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The critical behavior of a random-field O(N) model driven at a uniform velocity is investigated near three
dimensions at zero temperature. From intuitive arguments, we predict that the large-scale behavior of the
D-dimensional driven random-field O(N) model is identical to that of the (D — 1)-dimensional pure O(N)
model. This is an analog of the dimensional reduction property of equilibrium cases, which states that the critical
exponents of D-dimensional random-field models are identical to those of (D — 2)-dimensional pure models.
However, the dimensional reduction property breaks down in low enough dimensions due to the presence of
multiple metastable states. By employing the nonperturbative renormalization group approach, we calculate the
critical exponents of the driven random-field O(N) model in the first order of € = D — 3 and determine the range

of N in which the dimensional reduction breaks down.
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I. INTRODUCTION

The effect of quenched disorder on the large-scale structure
of interacting systems is still unknown. The difficulties of
disordered systems come from the fact that the competition
between disorder and interaction leads to multiple metastable
states, which are local minima of the Hamiltonian. The
presence of such metastable states can significantly affect the
critical behaviors and dynamical properties of the system.
One of the most remarkable phenomena associated with
metastable states is the failure of the so-called “dimensional
reduction” property in the random-field spin models. Standard
perturbation theory predicts that the critical behaviors of
D-dimensional random-field spin models are the same as those
of (D — 2)-dimensional pure spin models [1,2]. However,
it is known that this dimensional reduction breaks down
in low enough dimensions due to a nonperturbative effect
associated with multiple metastable states. For example, it
predicts that the lower critical dimension of the random-field
Ising model (RFIM) is three because that of the pure Ising
model is one. This result obviously contradicts the fact that
the three-dimensional (3D) RFIM exhibits long-range order
(LRO) at weak disorder [3].

A promising theoretical approach for describing the break-
down of the dimensional reduction is functional renormaliza-
tion group (RG) theory [4-6]. In this formalism, one follows
the RG flow of a whole function of a renormalized cumulant
for the disorder. For a particular range of parameters, the
renormalized cumulant corresponding to a fixed point exhibits
a cusp as a function of the field. Such nonanalytic behavior is a
consequence of the presence of multiple metastable states and
leads to the breakdown of the dimensional reduction. The range
of the parameters for which the dimensional reduction fails
has been determined for the RFIM and the random-field O(N)
model [RFO(N)M] [7-9]. For example, the critical dimension
above which the dimensional reduction recovers is estimated
as Dpr =~ 5 for the RFIM. This is consistent with numerical
simulations in which the critical exponents of the four and
five-dimensional RFIM are calculated [10-12].
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A more challenging problem concerning the effect of
disorder, is to understand the critical behavior of disordered
systems driven out of equilibrium in the presence of an external
force. It is still poorly understood how the interplay between
the quenched disorder and driving force affects the large-scale
structure of the system. One of the well-studied examples is
the driven vortex lattices in dirty superconductors [13]. In
such systems, vortex lines are driven by the Lorentz force
in the presence of a random pinning potential. The transport
properties associated with the collective dynamics of the
vortices have been investigated experimentally [14—17].

The most remarkable phenomena in the driven vortex
lattices are depinning and dynamical reordering transitions.
For a driving force lower than a certain critical value, the lattice
is pinned by disorder and the average velocity is zero. As the
driving force becomes large enough to overcome the resistance
of the pinning force, the lattice starts to move. This transition
from a pinned state to a moving state is known as a depinning
transition, in which the average velocity corresponds to an
order parameter. In recent decades, there have been notable
theoretical developments in the depinning transition of elastic
systems driven in a disordered medium [18-21]. The critical
exponents near the transition point and the force-velocity
characteristics at finite temperature are obtained from the
functional RG analysis.

A vortex lattice driven at large velocities becomes more
ordered than that for small driving velocities. The intuitive
explanation is that at large driving velocities the random forces
that each vortex experiences vary rapidly and the inhomo-
geneity is reduced. Thus, as the driving velocity increases, a
phase transition from a disordered phase to an ordered phase
takes place. This nonequilibrium phase transition is called a
dynamical reordering transition [22-24]. The depinning and
dynamical reordering transitions can be observed in a wide
variety of systems, such as charge density waves [25] and
colloids [26] driven over inhomogeneous substrates.

The vortex lattice system in a dirty superconductor is
equivalent to the random-field XY model at weak disorder. In
this sense, the vortex lattice can be considered as a disordered
system with “Abelian” symmetry. On the other hand, there
are some examples of random “non-Abelian” systems, which
include liquid crystals confined in random porous media
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[27-29]. The universality class of critical phenomena crucially
depends on the symmetric nature of the system. Therefore it
is an intriguing question to ask what kinds of phase transitions
occur when random non-Abelian systems are driven out of
equilibrium.

To resolve this problem, it is a natural starting point to
introduce a nonequilibrium counterpart of the dimensional
reduction property. In this study, we first attempt to establish a
dimensional reduction which relates the nonequilibrium steady
states of driven disordered systems to the equilibrium states of
lower dimensional pure systems. This implies that the critical
exponents of the dynamical reordering transitions in driven
disordered systems are the same as those of the equilibrium
phase transitions in the corresponding pure systems.

The strategy of this study is as follows: (i) we introduce a
simple model of non-Abelian systems, the driven random-
field O(N) model [DRFO(N)M], which is the RFO(N)M
driven at a uniform and steady velocity. This model exhibits
a dynamical reordering transition above three dimensions.
(i) From intuitive arguments, we derive a novel type of
dimensional reduction property which states that the critical
exponents of the D-dimensional DRFO(N)M at zero temper-
ature are identical to those of the (D — 1)-dimensional pure
O(N) model. However, as in equilibrium, it can break down
in low enough dimensions due to a nonperturbative effect
associated with multiple metastable states. (iii) By employing
the nonperturbative renormalization group (NPRG) approach,
we investigate the critical behavior of the model at zero temper-
ature. (iv) From the nonanalytic behavior of the renormalized
disorder correlator, we determine the region in the parameter
space wherein the dimensional reduction breaks down.

According to the above strategy, this paper is organized
as follows. In Sec. II, we define the DRFO(/N)M and discuss
the lower critical dimension of this model. We also review the
phase structure of the RFO(N)M. In Sec. III, we introduce a di-
mensional reduction property for the DRFO(N)M from naive
arguments, as well as its limitations. In Sec. IV, the formalism
of the NPRG method is developed for our model. We derive
the RG equation for the renormalized cumulant of the random-
field, which is a set of coupled nonlinear partial differential
equations. In Sec. V, the critical exponents are calculated as
functions of N in the firstorder of € = D — 3. We show that the
dimensional reduction breaks down when 2 < N < 10 near
three dimensions. In Sec. VI, the results are summarized.

II. MODEL

Let ¢(r) = (¢'(r),...,¢"(r)) be an N-component real
vector field. The Hamiltonian of the O(N) model with a
quenched random-field k(r) is given by

Hl¢;h]l = /dDrBK|V¢|2+ U(p)—h-cb} ¢))

where p = |¢|>/2 is the field amplitude and U(p) =
(Ao/2)(p — p0)? is a local interaction potential. The random-
field obeys a mean-zero Gaussian distribution with

he(r)hB(r') = h3s*’ s(r —r'), 2)
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where the over-bar represents the average over the quenched
disorder. The dynamics are described by

§H[¢;h]

where v denotes the uniform time-independent driving veloc-
ity, and £%(r,t) represents the thermal noise that satisfies

['(0,¢% +v0.:¢) = &%, 3

EXr DEPr 1)) = 2T T8 8(r — rs(t —1'). (4)

We call this model the driven random-field O(N) model
[DRFO(N)M]. In this study, we consider the case N > 2.
Since we are interested in the nonequilibrium steady states of
this model, in the following, (...) denotes the average over
the distribution function of the steady state,

(A[]) = / DSAISI Pyl b, 5)

where Py is the probability distribution function of the steady
state for a given realization of the random-field. The disorder
average is given by

(AT = / Dh(A[@]) Pelh]. ©)

where Py is the distribution function of the random-field.

The DRFO(N)M describes the relaxation dynamics of
ordering systems flowing in a random environment. An
example is liquid crystals flowing in a porous medium.
Recently, the dynamics of liquid crystals confined in a complex
geometry has attracted considerable attention, due to not
only the fundamental research interest, but also the industrial
applications [30,31]. For liquid crystals in a porous medium,
the irregular surface structure of the solid substrate results in
symmetry breaking random anchoring, which is similar to the
random-field in the O(/N) model.

We briefly review the equilibrium phase structure of the
RFO(N)M. From phenomenological and rigorous arguments,
it is shown that the lower critical dimension of the RFO(N)M
with N > 2 is four [32,33], therefore, there is no LRO in three
dimensions. However, the existence of quasi-long-range order
(QLRO), in which the correlation function decays with power-
law, is a more subtle problem. In early theoretical and numeri-
cal studies [34-36], it was suggested that the 3D random-field
XY model (RFXYM), which corresponds to N = 2, exhibits
QLRO at weak disorder. This phase is called the “Bragg glass
phase” in the context of the vortex lattice in superconductors
[37]. However, recently, more sophisticated renormalization
group approaches have been developed, and these studies
negated the existence of QLRO in the 3D-RFXYM [38—40].
Therefore it is believed that the RFO(N)M with N > 2 neither
exhibits QLRO nor LRO in three dimensions.

We now consider the lower critical dimension of the
DRFO(N)M, and denote the transverse fluctuation of the order
parameter field from a completely ordered state as ¢ (r). Its
equation of motion at zero temperature is given by

r@o,¢" +vo.¢")=KV*¢" +hT, @)

where h” is the transverse component of the random-field.
Therefore, if the renormalization of the random-field is
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ignored, the disconnected Green’s function is given by
2
hy

_— 8
K2|q|4 + szzq% ( )

6@ =" @) " (—@) =
whose g-integral exhibits an infrared-divergence below three
dimensions and the lower critical dimension is three. This
implies that, at D = 3 + €, the DRFO(N)M is always in a
disordered phase for v =0 while it exhibits a dynamical
reordering transition at sufficiently large v. In particular, at
D =3 and N = 2, one may expect the existence of a QLRO
phase and the Kosterlitz-Thouless (KT) transition [41,42]
from the analogy of the two-dimensional (2D) pure XY
model. In fact, it is suggested from the one-loop perturbative
renormalization group analysis that elastic lattices driven in
a random potential exhibit an anisotropic QLRO at weak
disorder [43—-45]. Furthermore, the KT-like transition is also
observed in numerical simulations of the 3D-DRFO (2)M [46].
However, since the analysis for this case requires a more
careful treatment than that given in this study, the detailed
investigation will be presented elsewhere.

III. DIMENSIONAL REDUCTION

In this section, we introduce a dimensional reduction
property for the DRFO(N)M. At zero temperature, Eq. (3)
is written as

T3¢ + vop) = KV — U'(p)¢ + h(r). ©))
A steady state ¢ (r) satisfies the following equation:
Tvd.¢ = KV2¢ — U'(p)¢ + h(r). (10)

In the large length scale, the longitudinal elastic term K 82¢ is
negligible compared to the advection term vd, ¢. Thus Eq. (10)
becomes

Tvd¢p = KVig — U'(p)p + h(x,r), (11)

where V| is the derivative operator for the transverse directions
and r represents the transverse coordinate. In Eq. (11), if the
coordinate x is considered to be a fictitious time and h(x,r )
as thermal noise, ¢ (x,r ) is identical to the dynamical
solution for the (D — 1)-dimensional pure O(N) model with
temperature Ter = h(z) /(2T v). If we assume that all steady
states satisfying Eq. (11) contribute with equal weight, we can
conclude that the large-scale behavior of the D-dimensional
DRFO(N )M at zero temperature is identical to that of the (D —
1)-dimensional pure O(/N) model at finite temperature. This is
the dimensional reduction property for the DRFO(N)M.
However, as in equilibrium, the dimensional reduction
property can break down. The reason is that each steady state
contributes with nontrivial weight to the averaged quantities.
To clarify this subtle point, we consider the equilibrium case,
in particular the RFIM. The Hamiltonian of the RFIM has
many local minima or metastable states. If we assume that
all metastable states contribute with equal weight, we have
the conventional dimensional reduction property [2]; however,
such an assumption is incorrect. In fact, each metastable state
contributes with the Boltzmann weight e=£/7, where E is the
energy corresponding to the metastable state. In particular,
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at sufficiently low temperatures, the dominant contribution is
from the ground state. The same problem arises in nonequilib-
rium situations. Let Py[¢; i, T] be the probability distribution
function of the steady state for a fixed random-field # and tem-
perature T. In the limit T — 0, Py[¢; k,T] has a sharp peak
at the “most probable” steady state ¢, (r), which is one of the
solutions of Eq. (11). If the large-scale behavior of ¢ (r) is dif-
ferent from that of the (D — 1)-dimensional pure O(N) model,
the dimensional reduction breaks down. It is worth noting that
Py[¢; h,T] cannot be expressed in the form exp(—E[¢; h]/T)
because the advection term vd, ¢ in Eq. (3) cannot be cast into
the functional derivative of an appropriate potential.

IV. NPRG FORMALISM

We employ the NPRG approach [47] to investigate the
large-scale behavior of the DRFO(N)M. This approach en-
ables us to treat interacting systems with large degrees of
freedom in a systematic way, such as frustrated magnets [48§],
strongly correlated quantum gases [49], reaction-diffusion
systems [50], and the Kardar-Parisi-Zhang equation [51]. The
NPRG formalism for disordered systems has been developed
in Refs. [8,9]. We extend this formalism to driven disordered
systems and derive the RG equations of the DRFO(N)M in
the first order of e = D — 3.

A. Scale-dependent effective action

Our starting point is the field-theoretical representation of
Eq. (3). We introduce the replicated fields ®, ="' (¢a,q3a), a=
1, ...,n. Taking the average over the random-field leads to the
action

1
SHPN = Z Sil®a] - 5 ij $:[®q, Pyl (12)
where the one and two-replica parts are given by

Si[®] = / (T - (0 + 03— TH)
+¢ - {—KV?¢+U'(0)¢}] (13)

and

$[@y, D] = /

rit

, h(z) $tt,rt : $b,rt" (14)

The derivations of Egs. (13) and (14) are presented in
Appendix A. In the following, a superscript with a greek alpha-
bet letter represents the index of the field component o, =
1,...,N and a subscript with a roman alphabet letter repre-
sents the replica index a,b = 1, ... ,n. By introducing source
fields J, = '(j a,fa), the generating functional is defined as

21t = [ []D@serw [—S[{@a}] w3 [ %}.

as)
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The effective action is given by a Legendre transformation of
In Z[{Ja}],

FUw =~z + 3 [ v 16)

where ¥, = ’(wa,lﬁa) and J, are related by

“I’a = <cDa) an[{ja}]

8J,

The NPRG formalism is based on an exact RG equation for
the scale-dependent effective action I';[{\W,}], which includes
only high-energy modes with momenta larger than the running
scale k. As k goes from the cutoff A to zero, I'y interpolates
between the bare action (12) and the full effective action (16).
To suppress the contribution from the low-energy modes, a
mass-like quadratic term is added to the bare action,

1
ASU(@N =5 3 [ 100 Rew) @), (17)
a q

where we have used the notation ¢ = (q,w) and fq =

[dPqdw/(27)P*1. A frequency-independent 2N x 2N ma-
trix Ry (q) is given by

R =&@(] o)l (18)
where Iy is the N x N unit matrix, which acts on the field
component index. Ri(q) is a cutoff function, which has a
constant value proportional to k> for |q| <« k and rapidly
decreases for |q| > k. The explicit form of Ry(q) will be given
later. We also introduce a 2n N x 2n N matrix

Ri(q) = Ri(@) ® I,

where I, is the n x n unit matrix, which acts on the replica
index. From the generating functional with the running scale k,

19)

AIAE / [[P®aexp [—S[{%}] — AS[{P}]
+ Zf IJa : q)a:|»

(20)

J

P[] = [FO W] + Ru(@)] .

The exact flow equations for I'y 4 [W] and 'y x [V, W;] are

1
Il W] = St f O RU(Q[Pe[W] + P [WITS W, WP [¥]],

q

1 0)
0Tk [V, W2] = —5 R (@[Pe[W11{T5
q

20)

+ TS W W P [ 1T [0, W] + T

where we have introduced the following notation:

[, W]

ISP LIRS T

k
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one defines the scale-dependent effective action through a
Legendre transformation,

Fel{Wal] = —In Zi[{Ja}] + Z/ "o Vo — AS{Wa)],

(21)
where ¥, and J, are related by
8
\Ilu: Cba = 1 Z Ja .
(Dg) 57, n Zi[{Ja}]

It can be shown that limy_ o [i[{W.}] = S[{¥,}] and
limgo T [{W,}] = T[{W,}]. (See Ref. [52] for the general
framework of the NPRG formalism for nonequilibrium sys-
tems.)

B. Exact flow equation for the effective action

The exact evolution of I'y is described by Wetterich’s
equation [47],

T = 1Tr g R(@[T + Re(@)] 22)
where 1",((2) is the second functional derivative,
v ’ 621_‘/(
() (q.q) = (23)

$Wa (@8} (g’
and Tr represents an integration over momentum and fre-
quency as well as a sum over the indices of the replica, the
field component, and the two conjugate fields {i/,1/}. Note
that Ri(q) in Eq. (22) implicitly contains the delta function of
momentum and frequency.

According to Ref. [8], I'; is expanded in an increasing
number of free replica sums,

1
Cel{Wall = D TralWal = 5 3 Tarl e, W3
a a,b

1
+§ZF3,k[\lja,\pb,wC]—... , (24)

a,b,c

where the multireplica parts are related to the cumulants of the
renormalized random-field. Inserting Eq. (24) into Eq. (22)
leads to the exact flow equations for I', ;. To express these in
a compact form, we define the one-replica propagator with the
infrared cutoff,

(25)
(26)
(W, o] — D510 Wy, W] + T [0, W P (W08 [Ws, W ]
VLW WP W TS W, Wa ]} P[] + perm(Wy, ¥2)],  (27)
820 [V, W
VTR A R Uihel) (28)

SW 8V,
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and tr in Egs. (26) and (27) represents the sum over the indices
of the field component and the two conjugate fields {yr, ¥ }. The
derivations of Egs. (26) and (27) are presented in Appendix B.
Note that I',,;; appears on the right-hand side of the flow
equation for I',, thus we have an infinite hierarchy of the
coupled flow equations.

C. Derivative expansion

To solve Eqgs. (26) and (27), we must introduce an
approximation for the functional form of I", ;. Since we are
interested in the large-scale behaviors of the system, we expand
the effective action in an increasing number of derivatives of
the field and retain only a limited number of terms.

This systematic truncation scheme is called “derivative
expansion” [47]. We use the following functional form for
the one-replica part I'; ;, which includes the first order of the
derivative expansion:

T¥] = f (X - (9 + vide ¥ — Tedh)
+ V- {=Z32Y — 2L VIY — Fp)y}], 29)

where we have introduced two field renormalization factors
Z, and Z, ; representing the anisotropy due to the driving.
F;(p) is arenormalized local force, which can be written as the
derivative of a potential Fy(p) = —U/(p) in the equilibrium
case (v =0). R
The higher-order terms ignored in Eq. (29), such as ¢ -
¥V2p and ¥ - V4, just yield subleading contributions to the
critical exponents. More precisely, at D = 3 + ¢, the critical
exponents have values of O(¢), but the contributions from these
terms are p(ez). This fact can be understood as follows. The
firstterm ¥ - ¥ V2 p modifies the propagator of the longitudinal
(massive) mode. However, as we will explain in Sec. IV E, the
contribution from the longitudinal mode is negligible in the
first order of € = D — 3. The second term 1/; - V4 yields
a term proportional to |q|* in Ff,)c(q). At a critical point,

Ff,i(q) is expected to behave as |q|?(|q|*> + ck?)~"/? near
q = 0, where 7 is the anomalous dimension [47]. By expanding
this expression around q = 0, one finds that the coefficients
of the higher-order terms O(|q|*) are proportional to 1. As we
will show in Sec. IVE, n ha§ a value of O(¢). Therefore the
contribution from the term ¥ - V4 is subleading compared
to that from the term ¥ - V29
The two-replica part I'; 4 is given by

Do [V, W2] = @ﬁn1%),”/A;:U('/’l,rrv'/’zrt’)s (30)

rtt’

where A} (¥, ¥,) is the second cumulant of the renormalized
random-field. From the rotational symmetry, A} (¥1,¥,) can
be rewritten as

AL W1 ¥2) = Aook(p1,02,2)8""
+ @p102) [ Avzi(pr. p2. 0¥ WS
+ Aok (p1,p2. )V Y
+ Ao, 02,091 )
+ Azz,k(ﬁl,Pz,Z)W;W;]’ 31
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where z = ¥ - ¥,/+/4p1 02 is the cosine of the angle between
¥, and ¥,. In the equilibrium case, it can be written as the
derivative of the cumulant of the random potential,

A1) = By dyy V(W ).

This cannot be done for the nonequilibrium case. The
bare value is given by A, (¥, ¥,) = h3s"’. We ignore
the contributions from the higher order cumulants, I'; ; =
[yp=---=0.

It is worth noting the symmetry of the effective action in
the absence of the disorder or driving. In the equilibrium case
(v = 0), it can be shown that the bare action Eqs. (13) and (14)
are invariant under a time-reversal transformation [52],

t — —t,
vl = (32)
Ui = 9 = /Do
Since the effective action Eqs. (29) and (30) should be invariant
under the same transformation, we can conclude that the
temperature is not renormalized, 7 = T, in equilibrium. In
contrast, in the presence of a finite velocity v # 0, Eq. (13)
is not invariant under Eq. (32) because the advection term
vo,¢ cannot be expressed as a functional derivative of a
potential. Thus, in the nonequilibrium case, the temperature
can be renormalized, T # T.
Next, we consider a zero random-field case hy = 0 with
a finite driving velocity, and Eq. (13) is invariant under a
space-time-reversal transformation,

t — —t,
X = —x,
Vi = v

U — g — 1Ty — (v/T)d Pk (33)

This implies that the driving velocity is not renormalized,
vr = v. This result can be easily understood by noting that,
in the absence of the random-field, the driven system can be
mapped into the corresponding equilibrium system through
the Galilei transformation. In contrast, in the presence of the
random-field, Eq. (14) is not invariant under Eq. (33). Thus
the driving velocity can be renormalized, v, # v.

The renormalized parameters in Eq. (29) are given by the
following functional derivatives:

1
_ @
L M0
Xeth = —— iy T? (po)| (35)
kVk QT (—ipx) Ly 2y2 B p,w=0’
1
2X0Ti = = =T g 00, g (36)
2
ZH,k - QT P;Fi l)llzwz(pvvak)|p:01
z P rm (P, pxve)| (37)
1.k — QT pl wz P, DxVk p=0
Qa
V20 F(p) = ——r w1 @), g (38)
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where we have used the following notation:

ST W]
r® . Al,k
g () = Syr(p.w)’
82T 4[]
r® = — Lk .
gy (P SYH(p,w)sy’(—p,—w)

Q and 7 denote the space-time volume. The functional
derivatives in Egs. (34)— (38) are evaluated for a uniform field

¥, ='(V2p,0,...,0), l/f” = .,0). Especially, for X,
Ty, vk, and Zy, the ﬁeld amphtude o is set to p,, x satisfying

Fi(pmi) =0, (39)

where p,, ; is the renormalized spontaneous magnetization.
Note that in Eq. (37) the field renormalization factors Zj
are defined as the momentum derivatives of I') (2) with w =
PxVk, and not w = 0 as in Eq. (34). If the appr0x1mat10n
(29) is appropriate, Z; should be almost independent of
the momentum and frequency at which the derivatives are
evaluated. However, in some cases, the contribution of other
terms that do not appear in Eq. (29) may not be negligible.
Thus there is ambiguity in the choice of the momentum
and frequency in the definition of X; and Z;. In Eq. (37),
we have chosen the frequency such that, in the absence of
the disorder, the RG equation for Z; is equivalent to that
of the corresponding equilibrium model. To derive the RG
equations for Xy, Ty, v, Z; and Fi(p), we require the exact
flow equations for Fﬁl,)( and Ff,)(, which are obtained from the
functional derivative of Eq. (26) (see Appendices C and D).
The renormalized cumulant in Eq. (30) is given by

—_1Ub

o, @0

AZ WYy =

where the functiorAlal derivative is evaluated for a uniform
ﬁeld '/,l oyt = '/,17 1/,1 gt — 0 and 1/,2rt = '/,27 ¢2rt - 0 The

exact flow equation for F; k), which is obtained from the
functional derivative of Eq. (27), leads to the RG equation
for ALY (¥,¥,) (see Appendix E).

D. Dimensionless parameters

To obtain a fixed point, we express the RG equations in
a scaled form by introducing renormalized dimensionless
quantities. For comparison between the equilibrium and
nonequilibrium cases, we define the dimensionless quantities
for both cases below. In the following, the cutoff A is set to
unity.

1. Equilibrium case

For the equilibrium case (v = 0), we follow the definition
employed in Ref. [8]. Since the momentum ¢ is measured in
units of k, we introduce the dimensionless momentum,

_ g

= (41)
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We define the dimensionless quantities, which are denoted
with a tilde,

o= Z]:lkD 21,]:1,5, (42)
Fi(p) = Zik* Fy(p), 43)
Ar(p1,02,2) = Zik* T Ar(p1,p2,2), 44)

where Zy = Z, x = Z i, and 7y is chosen such that Ay attains
a fixed point. To define 7, we introduce the renormalized
disorder strength

Ak = D00k (P ks Pm k-2 = 1), (45)
where p,, x is given by Eq. (39). Then, t; is defined by

Zi] ZA)k?
. (Zx/Zn) ‘ 46)
Am,k/Am,A

From Eq. (44), Aoo.x(Om.s»Pmx,Z2 = 1) is constant along the
RG flow. We also introduce the running exponent associated
with 7, as

91( = kak In Tk = 2— Nk — kak In Am.ka (47)

where 7y, is the running anomalous dimension
Nk = —k&k In Zk. (48)

It is worth noting that 7; can be considered as a renor-
malized temperature. In the static formulation, the replicated
Hamiltonian with temperature 7 is given by

RSP [P
Hlig)] = - Z/d r|3K1v8 4 v |

s 2 [ dPriie, 4.

a,b

The ratio of the kinetic term [V, |* to the disorder term h3¢,, -
¢, is proportional to the temperature. Since the kinetic term
scales as Z, k2, Eq. (46) represents some kind of a renormalized
temperature. Note that t; should not be confused with 7; in
Eq. (29), which is the strength of the renormalized thermal
noise. In equilibrium, 7 ~ k% with 6 ~ 2, while T} is constant
along the RG flow from the time-reversal symmetry Eq. (32). In
the RG equations, T; and t; always appear in the combination
Ty 7 and the flow of this product controls the critical behavior
of the system.

At a critical point, the “connected” and “disconnected”
Green’s functions behave as

3(e(r))
Sh(r’)

Ga(r —r') = (p(r) ($(r)) ~ |r

where 7 is the fixed point value of n; and 7 is a new
exponent. Note that from the fluctuation-dissipation theorem
TGe(r —r) = (¢p(r)p(r)) — ((r))(@(r"). Let us derive a
relation between 1, 6, and 7. The renormalized spontaneous
magnetization p,, x, which is defined in Eq. (39), can be
considered as the amplitude of the field averaged over a region

Ge(r —r') = ~ = TP (49)

r/[TPTHD(50)
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V of linear dimension k~'. Therefore, at the critical point, it
behaves as

omi ~ k*P / dPrdPr'Ga(r — r') ~ kP47,
v

where we have used Eq. (50). On the other hand, from Eq. (42),
Om.x scales as kP~2+1-9 at the fixed point. Thus, if we define

e =2+ nk — bk, 61V

7 is the fixed point value of 7jy.
The cutoff function R;(q) is written as

Ri(q@) = Zik*r (), (52)

where y is the dimensionless momentum. In the following
calculations, we employ the “optimized” cutoff function,

r(y) = (1 =y)6 —y), (33)

where ®(x) is a step function [53].

2. Nonequilibrium case

For the nonequilibrium case (v # 0), considering the
anisotropy due to the driving, the transverse momentum q
and longitudinal momentum ¢, are measured in units of k
and Qy (defined below), respectively. Thus we introduce the
dimensionless momentum

yL= —|qL|2 = q_f
k2 0?7

We define the dimensionless quantities, which are denoted
with a tilde,

(54)

p=Z ko', (55)
Fi(p) = Z1 ik* Fe(p), (56)
Ak(p1,02,2) = Z1 k>t Ar(pr, 2, 2)- (57

The temperature scaling exponent 6, is defined by Eq. (47)
with

Nix=—kInZy ;. (58)

We also introduce the dimensionless velocity ¥; and dimen-
sionless longitudinal elastic constant Z; ; as

- X Ok

== 59
Uy 7k (59)
- Z4Q;
= =K 60
2.k 7R (60)
Oy is chosen such that ¥ attains a fixed point. Thus we define
V4 V4 k2
O = (Z1x/Z1n) . 1)
Xive/(Xava)

The running exponent associated with Qy, reads
Sk = ko In Qp =2 — .y k — kO In(Xyvp). (62)

Since ¥y, is constant along the RG flow, we omit the subscript
k below.
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At a critical point, the Green’s functions for the transverse
direction behave as

Ge(ry) ~ P72 (63)

Gy(rp) ~r P70 (64)

where 7, is the fixed point value of 1, ; and 7, is a new
exponent. For the longitudinal direction, they behave as

GC(VH) ~ rH—(D—2+M)/§’ (65)

Gd(rH) ~ rH*(D*?’JrﬁL)/(’ (66)

where ¢ is the fixed point value of &. Let us derive a relation
between 1., 6, ¢, and 7j;. The renormalized spontaneous
magnetization p,, ; can be considered as the amplitude of the
field averaged over a region V of linear dimension k! for
the perpendicular direction and Q,j] for the parallel direction.
Therefore, at the critical point, it behaves as

Pmk ™~ kz(D_l)Q%f dPrdPr' Gy(r — r') ~ kP73H0s
v

where we have used Eqgs. (64) and (66). On the other hand,
from Eq. (55), o« scales as kP~3T¢+1:=0 Thus, if we define

MLk =8 +nLk — Ok, (67)

71 is the fixed point value of 77, 4.
We assume that Ry(q) = R(¢2,]q.|?) is independent of
the longitudinal momentum ¢,

Re(g2,1q1 ) = Re(1qu®) = Z 1 kk*r (v ), (68)

where r(y) is given by Eq. (53).

E. RG equations near the lower critical dimension

We show the RG equations at D = 4 4 € for the equilibrium
case and at D = 3 + ¢ for the nonequilibrium case, in the first
order of €. In the case of the pure O(N) model and near the
lower critical dimension, the fixed point associated with the
critical point is expected for a value of 5, that diverges as 1 /e.
Therefore one can organize a systematic expansion in powers
of 1/p,. The leading order of this expansion is considered
below.

The transverse and longitudinal components for the one-
replica propagator are denoted as P")(g) and P")(q), re-
spectively, whose expressions are given in Appendix F. If
we assume that 17",:(,5,,,) has a value of O(1) at the fixed
point, P (g) = O(1) and P (q) ~ p~'. Therefore retaining
the leading order of the expansion of 1/5,, implies that the
contribution from the longitudinal mode is ignored.

The RG flow of the one-replica force Fi(p) is given
by Egs. (C4)-(C6) in Appendix C. We introduce a scale
parameter / = —In(k/A), which moves from 0 to co as k
decreases from A to 0. The RG equation for p,, can be derived
from F,(0)010m + 9 Fr(p)|p=p, = 0, where 9 = —kd;. In
the leading order of p,,!, the RG equation for p,, reads

T;
0y om = —(N — 1)[7’%({; + Amlfiin}, (69)
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where the integrals L and [ are defined by Eqgs. (F6) and (F7) in Appendix F, respectively. We have used notations such as
1 1(2T )m =1 1(2T )(,om, pm)- The renormalized disorder strength A,, is defined by Eq. (45).

We next consider the RG flows of X, vy, Ty, and Z;. Since we are interested in the static properties of the critical point at zero
temperature, it is sufficient to consider the flows of Z, ; and X vx. The RG equations for these are obtained from the momentum

derivatives of 8;F(2), which are given by Eqs. (D1), (D3), and (D4) in Appendix D, and

Am _ ’ 2 "
0z, =-= / 3 Ri(@)Do(q) 2[4Mo<q>(zl + Ri(@) + ﬁmﬁRk(q))
q

O
B 5 o2 4Mo(@)®
L2+ K@) (—Do(q) 1)} (70)
A 2Mo(q)
0(Xv)=—-X o R _— 71
(X0 ==X /q R )

where M(q) and D(q) = D(q, = 0) are defined in Appendix F, and R} (q) = 9/q, 2 Rc(/q . |*). The running exponents 7, ; and
¢x can be calculated from these equations. For the equilibrium case, the RG equations can be obtained by the replacements
Z, — Z,1q.* > ¢* (D — 1) > D, and Rj(q) — 9,2Ri(q?).

Finally, let us consider the RG flow of the cumulant of the random-field A*"(¥;,¥,), which can be rewritten as Eq. (31). The
details of the derivation of the RG equation are given in Appendix E. It is worth noting that in the leading order of p, !, the RG
equations for Agp and Ap; do not contain Ajp, Ay, or Ay,. Since the flows of Z, ; and X vx depend on only Agy, it is sufficient
to consider the flow of Agy and A,;. The RG equations for these are given by

I Aoo(p1.p2,2) = $Aco(p1 ,Pz,Z)TkL(ZT)(,Ol) + Ago(p1,02,2) Ago(p1, p1, 1)12(1“(/01 ,01) + Boo(p1 ,Pz,Z)Iz(lT)(,Ol ,02)

+ Coo(p1,02,2) 031 (1, p2) + perm(p1, 02), (72)

01 A21(p1,02,2) = %AZI(PI,PLZ)TkL(ZT)(pl) + Az1(p1,02,2) Ago(p1, p1, 1)12(1T)(/01,Pl) + le(Pl,Pz,Z)Iz(lT)(Pl ,02)
+Co1(p1.p2,2) 31 (p1,p2) + perm(py, p2), (73)
where the integral J is defined by Eq. (F8). A, B, C in Eqgs. (72) and (73) are given as follows:
Ao = 2p) (N = 1)(2018p, — 28;) Ago + (1 — 22)37 Ago — 22401 ],
Boo = (4p192) " P[(N = 2+ 2%)A00d: Ago + 2850 — 2(1 — 2°)(A219: Moo + AgodZ Ago)
+ (1= 22)*A0192 Ago + (1 + 22) Ag1 Ago ],
Coo = —2(4p12) ™2 (Do + 28211 = 2)3. Aco,
Axi = 2p) ' [(N = D(2019,, Aoy — Mgy — 20 An1) + (1 — 2937 Agy — 420, Aoy — 20, Ago ],
By = (4,01/02)_1/2[(1\’ =242 Ag0d. Agy — 2(1 — Zz)(AzlazAzl + AooazzAzl) + (1 - Zz)zAzlazzAzl +2A01(zA00 + 22 A21)
—2(0:A00 + Mgy 4 220:Aa){(1 — 2)Ag1 — 2A00}]
Car = (4p1p2) ™ 2[(N =24 22)(A21)” = 22(1 — 29)(24219; Aa1 + 3 Do0d; M) — 2(1 — 2°) Aood: Aoy + 222 A218: Moo
+22(0: 800" 4 (1 = 22)%(0:A21)” + (Aoo + 2A21)(Ago + 32A01)].

(

The zero-temperature case T = T = 0 is considered below, where Ap~! = 2P+ 7 P21 (D /2). We define 8yo(z) and 8, (z)
and the first terms in Eqgs. (72) and (73) are omitted. by
16 AOO(ﬁmvﬁva)
800(z) = BAD T’
1. Equilibrium case ~ Pm
For the equilibrium case (v = 0), the RG equations in terms 821(2) = EAD M (75)
of the dimensionless quantities introduced in Sec. IV D can be D 2pm
derived. The integrals in Eqs. (72) and (73) at p1 = 02 = Pn  From Egs. (42) and (69), the RG equation for j,, reads
are calculated as
01pm = (D — 4+ 11x)Pm — (N — 1)éoo(1) om, (76)

8 where 7, is determined from the condition that 25,,809(1) is
(T) (T) —27;D—4
Ly (Oms Pm) = S5y (Oms Pm) = Z; 7k BAD’ (74) " constant along the RG flow. From Eq. (70), the anomalous
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dimension 7 is calculated as

Nk = Soo(1). a7
From Egs. (72) and (73), the following relation holds:
821(2) = 9;800(2), (78)

which is clearly seen when observing that Ayy(z) and Ay;(z)
can be written as

1 1
Ago = 2V,  (79)
Vapip2 Vapipy ©

where V (p1,p2,z) is the cumulant of the random potential. By
introducing a potential R(z) by dpo(z) = 9, R(z) and §51(z) =
BZZR(z), the RG equation for R(z) at D = 4 + € is given by

O R(z) = —€R(z) +2(N — 2)R'(1)R(2)
+35(N = 1)(R'(2) — 2zR'(D) R ()
+11 = A-R'@? +2(R(1) — zR ()R (2)
+(1 - zHR"(2)]. (80)

This RG equation was also derived from the one-loop
perturbative RG calculation [4,35].

2.V, Ay =

2. Nonequilibrium case

We now derive the RG equations for the nonequilibrium
case. Note that the dimensionless longitudinal elastic constant
Z).x» Which is defined by Eq. (60), scales as Zj; ~ k*¢~D.
Thus, since ¢ > 1, Z;x can be set to zero for large scales.

J

PHYSICAL REVIEW B 96, 184202 (2017)

Furthermore, from Egs. (62), (70), and (71),
G =2. @1)

The integrals in Egs. (72) and (73) at p; = p» = p,, are
calculated as

Ap_1707,

B33 (P pon) = Z 5k 5

131 (o pm) = 0. (82)

Note that the second integral J2(1T) vanishes in contrast to the
equilibrium case. This is independent of the choice for the
cutoff function Ry(q_).

We define 8gy(z) and 8;;(z) by

4 ~— AOO(ﬁm’ﬁm’Z)
) = Ap_ 1 _—
00(2) o1 Ap-17 %
4 A Nma Nms
51 (2) = Ap_yi-t B2 Pn) o gq

D—1 215m
The RG equation for g, reads
0Pm = (D =3+ 1716)pm — (N — 1)30o(1)om, (34)

and the anomalous dimension for the transverse direction 7
is written as

N1k = Soo(1). (85)

The RG equation for §po(z) and §,1(z) at D = 3 + € is given
by

N00(z) = —€800(z) + (N — 2 + 29)800(2)9:800(2) + 2800(2)* + (1 + 2°)800(2)821(2) — 2(1 — 2*){821(2)8.800(2) + 800(2)32800(2) }
+ (1 = 2%)%821(2)82800(2) + (N — 3)800(1)800(2) — (N — 1)z800(1)3800(z) — 22800(1)821(z) + (1 — 2%)800(1)32800(2),

(86)

3821(2) = —€821(2) + (N — 2+ 52%)800(2)3:821(2) + 22800(2){8,800(2) + 2821(2)} — 2(1 — 29821 (2)3.800(z) — 2(1 — 22%)821(2)*
—z(1 — 2){800(2)82821(2) + 5821(2)3.821(2)} + (1 — 22)*821(2)32821(2) — 2800(1){3:800(2) + 821(2)}

— (N + 3)z800(1)3:821(2) + (1 — 2%)800(1)82821(2).

Since the two integrals in Eq. (82) have different values, the
relation in Eq. (78) does not hold.

V. RESULTS

In this section, we obtain a fixed point by solving the RG
equations derived in the previous section. We calculate the
anomalous dimensions 1 and 7 as functions of N and compare
them to those predicted from the dimensional reduction.

A. Equilibrium case

For the equilibrium case, one can find the detailed analysis
in Refs. [7,8,35]. We briefly summarize these results in this
section.

If the second derivative of R(z) at z = 1 is assumed finite,
the derivatives of Eq. (80) show that a fixed function R*(z)
exists for N > Npr = 18. For N < Npg, there is a range of
initial condition R;_, (1) for which the RG flow of R}(1)

87)

(

diverges at a finite scale k~' = &, known as the Larkin length.
In this case, the fixed function behaves as R*(z) ~ (1 — z)*/?
near z = | and the dimensional reduction breaks down.

Let us consider the detailed behavior of this nonanalytic
fixed point. For N > N, ~ 2.83, a nonzero fixed point does
not exist below D = 4 (¢ < 0), while above D = 4 (¢ > 0), an
unstable fixed point exists, which corresponds to the transition
between a LRO phase and a disordered phase. The critical
exponents for several values of N are calculated as

n(N = 3) = 5.5|¢|,
n(N =4) =0.78¢|, (88)
n(N =5) =042¢|.

For N < N, a stable fixed point exists below D =4 (¢ <

0). This fixed point corresponds to a QLRO, which is known as
the Bragg glass in the vortex lattices of superconductors [34].
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N<N, R(1) N>N_, R(1)

¥ D T

g ,
T/ s \lLRL T T * LRO

! 4 \ D 4 D
Logarithmic QLRO

FIG. 1. Schematic picture of the RG flow of R (1) = n, for the
RFO(N)M. The horizontal axis represents the spatial dimension D.
“D”, “LRO”, and “QLRO” denote the disordered, long-range order,
and quasi-long-range order phases, respectively.

The critical exponent for an XY model is calculated as

2
n(N=2):3|e|:1.lO|e|. (89)

Above D = 4 (e > 0), a nonzero fixed point does not exist.

For N < N, and D = 4, the RFO(N)M exhibits a “loga-
rithmic QLRO”, in which the disconnected Green’s function
exhibits logarithmic power-law decay Gq(r) ~ (Inr)~*™),
where «(N) is independent of the strength of the disorder.
In particular, for N = 2 (XY model), we have

r, (r <&,
Gd(r) X {(lnr)"‘, (V > SL)7 (90)

where n = hj/(872K?) and o = 7%/9 [35,54]. The Larkin
length is given by & = exp(cn™!), where ¢ is a universal
constant. Such a logarithmic QLRO is also predicted in the
two-dimensional random anisotropy XY model with a dipole
interaction [55].

The schematic of the RG flow of R'(1) = n; is shown in
Fig. 1. The blue (red) dashed (dotted) line represents stable
(unstable) fixed points. Note that for N < N, we cannot obtain
the fixed point corresponding to the second-order transition to
a disordered phase in the leading order of €. To obtain this
fixed point, the beta function of R(z) to the higher order of €
must be calculated [38].

B. Nonequilibrium case
1. Analytic fixed point

Here we consider the nonequilibrium case (86) and (87).
First, the derivatives of 8yo(z) and 8,;(z) at z = 1 are assumed
finite. By taking the derivative of Eqgs. (86) and (87),

Adoo(1) = —€doo(1) + (N — 2)300(1)?, oD
3r800(1) = —€800(1) + Soo(1)* + 2800(1)8(1)

+ (N = D)3go(1)* + 480D (1), (92)

821 (1) = —€8a1(1) + 2800(1)8a1 (1) + 2821 (1)*. (93)

PHYSICAL REVIEW B 96, 184202 (2017)

From these equations, we have the following fixed points:

55 (1) = —

()=~

oy (N —=4) = (N =2)(N —10)
Soo(1) = 2(N — 1)(N —2) ’
55,(1) = 0, (94)

where we have chosen a stable solution for &, (1) and 85, (1). In

fact, Eq. (93) also has a fixed point §3,(1) = (N — 4)/2(N —
2) €, but it is unstable for N > 4. The fixed point Eq. (94)
describes the second-order transition from a LRO phase to a
disordered phase. Note that n, = §3,(1) = €/(N — 2) is the
same as the anomalous dimension for the (2 4+ €)-dimensional
pure O(N) model. This analytic fixed point exists for N > 10.
Thus Npr = 10 is the field component number above which
the dimensional reduction property is recovered.

2. Nonanalytic fixed point

The nonanalytic fixed points are now considered. For the
equilibrium case, 8§y and §,; exhibit the following singularity
nearz = 1,

8o () ~ (1 —2)'/2,
850 (2) = 0.8 (2) ~ —(1 — )72,
Thus we expand ¢ and §5; around z = 1,

do0(@) =ao+ai(l =)' +ay(l — ) +---,
81 =b_1(1 =) 2+ by +b1(1 —)"*+--- . (95)

By substituting Eq. (95) into Eq. (87), the right-hand side of
Eq. (87) yields a term proportional to b_;(1 — z)~!, and we
have

b_1 =0. (96)

Therefore, for the nonequilibrium case, 8,1 (z) is finite at z = 1,
in contrast to the equilibrium case in which it diverges as
(1—-z)~ 12

By substituting Eq. (95) into Eq. (86), we have the RG
equation for ay = (1),

da()
dl

where the third and fourth terms of the right-hand side are
absent if §go(z) and 8,(z) are analytic. Since b_; = 0, the
fixed point behaves as §*(z) oc (N — 2)~! near N = 2. This
fixed point is unstable and it corresponds to the second-order
transition between the LRO phase and the disordered phase.
Note that the Bragg glass phase does not exist for € < 0 and
N > 2.

The upper panel of Fig. 2 shows the anomalous dimension
n = &4,(1) for the nonequilibrium and equilibrium cases. The
red solid line represents 7, for the nonequilibrium case at D =
3 + € obtained from Eqgs. (86) and (87). The green dashed line
represents 7 for the equilibrium case at D = 4 4 € obtained
from Eq. (80). The n corresponding to the unstable fixed point
is plotted. Also shown is the anomalous dimension of the (2 +
€)-dimensional pure O(N) model, npr = (N — 2)~!, which is
indicated by the blue dotted line. The inset displays the ratio of

1
= —eap + (N —2)a3 — SN - 2)ai +2arb_y, (97)
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() 2.5

2 L

) e

DRrOMM |
RFO(N)M

2 3 4 5 6 7

N

FIG. 2. Anomalous dimensions 7 and # for the DRFO(N)M and
RFO(N)M as functions of N. The red solid lines represent n, and 77,
for the DRFO(N)M at D = 3 + €. The green dashed lines represent n
and 7] for the RFO(N)M at D = 4 + €. € is set to unity. The blue dotted
line represents the dimensional reduction value npr = (N — 2)7".
The insets show 1/npr and 7/npg.-

n and npr. From Egs. (76) and (84), the anomalous dimension
for the disconnected Green’s function 7 is given by

=—e+ (N —1Dn, (98)

which is shown in the lower panel of Fig. 2. For the equilibrium
case, 1 diverges as N approaches to N, = 2.83, while for the
nonequilibrium case, 1, diverges as N approaches 2. The ratio
1.1 /npr exhibits nonmonotonic behavior with decreasing N. In
particular, limy_,» 1, /npr = 1, which will be shown below.
Note that n, /npr — 1 &« (N — 2) near N = 2, and

Iyglz(m — DR) = X, (99)

where x =~ 1.65 is a universal constant. The fixed functions
850(z) and 83,(z) of the DRFO(N)M are shown in Fig. 3.
Here, 63, (z) significantly differs from 9,43,(z), in contrast to
the equilibrium case where they are identical. They exhibit
nonanalytic behavior in the form of /1 — z near z = 1. The
numerical method to calculate the fixed function is explained
in Appendix G.

PHYSICAL REVIEW B 96, 184202 (2017)

15 0
N N=4 )
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FIG. 3. Fixed functions §3,(z) and 83,(z) for N = 3, 4, and 5.

3. Fixed line in the case that N =2 and D = 3

The 3D driven random-field XY model (DRFXYM) is
presented below. The phase parameter u is introduced and
defined by ¢ = (¢',¢*) = /2p(cos u, sinu). We denote the
renormalized random force as F“(¢), which satisfies

FU@DFP(y) = A7 (¢1.). (100)

The tangential component of F*(¢) is written as
FL) = 2p) " P(=F'(¢)¢* + F@)p)). (101

whose second cumulant is given by
Ay — uz) = FL(un)FL(u2)

=zA0 — (1 — 2) Ay, (102)

Thus we define a dimensionless cumulant 8(u) as
8(u) = z800(2) — (1 = 29)821(2), (103)

with cos # = z. Then, Eqs. (86) and (87) can be reduced to the
following simple equation:

9 8(u) = —ed(u) + 8" (u)(6(0) — 5(w)),

which was also obtained by Ref. [44].
In Ref. [44], Eq. (104) was derived from the driven random
manifold model,

C(du + vd,u) = KV?u + F(ryu) + &(r.1),

(104)

(105)

which describes the dynamics of the displacement field u(r,t)
of an elastic lattice moving in a random pinning potential. The
random force F(r;u) satisfies

Fr;wFF';u) = A —u)d(r — 1), (106)

where A(u) is a periodic function. The driven random
manifold model Eq. (105) is equivalent to the DRFXYM if the
topological defects or vortices are ignored. Therefore Eq. (105)
is an effective model that is valid for the weak disorder.

From Eq. (104), at three dimensions (¢ = 0), we find that
the beta function of 1, ; = §;(0) vanishes identically even if
8(u) has a cusp at u = 0. This result can be also deduced from
Eq. (97). This suggests the existence of a QLRO characterized
by a line of fixed points as in the 2D pure XY model. The
family of fixed points of Eq. (104) at € = 0 is given by

S w)=C (107)
or

800(2) = Cz, 83(2) = —C, (108)
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where C is an arbitrary positive constant. These fixed points
are stable in the sense that dpy(z) and 8,;(z) flow into Eq. (108)
with an initial value dependent C in the limit [ — oo. It is
worth noting that the beta function of §(0) does not vanish
in the four-dimensional random-field XY model. In this case,
from Eq. (80), the RG equation is given by

0r8(u) = 8" (u)(8(0) — 8(u)) — 8'(u)’. (109)

The last term on the right-hand side §'(x)? has a finite value at
u = 0 if §(u) has a linear cusp.

Letus show thatlimy_.» 7, /npr = 1 ate = 1, as shown in
Fig. 2. Itis convenient to introduce 8po(z) = (N — 2)80o(z) and
821(z) = (N — 2)821(z). The fixed functions §3,(z) and &%, (z)
are stationary solutions of Egs. (86) and (87) with e =(N —2).
Thus, in the limit N — 2, Sg‘o(z) and S;‘l(z) are given by
Eq. (108). The constant C can be uniquely determined by
considering a stationary solution of Eq. (97) with e =(N —2).
Note that a; vanishes as N — 2 because Eq. (108) does
not have a cusp. Thus we have gy = C = 1, implying that
limy_2 n1/npr = 1.

The existence of the fixed line implies that the 3D-
DRFXYM may exhibit a Kosterlitz-Thouless (KT) transition
[41,42]. However, there is a possibility that the beta function
vanishes in the leading order but has a finite contribution in
the higher order as in the case of the RFO(N)M at D = 4 and
N = 2.83 [39]. To verify the existence of the fixed line, all
higher-order contributions of the beta function must vanish.
A detailed investigation concerning this problem is a topic for
future research.

VI. SUMMARY

In this paper, we have studied the critical behavior of the
DRFO(N )M at zero temperature. From naive phenomenologi-
cal arguments, we have introduced a dimensional reduction
property, which states that the critical behavior of the D-
dimensional DRFO(N)M at zero temperature is identical to
that of the (D — 1)-dimensional pure O(N) model at finite
temperature. By employing the NPRG formalism, we found
that the dimensional reduction breaks down for 2 < N < 10
near three dimensions. The deviation of the critical exponents
from their dimensional reduction values is calculated in the
first order of € = D — 3. It is worth noting that n/npr for
the (3 + €)-dimensional DRFO(N)M is smaller than that
for the (4 + €)-dimensional RFO(N)M. This implies that
the nonperturbative effect responsible for the failure of the
dimensional reduction in driven disordered systems is weaker
than that in equilibrium.

It is an intriguing question to ask whether the 2D driven
random-field Ising (DRFIM) model exhibits LRO. The di-
mensional reduction implies that it does not have any ordered
phase because it is identical to the one-dimensional pure Ising
model. However, the lower critical dimension of the RFIM is
two. Since the driving reduces the lower critical dimension, it is
expected that the 2D-DRFIM should exhibit LRO in the weak
disorder and strong driving regime. To clarify this question, the
NPRG formalism developed in this study provides a promising
approach.

The conventional dimensional reduction in equilibrium
is a consequence of the supersymmetry (super-rotational
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invariance) of the stochastic field equation [2] and its break-
down can be understood as the spontaneous breaking of the
supersymmetry [9]. However, in Sec. III, the dimensional
reduction for driven disordered systems is derived without
introducing the supersymmetric formalism. To obtain a clear
insight into the underlying physics of its breakdown, we need
to identify a hidden symmetry responsible for the dimensional
reduction in driven disordered systems.

Finally, let us consider the role of temperature. The
thermal fluctuations lead to the local averaging of the disorder
and thermally activated motion between different metastable
states. At a finite temperature, the diffusionlike terms, which
are proportional to T;, = Ty th”_,,l(/ 2, appear in the RG equation
for the renormalized cumulant and they smooth out the cusp. In
equilibrium, the temperature is irrelevant near the fixed point
controlling the critical behavior, T, = k with 8 = 2 + O(e).
However, in nonequilibrium cases, there is a possibility that a
fixed point with nonzero temperature 7* % 0 may occur due
to the additional terms, which result from the violation of the
fluctuation-dissipation theorem, in the RG equation for 7. For
example, in the case of the DRFXYM, the RG flow of T} is
given by

dTy P

7 L 1 —e— 68017,
where §(u) is defined by Eq. (103) with cosu = z [44,45].
Since —8”(0) diverges as T; decreases to zero, the competition
between the first two terms and the last term in the brackets
leads to a nonzero fixed point. The critical behavior of the
DRFO(N)M at finite temperature could be also controlled
by such nonzero temperature fixed points. This implies that
an infinitesimal thermal noise qualitatively changes the large-
scale structure of the system. A detailed investigation of finite
temperature cases will be conducted in future studies.

(110)

ACKNOWLEDGMENTS

We are grateful to G. Tarjus and M. Tissier for their helpful
discussions and remarks. The present study was supported
by JSPS KAKENHI Grant No. 15J01614, a Grant-in-Aid for
JSPS Fellows.

APPENDIX A: FIELD THEORETICAL FORMALISM FOR
THE DRIVEN DISORDERED SYSTEM

In this Appendix, we derive the disorder averaged action
Egs. (13) and (14) from the Langevin equation (3). We
introduce n replicas of the system, {¢,} with the same
disorder. The dynamics are given by

T +vi)$, = KV’¢, — U'(pa)b, + h +&,,
where the thermal noise satisfies

(&8 (1)) = 2T T8*8,48(r — P8t — 1) (A2)

n
a=1>

(AD)

The average of a function of the field A[{¢,}] over the thermal
noise is written as

atiga = [ Deris) [ []D6,56, - baleDatiga.

(A3)
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where ¢,[£] is the solution of Eq. (A1) for a realization of the noise &,. This average can be calculated as

(Aliga)) = [ DePle) [ [[D8,TUSNAUBISIN,+ 308, ~ KT, + U, — b~ 8,

~ / Dt P[£] / [1 6.8, 71(6.)1A1{6.}]exp {— > / i, - (L@ +v3.)9, — KV, + U'(p)b, —h — su}]

= / [[P¢.Pd.Tlid. DAL} exp[— > / i, - T @i, + 0.9, — Tid,) — KV*$, + U'(p)b, — h}},

where J[{¢,}] is the Jacobian, which is set to unity [52]. We
next take the average over the disorder A,

(Al{,}]) =/]_[D<I>QA[{¢a}] exp(=S[{®P.}]), (AS)

where the disorder averaged action S[{®,}] is given by
Eqgs. (13) and (14). For simplicity, we have omitted i in i¢,.

APPENDIX B: EXACT FLOW EQUATIONS FOR T,

In this Appendix, we derive the exact flow equations for
'), k, Egs. (26) and (27). To calculate the inverse of I‘,({Z) + ﬁk
with respect to the replica indices, we rewrite it as
(MY +Re),, = PelWal ™' 60y — A[W.18as — B[Wa, Wp],
(B1)
where P, [W] is the one-replica propagator defined by Eq. (25).

A[Y,]and B[¥,,V;] can be expanded in an increasing number
of free replica sums,

Al ] =) AU, | ]

1
§ [2]
+§ — A [qjal\ym\yd]""" s (B2)

B[W,. W] = B[, W] + ) B[, W, W]

1
= " BEPW, Wy W, W ..., (B3
+2; [Wo, Wy | W, Wyl + (B3)

where the vertical bar in each term A[P][\Ila|\llcl, e ]
is introduced to distinguish between the “explicit” index a
and the dummy indices cy, ...,c,, which run from 1 to n as
the summation is taken. In the following, we use simplified
notations such as,

82053[Wy, Wy, Ws]
SW, W,

82T3[ Wy, Wy, W3]
o0y, v, ) = 2 b 2 T B4
3 (W1, W2, W] 30,50, (B4)

From Eq. (24), Al! and B!?! are written as

AN, 1w, ] = Y01, v, ],

AP v, = T, W, Wy,

. (BS)

0w, Wy, 0] =

s

(A4)
[
and
BOW, W] = ISV, W),
BYW, Wy W] = 501w, Wy, W],
B2, Wy |, W] = Ty V[0, 0y, W, Wy,
(B6)

The inverse of Eq. (B1) reads
(r +Ro),,
= Pk[\ya]aub + Pk[lya](A[\Ija]Sab + B[\Iju’\yb])Pk [\Ilb]
+ P [V, 1(A[Y100c + BIWa, Ve DP[W,]
X (A[Wcldep + B[We, YpDPr[Wp] + - - (B7)

By substituting Egs. (B2) and (B3) into the above equation,
we have

o 1
S (P +R), = Z AR Zb 0[W,, W]

1
+ g ; Q3[“Ija7\ljb,\ljc] + ey (B8)

where Q; and Q» are given by
01[V,] = Pi[W,] + Py [, 1B W, , W, 1P [W,], (BY)

02[V,, W] = P [ W A W, |W,] + B[ W, W, |W,]
+ B, W, 1P [, ] B[, 0, ]
+ AN, W, 1P (W, 1B W, W, ]
+ BOW,, W, 1P [V, A W, | W, 1P [, ]
+ perm(W,, ;). (B10)

From Egs. (BS), (B6), (B9), and (B10), we obtain the exact
flow equations for I'y and I',, Egs. (26) and (27).

APPENDIX C: RG EQUATION FOR F;

In this Appendix, the RG equation for Fj(p) is derived,
which is given by Eq. (38). To do this, the exact flow equation
for Fil) is required. It is convenient to introduce a graphical
representation. The flow equation for I'; Eq. (26) is rewritten
as

W1 = 2y + v, (C1H
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a vertex obtained from a derivative of the one-replica action

Via I'”’[W]. (3) Two open dots linked by a dashed line represent
vertex obtained from a derivative of the two-replica action
F(p'pZ)[\Il RSH (4) A cross symbol denotes 3;R;(q).
1) ) O For example, y is written as
Yia-1 Y1,b-1 Y1,b-2 Lo
7/\ A Vis-1 = T[dRe(@P[WITY W, WIP[WIT) [WIP[W]],
""""""""""" (C3)

FIG. 4. Graphical representations for the flow equations of I';

and TV, where Fﬂ/l = 8F§2) /8y, All functional derivatives are
evaluated for a uniform field ¥,, ='(v/2p,0,...,0), ¥,, =

1, ...,0).

h i in Fig. 4. A scal . L
where 1., and y1,, are given in Fig scale parameter The following notation is introduced:

[ = —1In(k/A) is introduced. The flow equation for I‘g:[}l =

8T /8¢ is then written as 3 82 [W]
e ) ) ) ) I ‘)”2’”2"’](611’612’613) T 59 2q0)8y (g8 (q3)”
a5 =3[ Viao — g +2p0]. (€D : ? ’
2
@ o[V, W]
where y " M and are also given in Fig. 4. The Fz e wzw‘(ql’qz’%) =32 ) ¥ :
Via—12 Vip-1> V”’ 2 g g Y (q)dYi(g2)8v,(q3)

rule for the graphlcal representation is as follows: (1) An inner
line denotes the propagator P[W]. (2) A filled circle represents From Egs. (29) and (30), they are calculated as

J
T 5 @1,42.03) = =v/2pBF (0) + 20 F"(0)2m) " 8(q1 + G2 + q2)8(w1 + w2 + w2),

TP e (@1.62,03) = =20 F (0)20)P 8@ + @2 + @)8(@1 + o2 + @), (v =2,....N),

it @192y, —ymy = ALY H5(1 + g2)d(@1)d(@2),

Fhgngs @142y g,y = Ar(D)QT)P 8@ + @)8@1)3@), (v =2.....N),

1 /
D591 @00y g,y = 5V2PALOIET) 281 + 62 + 4381 + 02)8(@3),

F(21)

1
2y 1/;”(‘1"‘12,613)|\1l1 —w=w \/_z—p(Azl(P) + An(E)@m)PT8(q1 + @2 + q3)8(@1 + @2)8(w3), (v =2,....N),

where we have used the notations A (p) = A_(p,p.z=1), Ar(p) = AW, ¥) = Ag(p), and AL(p) = A''(¥,¥) =
Ago(p) + Aa(p) + Az (p) + Ar1(p) + Axn(p). From these expressions, we obtain

Yo = 2pT[(N = DF(p)LY (p) + BF'(0) + 20F " (0))LS" (0)]:
i = V20[(N = DF (0)Ar(0)I3 (o) + GF () + 20 F"(p) ALY (p)],

1
Vig- _\/Z[(N—1)$(A21(P)+A11(p))1 (o) + AL(mJ“)(p)]

where we have already calculated the w-integral. The functions L, I, and J are defined by Eqgs. (F6)—(F8) in Appendix F,

respectively, and simplified notations such as I, a )(,o) =1, a )(,0 p) are used. From Egs. (38) and (C2), we have the RG equation
for F(p),

W F(p)=aFP(p)+ 8 F?(p), (C4)

where 3 F(p) and 8, F®(p) are the contributions from the one and two-replica parts, respectively,
1 !
aFD(p) = ST[(N = DF (D)LY (0) + GF'(p) + 20 F"(0)LS" ()], (C5)
, 1
A FP(p) = (N = DF' (0)Ar(p)I1; () + BF (p) + 2pF (0D AL(P) 15 (p) — (N — D5 Ba(e) + An(eNJ{(p)

1
— 380 (). (€6)
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It can be easily checked that, in the equilibrium case (v = 0),
the equation can be reduced to that of the RFO(N)M, which
is given in Ref. [8].

APPENDIX D: RG EQUATIONS FOR X v; AND Z;

1. Graphical representation for 811“52)

In this Appendix, we derive the RG equations for X;v; and
Z, which are given by Eqgs. (35) and (37), respectively. From
Eq. (C1), we have the exact flow equation for Ff&,(m!qﬂ( =
82T, /8W(p)SW'(p'), where W represents ¥ or Y* and p =
(p,wp), as follows:

@ i[O @ @
I wpm vy = 3[2V1a1 = Va2 T 2V0-100)

2) 2) 2)
+ 2V 1) T 212 — Vi34

2) 2) 2)
—2Y1p-30) — Vib—a) — 2Vip-aco

2 2 2
—2)/1(,/3—5 + 27/1(13—6 + 27/1(,13—7]' (D1

The graphical representation of each term is shown in Fig. 5.
All functional derivatives are evaluated for a uniform field

@ @
Y1,a-1 V1,22
¥(p) Y'(p')
@ @
Y1p-1(+) Y1b-1(-)
o) YE) ) o)
@
Yi,b-2
Y(p) Y'(p")
@ o)
Y1 b-3(+) Y1,b-3(-)
Y'(p') ¥(p)
Y(p) Y'(p")
@ @
V1,b-4(+) V1,b-4(-)
Y'(p") Y(p)
Y(p) Y'(p")
@
Y1,b-5
¥(p) ' (p")

@

............... Y1,b-7
@)

Y1,0-6

¥(p) F'(p") ¥(p) P'(p")

FIG. 5. Graphical representation for the flow equation of Fﬁz).
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¥, =" (~2pm.0,....0), ¥,, = (0, ...,0), where p,, is the
renormalized spontaneous magnetization defined by Eq. (39).

We set W = /2, W' = 2, and p’ = —p for the calculation of
2 2 2 2

0;(Xrvy) and 0;Z;. Note that yl(’g_? Vf,;j_s’ yl(’g_b, and yl(,b)_7

do not depend on the external momentum p, thus they do not

contribute to the RG equations for X;v; and Z;.

2. Leading order contributions to 9, Xv and 9, Z
As mentioned in Sec. IV E, near the lower critical dimension
D = Dy + ¢, )/1(2) is expanded in terms of p~! ~ €. When yl(z)
is expanded, we can see that yl(’szS and )/1(’21,)74 are subleading
compared to yl(’z,z_l and yl(?,z_z. Indeed, the former term’s
vertices yield a contribution of 2p F'(p)A’(p), while the latter

term’s vertices yield a contribution of 2p F ’(p)zAN(p), which

is larger than that of the former if we assume that F’(3,,) has a

value of O(1) at the fixed point. Thus we consider only yl(iz_ 15
2) (2)

Yip—1>and yyp_,.

The term yfil)_l is given by

v = 40uF (pn)* XT / 9 Ri(@[2M1(q) D1 (q,w,) 2

q, w4
x P (p+ q.0, + ©g) + Py (q.00, )
x Do(p + q,0, + @)~ + (T < L)], (D2)

where M(q), D(q,w,),and P(q,w,) are defined in Appendix F.

The symbol (T <> L) means that My, Dy, and P7) are

exchanged by M, Dy, and P'Y, respectively. The term 7/1(,2;71

is the same as the corresponding contribution in the pure O(N)
model because the velocity v can be eliminated by changing
the integral variable w, — @, + ¢,v. Since we are interested

in the zero temperature case, this term can be omitted. yl(,z,z_l,
and yfif_z are given by

Vl(,zb)fl(:t) =20m F/(,Om)ono(/Om)
« / 3R PV (@07 P (.0 PP (p + qo,),
q

(D3)
V1(,219)_2 = me F/(;Om)ZAOO(,Om)

x / I R(QP (—p + q,0)Ps(—p + q,0)
q

x PP(q,0,)?, (D4)

where we have ignored the subleading terms of p~'. The
propagators P(q,w,) are evaluated at p = p,,. The momentum
derivatives of Egs. (D3) and (D4) lead to the RG equations for
X v and Zy.

APPENDIX E: RG EQUATION FOR A,

1. Graphical representation for 9, l";m

In this Appendix, we derive the RG equation for
Ar(¥,,¥,), which is given by Eq. (40). To do this, the exact
flow equation for l";l D s required. Eq. (27) is rewritten as

W2 (W1, Vo] = —3[¥2u + Y2 + 2¥2.c + perm],  (E1)
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y(n) ym)
V2,4 Y2, Yop /202
2 ? 1 2 1 E | 1
an (11) an an
"""" Y2,b-1 Y202 Y2.6-3 Y2,b-4
1 2 1 1 1 2 1 2 1 2 1 2

FIG. 6. Graphical representation for the flow equation of I';. % % }
where y2 4, V2.5, and y» . are givenin Fig. 6 and “perm” denotes ~ $eeecend b beid 0 b
2 2 1 2 1

the permutation between the indices 1 and 2. The flow equation

for Fg;})ﬂw = 6%‘2/5&{‘8@’ is then written as ’Yz(lkl)) 5 Yz(llla)6 72(1:;)1 'yz(lé)z
A ) SUT SUT VT D
1 2 1 2 1 2 1 2
(11) 1 (11) (11) (11)
alrz;wx/};[\pl’\pﬂ = —3[=2100l1 F Vaala = 27200
(11) (11) (11) (1)
=2Vt 2V 23+ 2V 20 — 2V0 0 s
(11) (11) (11) (11)
+2v5026 = 2V2.c21 — 2Vaclo = 2V 013
11 11 11
+2p50 0 2y D+ 25 D¢+ perm),
(E2)
(11) (11) . . « 2
where Vaa—t1s -+ Vacoe are shown in Fig. 7 and “perm

denotes the permutation between the indices 1 and 2, i and v.
For example, yz(lblzl is written as

Vap 1 = T[4 Re(@P W10 [W P[]

Ly FIG. 7. Graphical representation for the flow equation of F;l b
X Ty (W1 WP 9]0y V[0, W P [W 1] (E3)
All functiona} derivatives are evaluatedAfor a uniform field The functional derivatives of I';[¥] and [',[W,¥,] are
wl,rt = 'ﬁp wl,rt = 0’ 1ﬁZ,rt = ¢2’ and 1[,2,rt =0. calculated as

|
P i @102.03) = (= F (W 4 — F/ (o) + 647 4 87144 )) )P 8(q1 + @ + @81 + 03 + ),

Ly
T (@1a2) = A (1 ¥2)) 81 + q)3(@1)d(@n),
Dot g @1@2003) = dyr AP (U ¥2)Qm) P 28(a1 + @2 + 491 + @2)8(@s),
Pyt gy (@1:42:05:08) = By By A ¥2)Qm)28(a1 + @2 + @ + 4d(@1 + 02 + 03)0(s),
D gy @123:04) = By 0 A ¥2)2) PP 28(01 + @ + € + )31 + @2)3(@s + w0),

where A" (¥, ¥,) is expressed as Eq. (31).

2. Leading order contribution to 9; A

As mentioned in Sec. IV E, near the lower critical dimension D = Dy, + €, yz(l Dis expanded in terms of p~

yz(l D is rewritten as

v = v+ @oie)” Pl vl s + v+ T+ v s (E4)
Each coefficient of Eq. (E4) can be calculated in the leading order of p~!. For example, )/2(,11,111,00 and yz(’lblzl’zl are given by
Vz(,lblil,oo =—(@4p1p2) (A + Pz/Plezz)Aoolz(lT)(/Ol ,P2),
an o _ —12 2
Vapotor = —(4o102)” ?[{=2800 + (1 — 2)A21}(0; Moo + Azt + 20: Ao + v/ 1/ 020 A1)
+ A (A + ,02/P1ZA22)]12(1T)(,0| ,02).

I~ €. In addition,
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The function / is defined by Eqs. (F7) in Appendix F. We have
used Yo Py = PYwP = —20F (p)) "'y and yo Pl =
Pl(lL)l/fﬁ ~2XTQ2pF'(p)) 2yP, where the propagators P;; are
also defined in Appendix F. The other terms are straightfor-
ward to calculate. ;/2(’1013 and yz(’lzll) yield the RG equations for
Ago and A,j, respectively. In the leading order of o7l A,
A1y, and Ay do not appear in yz(.lolo) and )/2(’1211) . Thus the RG
equations for Agg and A; compose a closed set of equations.

APPENDIX F: PROPAGATORS

In this Appendix, we show the expression for the one-
replica propagator Eq. (25). The functional derivative Ff,)([\ll]
is evaluated for a uniform field ¥,, ='(¥!,...,¥") and

~

¥, = 0.1 ([V]is given by Eq. (29). For simplicity, we omit
the subscript £ in the following. We introduce P(q; ¥) as

P[W],.q = P(q: ¥)21) " '8(q1 + q2), (F1)
where ¢ = (q,w) and §(g) = 8(qQ)8(w). P(q;¥) is a 2N X

2N matrix, thus we write its element as P"", where i, Jj=

l

1,2 represent the two conjugate fields v and v/, and p,v =

1,...,N are the field component indices.
P/"(q;¥) = P/;"(q,w; ¥) can be written as
, Yy
Pi’;”(qrw; 'ﬁ) = Pl(jT)(qvwa ,0) <6,U- - T A
2p
vyt
+ PP 0) =, (F2)
: o
where the transverse and longitudinal parts are given by
2XT
P (quip) = ——,
" Do(q,w; p)
Mo(q; p) — il — gxv)X
P (q.w; p) = - ,
Do(q,w; p)
Mo(q; p) +i(w — gxv)X
P (q.w; p) = - ,
Do(q,w; p)
P3;(q,0; p) = 0, (F3)
2XT
P (q0;p) = ———.,
a Di(q,w; p)
Mi(q; p) —i(w — gxv)X
P (q.w;p) = — _ ,
Di(q,w; p)
Mi(q; p) +i(w — g v)X
Pi(q,0;p) = — _ :
Dl(qvw7 10)
Py(q.0: p) = 0. (F4)

M(q; p) and D(q,w; p) are defined as
Mo(q; p) = Zyq; + Z.47 + Ru(@) — F(p),
Mi(q; p) = Zyq; + Z1q7 + Re(@) — F(p) = 2pF'(p),
Do(q.0; p) = Mo(q; p)* + (0 — g, v)* X7,
Di(q.w; p) = Mi(q: p)* + (@ — qxv)* X°. (F5)

In Sec. IVE, we also use the simplified notation D(q; p) =
D(q,w = 0; p).
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To express the RG equations in a compact form, we
introduce the following integrals:

LD (p) = — f & Ri(QMo(q; )", (F6)
q

1D py.2) = — / B RU(P (@ o) PO 2. (FT)
q

ID (o1, p2) = — / R(@P (@ o) PV (@ p2) . (F8)
q

where 9, = —kdy, fq = [dPq/(27)P, and all frequencies w

in P (q;p) are set to zero. LD, I,i,%,), and Jn(i,) are also

defined by replacing M, and Dy in Egs. (F6)—(F8) with M| and
D, respectively. These integrals are used in Egs. (69), (72),
and (73).

APPENDIX G: NUMERICAL METHOD TO OBTAIN
NONANALYTIC FIXED FUNCTIONS

In this Appendix, the numerical method used to obtain
the fixed functions §&3,(z) and &5,(z) is presented. Since
the solution exhibits a nonanalytic behavior near z = 1,
standard numerical techniques are not applicable. We define
800(z) = (N — 2)800(z) and 85(z) = (N — 2)81(z), and the
trial functions Ség(z) and S;‘l)(z) as follows:

Mmax

S =ap+ Y a1 — 2", G1)
n=1
59(2) = bo+ Y bu(1 —2)"2. (G2)
n=1
We rewrite Egs. (86) and (87) as
01800(2) = Pooldoo,d21; €1(2),
01021(z) = B21[800,621; €1(2). (G3)
Then, the fixed functions §(z) and 83, (z) satisfy
BoolSg:851:€ = N —2](z) = 0,
,321[530,5’51;6 =N —-2](z) =0. (G4)
The integral S({a,},{b,}) is introduced,
1
S b)) = [ {BulB380: N - 2]
-1
+ B2 (860,85 N — 2](2)*}dz,  (GS)

which vanishes if the true fixed functions are attained. The
set of optimal parameters {a,} and {b,} can be obtained by
minimizing S({a,},{b,}). From Eq. (97), ap and a; satisfy
—ap + aé - (1/2)al2 =0. Since ap =1 when a; =0, we
obtain the following constraint:

ap = %(1 +4/1 —|—2af),

which enables us to avoid the trivial solution {a,} = {b,} = 0.
Note that the integral S({a,},{b,}) has several local minima.

(Go)
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TAIKI HAGA

One is chosen such that it recovers the fixed function Eq. (108)
at N = 2. The truncation number is fixed at n.,,x = 4. The
inclusion of the higher order terms only changes ., = §3,(1)
by less than one percent.
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By employing a similar method, the anomalous dimension
n for the RFO(N)M can be also calculated from Eq. (80). We
have checked that it agrees with the known value given in
Refs. [7,35].

[1] A. Aharony, Y. Imry, and S.-k. Ma, Phys. Rev. Lett. 37, 1364
(1976).

[2] G. Parisi and N. Sourlas, Phys. Rev. Lett. 43, 744 (1979).

[3] J. Bricmont and A. Kupiainen, Phys. Rev. Lett. 59, 1829 (1987).

[4] D. S. Fisher, Phys. Rev. B 31, 7233 (1985).

[5] D. S. Fisher, Phys. Rev. Lett. 56, 1964 (1986).

[6] L. Balents and D. S. Fisher, Phys. Rev. B 48, 5949 (1993).

[7] D. E. Feldman, Phys. Rev. Lett. 88, 177202 (2002).

[8] G. Tarjus and M. Tissier, Phys. Rev. B 78, 024203 (2008); 78,
024204 (2008).

[9] M. Tissier and G. Tarjus, Phys. Rev. B 85, 104202 (2012); 85,
104203 (2012).

[10] N. G. Fytas, V. Martin-Mayor, M. Picco, and N. Sourlas, Phys.
Rev. Lett. 116, 227201 (2016).

[11] N. G. Fytas and V. Martin-Mayor, Phys. Rev. E 93, 063308
(2016).

[12] N. G. Fytas, V. Martin-Mayor, M. Picco, and N. Sourlas, Phys.
Rev. E 95, 042117 (2017).

[13] G. Blatter, M. V. Feigel’man, V. B. Geshkenbein, A. I. Larkin,
and V. M. Vinokur, Rev. Mod. Phys. 66, 1125 (1994).

[14] M. Charalambous, J. Chaussy, and P. Lejay, Phys. Rev. B 45,
5091(R) (1992).

[15] S. Bhattacharya and M. J. Higgins, Phys. Rev. Lett. 70, 2617
(1993).

[16] U. Yaron, P. L. Gammel, D. A. Huse, R. N. Kleiman, C. S.
Oglesby, E. Bucher, B. Batlogg, D. J. Bishop, K. Mortensen,
K. Clausen, C. A. Bolle, and F. DeLaCruz, Phys. Rev. Lett. 73,
2748 (1994).

[17] H. Safar, P. L. Gammel, D. A. Huse, G. B. Alers, D. J. Bishop,
W. C. Lee, J. Giapintzakis, and D. M. Ginsberg, Phys. Rev. B
52,6211 (1995).

[18] D. S. Fisher, Phys. Rev. B 31, 1396 (1985).

[19] O. Narayan and D. S. Fisher, Phys. Rev. B 46, 11520 (1992);
48, 7030 (1993).

[20] P. Chauve, T. Giamarchi, and P. Le Doussal, Phys. Rev. B 62,
6241 (2000).

[21] P. Le Doussal, K. J. Wiese, and P. Chauve, Phys. Rev. B 66,
174201 (2002).

[22] A. E. Koshelev and V. M. Vinokur, Phys. Rev. Lett. 73, 3580
(1994).

[23] S. Ryu, M. Hellerqvist, S. Doniach, A. Kapitulnik, and D.
Stroud, Phys. Rev. Lett. 77, 5114 (1996).

[24] D. Dominguez, N. Grgnbech-Jensen, and A. R. Bishop, Phys.
Rev. Lett. 78, 2644 (1997).

[25] G. Griiner, Rev. Mod. Phys. 60, 1129 (1988).

[26] P. T. Korda, M. B. Taylor, and D. G. Grier, Phys. Rev. Lett. 89,
128301 (2002).

[27] D. E. Feldman, Phys. Rev. Lett. 84, 4886 (2000).

[28] T. Bellini, M. Buscaglia, C. Chiccoli, F. Mantegazza, P. Pasini,
and C. Zannoni, Phys. Rev. Lett. 85, 1008 (2000).

[29] L. Petridis and E. M. Terentjev, Phys. Rev. E 74, 051707 (2006).

[30] T. Araki, Phys. Rev. Lett. 109, 257801 (2012).

[31] A. Sengupta, U. Tkalec, M. Ravnik, J. M. Yeomans, C. Bahr,
and S. Herminghaus, Phys. Rev. Lett. 110, 048303 (2013).

[32] Y. Imry and S.-k. Ma, Phys. Rev. Lett. 35, 1399 (1975).

[33] M. Aizenman and J. Wehr, Phys. Rev. Lett. 62, 2503 (1989).

[34] T. Giamarchi and P. Le Doussal, Phys. Rev. Lett. 72, 1530
(1994); Phys. Rev. B 52, 1242 (1995).

[35] D. E. Feldman, Phys. Rev. B 61, 382 (2000).

[36] M.J. P. Gingras and D. A. Huse, Phys. Rev. B 53, 15193 (1996).

[37] G. 1. Menon, Phys. Rev. B 65, 104527 (2002).

[38] P. Le Doussal and K. J. Wiese, Phys. Rev. Lett. 96, 197202
(2006).

[39] M. Tissier and G. Tarjus, Phys. Rev. Lett. 96, 087202 (2006).

[40] M. Tissier and G. Tarjus, Phys. Rev. B 74, 214419 (2006).

[41] J. M. Kosterlitz and D. J. Thouless, J. Phys. C 6, 1181 (1973).

[42] J. V. José, L. P. Kadanoff, S. Kirkpatrick, and D. R. Nelson,
Phys. Rev. B 16, 1217 (1977).

[43] T. Giamarchi and P. Le Doussal, Phys. Rev. Lett. 76, 3408
(1996).

[44] P. Le Doussal and T. Giamarchi, Phys. Rev. B 57, 11356 (1998).

[45] L. Balents, M. C. Marchetti, and L. Radzihovsky, Phys. Rev. B
57,7705 (1998).

[46] T. Haga, Phys. Rev. E 92, 062113 (2015).

[47] J. Berges, N. Tetradis, and C. Wetterich, Phys. Rep. 363, 223
(2002).

[48] B. Delamotte, D. Mouhanna, and M. Tissier, Phys. Rev. B 69,
134413 (2004).

[49] N. Dupuis, Phys. Rev. A 80, 043627 (2009).

[50] L. Canet, H. Chaté, B. Delamotte, I. Dornic, and M. A. Muiloz,
Phys. Rev. Lett. 95, 100601 (2005).

[51] L. Canet, H. Chaté, B. Delamotte, and N. Wschebor, Phys. Rev.
Lett. 104, 150601 (2010).

[52] L. Canet, H. Chaté, and B. Delamotte, J. Phys. A 44, 495001
(2011).

[53] D. Litim, Phys. Lett. B 486, 92 (2000).

[54] R. Chitra, T. Giamarchi, and P. Le Doussal, Phys. Rev. B 59,
4058 (1999).

[55] D. E. Feldman, Phys. Rev. B 56, 3167 (1997); JETP Lett. 65,
114 (1997).

184202-18


https://doi.org/10.1103/PhysRevLett.37.1364
https://doi.org/10.1103/PhysRevLett.37.1364
https://doi.org/10.1103/PhysRevLett.37.1364
https://doi.org/10.1103/PhysRevLett.37.1364
https://doi.org/10.1103/PhysRevLett.43.744
https://doi.org/10.1103/PhysRevLett.43.744
https://doi.org/10.1103/PhysRevLett.43.744
https://doi.org/10.1103/PhysRevLett.43.744
https://doi.org/10.1103/PhysRevLett.59.1829
https://doi.org/10.1103/PhysRevLett.59.1829
https://doi.org/10.1103/PhysRevLett.59.1829
https://doi.org/10.1103/PhysRevLett.59.1829
https://doi.org/10.1103/PhysRevB.31.7233
https://doi.org/10.1103/PhysRevB.31.7233
https://doi.org/10.1103/PhysRevB.31.7233
https://doi.org/10.1103/PhysRevB.31.7233
https://doi.org/10.1103/PhysRevLett.56.1964
https://doi.org/10.1103/PhysRevLett.56.1964
https://doi.org/10.1103/PhysRevLett.56.1964
https://doi.org/10.1103/PhysRevLett.56.1964
https://doi.org/10.1103/PhysRevB.48.5949
https://doi.org/10.1103/PhysRevB.48.5949
https://doi.org/10.1103/PhysRevB.48.5949
https://doi.org/10.1103/PhysRevB.48.5949
https://doi.org/10.1103/PhysRevLett.88.177202
https://doi.org/10.1103/PhysRevLett.88.177202
https://doi.org/10.1103/PhysRevLett.88.177202
https://doi.org/10.1103/PhysRevLett.88.177202
https://doi.org/10.1103/PhysRevB.78.024203
https://doi.org/10.1103/PhysRevB.78.024203
https://doi.org/10.1103/PhysRevB.78.024203
https://doi.org/10.1103/PhysRevB.78.024203
https://doi.org/10.1103/PhysRevB.78.024204
https://doi.org/10.1103/PhysRevB.78.024204
https://doi.org/10.1103/PhysRevB.78.024204
https://doi.org/10.1103/PhysRevB.85.104202
https://doi.org/10.1103/PhysRevB.85.104202
https://doi.org/10.1103/PhysRevB.85.104202
https://doi.org/10.1103/PhysRevB.85.104202
https://doi.org/10.1103/PhysRevB.85.104203
https://doi.org/10.1103/PhysRevB.85.104203
https://doi.org/10.1103/PhysRevB.85.104203
https://doi.org/10.1103/PhysRevLett.116.227201
https://doi.org/10.1103/PhysRevLett.116.227201
https://doi.org/10.1103/PhysRevLett.116.227201
https://doi.org/10.1103/PhysRevLett.116.227201
https://doi.org/10.1103/PhysRevE.93.063308
https://doi.org/10.1103/PhysRevE.93.063308
https://doi.org/10.1103/PhysRevE.93.063308
https://doi.org/10.1103/PhysRevE.93.063308
https://doi.org/10.1103/PhysRevE.95.042117
https://doi.org/10.1103/PhysRevE.95.042117
https://doi.org/10.1103/PhysRevE.95.042117
https://doi.org/10.1103/PhysRevE.95.042117
https://doi.org/10.1103/RevModPhys.66.1125
https://doi.org/10.1103/RevModPhys.66.1125
https://doi.org/10.1103/RevModPhys.66.1125
https://doi.org/10.1103/RevModPhys.66.1125
https://doi.org/10.1103/PhysRevB.45.5091
https://doi.org/10.1103/PhysRevB.45.5091
https://doi.org/10.1103/PhysRevB.45.5091
https://doi.org/10.1103/PhysRevB.45.5091
https://doi.org/10.1103/PhysRevLett.70.2617
https://doi.org/10.1103/PhysRevLett.70.2617
https://doi.org/10.1103/PhysRevLett.70.2617
https://doi.org/10.1103/PhysRevLett.70.2617
https://doi.org/10.1103/PhysRevLett.73.2748
https://doi.org/10.1103/PhysRevLett.73.2748
https://doi.org/10.1103/PhysRevLett.73.2748
https://doi.org/10.1103/PhysRevLett.73.2748
https://doi.org/10.1103/PhysRevB.52.6211
https://doi.org/10.1103/PhysRevB.52.6211
https://doi.org/10.1103/PhysRevB.52.6211
https://doi.org/10.1103/PhysRevB.52.6211
https://doi.org/10.1103/PhysRevB.31.1396
https://doi.org/10.1103/PhysRevB.31.1396
https://doi.org/10.1103/PhysRevB.31.1396
https://doi.org/10.1103/PhysRevB.31.1396
https://doi.org/10.1103/PhysRevB.46.11520
https://doi.org/10.1103/PhysRevB.46.11520
https://doi.org/10.1103/PhysRevB.46.11520
https://doi.org/10.1103/PhysRevB.46.11520
https://doi.org/10.1103/PhysRevB.48.7030
https://doi.org/10.1103/PhysRevB.48.7030
https://doi.org/10.1103/PhysRevB.48.7030
https://doi.org/10.1103/PhysRevB.62.6241
https://doi.org/10.1103/PhysRevB.62.6241
https://doi.org/10.1103/PhysRevB.62.6241
https://doi.org/10.1103/PhysRevB.62.6241
https://doi.org/10.1103/PhysRevB.66.174201
https://doi.org/10.1103/PhysRevB.66.174201
https://doi.org/10.1103/PhysRevB.66.174201
https://doi.org/10.1103/PhysRevB.66.174201
https://doi.org/10.1103/PhysRevLett.73.3580
https://doi.org/10.1103/PhysRevLett.73.3580
https://doi.org/10.1103/PhysRevLett.73.3580
https://doi.org/10.1103/PhysRevLett.73.3580
https://doi.org/10.1103/PhysRevLett.77.5114
https://doi.org/10.1103/PhysRevLett.77.5114
https://doi.org/10.1103/PhysRevLett.77.5114
https://doi.org/10.1103/PhysRevLett.77.5114
https://doi.org/10.1103/PhysRevLett.78.2644
https://doi.org/10.1103/PhysRevLett.78.2644
https://doi.org/10.1103/PhysRevLett.78.2644
https://doi.org/10.1103/PhysRevLett.78.2644
https://doi.org/10.1103/RevModPhys.60.1129
https://doi.org/10.1103/RevModPhys.60.1129
https://doi.org/10.1103/RevModPhys.60.1129
https://doi.org/10.1103/RevModPhys.60.1129
https://doi.org/10.1103/PhysRevLett.89.128301
https://doi.org/10.1103/PhysRevLett.89.128301
https://doi.org/10.1103/PhysRevLett.89.128301
https://doi.org/10.1103/PhysRevLett.89.128301
https://doi.org/10.1103/PhysRevLett.84.4886
https://doi.org/10.1103/PhysRevLett.84.4886
https://doi.org/10.1103/PhysRevLett.84.4886
https://doi.org/10.1103/PhysRevLett.84.4886
https://doi.org/10.1103/PhysRevLett.85.1008
https://doi.org/10.1103/PhysRevLett.85.1008
https://doi.org/10.1103/PhysRevLett.85.1008
https://doi.org/10.1103/PhysRevLett.85.1008
https://doi.org/10.1103/PhysRevE.74.051707
https://doi.org/10.1103/PhysRevE.74.051707
https://doi.org/10.1103/PhysRevE.74.051707
https://doi.org/10.1103/PhysRevE.74.051707
https://doi.org/10.1103/PhysRevLett.109.257801
https://doi.org/10.1103/PhysRevLett.109.257801
https://doi.org/10.1103/PhysRevLett.109.257801
https://doi.org/10.1103/PhysRevLett.109.257801
https://doi.org/10.1103/PhysRevLett.110.048303
https://doi.org/10.1103/PhysRevLett.110.048303
https://doi.org/10.1103/PhysRevLett.110.048303
https://doi.org/10.1103/PhysRevLett.110.048303
https://doi.org/10.1103/PhysRevLett.35.1399
https://doi.org/10.1103/PhysRevLett.35.1399
https://doi.org/10.1103/PhysRevLett.35.1399
https://doi.org/10.1103/PhysRevLett.35.1399
https://doi.org/10.1103/PhysRevLett.62.2503
https://doi.org/10.1103/PhysRevLett.62.2503
https://doi.org/10.1103/PhysRevLett.62.2503
https://doi.org/10.1103/PhysRevLett.62.2503
https://doi.org/10.1103/PhysRevLett.72.1530
https://doi.org/10.1103/PhysRevLett.72.1530
https://doi.org/10.1103/PhysRevLett.72.1530
https://doi.org/10.1103/PhysRevLett.72.1530
https://doi.org/10.1103/PhysRevB.52.1242
https://doi.org/10.1103/PhysRevB.52.1242
https://doi.org/10.1103/PhysRevB.52.1242
https://doi.org/10.1103/PhysRevB.52.1242
https://doi.org/10.1103/PhysRevB.61.382
https://doi.org/10.1103/PhysRevB.61.382
https://doi.org/10.1103/PhysRevB.61.382
https://doi.org/10.1103/PhysRevB.61.382
https://doi.org/10.1103/PhysRevB.53.15193
https://doi.org/10.1103/PhysRevB.53.15193
https://doi.org/10.1103/PhysRevB.53.15193
https://doi.org/10.1103/PhysRevB.53.15193
https://doi.org/10.1103/PhysRevB.65.104527
https://doi.org/10.1103/PhysRevB.65.104527
https://doi.org/10.1103/PhysRevB.65.104527
https://doi.org/10.1103/PhysRevB.65.104527
https://doi.org/10.1103/PhysRevLett.96.197202
https://doi.org/10.1103/PhysRevLett.96.197202
https://doi.org/10.1103/PhysRevLett.96.197202
https://doi.org/10.1103/PhysRevLett.96.197202
https://doi.org/10.1103/PhysRevLett.96.087202
https://doi.org/10.1103/PhysRevLett.96.087202
https://doi.org/10.1103/PhysRevLett.96.087202
https://doi.org/10.1103/PhysRevLett.96.087202
https://doi.org/10.1103/PhysRevB.74.214419
https://doi.org/10.1103/PhysRevB.74.214419
https://doi.org/10.1103/PhysRevB.74.214419
https://doi.org/10.1103/PhysRevB.74.214419
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1088/0022-3719/6/7/010
https://doi.org/10.1103/PhysRevB.16.1217
https://doi.org/10.1103/PhysRevB.16.1217
https://doi.org/10.1103/PhysRevB.16.1217
https://doi.org/10.1103/PhysRevB.16.1217
https://doi.org/10.1103/PhysRevLett.76.3408
https://doi.org/10.1103/PhysRevLett.76.3408
https://doi.org/10.1103/PhysRevLett.76.3408
https://doi.org/10.1103/PhysRevLett.76.3408
https://doi.org/10.1103/PhysRevB.57.11356
https://doi.org/10.1103/PhysRevB.57.11356
https://doi.org/10.1103/PhysRevB.57.11356
https://doi.org/10.1103/PhysRevB.57.11356
https://doi.org/10.1103/PhysRevB.57.7705
https://doi.org/10.1103/PhysRevB.57.7705
https://doi.org/10.1103/PhysRevB.57.7705
https://doi.org/10.1103/PhysRevB.57.7705
https://doi.org/10.1103/PhysRevE.92.062113
https://doi.org/10.1103/PhysRevE.92.062113
https://doi.org/10.1103/PhysRevE.92.062113
https://doi.org/10.1103/PhysRevE.92.062113
https://doi.org/10.1016/S0370-1573(01)00098-9
https://doi.org/10.1016/S0370-1573(01)00098-9
https://doi.org/10.1016/S0370-1573(01)00098-9
https://doi.org/10.1016/S0370-1573(01)00098-9
https://doi.org/10.1103/PhysRevB.69.134413
https://doi.org/10.1103/PhysRevB.69.134413
https://doi.org/10.1103/PhysRevB.69.134413
https://doi.org/10.1103/PhysRevB.69.134413
https://doi.org/10.1103/PhysRevA.80.043627
https://doi.org/10.1103/PhysRevA.80.043627
https://doi.org/10.1103/PhysRevA.80.043627
https://doi.org/10.1103/PhysRevA.80.043627
https://doi.org/10.1103/PhysRevLett.95.100601
https://doi.org/10.1103/PhysRevLett.95.100601
https://doi.org/10.1103/PhysRevLett.95.100601
https://doi.org/10.1103/PhysRevLett.95.100601
https://doi.org/10.1103/PhysRevLett.104.150601
https://doi.org/10.1103/PhysRevLett.104.150601
https://doi.org/10.1103/PhysRevLett.104.150601
https://doi.org/10.1103/PhysRevLett.104.150601
https://doi.org/10.1088/1751-8113/44/49/495001
https://doi.org/10.1088/1751-8113/44/49/495001
https://doi.org/10.1088/1751-8113/44/49/495001
https://doi.org/10.1088/1751-8113/44/49/495001
https://doi.org/10.1016/S0370-2693(00)00748-6
https://doi.org/10.1016/S0370-2693(00)00748-6
https://doi.org/10.1016/S0370-2693(00)00748-6
https://doi.org/10.1016/S0370-2693(00)00748-6
https://doi.org/10.1103/PhysRevB.59.4058
https://doi.org/10.1103/PhysRevB.59.4058
https://doi.org/10.1103/PhysRevB.59.4058
https://doi.org/10.1103/PhysRevB.59.4058
https://doi.org/10.1103/PhysRevB.56.3167
https://doi.org/10.1103/PhysRevB.56.3167
https://doi.org/10.1103/PhysRevB.56.3167
https://doi.org/10.1103/PhysRevB.56.3167
https://doi.org/10.1134/1.567335
https://doi.org/10.1134/1.567335
https://doi.org/10.1134/1.567335
https://doi.org/10.1134/1.567335



