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We present a unified perspective on dynamical mean-field theory (DMFT), density-matrix embedding theory
(DMET), and rotationally invariant slave bosons (RISB). We show that DMET can be regarded as a simplification
of the RISB method where the quasiparticle weight is set to unity. This relation makes it easy to transpose
extensions of a given method to another: For instance, a temperature-dependent version of RISB can be used to
derive a temperature-dependent free-energy formula for DMET.
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Strong correlations count among the most challenging
problems in condensed-matter physics. While the development
of dynamical mean-field theory (DMFT) [1] and its cluster
[2-6] and diagrammatic [7] extensions has led to a better
understanding of relatively simple, strongly correlated models
and systems, there are still situations where the exact solution
of the DMFT quantum impurity model becomes prohibitive
due to the size of its Hilbert space and/or the Monte Carlo
negative-sign problem. These situations range from the study
of multiorbital systems to the exploration of low-temperature
phases over the investigation of long-range strong correlations.
This is particularly important for realistic investigations of 5 f
systems, which require the simultaneous inclusion of crystal-
field effects, spin-orbit-coupling interaction multiplets, and
lattice relaxation. Outstanding challenges in this area include
the computation of phase diagrams and equations of state
of elemental actinides and their alloys. These are problems
of fundamental importance and of practical technological
relevance, and they require simplified, fast methods that still
capture correlation effects accurately enough.

Several such methods have been developed in recent years,
with a commonality with DMFT: the mapping of the lattice
problem onto a simpler, yet still nontrivial embedded quantum
problem. Prominent examples include cluster perturbation
theory (CPT [8,9], derivable from the self-energy functional
theory, SFT [10,11]), self-energy embedding theory (SEET
[12,13]), two-site DMFT [14,15], and site-occupation embed-
ding theory (SOET [16,17]).

Two particularly successful methods are the (mean-field)
rotationally invariant slave boson method (RISB [18,19])
and the density-matrix embedding theory (DMET [20,21]).
RISB yields kinetic energy renormalizations, double occupan-
cies, and valence histograms very close to those of DMFT
[22-24] and has been applied to numerous multiband models
[19,25-27] and realistic compounds [27-29]. These slave
boson methods have a close connection to the Gutzwiller
approximation as shown in Ref. [30] for the single-site case
and in Ref. [31] for the multiorbital case. As for DMET, it
has been shown to yield very accurate ground-state energies
for the Hubbard model [20,21,32-34] and quantum chemical
systems [35,36]. Both give access to ground-state (including
superconducting [32,37,38]) properties and spectral properties
[39], and have also been extended to tackle out-of-equilibrium
problems [40—-47].
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However, the precise relation between these two methods
has not been established to date and it is unclear whether they
yield a complementary picture of correlations, or if on the
contrary one corresponds to the simplification of the other.
This work intends to fill this gap by showing that DMET is a
simplication of RISB. We also illustrate the relation of RISB
with DMFT, thereby giving a comprehensive picture of the
interrelation and hierarchy between the three methods.

This paper is organized as follows: We first give an overview
of the results presented in this paper (Sec. I), then review
the RISB formalism and its relation with DMFT (Sec. II),
and finally derive the DMET approximation and show that it
is a simplified RISB with a quasiparticle weight equal to 1
(Sec. III).

I. OVERVIEW

In this section, we highlight the common structures of
RISB and DMET without providing detailed derivations. Our
purpose is to provide the reader with the key ideas that these
methods share and thus reveal their close connection.

Both RISB and DMET start with an inferacting lattice
model of the form

A= fajpclcip+ Y Bocllciacl,l. (D)
ij.op i

depicted in Fig. 1, top panel. Greek indices ., 8, ... = 1... N,
denote local or orbital indices (within a unit cell). Latin indices
i,j,---=1... N/N. denote unit cells. (The local or orbital
degrees of freedom may as well refer to inequivalent sites in a
cellular-DMFT-like construction, so that a “unit cell” may also
refer to a cluster cell). The first term is a kinetic term describing
hopping processes between different unit cells. The hopping
f does not contain local hopping terms (f;,,;s = 0); instead,
they are contained in I-Alloc. Later, we will denote by ¢ the
full hopping matrix and by H;, the interaction Hamiltonian
(without local hoppings).

The key idea of RISB and DMET is to replace the lattice
model by a reference model or effective medium that depicts
correlations in an approximate fashion.

In DMET, this effective medium consists of one correlated
unit cell, called the fragment, and an environment where the
effect of correlations is described by a one-body potential A,
as illustrated in Fig. 1, middle panel. (In the DMET literature,
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FIG. 1. Three layers of RISB and DMET. Top: Lattice problem:
all unit cells are interacting. Middle: Effective medium: only the
unit cell dubbed “fragment” is interacting, correlations for the rest
(“environment”) are described by a one-body potential A. Bottom:
Embedded problem: the environment is mapped to a “bath” of the
same dimension as the fragment/impurity.

this potential is usually called # and is equal to A up to a local
hopping term: Aog = tgp + [£10c]op-) The Hamiltonian of this
effective medium is

He = Z fia,jﬁcjacjﬁ + ﬁloc[{c()oucga}] + Z )\aﬂcjaciﬂ
ij,ap i#0,ap

@

RISB also has an effective medium, but it comes with an
additional parameter (called R in the following) that is used
to describe the mass of quasiparticles. This medium cannot be
described by a one-body potential only.

As a last step, both methods introduce an impurity or
embedded problem illustrated in Fig. 1, bottom panel. It
is obtained by the contraction of the environment (of size
N — N,) to N, bath orbitals using a Schmidt decomposition.
The embedded problem thus consists of N, correlated or
impurity orbitals hybridized (via a hybridization term D) to AV,
uncorrelated bath orbitals (described by the one-body potential
A€). It is given by a Hamiltonian of the form

ﬁembed = Z(,Daﬁcj;aﬂ +H.c.) + ﬁloc[{cl,czx}]
af

+ > Agapal. 3)
ap

Here, ¢’ and ¢ (respectively, a’ and a) are creation and
annihilation operators for the impurity (resp., bath) orbitals.

The goal of both methods is to determine the effective
medium, i.e., to find the value of A (and optionally R), such
that the following self-consistency condition is satisfied: The
one-particle density matrix of the impurity model [Eq. (3)]
must match the projection of the reference medium’s density
matrix onto the embedded subspace. A (and optionally R) can
then be used to construct approximations to the self-energy of
the lattice model.

This is also the logic of DMFT, except that DMFT adjusts
the local self-energy Xj,.(iw) (instead of A and R above) so

PHYSICAL REVIEW B 96, 235139 (2017)
that the (one-particle) Green’s function,

o
[Gimp]aﬂ(iwn)z—fo drelwﬂ(TC(x(T)CI}(O»impa “

of the impurity model matches the projection of the reference
medium’s Green’s function,

Gk,iow) = [io — &k — Dioci)] ™, ®)

onto the impurity [where ¢ is the Fourier transform of the
hopping matrix #; or local density approximation (LDA)
Hamiltonian in a LDA+DMFT context; see Eq. (7) below].
Besides, because of this modified self-consistency condition,
the impurity model of DMFT contains an infinite number of
bath sites, contrary to Eq. (3).

While connections among RISB, DMET, and DMFT have
been mentioned in passing (see, e.g., Ref. [28]) and DMET
was inspired by DMFT, a precise direct connection has not
been available in the literature to date. This connection points
to many possible generalizations of these methods.

II. OVERVIEW OF ROTATIONALLY INVARIANT
SLAVE BOSONS

In this section, we briefly review the RISB formalism
introduced by Ref. [19]. Our starting point is the lattice
Hamiltonian Eq. (1). We note that I—IﬁoC contains both kinetic
and interaction terms. Denoting by #;, ;s hoppings internal to
a unit cell, we can decompose

Hloc = ﬁint + Z Z t[a,iﬂcjaciﬂv
i af

ifi#]j
otherwise

- tia,
Fra,js = {O *”‘ (©)

In the following, we will denote the i, j Fourier transform
of t;4, jp (xeSp., fia, jp) aS

Ne ik
— ¢ —ik-(ri—rj)
Ekap = D € Vi, ip )
N &
(resp., &x,qp)- Correspondingly,
[1oc]ap = ZEk.aﬁ = 10a,08- (8)
k

A. Slave bosons: Constraints and physical subspace

The second-quantized operators cja, ciq generate a Hilbert

space Hpnys With local many body states |A;). RISB consists in

introducing fermionic operators flL

, fio and bosonic operators
(]3:&1, e qSA[.,,[ (one for each pair of local many-body states,
with n; labeling local Fock states, which like A; form a basis
of the local Hilbert space) to replace ¢ and c. Yet, these new
operators generate a Hilbert space H which is much larger
than the original Hilbert space, so that one needs to define a
“physical” subspace. This is done by defining physical states
and the corresponding constraints. The physical states are
defined as follows:

__1 A ,
A;) = m;¢Ai,ni|0>|n,>f, ©)
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with D, = ( /j\\//A ) (W is the number of electrons in state A) and
the {|n;) s} are the local Fock states formed with f f operators:
N
ni)p = AL 10). (10)
a=1

One can check that the physical states |A;) are normalized.
One can prove [19] that these states (and only these states)
satisfy the following constraints:

Zéjﬂin;é)Aini =1, (11a)
A;in;
Viap filfi= Y pimilflfisln) bk, am-

Ainim;
(11b)

In the following, we drop the site index i for conciseness.

One then writes a faithful representation of the original
Hamiltonian H in the physical subspace, where “faithful” is
defined as follows: For any (local) operator O, O is said to be
a faithful representation of O in the physical subspace if and
only if

VA,B, (A|O|B) = (A|O|B). 12

One can show [19] that the faithful representation of the
creation operator is given by the expression

=Y R a3
B

with the ¢-dependent matrix R defined by

(Alc] IB (nlfﬂIM)
Rpo =
A;:m

Equation (13) is used to write down the faithful repre-
sentation of the kinetic term of the Hamiltonian. For the
local Hamiltonian term (which contains interactions and local
hoppings, see above), one can show [19] that

Hie= Y (Ai|Hioc| B))b} , iin,- (15)

iABn

¢An ¢Bm (14)

One can thus write the faithful representation of H in terms
of the f and ¢ fields:

H=Y"1>" RyufiajsRls { £} fis

ij,yé off
+ ) (Al Hioc B)) Y@L, Do, (16)
i,AB n;

This Hamiltonian is nontrivial in the ¢ operators (through
the ¢ dependence of R), but quadratic in the f operators. In the
following, we will thus carry out a mean-field approximation
for the bosons and integrate out the f fields.

B. Mean-field approximation and matrix notation

We now condense the bosons; i.e., ¢p, is chosen to be a ¢
number (and d)Ln becomes ¢},). For notational convenience,
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we define the 2V¢ x 2V matrices ® and F:

[CD]An = ¢An7 (17)
[th]nm = f<n|fot|m)f~ (18)

In particular, [®F]4 = [®], = ¢4, We can always or-
der the |A) states in such a way that (A|cy|B) = [Fylas-
In particular, [F]1ap = [Folh4 = ((Blcg|A))* = (Alc)|B). If
the coefficients of the F matrix are real (which is the case if
one is dealing with Fock states, which is always possible), then

[Fllap = [Fulpa- (19)

Thus, the expressions for the constraints become

fifs = AL, Va.p. (20b)
with
AL =" pml 1) 5 £ (p1 fp1n) 1011 @ am
Anmp
= TI'[F(:[F’BCDTCD] (21)
Furthermore,
Rpa = Y FiasFlonl®Lial®lp
Y ABnm
X [(Ab(l _ Ap))_l/z]yﬁ
= DO @R IA( — A,

14

where, to obtain the second line, we have assumed F' to be real
valued [Eq. (19)]. Equivalently, we have

Ry(x{[Ap(l -

The local part of the Hamiltonian reads

Hipe =Y > (AilHioe| B)[®'], 4, P,

i AiBin;

= Z Tr[® Hipc @]. (23)

AN = TH®TFI®F,].  (22)

C. Mean-field free-energy and Lagrange equations

The problem at hand now boils down to minimizing
the free energy, a function of the slave-boson mean fields
®4,, under the constraints (20a) and (20b). In the original
formulation [19], inspired by previous slave boson approaches
[30], the fulfillment of the constraints was enforced by
introducing two Lagrange multipliers E¢ and A. It was then
proposed [25,28,29], in order to overcome the remaining
strong nonlinearity of the free energy as a function of &,
to turn Eqs (21) and (22) into constraints, thereby making the
free energy quadratic in @ at the price of adding two more
Lagrange multipliers A° and D and turning A” and R into
independent variables. Following this strategy, the free energy
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of the system is given by

Q[D,R,A”; ES, 0, D1 = —Blog / DIf*, fle SI®RAREXDA] 24)
with
S[®.R. AP, EC 2. D.a) = — Y Trlog{iv — Ruy&l’ Rly — 00"
s I\, 5 sy L7y - g lw Cl}/gk 58 )"C(ﬂ +M8a‘ﬂ}e
kio

+ Y Tr| ES(@T® 1)+ Y (Dup® FJ@Fs + He) + > AL, PIOF]Fy + O Hioe®
i af ap

— > (hap +A5) ALy = Y (DupRya + c.)[AP(1 = AP, (25)
i i;afy

Here, Zi is shorthand for AW/ Zi, and in principle, all the variables ®,R,A?, E¢,A,D,)\° depend on the site index i but we
dropped it since we will be looking for uniform solutions.

The slave boson amplitudes ® 4, appear only in the second line. Inspired by the fact that these amplitudes are defined on a
local Hilbert space (spanned by A) and its copy (spanned by n), one can introduce [28] the corresponding tensor-product space,
spanned by the basis {|A) ® |n),}4..» Where states |A) are created by impurity operators c',c and |n), by “bath” operators a',a.
In this construction, one interprets the amplitudes ® 4, as coefficients of the Schmidt decomposition of general states |®) of this
product space:

@) =) NNy, il A) ), (26)
An

where 0ph is a particle-hole transformation acting only on the a operators. With this definition and the phase factor, one has [28]

TH{F Fp®'®] = (®lagal |P), (27a)
Tr[® F]® Fg] = (®|clag|®), (27b)

which allows us to express the right-hand sides of Eqs (21) and (22) as correlators of the ¢ and a operators. Besides, the second
line of the right-hand side of (25) becomes E°({®|P) — 1) + (<I>|ﬁembed|d>>, with Hembeq defined in Eq. (3). This Hamiltonian
describes an Anderson impurity level, described by the fields ¢, ¢! interacting through the local Hamiltonian H;,, hybridized
with noninteracting bath levels a, a' of energies —A° via the hybridization strengths D.

Finally, one extremizes the free energy with respect to its variables to find the Lagrange equations of the problem:

Aly= " liw— RERT = A+ plge”, (28a)
keBZ,iw

D AAPA = AN, Dy = Y R Mio — RERT — 2+ ] pae™, (28b)
n keBZ,iw

MIAP( = AN

Mg =—hap— ) _1DysRyy A7 +cc.t, (28¢c)
yén af
Hembea| @) = E€|®), (28d)
(Plagal|®) = ALy, (28e)
(®lclag|®@) = Ryo{[AP(1 — AP)]'2} 4. (281)
[
D. Solution of the Lagrange equations F® and F® are implicit functions of R and A: For a given

Root-solving. In previous works [25,28,29], the Lagrange K and A, one can successively compute A”, D, A¢, and |®)
equations were solved by formulating the problem as a root- DY using Eqs. (28a), (28b), (28c), and (28d), respectively. The
solving procedure by defining the functions fulfillment of the last two equations, Egs. (28e) and (28f), thus

amounts to solving the root problem:

FOIRA] = (Plagal|®) — ALy, (29a) FOIRA] =0,
FOIR,A] = (D|clag|®) — R,o{[AP(1 — AP)]'?},5. (29b) FOIRA = 0.
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We note that the same Lagrange equations can be cast
as different root problems (depending on the choice of free
variable; for instance, one could have chosen D and A€ instead
of R and 1). In the next paragraph, we give an alternative route
to solve the Lagrange equations to shed light on the relation
of RISB with the DMFT method.

Forward recursion and comparison to DMFT. One can
alternatively solve the Lagrange equations in a forward
recursive fashion, as is usually done in DMFT:

(1) Start from a guess R and A.

(2) Compute the local density matrix A” using (28a) and
the local “kinetic energy,”

[Icloc]aﬁ = Z [{ékRT}[ia) — REkR'r S M]_I]ﬂaeiw0+.

keBZiw
(30)

(3) Compute D and A¢ using Eq. (28b), i.e.,
Dpo = {[AP(1 = AP )0 [Kioclup 3D

and Eq. (28¢).

(4) Solve the embedded problem Eq. (28d) for its (normal-
ized) ground state | D).

(5) Compute a new R as

Ry = Mog{[N“(1 — N)]'/?}4, (32)
with

Niy = (®lagal| D), (33a)
Mg = (®|clas| D), (33b)

and a new A as

. [N“(1 — N/}
)"(xﬁ = _)"ozﬁ — Z {Dng,”, IN? 0 +c.c.q.
yén ap

(34)

(6) Go back to step 2 until convergence of R and A.

This cycle is illustrated in Fig. 2(b): In RISB, the impurity
model is solved for Nyg and Mg to obtain the two matrices
Rp and Aqg, which are used as a parametrization of the lattice
self-energy:

S(kiwy) ~ iw,[1 — (RTR)™ + RTIA[RT™ — €10e. (35)

The impurity model is also parametrized by two matrices, the
hybridization strengths Dy and bath hopping parameters g,
which are adjusted in such a way that the local density matrix
AP coincides with N and {[A”(1 — AP)]'?}T R coincides with
M [Egs. (28e)—(281)].

In practice, this loop allows us to obtain stable solutions
in the Mott phase of the Hubbard model more easily than by
solving the Lagrange equations as a root problem.

By contrast, DMFT (whose self-consistent loop is illus-
trated in the top panel of Fig. 2) requires the frequency-
dependent local Green’s function Gj.(iw,) [defined as the
k summation of the lattice Green’s function G(k,iw) defined
in Eq. (5)] to match the impurity Green’s function Gimp(iw,)
[Eq. (4)] by adjusting the hybridization function A(iw,), at the
cost of approximating the lattice self-energy by the impurity
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(a) DMFT A(iw)

impurity model

Gk, iw) = L

—en—Samp@)) \Gimp(iw) = —(cc"imp (iw

Eimp (Z(U)

(b) RISB D¢

p_x 1 impurity model
A = Ziw iw—RERRT—\

Ke=% e

W jw—REKRT—X

N¢ = (aanmP
M = (cTa>imp

R\

(¢) DMET

D, X\

impurity model
N = (aat)imp
M = (c'aYimp
A

FIG. 2. From top to bottom: DMFT, RISB, and DMET: iterative
solution by forward recursion. (The chemical potential is not indicated
for conciseness.)

self-energy Ximp(iw,): All these functions depend on an in-
finite number of Matsubara frequencies, and correspondingly
DMFT’s impurity model has an infinite number of bath levels:
A(iwy) can in general only be represented by an infinity of
bath sites:
[e.¢]
Awplion) = > S Db liwl + A1 [DL,]"
b=1 yé
contrary to RISB in which b = 1. Note that in the DMFT
literature, D (resp., A°) is usually denoted as V (resp., —€).

Thus, RISB can be viewed as a well-defined way of
drastically truncating the number of bath levels in the impurity
problem and of parametrizing the low-energy behavior of
the impurity self-energy by two observables, the matrices
R and A. Beyond the reduced number of bath levels of
the impurity model, RISB only necessitates the computation
of static correlators, (®lagal|®) and (P|c]ag|P), whereas
DMEFT requires the full frequency dependence of the Green’s
function Gimp(iw,).

Alternative approaches to truncate the number of bath levels
exist: two-site DMFT [14] uses the low- and high-frequency
limit of the DMFT self-consistency condition Gipp(iw) =
Gioc(iw) to fix the position and hybridization of a single

(36)
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bath level (in the context of a single-band model; see also
Refs. [48,49] for another prescription in a multiorbital context).

In a different perspective, solving the DMFT impurity
model with an exact diagonalization method [50] also relies on
a truncation procedure. There, the number as well as position
and hybridization of bath sites is dictated not by formal consid-
erations (as in RISB or two-site DMFT) but by computational
limitations attached to the former and a (somewhat arbitrary)
fitting procedure [using the parametrization of Eq. (36)] for
the latter.

E. Equivalence to the multiband Gutzwiller approximation

RISB has been shown to be equivalent [31] to the multiband
formulation of the Gutzwiller approximation. In other words,
the above derivation can be carried out, instead of introducing
slave bosons ¢ and quasiparticle fields f, by minimizing
the variational energy (Wg|H|Wg) over the Gutzwiller wave
functions

[We(R,1)) = l—[Pi(R,k)I‘I’o(RJ»)), (37)
where |W,) is a noninteracting wave function (a Slater deter-
minant |Wy) = ]_[:',=1 c1,|0) with p = 1...ny denoting the
occupied states) and P; is a projector on the local many-body
Hilbert space defined above:

Pi=Y_ Aas(RMIAN B

A,B

(38)

(the connection between the A matrix and the slave boson
matrix ® 4, is explored, e.g., in Ref. [25]).
This is done under the “Gutzwiller constraints”

Vi (W|P/P; W) = 1,
Vi,a, 8 ("IJ0|P;PiC,]'LaCiﬁ|\IIO> = (\IJ0|C}LaCiﬁ|\IIO>'

(39a)
(39b)

which can be shown (see, e.g., Ref. [31]) to be equivalent to
the aforementioned RISB constraints, Egs. (20a) and (20b).

In the next section, we show that the recently introduced
DMET is a simplified form of RISB where R is approximated
by the identity matrix.

III. DENSITY-MATRIX EMBEDDING THEORY:
A SIMPLIFIED RISB

Density-matrix embedding theory (DMET) has been intro-
duced as a simplified version of DMFT [20]. As outlined in
Sec. I, DMET replaces the original lattice problem [Eq. (1)]
with a reference problem [Eq. (2)] where the effect of corre-
lations is described by a one-body potential A (usually called
u in the DMET literature). In other words, the self-energy is
approximated by a static, local (within a cell) potential

Yok, i) ~ Uqp. (40)

Like in DMFT and RISB, the approximate form of the
self-energy (here a matrix, u) is obtained in a nontrivial way
by a self-consistent mapping of the reference problem onto
an embedded local problem with fewer correlated degrees
of freedom. The parameters of this impurity problem are
then adjusted (through an adjustment of u#) to match the

PHYSICAL REVIEW B 96, 235139 (2017)

(one-particle) density matrix of the embedded problem with
the projection of the density matrix of the reference problem
onto the embedded subspace.

In wave-function language, DMET corresponds to making
the following variational ansatz for the ground-state wave
function:

[WpMmeT) = [Wo(u)),

where |Wy) is a Slater determinant and u is obtained by
matching the density matrices as discussed above.

Several equivalent derivations of DMET have been given
in the literature [20,21,32-36,51]. Here, we give a derivation
similar to Ref. [34] but at times use different notation or
terminology to make the connection to the RISB or Gutzwiller
formalism more transparent.

(41)

A. Summary of the DMET self-consistency

In this subsection, we give a brief summary of the DMET
workflow. Having mapped the lattice problem onto a reference
problem consisting in an interacting fragment (of size N.) and
a noninteracting environment (as illustrated in Fig. 1), DMET
defines an embedded subspace through a projection operator P
which projects the NV, + (N — N.) degrees of freedom of the
fragment + environment onto the NV, + N, degrees of freedom
of the embedded (i.e., impurity + bath) problem. Then, the
DMET self-consistency consists in matching

(i) the density matrix of the embedded problem

(®lclcsl®)  (Plclag|D)
Pimp = ’

(Plajcg|®) (Plajag]|P) (42)

where |®) is the ground state of Heypeq [Eq- (3)], itself related
to Her [Eq. (2)] by “projection” by P, namely

f
Hembed = HlOC[{CL’C“}] + Z [ga] [hembed]alg [Zg],
op

(43)
with
embed = PThP, (44)
and & the one-body part of Hg,
0 0
u
h=t+|, (45)

u

[the u block is of size (N — N,) x (M — N,)], with
(ii) the projection of the density matrix p of the reference
problem in the embedded subspace,

Pembed = PTPP, (46)
with
Pia.ip = Zeiww[iwl — b+ uliy

iw

(47)

We recall that the Latin indices 7, j label the unit cells, while
the Greek indices «, 8 = 1. .., label the internal orbital and
cluster degrees of freedom. In the above expression, A7y is the
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translation-invariant version of /; i.e., it contains a potential u
on the upper-left (i =0,j = 0) block: [Arilia,jp = hia,jp +
uqp8;08;0. In practice, we will see that exactly matching
those two density matrices is in general impossible, so that
a minimization of a distance between both matrices is carried
out.

In the following subsection, we show how the projector P
is constructed.

B. Construction of the impurity and bath operators

In this section, we define the mapping from the effective
medium (with A orbitals) to the embedded problem (with 2\,
orbitals), or in other words we construct the projector P.

We start by explaining how to transform from the fragment
(size NV,) to the impurity (size ;) orbitals. First off, diagonal-
izing the lattice density matrix p [given in Eq. (47)] yields a
transformation D from the single-site levels of the fragment
(denoted by Greek indices) to the occupied levels of H (see
Appendix A for details).

Second, we need to find a transformation from the occupied
levels to the impurity orbitals. The central object for doing so
is the overlap matrix between the fragment and the occupied
states of the lattice, defined as

59 = (¢l P¥Idy), (48)

with p and ¢ labeling two occupied states of Hey (1 <
D.q < Noce), ¢ being the corresponding single-particle state,
) = C;|0), and PF the projector on the fragment (PF =
Zﬁf;l |¢w) (o). We show in Appendix A that this matrix can
be transformed to a diagonal form,

5% = Ven®Vy, (49)

where n° is a M. x N, diagonal matrix, and Vg is a ngee X
N rectangular matrix such that Vg Vi = 1. [Vg], « defines a
transformation from the occupied states (p, .. .) to new states
(denoted by primed Greek indices ¢/, . . .) that correspond to
the “natural orbitals” used, e.g., in Ref. [25].

With these two transformations, one defines the transfor-
mation from the fragment to the impurity as

Cr = D Vg,
or rather, with orthonormalized columns,

[D]gcc]ap[VF]pot’

[CF]ao/ = (50)

0
ny

’

(To determine the normalization, we have used C';QC' F=
VI;[D.ECC,T'DECC Vi = VFT VFI’ZO'VFT Vi : nO.) .

Likewise, the matrix which projects from the environment
to the bath is defined as the product of the transformation from
the environment levels to the occupied states (a matrix called
Dg©) with the transformation from the occupied levels to the
natural orbitals (V). After orthonormalization of the columns,
we obtain

D Ve

Cph= ———. 51
BE o ©b
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We thus define the projector,

= CF
= [ CB], (52)

which  projects the lattice  problem  (fragment

{cIa}lgagM_%nvironment {C;La}1<i<'/\[//\[ulgagj\/’l ) onto the
embedded problem (impurity {El, Y<ar<n,+bath {dl, H<w<ny):

L M L
E(Tx/ = CIQ[CF]D(O/’ (53)
a=1
N/Ne N
=" Y cl[Coliwar (54)
i=2 a=l1

Instead of the natural-orbital basis, one can choose instead
to use the original basis (denoted by unprimed Greek indices)
as a single-site basis to express the creation operators ¢! and
a' of the embedded problem. This is done by defining the
alternative projector,

1
P= |: CBC-F[C|, (55)

which is related to P by a unitary transform,

i
P = ?|:CF 1—j|’
CF

where P projects into the natural orbitals and P projects into
the original orbitals.

‘We note that the above construction corresponds to carrying
out the Schmidt decomposition of |Wq(u)) [20].

In the next subsection, we use P to project lattice observ-
ables onto the embedded subspace.

C. Projections in the embedded subspace

After constructing the impurity and bath levels, one can
now map the density matrix and lattice Hamiltonian onto the
embedded subspace.

1. Embedded density matrix

The projection of the density matrix onto the embedded
subspace is defined in Eq. (46), and similarly for pg,.q. After
a few algebraic steps detailed in Appendix B 1, we obtain

_ P P n° Vno(1 — n% (56)
Pembed = pr = /no(l — I’lo) 1 — n() ’
1.€., Pembea 1S entirely determined by the occupations of the
natural orbitals n°. Similarly, its expression in the original
basis is
_ AP AP(1 — AP)
Pembed = [ Ap(l — Ap) 1 — AP s (57)
with
AT = o'l = DD = g,

with pr the top left V, x N block of p. Thus, A” (as defined
in the RISB section) is the one-particle density matrix of the
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fragment, pp. Using (47), we thus have

00" [+ _
Agﬂ = Ze’“’o [zwl—l‘—u+,ud]10(1’1/3

iw

= Z N liwl — e —u + ,u];%

kiow
We define
ﬁaﬁ = Ugp + [8loc]o¢,3 (58)
to obtain the analog of Eq. (28a) in the RISB formalism:
ALy =" [iwl — & — i + pl - (59)
k,iw
Equations (28a) and (59) can be identified provided
R =1, (60a)
A =. (60b)

In the next subsection, we show that this identification holds
for all other DMET observables.

2. Parameters of the embedded problem
Based on the two definitions of Hemped, Eqs. (3) and (43),

we can write!
tr D
hembed = 'DT —Ac |

Identifying the right-hand sides of Egs. (44) and (61), and
thanks to the definition [Eq. (55)] of P, one can show, after a
few algebraic steps detailed in Appendix B 2, that

D= &lio—& — i '[VAP(1 - AP)]"" (62a)

kio

(61)

and

3 = it/ anan MU 2E0 £ 02200 e
x VAP = an],

(62b)

which respectively correspond to Eqgs. (28b) and (28c) with
the identification (60a) and (60b).

D. Self-consistency conditions

As mentioned in a previous section, the DMET self-
consistency conditions consist in matching the embedded
density matrix pemped Obtained by projection of the lattice-
density matrix onto the embedded subspace with the density
matrix of the embedded or impurity problem, whose block

structure reads
NS¢ M
Pimp = |:MT Na:l s (63)

'"The minus sign in front of A° stems from the fact that Hemped
contains a term A¢aa’ instead of the more familiar A¢a'a.

PHYSICAL REVIEW B 96, 235139 (2017)

with N and M defined in Eqs. (33a) and (33b) and

NGy = (@|clcp| D), (64)

where |®) is the ground state of the impurity Hamiltonian, i.e.,
the solution of Eq. (28d). Thus, the self-consistency conditions
explicitly read

(Plagal|®) = AL, (65a)
(®lclag|®) = [V AP(1 — AP)]yp, (65b)
(@lcheg|®) = ALy (65¢)

The first two lines, with the identification (60a), correspond
to the RISB conditions (28e) and (28f).

E. Solution of the DMET equations: Overdetermination,
idempotency, and alternative self-consistency conditions

The DMET equations presented in the previous sections
have so far been solved in a forward recursive way:

(1) Start from a guess for u.

(2) Compute D and A€ from A? and K.

(3) Solve the impurity model for piyp, i.e., for N¢, N¢,
and M.

(4) From u, compute pembea(#) as given by Eq. (57).
If pembed(#) = pimp(u), self-consistency is reached and the
solution is u. Otherwise, find u" such that pempea(#") = Pimp()
and go back to step 2 with the new u’ until self-consistency is
reached.

This loop is different from the loop presented in Sec. II D.
The potential advantage of this alternative forward recursion is
that it in principle requires fewer computations of the impurity
solution: the root problem,

-7:14(“/) = pembed(’/l/) - pimp(u) =0, (66)

requires only one impurity computation [to compute Pimp(#)].
However, this root problem must be solved several times, so
that the numerical gain is a priori unclear.

On the other hand, the DMET self-consistency condition
leads to an overdetermined root problem: There is only one
unknown u to satisfy three self-consistency conditions, Eqgs.
(65a), (65b), and (65c). In comparison, the root problem to
be solved in RISB has as many unknowns (R and A) as
equations (FV' = 0 and F® = 0). Another independent issue
is that pemped as given in Eq. (56) or (57) is idempotent (one
can check that ,ogmbed = Pembed)s With the consequence that its
eigenvalues must be zero or one. That p;, generically shares
this property is improbable; in fact, converged RISB results
in the literature (with R # 1) prove that piy, is in general not
idempotent.

This has led to the exploration of several (arbitrary)
procedures in the literature: The original papers proposed
to minimize the sum of the squared differences between the
matrix elements of pembed and pimp [instead of trying to find
the root of Eq. (66)]; other authors suggest to fulfill only the
condition on the density [e.g., Eq. (65a)], a scheme dubbed
“density embedding theory”, DET [34].

In Fig. 2 (bottom panel), we illustrate another possible
recursive scheme to solve the DMET equations inspired from
DMEFT (this scheme corresponds to the forward recursion
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presented in Sec. IID, only with R = 1). This figure, while
emphasizing the similarities between the three methods, also
hints at the overdetermination problem we just discussed:
While in RISB, two observables are needed to compute (N¢
and M) and parametrize (A and R) the self-energy and to
characterize the embedded problem (A¢ and D), in DMET,
two observables (N¢ and M) are computed at the level of
the embedded problem (and needed to describe it, A° and D),
but the self-energy is described by only one parameter (A or
u), possibly pointing to an underexploitation of the physical
information contained in the solution of the impurity model.

IV. CONCLUSION

In this work, we have derived the relation between two
methods, RISB and DMET, which can both be regarded as
simplified versions of DMFT. As such, they can access regimes
of parameters and systems for which the exact solution, via
quantum Monte Carlo, of the DMFT impurity problem, is
prohibitively costly if not out of reach due to the negative-sign
problem or very large computing times.

We have shown that the DMET equations can be obtained
from the RISB equations by setting the quasiparticle weight
factor to 1 in RISB. This establishes a clear connection between
these two methods, which are both based on the mapping
of a strongly correlated problem onto a simplified problem
describing correlated orbitals embedded in a noninteracting
host.

An additional comparison among the methods is possible
if one uses the interpretation of the RISB method as a
linear expansion of a self-energy [28]. Therefore, if one
focuses on the the low-energy behavior of the self-energy,
DMEFT has real and imaginary parts with a general frequency
dependence, RISB keeps the constant and linear term in a
real self-energy, and DMET is purely static. In this context,
it is worth mentioning other approximate methods which
use a very different parametrization of the self-energy in
terms of a continuous fraction expansion (see, for instance,
Refs. [52,53]).

This common perspective on the three methods naturally
suggests transposing extensions of one method to the oth-
ers. For instance, a simple generalization of the RISB and
Gutzwiller ground-state energy to a temperature-dependent
free energy, briefly exposed in Appendix C, can be used to
derive a temperature-dependent DMET free energy.

This work opens additional questions for cluster extensions.
For instance, DMET yields good spectra for the Hubbard
model [39]. Given that RISB and DMET have the same
computational cost (that of solving an impurity model with the
same number of bath and impurity levels), similar calculations
should be carried out with the RISB method to explore how that
embedding accelerates the convergence to the thermodynamic
limit for spectral properties.

Applications of DMFT to molecular systems already exist
[54,55], but it has been difficult to extend it to complex
molecules. On the other hand, DMET has been very successful
in its applications to quantum chemistry [35]. It would be
interesting to explore potential applications of RISB in that
field as well.
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APPENDIX A: TRANSFORMATION OF THE OVERLAP
MATRIX TO DIAGONAL FORM

We start by diagonalizing the noninteracting Hamiltonian
h; we obtain

h = DeD',

with D being a N x AN unitary matrix and € =
diag({€x}x=1..n7) a diagonal matrix. Thanks to the expression
(47), D also diagonalizes the density matrix, i.e.,

p = DnDT, (A1)

with n a diagonal matrix with entries = ng(e;). The first noec
eigenvalues of p (i.e., the first n,. entries of n) are unity (they
correspond to the occupied states), while the other eigenvalues
vanish (they correspond to the empty states).

We now split D into its fragment and its environment

blocks:
_ | DPr
p=[0)

where Dy is of size N. x A. Since D is unitary, the following
properties hold:

(A2)

D\Dp+ DiDg =1,

DeD} =1,
DeDl = 1. (A3)
We further decompose Dy into two blocks:
Dy = [ D Dgnocc} (A4)

with Dp*® being a N, X nge matrix. Note that (A3) implies

DY D + DTy = 1. (A5)

We now perform a singular value decomposition of Dp*c.
We obtain

D¢ = Uf{diag{~/n°},0}V', (A6)

with U being a A, x N, unitary matrix, {diag{~/n%},0} a
N X Rgee matrix (with diag{~/n%} a N, x N, diagonal matrix,
simply denoted as V/n in the following), and V a ngec X Mocee
unitary matrix. We decompose V into two blocks:

V[V Vel (A7)

with Vg being a ny.. x N, matrix. The unitarity of V implies
the properties

VeV + VeV =1,

ViVe =1, (A8)
Vive=1.
Plugging (A7) into (A6), we obtain
D = UVnOV. (A9)
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The last step is to notice that the overlap matrix S°°, defined
in Eq. (48), is also given by the expression

5o = poeet peee, (A10)

Thus, using (A9), we obtain Eq. (49).

APPENDIX B: PROJECTIONS INTO
THE EMBEDDED SUBSPACE

We start by noting that the transformation between site
indices and natural orbital indices is given by Cr [defined in
Eq. (50)], itself equal to U,
UV e

/10

where we have used Eqs. (A9) and (AS).

Cr =U, (BI)

1. Density matrix

Using the block decomposition of the lattice density matrix,

PE P,
p=|5 (B2)
Pc PE
(with pp a N, x N, matrix, and so on) and the expressions
(A1), (A2), and (A4), we obtain

|:Dl(;cc DECC,T

poce DOCC,T:|
F E
oce yoce, T ’
DE DF

oce yoce, T
DE DE

Thus, using Eq. (46),

Pembed
[~ ~T yoce yoce, t T ryoce yoce, T
_ CFDF DF Cr, CFDF DE Cp
- T yoce yoce. T yoce ryoce.
_CBDE Dg™'Cr, CpDg*Dg " 'Cg
B Vg D;CC.TD;;CC Dgcc'i Dgcc Ve V}:T D;cc,i Dgcc D;cc,‘( D]%CC Ve
~ N T N V/n®
— Vg DECC.TDECC Dgcc'i Dgcc Ve VFT D](;cc,i D%CC DoEcc,TDEcc Ve
R T V10 Vn®
no n(1 — no) (B3)
B n%(1 — n%) 1—n° .

2. Parameters of the embedded Hamiltonian

Identifying the blocks of Eqs (44) and (61), and using
Eq (55), we obtain

. DEVe Vi DRt

D = h,CpCl, = DreD;. , (B4)
BT EETEA a0 o
A¢ = —CpCLhECaCy,
DEeVe ViDE®! DV Vi D
= €
Vn® 1 —=n° : FVT=n0 O
(BS)
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Let us simplify D:
D = De DL DI VRU' /(1 = AP)APT ' UV Ve/nOU
= Dge DL DE DY TU VRO U/ (1 = AP
= hepl[y/AP(1 = AP) 7. (B6)
Besides,

lhepllap =Y _ltedajy 101y

Jv

D iy loljy s

Jy

Y D IR EW L, Lok, 5

kK Jj

= D [E®)uy ()], 5
kyy

=Y [E®)ay Y e liwl — &(k) — il .

k,y iw

In the first line, we have used the block structure (45). The
second line follows from the definition of ¢, and 7, the third
line from the definition of the Fourier transform, Eq. (7), and
the fifth line from Eq. (47). This yields Eq. (62a) of the main
text.

Comparing with Eq. (30), we note that

hep! = Kioc R = 1,1 = ii]. (B7)
Let us now simplify A¢:
A= —UVnOVI VU AP = AP)APT U V] DT
x Dge D DI VeU' [/ (1 = AP)AP) ' UV Ved/nOU
= —[/(I = AP UIWVn® ' Ut D DT
x Dge DL DY DX U[vn0) ' UM /(1 = AP)] !
= —[/(1 = AP)APT pehgpl [/ AP(L = AP,
To simplify pchEpZ, let us first notice
Kioe = hep! = Dre D} Dgn D]
= DgenD}. — Dpe D} Dgn D)
= DrenD|, — hpA”.
Hence,
pehep! = DenD] Dge DL Dgn D]
= DgnenD|. + Dgn D[ Dge DL Dgn D]
— DgneD\.Dgn D}, — Den D} DrenD|.
Kioc +hpA? 4+ APhp AP
= (Kioe + hp AP)A? — AP (Kioe + hpAP)
= 1Kioc(1 = 2A7) + (1 = 2A7)Kjc]
+ AP(1 — AP)Yhg.
This yields Eq. (62b) of the main text.
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APPENDIX C: GROUND-STATE ENERGY
AND FINITE-TEMPERATURE EXTENSION

At T = 0, the total energy in RISB is given by

E = Trinp(R&R" + & — p)(RER")]
k

+ > Tr[Hioe ®; @], (1)

1

where np is the Fermi function and H,,. contains the chemical
potential p.

Note that it is straightforward to show that, using Egs. (28b),
(28f), and (27b), and with R = 1, Eq. (C1) is equivalent to the
DMET ground-state energy given in [20,33]

E=Y"1Tt) (Dus® Fj®; Fp) + Tr[Hioc®; @[] §. (C2)
i aff

InRISB, Egs. (C1) and (C2) produce the same total energies
because the Lagrange equations, Eqgs. (28a)—(28f), are exactly
satisfied. However, in DMET, since the Lagrange equation,
Eq. (66), can merely be minimized, Eqs. (C1) and (C2) no
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longer yield the same energy. One has to evaluate the total
energy using Eq. (C2) as done in the DMET literature.

The RISB formalism can be readily extended to finite
temperatures, as will be explored in a separate publication.
We give the final expression for the resulting free energy:

Q=T log(l + ¢ PRaR+i=)
k

+T Y Trlog[l — ¢ APemni=ED] 4 e
i

- Z (Rap + 25p) Al
i,af

— Y (DupRya + )AL - AN, (C3)
iy

where I is an identity matrix with the size of the Hilbert space
of Hembed~

The fact that DMET is a simplification of RISB with R = 1
gives an easy way to generalize DMET to finite temperatures.
The implications of this finite-temperature extension of RISB
and DMET will be explored in a separate publication.
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