of the Hilbert
space, can capture the real-time dynamics of the system
accurately in the intermediate-coupling regime with A/N <
gr = gv'N < A due to the significant mixture between the
spins and the bosonic mode. Therefore, a full quantum
treatment is needed in this regime, which limits the num-
ber of spins considered up to only N < 16. For exam-
ple, for N = 16 spins and M = 6 excitations, the dimen-
sion of the Hilbert space in this M sector already reaches
Dige = 14893.

As in Ref. [19], we are interested in the time evolution of
the reduced bosonic occupation number N,(¢)/ M starting with
the initial state |y) = | | - -- |; M). Figure 2 shows N,(t)/M
for different combinations of (N,M). The ratio between the
excitonic bandwidth and the collective Rabi frequency is set
as a constant A /gg = 10/3 for different numbers of spins, so
that the system lies in the intermediate-coupling regime. The
photon energy is always set to be half of the bandwidth, i.e.,
w/A = 0.5.InFig. 1(a), we show the evolution of N,(¢)/ M for
N = 16 spins. For small numbers of excitations with M = 1
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FIG. 2. Real-time evolution of the reduced bosonic occupation number N,(t)/M for J =0, A/gr = 10/3, and w/gr = 5/3. The initial
state is a boson number state |[{) = | | --- |; M) occupied by M bosons. (a) The number of spins is N = 16, and the numbers of excitations
are M = 1,3, 5, and 6; (b) the number of excitations is M = 10, and the numbers of spins are N = 10, 11, 12, 13, and 14; (c) the ratio between
N and M is fixed: N/M = 1 (solid curves) and N/M = 2 (dashed curves).

and 3, we observe revivals of N,(¢)/M at later times ggt = 30
and ~60, which are mainly due to the finite-size effect for small
M. As M increases, the revival behavior disappears gradually,
and plateaus are developed at intermediate and long times due
to a rapid increase of the dimension of the Hilbert space. In
addition, the plateau value tends to increase with increasing
M, which is consistent with the observation that an increase
of M tends to suppress the decay of N,(¢)/M at short times
[19]. However, our results go beyond the short-time dynamics
obtained in Ref. [19] to reach the steady long-time regime.
Furthermore, even though in the framework of Bethe ansatz
solutions one can perform a full quantum calculation as well,
the nasty double sum over all the eigenstates cannot be avoided
[19].

Figure 1(b) shows the evolution of N,(t)/M for a fixed
excitation number M = 10, but with different numbers of
spins. In contrast to the case of varying M and keeping N
fixed, increasing N with M fixed can actually pull the profile
of N,(t)/M down, implying that it might be the ratio M/N
that qualitatively determines the overall profile of N,(¢)/M.
This is confirmed in Fig. 1(c) for M/N = 1/2 and 1. In both
cases, some slight oscillations appear in the plateau regime for
small M. However, the curves become closer to each other as
M is increased, and they are expected to converge to a single
curve in the limit M,N — oo.

2. Homogeneous chain, inhomogeneous coupling

We now go beyond the atomic limit to include finite dipole-
dipole interaction between nearest-neighbor monomers. For
simplicity, we impose periodic boundary conditions on the
chain and assume uniform on-site energies for the monomers,
i.e., w; = wy, Vj. Thus, the noninteracting Hiy o becomes

Hino = oM + Hppc(—Aac,J), (65)
with single-particle dispersion E, , = Aac + 2J cos K\ in
the sector with fermion parity o, where A 4¢ = w4 — w is the
exciton-cavity detuning. For J < 0 (J > 0), the Hamiltonian
Hint o describes a linear J-aggregate (H-aggregate) [27]. With
the bosonic mode describing a single-mode cavity coupled to
the aggregate, the exciton-cavity coupling is assumed to be
of the form
T

gj = 84 sin —,

2N (66)

where g; measures the coupling strength and is related to the
dipole moment of the exciton, and the sinusoidal part is due
to different positions of the monomers in the cavity [18]. The
inhomogeneous coupling constants {g;} are thus distributed
nonuniformly between g; = g, sin &% and gy = g4. For the

2N
resonant case with A 4 = 0, the ratio between the collective
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FIG. 3. Real-time evolution of the reduced photon number N,(t)/M in the resonant case w = w4 for N = 12 monomers. (a) J > 0,
(b) J < 0. The initial state is chosen as the ground state of the excitons with M = 6 excitations, where the occupied excitonic modes are

indicated as solid blue circles in the corresponding insets.

Rabi frequency and the exciton bandwidth gg/2|J| provides a
measure of the exciton-cavity coupling strength.

In this subsection, we consider initial states with all excess
energy contained in the excitonic part. In particular, we
consider the following initial state in the M sector:

Vo) = [G)um ® |0)c, (67)

which is a product state of the excitonic ground state |G)
with M excitons and the vacuum state |0). of the cavity
photons. Depending on the sign of J, the ground state is
filled by M fermions with their wave numbers distributed at
the middle (edges) of the Brillouin zone (—m,7) for J <0
(J > 0). In Fig. 3, we present the dynamics of N,(t)/M
for a molecular chain with N = 12 monomers and M = 6
excitations, so that the ground state of the molecular chain is
G)s = &]&1---£510) and |G)e = & EJ&] 8,1, £0,10) for J <
0 and J > 0, respectively (Fig. 3, insets).

For J > 0, we observe a nonmonotonic dependence of the
photon generation on the exciton coupling J [Fig. 3(a)]. In
the strong exciton-cavity coupling regime with J/gr < 1,
the photon generation from the half-filled exciton ground
state is suppressed since the exciton-cavity coupling is strong
enough to excite |G)g into a large number of excitonic excited
states due to the narrow exciton bandwidth. As the exciton
coupling J increases, the energy differences between different
eigenenergies of the molecular chain also increase. If the

exciton-cavity coupling can efficiently excite higher occupied
excitonic modes into the cavity mode, and at the same time
excitations to the unoccupied excitonic modes are effectively
suppressed, then the photon generation is mostly enhanced.
When J is increased further, so that even the smallest excitation
energy exceeds the largest exciton-cavity coupling g, then the
photon generation is again suppressed.

For J < 0, the excitonic ground state |G)¢ has a different
nature from that of J > 0, which leads to an oscillatory decay
of N,(¢)/M. Though in this case there is no clear indicator of
the photon generation behavior, it seems that the mean value of
N,(t)/M shows a similar nonmonotonic dependence on |J|.
For large enough |J|, we again observe a suppression of the
photon generation. These behaviors of the photon generation
are similar to the decoherence properties previously observed
in an interacting central spin model [12].

V. CONCLUSIONS

In this work, we derived compact expressions for the spin-
operator matrix elements (SOMEs) of spin operators S, and

S; SJJT, between too relevant eigenstates of an inhomogeneous
periodic/open XX spin chain. Using a fermionic approach
that has been applied to the calculation of SOMEs in the
quantum Ising model, we show that these matrix elements can
simply be expressed as determinants of some square matrices
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that involve the coefficients of the canonical transformations
diagonalizing the chain. For a homogeneous XX chain with
periodic boundary conditions, the SOME of S happens to be
proportional to a variant of the Cauchy determinant that can be
evaluated analytically, which recovers a known but unproven
result discovered in Ref. [10]. Using the results for the
SOMEs of S; S;C in the case of j = j’, we also derived useful
expressions for the SOMEs of S} and S; S5, which are relevant
to the central spin model and the Heisenberg spin chain, etc.
We then applied the obtained formalism to the study of
third-order optical response of molecular aggregates with free
ends. Since the transition dipole matrix elements between
eigenstates of an aggregate are essential for the calculation
of the nonlinear optical responses, our results thus provide
a suitable framework for this purpose, especially when the
molecule sizes are comparable with the optical wavelength, or
when higher-order responses need to be considered. We next
studied the real dynamics of an interacting Dicke model that
describes a set of interacting spins 1/2 coupled to a single
bosonic model. In the noninteracting case, we obtain results
that are consistent with the literature, and we find that it is the
ratio between the number of excitations and the total number of
spins that determines the overall profile of the reduce bosonic
occupation number. In the interacting case that is relevant to
a one-dimensional molecular chain located in a single-mode
cavity, we find that the exciton coupling between nearest-
neighboring monomers has a significant effect on the photon
generation from a half-filled excitonic ground state. We believe
the results obtained in this work can find useful applications in
a variety of composite “system-environment” systems, e.g.,
low-dimensional molecular aggregates, optical emitters in
photocell systems, interacting central spin models, and so on.
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APPENDIX A: DERIVATION OF EQ. (20)

From Egs. (12) and (17), F.”

7.5, ({185} can be written as

N
-)’(lp)| Z Z ng?lnﬂJ)xH chj ljn+1). (AD)

]_“n+] j=1

F®
n»H»l Xn({gj}) -

Since c;|0) = 0, the summation index j in the above equation

should be chosen from the set {an} ={J1, /2, s Juslls
yielding
n+1 n+1
F® 3@ iy t
nm )?n( | Z Z 8iS i 1dn1 Tjcj 1_[ i 10)
er+l - m=1
(A2)
By using Eq. (3) to move Tj,c;, across the creations operators
c}], ... ,C;H, and noting that T;,|0) = |0), we have
n+l1 n+l
F® ) f
’Iu+l Xn({g] }) - X"p | Z Zgﬂ Tt Jn+1 1_[ ]m l_[ |0)
] = m=1 m=I[+1
n+1
n+1
P) 2/(p)
| Z Zgﬂ Bnt13jnt1 8;‘(’; J»ill | )
/n+1 - )?n
n+1
- Z Zg/’ Tnsts Ju+1 X” J»(11+)| ’ (A3)

]n+l

where we have used the inverse transformation of Eq. (12) in
the second to last line.

APPENDIX B: DERIVATION OF EQ. (42) USING THE FERMIONIC APPROACH

In this appendix, we closely follow the method used in Sec. IIT A of deriving F - ®)

- to derive a determinant representation

®) J3Tint1s Xn
p
for F} ; X/x Xn
We again switch to the fermion representation by writing
N N
(p) Tet (on) (Gn)* (9]
Fl Usins X, = (O&x,.0, - Exponcr TrTicy sx,’,m, ’ x ffn Z Z UXJ’ U Dx Xlseous X3 X s X1 ses X (BD
x=1x'=1
where
Dy = (0l Exron b, T TS L o £, 10) (B2)
XXt X3 X 5 Koo X XnsOn x1:00Sx.0 LU HIS ! 0, Syt o, X011
Inserting the identity (Tl/Tl)(T[le) = 1 between §,, ,, and &, ,, in the preceding equation, we have
D) (o
DI i = Zu”* (01,0, - Exvon (T TNT Ticw T TDES , EL -+ -&], , 10)
N lmax_l lmm_l N
=> [— +Y + Y }U“’”*U,ﬁ"; 0140, £ T T 0,6 L g w6 10)
p=1 ' =lmin n'=1 ' =lnax
N
11,5y
=D AL NI 0 T T g b g 6L 0 O), (B3)
p=1
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where A%:Z)’(") is given by Eq. (28). Note that only p = x/, x{, ..., X contributes to the last line of Eq. (B3), hence we have

RS 1(L.1).(5,) (ll) 1\ (11)(%) (R3]
Dxm ----- XX X Xy = Ayx D ----- ity T Z( D74y X D Xtseees X3 X oo X1 X g 1+ Ko
m=1

1), (5y) 11,5y 1 (1),(6y) A (1).(Gy)

Ax,x’ A)m X' A)(z X' e AanX,

ACDG)  FODG)  ZENG) R0

XsX1 X1, X1 X2, X1 Xns X1
= det . (B4)
1(L1).(5,) 11,5y (,0),(5) T (1).(5,)
Ax,x,’, AX1 X AXz X T Axn,xn’

Substituting this equation into Eq. (B1) and using the relations

N / (&)* /
o sen(l' — DU, T#1,
ZAZZ)(G)U(G)* _ { g(é()* Wyrs 1# / (B5)
x=1 Uy b=,
N (a) /
B sgn(l —IHU;, 1#1,
S A= o
=1 Uit b=1,
and
N N
Z Z U(U)*A(l b, (")U(a) = b, (B7)
x=1 x'=1

we finally obtain the determinant representation given by Eq. (42).

APPENDIX C: ALTERNATIVE DERIVATION OF EQ. (42) USING THE CAUCHY-BINET FORMULA

In this appendix, we will use the obtained formula of F;E;M o [Eq. (32)] to derive Eq. (42). We insert the completeness relation
ZNA n |~(p) )(ﬁf,ﬂ]l = 1 between S, and S;" appearing in F

m=0 2ijmir 1 Im+1 LU Xn s X, :
(p) _ 7 () =) \/=(P) +| )
Fll’x,l X _Z(Xn |S’|nn+l)<’7n+l|sl |Xn )
i1
- l;ﬁnﬂj,’, l/;ﬁrﬂ»lvin
Tl
SO 51 R § (CO4 @) 1), ()% 1), ()% 1), ()%
ml nd M+1:d Uyl Ay A e ALY
@) 4000 L 40@) . y . ,
mxi max| st X Uy A owe A o A o
= Z det AD@) gDy 4060 det . . e . . . (CDhH
Bt n,X5 n2,X5 Nt 15 X3
1),(0n 1),(0, 1), (0, (Gn) 1), (o) (1), (o) - (1), (o)
Agn) E(i A;?) E(i e T Ag,,,)f,ax),; U’hmJ’ Ann+1yX1 Aﬂn+1qxz Aﬂn+1 Xn

Now we invoke the Cauchy-Binet formula for an (n + 1) x N matrix 4 and an N x (n + 1) matrix 5:
det(AB) =) _ det[A(i11)] det[B(ijn 1)), (€2)
;7/1+]

where A(7,41) [B(j,+1)] denote the matrix formed from A (B) using columns (rows) (71,72, . . . ,N.+1). We see that the two
matrices

U(Un)* U(Un)* .. .. U(Un)*
AP A(l),gzm o A%) (@)
xi
A= | g000 A(l) o) AW (7,, (C3)
1,x 2,%3 N, x
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Ay, Alx/, e ANy
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and
() (1), (00 )%
Uiy A 0
(6,) (1), (0%
Uo Ay,

B =

) ((PRCAL
Uni Ay,

fit into Eq. (C1) and give

which is exactly Eq. (42) after using Eq. (27).

APPENDIX D: PROOF OF F“’) - = (alSST 1)

We only consider / < I’ as the case of [ > I’ can be proved
similarly. In the atomic limit, the eigenbasis is consistent with
the position basis spanned by the Ising configurations, i.e.,

%n = ju and X, = ]7, From Eq. (28), we have A;{;f;/)’((’) =
,] p (=2 Z"““fl 8,y.1)- After performing a Laplace expan-

sion of the determlnant in Eq. (42) along the first row, we
arrive at

FP. = ZZ( 185, 181,08 m
LU jusdn Jn s Jn

m=1m'=1

n I'—1
x ]_[ (1—225_,;;,,,,”). (D1)

m'=1,(m’) 1=l

We first observe that the product [,,,_; (4, in the last line

of the above equation can be replaced by ]_[Z:;ll because
Tor > j’ =1'"form” > m’ + 1. We then argue that only terms
with m < m' contribute to the double summation in Eq. (Dl)
Actually, if m > m’, then from jm = j/(”‘) we have j,_| =
Jp—yand jr = jr. o sothatl’ = ji < ji = jw < jm =
1, in contradiction to the assumption that! < !’. Thus, for! < [’

(1), (on)* (1), (on)*
Al X2 Al,)(,,
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A2 XZ U 25X)l
(C4)
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we have
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m<m’
-1
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H_l l//_l

For m = m', we have j,» = j, for m” g m' — 1, so that
-1

"=l 51’/, l”) =
we have ]mn = jo» for m" <

Jor = Jm < Jjm =1, and hence ]_m:f_ll (1—
1; while for m <m/,

m—1, and jm+1 =jm,...,jm —Jm, (» so that [=
Jn < Jmyl = jr/n N I and hence
'—1 4 71 1 -1
H:Z”=1 (1 l”—l r/ l") - HZ”:m (1 -2 ZZ”:I 8j,:,’/’l/,) =
(=" =". We therefore always have
_l(ll)’)j,, i Z 8. 13 1’5*(»1) G005 (D3)

m<m’

which states that for two Ising configurations |fn) and |fr/l)
that satisfy j,, ¢ {j/} and j, & {j.}, as well as j"™ = j/<m'>
the matrix element F . 7 is just unity, consistent with the

LS,
definition F (p) <]n|S1 Sy |]n)
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