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Quantum measurement of a double quantum dot coupled to two kinds of environment
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We theoretically study the quantum measurement of a double quantum dot coupled to environments by Bloch
equations with an additional vector. Using a quantum point contact as a detector, we accurately calculate the
current, the Fano factor, and the waiting time, respectively, to characterize the dynamical properties in two
kinds of environments. In the dissipative case, the asymmetrical Fano factor is enhanced with the increase in
deocoherence rates and suppressed as the growth of relaxation rates, and the super-Poissonian noise is mainly
due to the effects of a dynamical channel blockade and quantum coherence. In the pure dephasing case, the
symmetrical Fano factor is magnified, which can be attributed to the quantum Zeno effect. Moreover, we show
that the distribution of the average waiting time exhibits good agreement with the variation tendency of the
current. Our paper provides an effective method in handling quantum measurement.
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I. INTRODUCTION

Quantum measurement has drawn much extensive attention
in the mesoscopic field, which has further applications in
understanding quantum entanglement, quantum coherence,
quantum phase transition, and quantum control [1–10]. Gen-
erally, in the field of quantum information processing and
quantum computing, the environments play an important role
in an open quantum system [11–13]. It mainly is related to the
inherent mechanism of decoherence and relaxation dynamics
which have not been studied thoroughly so far. Moreover,
the dynamical properties influenced by the decoherence and
relaxation processes are still a hot research topic.

The double quantum dot (DQD) provides a useful model
to explore the relation between the environments and the
effects of decoherence and relaxation dynamics in quantum
measurement [14–19]. The quantum point contact (QPC) ob-
viously is regarded as a sensitive charge detector. In fact, more
interesting quantum effects can be studied by the measuring
qubit when the interaction strength between the system and
the environment is known. Recently, shot noise and average
waiting time have already been regarded as the indicators of
the fluctuations induced by the interaction between the system
and its environments in mesoscopic transport [20–25]. In the
past few years, many prominent methods have been proposed
to study the quantum transport and quantum measurement
[12,26–29]. As a matter of fact these methods are equivalent
despite exhibiting different forms.

Many properties of the DQD can be studied within the
framework of full counting statistics both in theory and in
experiments [30–38]. The statistical cumulants of the number
of the transferred electrons present different kinds of physical
features [16,30,31,37]. Two important physical quantities are
the average current and the Fano factor, which are the first
and second cumulants. Here, the Fano factor F = 1, F > 1,
or F < 1 represents the Poissonian, super-Poissonian, and
sub-Poissonian noise, respectively. The effects of dephasing
and dissipation processes in conductors were studied on the
suppression of current shot noise within the framework of
scattering theory [39]. Moreover, the quantum Zeno effect can
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be expected to analyze noise properties in the measurement,
which has been studied excellently from theoretical to experi-
mental investigations in recent years [40–43].

In this paper, we use the Bloch equations with an additional
Bloch vector to study the quantum measurement of a DQD
in the dissipative and pure dephasing environments based on
full counting statistics. In particular, we accurately calculate
the detector current, the Fano factor, and the waiting time to
express the dynamical properties. In the dissipative environ-
ment, we unambiguously demonstrate that the effects of the
dynamical channel blockade and quantum coherence cause the
enhancement of the Fano factor. A close relationship between
the super- or sub-Poissonian noise and different inherent
mechanisms is revealed. It is illustrated further that the Fano
factor can be suppressed strongly due to different relaxation
rates and enhanced according to different decoherence rates.
In the pure dephasing environment, the results show the
symmetry of the current and the Fano factor. Moreover, the
most interesting result is that the quantum Zeno effect has
been found in the analysis. In addition, there is good agreement
between the distribution of the average waiting time and the
variation tendency of the current. Our results and analysis
cannot only reveal the inherent dynamical mechanism of
electron transfer in the DQD, but also promote the development
of the theoretical framework of quantum measurement.

The paper is organized as follows. In Sec. II we describe
the measurement of a DQD by a QPC in the framework of the
density matrix. The Bloch equations with an additional vector
also are described. Correspondingly, the detailed equations for
the cumulants of electron countings are presented. In Secs. III
and IV, we use our method to investigate the dynamical
properties of the current, the associated Fano factor, and
the waiting time, respectively, through the DQD. Results
based on the dissipative and pure dephasing environments are
discussed. In addition, the dynamical channel blockade effect
and quantum Zeno effect are explored in our paper. Moreover,
a brief conclusion is presented in Sec. V.

II. THEORETICAL FRAMEWORK

We consider a two-level qubit system measured by a QPC as
schematically shown in Fig. 1. The Hamiltonian of the whole
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FIG. 1. Schematic for the DQD monitored by a QPC detector.
The position of the electron in the left or right dot generates two
different states of the detector (1) and (2). μ1,2’s denote the chemical
potential in the left and right reservoirs.

system is written as

H = HS + HPC + HI , (1)

where

HS = −ε

2
(a†

l al − a†
r ar ) − �(a†

l ar + a†
r al),

HPC =
∑
i=1,2

Eia
†
i ai +

∑
1,2

(�12a
†
2a1 + �∗

12a2a
†
1), (2)

HI =
∑
1,2

δ�12a
†
r ar (a†

2a1 + a
†
1a2)

are the Hamiltonians of the DQD, the QPC, and the interaction
Hamiltonian, respectively [26]. Here, a

†
l,r (al,r ) is the electron

creation (annihilation) operator for the electron in the DQD,
and a

†
1,2(a1,2) is the same operator of the left and right

reservoirs in the QPC; El,r = ∓ε/2, and � is the coupling
between the states El,r [44]; �12 is the hopping amplitude
between the states E1 and E2 of the QPC; the interaction
term HI gives rise to a change in the hopping amplitude
δ�12 = �12 − �

′
12, depending on which dot is occupied [27].

The dynamical evolution of the reduced system, which is
described by the reduced density-matrix ρ(t), is obtained by
the Liouville equation,

∂

∂t
ρ(t) = − i

h̄
[H,ρ(t)] + Lρ(t). (3)

Here, the first term on the right-hand side of Eq. (3) describes
the unitary evolution of the system, and the second term repre-
sents the decoherence of the system coupled to environments.

One can describe the influence of the detector by the
following density-matrix elements [11],

ρ̇ll = −i�(ρlr − ρrl),

ρ̇lr = iερlr + i�(ρlr − ρrl) − �d

2
ρlr , (4)

where ρrr = 1 − ρll, ρrl = ρ∗
lr . The diagonal terms ρll and

ρrr are the probabilities of finding the electron in the
left and right dots, respectively; whereas the off-diagonal

terms generate an exponential damping with the deco-
herence rate �d = (

√
D − √

D′)2. Here, D = 2π |�12|2ρ1ρ2

(μ1 − μ2), D′ = 2π |�′
12|2ρ1ρ2(μ1 − μ2), and ρ1,2 is the den-

sity of states in the reservoirs [45]. Finally, the decoherence
process leads to a vanishing of the off-diagonal element in
Eq. (4) in long-time limit t → ∞.

Now, we relate the qubit dynamical behavior for the
particle number reduced density matrix. The density-matrix
elements of the system ρij can be written as a sum of
the components ρ

(n)
ij . The index n represents the number

of electrons accumulated in the detector and recorded in a
given time t . Then, the cumulant generating function can be
constructed by [46]

ρij (x,t) =
∞∑

n=0

ρ
(n)
ij (t)e−nx, (5)

where x is a counting parameter. In order to study the quantum
measurement, we exploit the nth component ρ(n)(t) of the
reduced density matrix of the DQD system which satisfies the
time evolution [33],

ρ̇(n)(t) = Lρ(n)(t) + LJ ρ(n−1)(t), (6)

where L is the continuous evolution of the system and LJ

describes the quantum jump of transferred electrons [33].
To address the dynamics of electrons clearly, we introduce

the Bloch vectors [7,13],

X (x,t) = ρlr + ρrl,

Y(x,t) = 1

i
(ρlr − ρrl), (7)

Z(x,t) = ρll − ρrr ,

and in order to calculate the dynamical properties conveniently,
we propose an additional vector,

N (x,t) = ρll + ρrr , (8)

to characterize the statistical fluctuations in the quantum
measurement.

We utilize the additional vector to perform the derivative
of N (x,t) with respect to x. Once the Bloch vectors with
the additional vector are obtained, we easily can derive the
statistical properties related to the dynamical evolution of the
system. Solving the additional vector, the cumulants of the
electrons’ counting can be written as

〈N (k)〉 = (−1)k
∂k

∂xk
N (x,t)

∣∣∣∣
x=0

. (9)

Furthermore, the average current and Fano factor can be
obtained at x = 0,

İ (t) = −e〈Ṅ (1)〉,

F (t) = −〈N (2)〉 − 〈N (1)〉2

〈N (1)〉 . (10)

The probability that n electrons transferred in the time interval
between 0 and t is obtained

Pn(t) = (−1)n
1

n!

∂n

∂xn
N (x,t)

∣∣∣∣
x→∞

, (11)
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and then the average waiting time is expressed as

〈τ 〉 =
∫ ∞

0
P0(t)dt. (12)

During the past several years, it has been an interesting topic
to study the properties of the quantum dissipative dynamics
in the qubit evolution. The discussions of measurement of
the quantum dynamics in dissipative and pure dephasing
environments are given in the next two sections, respectively.

III. THE DYNAMICAL PROPERTIES IN THE DISSIPATIVE ENVIRONMENT

In this section, we discuss the measurement of the dynamical process in the dissipative environment. We diagonalize the
Hamiltonian HS by considering the coupling with the environment. Then, the energy eigenstates are described by the bonding
state and antibonding state [47],

aL = sin
θ

2
al − cos

θ

2
ar, aR = cos

θ

2
al + sin

θ

2
ar, (13)

where θ = arctan(2�/ε). The Hamiltonian of the DQD in Eq. (1) can be rewritten as HS = ε̄
2 (a†

LaL − a
†
RaR) with

ε̄ = (ε2 + 4�2)1/2. Thus the DQD system can be transformed into a parallel two-level system [48].
In the presence of the dissipative environment, the density matrix is given by [45]

ρ̇LL = −�rρLL, ρ̇LR = iε̄ρLR − �r

2
ρLR, (14)

where �r is the relaxation rate. The density-matrix element ρLL clearly manifests an exponential decay of the electron from the
upper level to the ground level. Now we consider the qubit behavior in the presence of the interaction with the detector. The
corresponding continuous evolution L reads

L =

⎛
⎜⎜⎜⎜⎝

−�r

4

(
1 − ε

ε̄

)2 − D �r

4

(
1 + ε

ε̄

)2
i� − �r

2
�ε
ε̄2 −i� − �r

2
�ε
ε̄2

�r

4

(
1 − ε

ε̄

)2 −�r

4

(
1 + ε

ε̄

)2 − D′ −i� + �r

2
�ε
ε̄2 i� + �r

2
�ε
ε̄2

i� + �r
�
ε̄

(
1 − ε

2ε̄

) −i� + �r
�
ε̄

(
1 + ε

2ε̄

) −iε − �r
�2

ε̄2 − �r

2 − D+D′
2 −�r

�2

ε̄2

−i� + �r
�
ε̄

(
1 − ε

2ε̄

)
i� + �r

�
ε̄

(
1 + ε

2ε̄

) −�r
�2

ε̄2 iε − �r
�2

ε̄2 − �r

2 − D+D′
2

⎞
⎟⎟⎟⎟⎠, (15)

and the quantum jump LJ writes

LJ =

⎛
⎜⎜⎝

D 0 0 0
0 D′ 0 0
0 0

√
DD′ 0

0 0 0
√

DD′

⎞
⎟⎟⎠. (16)

We deduce the derivation of the time evolution of the Bloch
equations with respect to x by reducing Eqs. (15) and (16)
according to Eqs. (7) and (8). Correspondingly, the current, the
Fano factor, and the waiting time can be calculated accurately
via the Bloch equations with the counting field x. The electron
charge is set to be e = 1.

Now we demonstrate that the dynamical properties are
rather distinct from the changing of the level displacement
in Fig. 2. In addition, the influence of the decoherence induced
by the detector and the environment is discussed. The average
current shows a typical platform structure for long times
as displayed in Fig. 2(a). The figure shows that the current
sharply increases around ε = 0 and tends to be steady with the
increase in ε when the probability of the transferred electron
is accelerated rapidly and the transport channels are open. We
find that the different relaxation rates �r slightly affect the
stationary current in Fig. 2(a). The results are qualitatively
consistent with those in Ref. [11]. Figure 2(c) shows that
the current is sensitive to decoherence rates. The platform
goes up as the decoherence rates go from �d = 0.1� to
�d = 0.3�. This is mainly because the quantum coherence
between electrons strongly influences the values of the current.

The Fano factor is shown in Figs. 2(b) and 2(d), re-
spectively, as a function of the level displacement ε for
different relaxation and decoherence rates. On the whole
the two figures both display asymmetrical structures due to
the relaxation process. In addition, the Fano factor exhibits
a crossover from weak sub-Poissonian statistics with a dip
around ε = 0 to super-Poissonian statistics and tends to
be Poissonian for large level displacement. We emphasize
that the apparent super-Poissonian statistics implies that the
behavior of electron transfer is similar to the dynamical
channel blockade [21,30,49,50]. As shown in Fig. 2(b), the
reduction of the Fano factor peaks is particularly notable as
the growth of relaxation rates, which generally manifests the
noise suppression owing to the coupling with the dissipative
environment. Inversely, in Fig. 2(d) the values of the Fano
factor become large with the increase in decoherence rates for
a given ε (see the red, blue, and green curves), restricting the
transferred electrons which can be supposed to be partially
coherent and lead to disordered electron tunneling.

Furthermore, the value of the Fano factor F = 1 forms
a classical Poisson process with the increase in level dis-
placement ε, which demonstrates there is no correlation
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FIG. 2. The current and Fano factor versus the level displacement
ε in the dissipative environment. (a) The current and (b) the Fano
factor for different relaxation rates: �r = 0.1� (the black solid curve),
�r = 0.2� (the black dashed curve), and �r = 0.3� (the black
dotted curve). (c) The current and (d) the Fano factor for different
decoherence rates: �d = 0.1� (the red curve), �d = 0.2� (the blue
curve), and �d = 0.3� (the green curve).

between successive electron tunneling [36,49]. The Fano
factor surprisingly shows weak sub-Poissonian behavior in
both Figs. 2(b) and 2(d) at ε = 0. This indicates that the
sequential tunneling [51] happened in this regime, which
strongly suppresses the Fano factor and causes the dip. We can
conclude that the current and Fano factor are more sensitive
to the decoherence rates than the relaxation rates. Specifically,
one can accurately measure the decoherence or relaxation rates
of the qubit via the Fano factor.

A complementary view on dynamical properties is provided
by the distribution of waiting time which fully captures a
random walk in time [23]. In Fig. 3, the average waiting time
increases rapidly with the decrease in ε for ε < 0, whereas
the values increase slowly with the growth of ε for ε > 0.
The obvious dip which signifies shorter waiting times in
Fig. 3 corresponds to the substantial changes in current around
ε = 0 in Figs. 2(a) and 2(c). Figure 3(a) shows that different
relaxation rates do not affect the average waiting time (three
curves coincide) for ε < 0, whereas the values (see the solid,
the long dashed, and the short dashed curves) smoothly ascend
with the increase in the relaxation rates for ε > 0. Overall, the
results exhibit the changing tendency of the average waiting
time is consistent with the current in Fig. 2. We find that the
appearance of the flat and largest values of the average waiting
time is mainly due to the electron localization in the DQD,
which results in the super-Poissonian statistics in Figs. 2(b)
and 2(d). Moreover, the steady values decline in Fig. 3(b) with
the increase in decoherence rates from 0.1� to 0.3� (see the
red, blue, and green curves).

IV. THE DYNAMICAL PROPERTIES IN THE PURE DEPHASING ENVIRONMENT

In this section, we study the dynamical properties of measurement in the pure dephasing environment without energy relaxation.
In this case the evolution of the density matrix is given by

ρ̇LL = 0, ρ̇LR = iε̄ρLR − �φρLR, (17)

where �φ is the dephasing rate. Note that the off-diagonal density-matrix element ρLR vanishes in the limit t → ∞. We employ
the same bonding state and antibonding state in Eq. (13). Using the Bloch equations with the additional vector that we mentioned
in Sec. II, the corresponding continuous evolution L is given by

L =

⎛
⎜⎜⎜⎜⎝

−2�φ
�2

ε̄2 − D 2�φ
�2

ε̄2 i� + �φ
�ε
ε̄2 −i� + �φ

�ε
ε̄2

2�φ
�2

ε̄2 −2�φ
�2

ε̄2 − D′ −i� − �φ
�ε
ε̄2 i� − �φ

�ε
ε̄2

i� + �φ
�ε
ε̄2 −i� − �φ

�ε
ε̄2 −iε − �φ

2

(
1 + ε2

ε̄2

) − D+D′
2 2�φ

�2

ε̄2

−i� + �φ
�ε
ε̄2 i� − �φ

�ε
ε̄2 2�φ

�2

ε̄2 iε − �φ

2

(
1 + ε2

ε̄2

) − D+D′
2

⎞
⎟⎟⎟⎟⎠, (18)

and the quantum jump LJ is the same as expressed in Eq. (16).
The current and Fano factor versus the level displacement

are plotted in Fig. 4 for different dephasing and decoherence
rates, respectively, by Eqs. (16) and (18). The figures show
that both the current and the Fano factor are symmetrical
around ε = 0. We find that the current and the Fano factor are
not sensitive at all for different dephasing rates (three curves
coincide) in Figs. 4(a) and 4(b). The Fano factor reaches a local
minimum at ε = 0, grows with increasing ε, but decreases
rapidly with large displacement for F = 1. Noticeably, the
figure shows clearly that a double peak in the Fano factor refers
to a coherent tunneling regime. It is found that a dynamical

channel blockade mechanism is developed, which leads to a
profound super-Poissonian noise.

It is worth noting that the current reaches a maximum
around ε = 0 and tends to a smooth platform for small ε

in Fig. 4(a), which is attributed to the subtle change in
current in the pure dephasing process. Figure 4(c) displays
that the area of the platform extends with the increase in
decoherence rates. This shows that the coupling to the detector
would enhance electron localization in one dot. Consequently,
electron transfer would be suppressed, and the dwelling time of
an electron increased, which leads to the quantum Zeno effect.
Compared with Figs. 4(b) and 4(d), because of this effect, the
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FIG. 3. The average waiting time 〈τ 〉 calculated from the Bloch
equations for (a) different relaxation rates: �r = 0.1� (the black
solid curve), �r = 0.2� (the black dashed curve), and �r = 0.3�

(the black dotted curve) and (b) different decoherence rates: �d =
0.1� (the red curve), �d = 0.2� (the blue curve), and �d = 0.3�

(the green curve).

Fano factor is magnified and broadened as the decoherence
rates increase from �d = 0.1� to �d = 0.3�.

As discussed above and comparing Figs. 2(b) and 4(b),
we can conclude that the noise suppression is sensitive to the
energy relaxation of the system whereas the dephasing of the
system hardly changes the noise fluctuations. This is consistent
completely with the conclusion made in Ref. [39]. There exists
a quantum Zeno effect which freezes the evolution of a quan-
tum system associated with the suppression of electron transfer
subject to QPC measurement [43,52–54] and the measurement
can manipulate the system dynamics by changing the strength
of the interaction with the detector [42,55].
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FIG. 4. The current and Fano factor versus the level displacement
ε in the pure dephasing environment. (a) The current and (b) the
Fano factor for different dephasing rates: �φ = 0.1� (the black solid
curve), �φ = 0.2� (the black dashed curve), and �φ = 0.3� (the
black dotted curve). (c) The current and (d) the Fano factor for
different decoherence rates: �d = 0.1� (the red curve), �d = 0.2�

(the blue curve), and �d = 0.3� (the green curve).
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FIG. 5. The average waiting time 〈τ 〉 calculated from the Bloch
equations for (a) different dephasing rates: �φ = 0.1� (the black
solid curve), �φ = 0.2� (the black dashed curve), and �φ = 0.3�

(the black dotted curve) and (b) different decoherence rates: �d =
0.1� (the red curve), �d = 0.2� (the blue curve), and �d = 0.3�

(the green curve).

The symmetrical structures of the average waiting time
distribution do not change as the dephasing rates increase
from 0.1� to 0.3� but exhibit the steady decline of values
as the decoherence rates increase from 0.1� to 0.3� in
Fig. 5. In addition, the largest of the steady values reveals
the reason for the super-Poissonian statistics. The coupling
with environment would enhance electron localization in one
DQD. Furthermore, for the same reason the dip in Fig. 5
corresponds to the peak of current in Figs. 4(a) and 4(c).
The good agreement between the distribution of the average
waiting time and the current is presented.

V. CONCLUSIONS

In conclusion, we study quantum measurement of a DQD
by Bloch equations with an additional vector and concentrate
on the intriguing properties arising from the internal dynamics
induced by two different kinds of environments. It is shown
that, in the dissipative environment, the Fano factor exhibits
clear enhancement associated with decoherence rates and
suppression related to relaxation rates whereas the current is
not sensitive to different relaxation rates. We show that the
relaxation process results in the asymmetry of the Fano factor
and the patterns obviously are changed by the decoherence
rates. The dynamical channel blockade effect takes place in
the presence of the level displacement and which leads to the
super-Poissonian noise. In the pure dephasing environment,
both the current and the Fano factor are symmetrical. We em-
phasize that the quantum Zeno effect has been formed which
effectively localizes the electron in one of the DQD leading to
the enhancement of the Fano factor. Moreover, the results illus-
trate that the distribution of the average waiting time exhibits
good agreement with the variation tendency of the current. We
predict that both the relaxation and the decoherence rates can
be measured through the Fano factor. The advantages of our
method possess useful ways in comparison with the previous
methods, so our paper provides an effective tool to analyze
dynamical properties. More physical quantities of mesoscopic
transport can be studied continuously via our method, such as
the skewness, kurtosis, and so on. Our results and analysis can
be used properly to explore new effects of mesoscopic systems.
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