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Possible high-Tc superconductivity due to incipient narrow bands originating
from hidden ladders in Ruddlesden-Popper compounds
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We introduce the concept of “hidden ladders” for the bilayer Ruddlesden-Popper-type compounds: While the
crystal structure is bilayer, dxz (dyz) orbitals in the relevant t2g sector of the transition metal form a two-leg
ladder along x (y) since the dxz (dyz) electrons primarily hop in the leg (x,y) direction along with the rung (z)
direction. This leads us to propose that Sr3Mo2O7 and Sr3Cr2O7 are candidates for the hidden-ladder material,
with the correct position of EF from a first-principles band calculation. Based on the analysis of Eliashberg
equation, we predict the possible occurrence of high-temperature superconductivity in these noncopper materials
arising from the interband pair-scattering processes between a wide band and an “incipient” narrow band on the
ladder.
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I. INTRODUCTION

If one wants to theoretically search for high-temperature su-
perconductors, which is one of the most challenging problems
in condensed-matter physics, a guiding principle is imperative.
While the large energy scale t of electrons naively favors high
Tc in electron mechanisms of superconductivity, we usually
end up with Tc as low as ∼t/100, which is still high with
the energy scale t ∼ O(1) eV, as in the cuprates, a typical
class of unconventional superconductors. On the other hand,
Tc of the conventional phonon-mediated superconductors
is about several percent of the energy scale of phonons.
Given this, a real question is how we can design electron-
mechanism superconductivity where the “low” values of Tc

could be enhanced. A large potential may be expected since
we have various degrees of freedom from lattice structures,
orbital characters, etc., for manipulating electronic pairing
mechanisms. What would then be the main bottlenecks for
enhancing Tc in the unconventional superconductors?

One dilemma is the difficulty in simultaneously realizing
a strong pairing interaction and a light renormalized electron
mass: A strong electron correlation can mediate strong pairing
interactions but usually makes the electron mass heavy due
to the strong quasiparticle renormalization. For instance,
if we consider the spin-fluctuation-mediated pairing in the
single-band Hubbard model on a square lattice, which is
the simplest model for the high-Tc cuprates, we have indeed
the strong pairing interaction simultaneously with the strong
quasiparticle renormalization. The former works in favor of
superconductivity, whereas the latter works against it.

In a previous paper [1], one of the present authors and
his coworkers proposed a possible way to circumvent this
problem. Let us consider a system where narrow and wide
bands coexist due to a lattice structure such as a ladder and
set the Fermi level close to, but not right within, the narrow
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band. Then the electrons in the wide band, which are not very
strongly renormalized, can form Cooper pairs with a pairing
interaction strongly mediated by the large number of interband
scattering channels, where the narrow (or even flat) band acts
as intermediate states while its large density of states does
not cause a heavy mass for the electrons that form the Cooper
pair. In fact, pairing interaction originating from a narrow band
lying below, but not far away from, the Fermi level has attracted
much attention recently in the context of the “incipient
band” in iron-based superconductors [2–8], especially after
the observation of missing hole Fermi pockets in some of the
iron-based compounds [3,9–14]. The idea for narrow bands in
Ref. [1] may be regarded as a precursor of the incipient band
in iron-based superconductors. Superconductivity involving
flat bands has also been discussed recently in the context of
the flat-band superconductivity [15], where the virtual pair
scattering between the flat and dispersive bands is also at
work. The incipient-band-induced superconductivity exploits
finite-energy spin fluctuations, whose importance has recently
been noted in other models as well [16].

In Ref. [1], a two-leg Hubbard ladder was considered as a
candidate model in which the above situation can be realized.
In fact, the study of unconventional superconductivity in
ladder-type materials has a long history, starting from the sem-
inal proposal by Dagotto and Rice [17–19]. Experimentally,
superconductivity with a Tc exceeding 10 K was then observed
in (Sr,Ca)14Cu24O41 [20]. The subsequent proposal in Ref. [1]
was that a much higher Tc may take place in two-leg cuprate
ladder compounds, provided that ∼30% of electron doping
is achieved. Namely, in a single-orbital Hubbard model on a
two-leg ladder with only the nearest-neighbor hopping, there
are two (bonding and antibonding) bands with an identical
shape separated in energy by 2trung, where trung is the hopping
in the rung direction. When the second-neighbor (diagonal)
hoppings are introduced, one of the bands becomes narrower,
while the other becomes wider. For the sign of the diagonal
hopping corresponding to the real material, a large electron
doping is required to put the Fermi level just above the top of
the narrow band. A snag, however, is that doping carriers into
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FIG. 1. Schematics of hidden ladders composed of the dxz (left
panel) and dyz (right) orbitals in the bilayer Ruddlesden-Popper
compounds Sr3T M2O7 (TM indicates a transition metal). The middle
panel depicts the crystal structure.

the cuprate ladders is known to be difficult [21]; especially,
electron doping with such a large amount may be rather
unrealistic.

In the present paper, we propose an entirely different, and
realistic, way to realize the above-mentioned situation where
narrow and wide bands coexist with the Fermi level lying close
to the edge of the narrow one. We propose to start with the
Ruddlesden-Popper-type layered perovskites with two layers
in a unit cell. These bilayer compounds may first seem to
have nothing to do with ladders. However, if we consider
a case in which the t2g orbitals are relevant (i.e., forming
the bands crossing EF ), an electron in, say, the dxz orbital
selectively hops in the x direction as well as in the z direction
normal to the bilayer. This means that the dxz orbitals form
a ladder with the x and z directions being the leg and rung
directions, respectively. Similarly, dyz orbitals form a ladder
in the y and z directions, as schematically shown in Fig. 1.
Hence ladderlike electronic structures are, in fact, hidden in
the apparently bilayer Ruddlesden-Popper materials. To be
precise, the dxz and dyz orbitals are weakly hybridized with
each other and also with the dxy orbital, so that the quasi-one-
dimensional ladder character is slightly degraded, but they
should still essentially be ladder bands.

II. FORMULATION

A. Intuitive idea

As mentioned in the Introduction, the band filling is an
essential factor if we want to have the narrow band incipient
in the ladderlike electronic structure to realize a high-Tc

superconductivity. An electron doping of ∼30% is required
[1] for the cuprate ladder as mentioned, where the dx2−y2

(i.e., an eg) orbital is relevant. By contrast, if the dxz and
dyz (i.e., t2g) orbitals are relevant, the sign of the hopping
integral is reversed from the case of dx2−y2 , so that the ideal
situation should be ∼30% hole doping, which corresponds to
1/3 filling, namely, two electrons on the three t2g orbitals.
If we consider noncopper materials of the form Sr3TM2O7

(TM indicates a transition metal), the valence of the transition
metal should be +4. This implies that if we want to have a
d2 electron configuration, we can take, instead of the hole
doping, stoichiometries Sr3Mo2O7 (with a 4d transition metal
Mo) and Sr3Cr2O7 (with a 3d transition metal Cr) as possible
candidates for the hidden-ladder materials.

B. Band calculation and many-body analysis

We start with a first-principles band calculation for these
materials with the WIEN2K package [22], assuming the ideal
case of no long-range orders and adopting the experimental
lattice structures in Refs. [23,24]. In the first-principles
calculation, the Perdew-Burke-Ernzerhof parametrization of
the generalized gradient approximation [25] was used, with
1000 k meshes and RKmax = 7.

To proceed to many-body analysis, we first construct a
three-dimensional tight-binding model with six orbitals (three
t2g orbitals in each layer) for Sr3Mo2O7 constructed from the
maximally localized Wannier orbitals using the WANNIER90

code [26] and the WIEN2WANNIER interface [27].
To take into account the electron correlation effect beyond

the local-density approximation (LDA)/generalized gradient
approximation level for this tight-binding model, we introduce
multiorbital Hubbard-type interactions on each atomic site
with the Hamiltonian

Hint =
∑

i

⎛
⎝ ∑

μ

Uμniμ↑niμ↓ +
∑
μ>ν

∑
σσ ′

U ′
μνniμσniμσ ′

−
∑
μ �=ν

Jμν Siμ · Siν +
∑
μ �=ν

J ′
μνc

μ†
i↑ c

μ†
i↓ cν

i↓cν
i↑

⎞
⎠,

where i labels the site and μ,ν are the orbitals in a notation
adopted in Ref. [28]. To treat the many-body effect, we apply
the multiorbital fluctuation exchange (FLEX) approximation
[29,30]. We set the on-site interactions as U = 3.0 eV or
U = 2.5 eV, along with U ′ [= U − 2J for preserving the
orbital SU(2) symmetry] and J = J ′ = U/10. These are
typical values evaluated with the constrained random-phase
approximation [31–33] or the constrained LDA [34] method
for the Hubbard-type model for the d orbitals of transition
metals. The temperature is fixed at T = 0.01 eV, and we
take N = 32 × 32 × 4 k-point meshes and 2048 Matsubara
frequencies.

In the FLEX approximation, the effective electron-electron
interaction for obtaining the self-energy is calculated by
collecting bubble- and ladder-type diagrams consisting of the
renormalized Green’s function G(k), namely, by summing up
powers of the irreducible susceptibility,

χ irr
l1l2,l3l4

(q) ≡ − T

N

∑
k

Gl3l1 (k)Gl2l4 (k + q).

Here k is shorthand for the wave number and the Matsubara
frequency, and li denotes orbitals. The renormalized Green’s
function is obtained by solving the Dyson equation. We then
obtain the singlet pairing interaction �(q) mediated mainly
by spin fluctuations, which is plugged into the linearized
Eliashberg equation for superconductivity,

λ�ll′(k) = − T

N

∑
k′mi

�lm1m4l′ (k − k′)Gm1m2 (k′)

×�m2m3 (k′)Gm4m3 (−k′).

Since the eigenvalue λ of the equation reaches unity at T = Tc,
here we adopt λ, obtained at a fixed temperature, to measure
how close the system is to superconductivity.
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FIG. 2. Band structures of (a) and (b) Sr3Mo2O7 and (c) and (d)
Sr3Cr2O7 obtained from the first-principles calculation. The Brillouin
zone is shown in the inset. The thickness of the lines in the left (right)
panel depicts the weight of the dxy (dxz,yz) orbital character. (e) and
(f) For comparison, the band structure of a ladder cuprate SrCu2O3 is
displayed along two paths in the conventional Brillouin zone, where
the thickness of the lines represents the dx2−y2 orbital character. The
point (π,π,0) in (e) and (f) corresponds to the � point in (a)–(d)
because the sign of the hopping is reversed. Note that (e) and (f)
superimposed form a band structure quite similar to those in (b) and
(d), respectively, except for the position of the Fermi level.

III. RESULTS

We first display the band structures of Sr3Mo2O7 and
Sr3Cr2O7 obtained from the first-principles band calculation.
The result in Fig. 2 indeed shows that the dxz and dyz orbitals
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FIG. 3. Band structure (red lines) of the six-orbital tight-binding
model for Sr3Mo2O7 constructed from the maximally localized
Wannier orbitals. Gray lines represent the first-principles calculation.

form quasi-one-dimensional narrow (antibonding) and wide
(bonding) bands in both materials, as identified from the band
dispersion along P -N and N -�.

For comparison, we have also performed a band calculation
for the well-known two-leg ladder cuprate SrCu2O3, with the
lattice structure given in Refs. [35,36]. In the result displayed
in Figs. 2(e) and 2(f) we have reversed the sign of the energy to
facilitate comparison since the roles of electrons and holes are
exchanged between the eg (cuprate) and t2g (present) systems.
We can see that the band structures of the dxz/yz orbitals of the
bilayer Ruddlesden-Popper compounds are very similar to that
of the ladder compound. However, an important difference lies
in the position of the Fermi level: In the Ruddlesden-Popper
compounds EF is situated very close to the bottom edge of
the narrow bands; namely, the narrow bands can be regarded
as incipient. This is in sharp contrast to the case of SrCu2O3,
where EF sits far away from the narrow-band edge. These
results confirm the intuitive expectation presented above.

In Fig. 3, we superpose the band structure of the six-
orbital tight-binding model for Sr3Mo2O7 constructed from
the maximally localized Wannier orbitals on that of the
first-principles calculation. We can see that the fit is quite
accurate for all the bands intersecting the Fermi level.

Using the six-orbital model, we now study the possibility of
superconductivity in Sr3Mo2O7. Figure 4 displays the FLEX
result for the eigenvalue λ of the Eliashberg equation against
the band filling. Here the filling n is defined as the average
number of electrons per unit cell, so that n = 4 corresponds
to the stoichiometric d2 electron configuration. As seen from
the result, λ is qualitatively unchanged when we change U =
2.5–3.0 eV within a realistic range, except that for U = 2.5
eV, (i) the maximum value of λ is somewhat enhanced from
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FIG. 4. FLEX result for the band-filling dependence of the
eigenvalue λ of the linearized Eliashberg equation for Sr3Mo2O7

for U = 3.0 eV (red dots) and U = 2.5 eV (purple diamonds). The
vertical dashed line represents the stoichiometric point (n = 4). Also
displayed are the results for the 326 compound Sr3Mo2O6 (blue
square) and F-doped Sr3Mo2O6F (green triangle) at n = 4.

the case of U = 3 eV and (ii) a decrease of λ on the left side
of the dome becomes slightly steeper. In both cases, we can
see that λ attains a maximum of ∼0.8 near the stoichiometric
band filling of n = 4, which can be regarded as signaling a
high Tc in this material since the value of λ is similar to that
of the cuprate superconductor HgBa2CuO4 with Tc � 90 K as
obtained with FLEX for systematic models that qualitatively
explain the material dependence of Tc among the cuprates [37].
This is a key result in the present work.

To be precise, λ in Fig. 4 is peaked at n � 3.8 but decreases
as we move away from that point, which can be interpreted
as follows: For a too small band filling, superconductivity is
suppressed because the narrow band lies too far from the Fermi
level. When the band filling is too large, on the other hand, the
Fermi level lies deep inside the narrow band, so that the system
is put close to antiferromagnetic order, suppressing λ. Hence
we conclude that the superconductivity should occur around
the stoichiometric point (n = 4) with an optimized band filling
at a slightly hole-doped n � 3.8.

If we turn from the Mo compound to the 3d compound,
Sr3Cr2O7, we may also expect high-Tc superconductivity since
its band structure is similar to that of Sr3Mo2O7, as seen in
Fig. 2.

IV. DISCUSSION

The materials Sr3Mo2O7 and Sr3Cr2O7 have, in fact,
been synthesized in the past [38–40]. Sr3Cr2O7 turns out
to be an antiferromagnetic insulator, while Sr3Mo2O7 is a
Pauli-paramagnetic metal, and superconductivity has not been
observed so far in these materials. Let us then explore the
reasons for that. Sr3Cr2O7 has two d electrons within the three
t2g orbitals, so that we have a possibility of orbital ordering
which will put the system in an insulating state [41].

Γ
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FIG. 5. Band structures of fluorine-intercalated compounds (a)
La2SrCr2O7F2 and (b) La2SrMo2O7F2.

In order to realize superconductivity, such orders have to
be suppressed by, e.g., applying pressure or doping carriers. If
we apply a physical pressure, for instance, the system will
become more weakly correlated due to an increased band
width. Applying chemical pressure with isovalent elemental
substitution such as Ca doping to Sr sites can also exert a
similar effect. As for the carrier concentration, hole doping
in the dxz/yz orbitals is desirable for superconductivity in our
viewpoint, but this may be chemically difficult to achieve.
One way to attain this is to apply uniaxial pressure along the c

axis (in a single crystal), so that the energy level of the dxz/yz

orbitals is raised relative to that of dxy . Another possible way
for carrier doping is to utilize field-effect transistor techniques,
which enables fine-tuning the carrier concentration.

In the case of Sr3Mo2O7, we speculate that oxygen
deficiencies, especially at the sites between adjacent MoO
planes, may be hindering superconductivity. Since the Cooper
pair considered here is formed across the two planes (i.e., on
each rung of the ladder) in real space, the loss of these oxygen
atoms would be detrimental to the superconductivity. Indeed,
Ref. [42] reports that in La3Ni2O7 with the same bilayer
Ruddlesden-Popper structure as Sr3Mo2O7, oxygen vacancies
are located solely at the sites between adjacent NiO layers

FIG. 6. A schematic hidden ladder in the triple-layer Ruddlesden-
Popper materials, here displayed for dyz orbitals.
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FIG. 7. Band structures of triple-layer compounds (a) and (b) Sr4Cr3O10 and (c) and (d) La4Cr3O10. The thickness of the lines in the left
(right) panels depicts the weight of the dxy (dxz,yz) orbital character. (e) and (f) For comparison, the band structure of a three-leg ladder cuprate
Sr2Cu3O5 is shown along two paths in the conventional Brillouin zone, where the thickness of the lines represents the dx2−y2 character. Note
that the sign of the energy is reversed to facilitate comparison between the t2g (present) and eg (cuprate) systems. As in the two-layer case,
(e-1) and (e-2) [(f-1) and (f-2)] superimposed form a band structure quite similar to those in (a-2) and (c-2) [(b-2) and (d-2)]. Red dashed lines
indicate the edge of the narrow bands.
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[43]. As for Sr3Mo2O7, there is, in addition, some difficulty
in the synthesis of samples with the designated stoichiometric
composition [44]. In Ref. [39], there remains ambiguity in the
precise chemical composition since the samples are fabricated
with an oxygen buffer, Ti2O3. In high-pressure synthesis
methods, the samples tend to be obtained with oxygen contents
(�O6.3) somewhat reduced from the nominal one [44]. Thus
the oxygen deficiencies at the sites between adjacent MoO
planes are very likely to be present in the samples fabricated
so far.

To demonstrate that deficiencies of the oxygen atoms
connecting the two planes are fatal for superconductivity, we
have actually performed a calculation for two hypothetical
materials: a “326” compound Sr3Mo2O6 and an F-doped
Sr3Mo2O6F. The crystal structure of Sr3Mo2O6, where the
oxygen atoms connecting two MoO layers are totally missing,
is determined with the structural optimization calculation us-
ing the VASP package [45,46]. Fluorine-replaced Sr3Mo2O6F,
on the other hand, mimics Sr3Mo2O6.5. We employ the
structure average between Sr3Mo2O7 and Sr3Mo2O6 for this
hypothetical material. As in the case of Sr3Mo2O7, we
perform a FLEX calculation for the six-orbital model for
each material constructed from the first-principles calculation
with the maximally localized Wannier basis. U = 3.0 eV is
adopted here. The obtained eigenvalues superposed in Fig. 4
indeed show that the oxygen deficiencies drastically suppress
superconductivity. To show this we have fixed the filling at
n = 4 to single out the effect of the degraded ladderlike
structure; oxygen deficiencies should introduce some electron
doping, which makes the Fermi energy deeper in the narrow
band, which may further degrade superconductivity. Thus the
direction suggested from these arguments is to synthesize the
material with as few oxygen deficiencies as possible.

While the present study focuses on bilayer Ruddlesden-
Popper materials, the present idea can be extended to
some other bilayer materials, such as fluorine-intercalated
compounds La2SrCr2O7F2 and La2SrMo2O7F2. In these
compounds, fluorine atoms are intercalated between bilayer
structures that are the same as those in Sr3Cr2O7 and
Sr3Mo2O7, so that the band structure should be quite similar.
In order to confirm this expectation, we have performed
a first-principles band calculation for the ideal case of no
long-range orders or lattice distortion. First, we determined
the crystal structure of La2SrCr2O7F2 and La2SrMo2O7F2 with
the VASP package. The virtual crystal approximation (VCA) is
adopted to take into account the effect of the substitution of
La for Sr. The band structures obtained with the optimized
lattice structures are shown in Fig. 5 and are indeed quite
similar to those of Sr3TM2O7 (TM = Mo,Cr) except that
the three-dimensionality is somewhat reduced. Given a band
structure similar to those of the Ruddlesden-Poppers 327
systems, high-Tc superconductivity is again expected in these
systems under certain conditions for carrier doping, etc. In fact,
La2SrCr2O7F2 has been synthesized [47] but turns out to be an
antiferromagnetic insulator with tilted CrO octahedra. As in
Sr3Cr2O7, suppression of the magnetic order (and possibly the
lattice distortion) should be necessary for superconductivity.

We can further extend the present concept for the double-
layer compounds to triple-layer cases, e.g., A4TM3O10, where
we can envisage that three-leg ladderlike electronic structures

are hidden. Namely, if one adds the third layer in Fig. 1 to
consider the dxz and dyz orbitals in a similar manner, one can
find a pair of three-leg ladders as schematically depicted in
Fig. 6. In order to show that the above expectation is valid,
we have performed a band calculation for two compounds,
Sr4Cr3O10 and La4Cr3O10. For Sr4Cr3O10, which has actually
been synthesized in the past [38], we adopt the experimental
crystal structure. Since La4Cr3O10 has not been synthesized so
far, we have theoretically determined the crystal structure with
the structure optimization. The resulting band structures are
displayed in Fig. 7. For comparison, we have also performed
a band calculation for a three-leg ladder cuprate Sr2Cu3O5,
with the lattice structure given in Ref. [48]. The result is
shown in Figs. 7(e) and 7(f) with the reversed sign of the
energy to facilitate comparison as in the two-leg ladder case.
Since there are two inequivalent [inner and outer layer (chain)]
Cr (Cu) sites, we show the orbital characters of t2g(3dx2−y2 )
orbitals for each of them. The band structure of the dxz and
dyz orbitals is indeed seen to be similar to that of the three-leg
ladder. Theoretically, it is known that three-leg ladders should
also exhibit superconductivity [49–52] as in the two-leg case.
According to our ongoing FLEX investigation on the three-leg
Hubbard ladder model [53], superconductivity is strongly
enhanced when the chemical potential is in the vicinity of
the edge of the narrow band, which is depicted by red dashed
lines in Fig. 7, but the three-leg ladder cuprate Sr2Cu3O5 itself
is notorious for being unable to dope carriers. Observing the
band calculation results of the triple-layer materials, we may
expect high-Tc superconductivity if (La,Sr)4Cr3O10 can be
synthesized with a certain content ratio of La and Sr close to
unity.

V. CONCLUSION

To summarize, we have introduced the concept of the
hidden-ladder electronic structure in the Ruddlesden-Popper
layered perovskites, where anisotropic d orbitals of the
transition metal give rise to inherent ladderlike electronic
structures. We have proposed actual candidates in Sr3Mo2O7

and Sr3Cr2O7 from first-principles band calculations. We have
pointed out that coexisting narrow and wide bands arising
from the ladder can host high-temperature superconductivity
due to the strong pairing interaction originating from the
virtual pair-hopping processes between the wide and incipient
narrow bands, which is supported by a FLEX calculation for
Sr3Mo2O7, where no or only slight hole doping is required.
The idea can be further extended to fluorine-intercalated and
triple-layer compounds. To realize superconductivity, we note
that the possibility of a Mott transition and the occurrence of
other orders such as orbital ordering have to be considered, the
details of which will be important future work.
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