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and voltage-controlled magnetic anisotropy
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An analytical study of the spectral line shape of ferromagnetic resonance (FMR) detected by spin rectification
effect and driven by the combined action of spin-transfer torque (STT) and voltage-controlled magnetic anisotropy
(VCMA) is developed. The system under consideration consists of a magnetic tunnel junction (MTJ). Explicit
expressions for the symmetric and asymmetric components of the rectified voltage are derived, where the
role of the VCMA, in-plane STT, and field-like torque is clearly identified and discussed. Typical geometrical
configurations are particularly analyzed and compared with recent experimental results. The analytical findings
show that the change of sign in the FMR response upon reversal of the magnetization is completely due to
VCMA. By distinguishing in-plane, out-of-plane, and full magnetization reversal processes, it is shown that the
VCMA induces a change of sign in the symmetric part for the in-plane and out-of-plane magnetization reversal,
while the asymmetric part change its sign under a full and in-plane reversion of the magnetization. Explicit
expressions of the symmetric and asymmetric contributions of the spectral line shape allow us to detect under
what conditions the STT and VCMA can increase or decrease the FMR spectral line shape. The proposed theory
allows access to a better understanding of the physics behind ferromagnetic resonance phenomena, promoting
potential applications in STT+VCMA-based MTJs.
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I. INTRODUCTION

The manipulation of magnetization with spin polarized
currents through spin-transfer torque [1–3] plays a central
role in the field of spintronics. Besides its intrinsic interest
as physical phenomenon, STT is also the basis of new
classes of emerging technologies such as magnetoresistive
random access memories, nonvolatile logic chips, and STT
self-oscillators [4–8]. Despite these important achievements
there still persists significant technological disadvantages,
for instance the high electric current densities needed to
manipulate the magnetization, which is unavoidably accom-
panied by high power consumption and Joule heating [9].
Therefore, new ways to control the magnetization dynamics
are of great interest for the spintronics community. The
control of magnetic anisotropy by electric fields has been
recently proposed as an alternative method to manipulate the
magnetization state [9–23]. To use electric fields rather than
electric currents greatly reduces Ohmic losses and thereby
improves the performance of spintronic devices. In this
context, the VCMA phenomenon has been extensively studied
on ferromagnetic/insulator junctions [9,19–23], where the
interfacial perpendicular magnetic anisotropy is modified by
the application of a voltage perpendicular to the ferromagnetic
(FM) film. On the other side, FM/insulator interfaces in MTJs
have been also widely employed to study the role of STT in
the magnetization dynamics [24–27]. Therefore, both VCMA
and STT effects can influence the dynamic behavior of the
magnetization provided the lateral dimensions of the MTJ
are small enough (order of tens of nanometers) to have an
appreciable STT. Indeed, it was recently demonstrated that
both spin-transfer torque and voltage-controlled magnetic
anisotropy torques are equally important, since both can
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contribute either to magnetization switching [28] or FMR
response [18].

The suitable experimental technique to study the magne-
tization dynamics on micro- and nanostructured MTJs is the
FMR spectroscopy, where the output signal or spectral line
shape is detected by the spin rectification effect [29,30], which
consists of the homodyne rectified voltage arising from the
rf applied current and rf tunneling magnetoresistance. It is
well established that while the in-plane component of STT is
proportional to the symmetric part of the FMR peak, the field-
like torque (FLT) component contributes to the antisymmetric
one [31,32]. However, in the case of VCMA-induced FMR,
some conclusions cannot be directly obtained as in the case of
STT. For instance, it has been reported that VCMA may affect
both symmetric and asymmetric components of the output
signal depending on the direction of the applied magnetic
field [18,22]. Moreover, VCMA presents some peculiarities
like the change of sign of the rectified voltage upon reversal of
the external field [18,22]. To date, there is a lack of a general
theoretical framework that allows identifying and quantifying
the role of the combined action of STT and VCMA on the FMR
response in MTJs. This is not only important from the physics
point of view but also for potential applications of the MTJs as
microwave detectors [33], where the optimization of the spin
rectification voltage is crucial.

In this paper an analytical description of the VMCA+STT-
induced FMR phenomenon is developed. Explicit expressions
for symmetric and asymmetric contributions of the FMR line
shape are derived, where the role of the VCMA, FLT, and
in-plane STT (ipSTT) are clearly identified and compared with
recent experimental measurements.

II. THEORETICAL DESCRIPTION

In order to take into account a generalized geometry of the
system, a reference frame (x,y,z) is considered (see Fig. 1).
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FIG. 1. Geometry considered in the theoretical description. The
reference system (x,y,z) is defined in such a way that the equilibrium
magnetization of the free layer points along the z axis and x lies
in the plane. Angles ϕ, ϕh, and ϕp represent the azimuthal angles
of the equilibrium magnetization, external field, and the polarizer,
respectively, measured from the long axis. In the same way, angles θ ,
θh, and θp are the polar angles measured from the normal.

By controlling angles ϕ and θ , which define the equilibrium
orientation of the magnetization, as well as ϕp and θp, which
represents the magnetic orientation of the polarizer p, any
geometrical configuration can be theoretically addressed. The
time evolution of the free layer magnetization is described
by the Landau-Lifshitz-Gilbert (LLG) equation plus STT
terms: ṁ = −γ m × [He − α

γ
ṁ − β�m × p − β⊥p]. Here the

dot denotes the time derivative, γ is the gyromagnetic ratio,
α is the Gilbert damping, β�m × p is the ipSTT also known
as the nonadiabatic or Slonczewski STT, and β⊥p is the FLT,
also known as the adiabatic or out-of-plane STT. The electric
current is positive for electrons flowing from the free to the
polarizer FM layer. Vector m represents the unit free layer
magnetization, normalized to the saturation magnetization Ms,
and He is the effective field, which contains the driving field
due to an rf voltage. By writing β ′

�,⊥ = [d(β�,⊥)/dI ] [31], the
LLG+STT equation can be written as

ṁ = −γ m ×
[

He − α

γ
ṁ − I (t)(β ′

�
m × p − β ′

⊥p)

]
, (1)

where I (t) represents the oscillating current injected into the
MTJ. This current generates an Oersted field, which may be
significant inside the free layer, nevertheless the vector sum of
the Oersted field over a resonant mode is null for the macrospin
model [34], so that this field is not included in the analysis.
The voltage will make a periodic modulation over time on
the perpendicular magnetic anisotropy field, where the normal
component of the anisotropy field can be expressed as [18,19]

Hs = H 0
s − dHs

dV

(
Vdc + V 0

rfe
iωt

)
, (2)

where H 0
s is the magnitude of the unperturbed anisotropy

field, and Vdc and V 0
rf are the dc and rf components of the

voltage, respectively. In this expansion, dHs/dV is assumed
positive, to be in agreement with the reported experimen-

tal evidence [10,18,19] showing that the magnitude of Hs

increases when positive charges accumulate at the interface
between free layer and spacer. Here dHs/dV represents the
efficiency of the VCMA effect. With respect to its sign, it
has been found that Hs increases when the free FM layer
is charged positively [18,19], so that dHs/dV is positive.
Moreover, Zhu et al. [18] found that dHs/dV is practically
constant over the full range of voltages employed. The flowing
current through the MTJ can be treated like the leakage current
of a parallel plate capacitor [35]. Therefore, the complex
impedance may be approximated by that of a parallel RC
circuit, i.e., Z = R/(1 + iωRC), where C is the capacitance.
In the approximation of an infinite parallel plate capacitor,
the capacitance is given by C = Aε/d. Taking the value of
the MgO dielectric constant as [36] ε = 8.76×10−11 Fm−1,
d ∼ nm, and typical values of resistance-area product of tunnel
junctions [18,21] ∼10−9	 m2, it is obtained that the product
ωRC is ∼10−2. Then, it may be assumed that Z ≈ R, so that
microwave voltage and current are approximately in phase.
Thus Hs = H 0

s − β ′
v(Idc + I 0

rfe
iωt ), where it has been defined

β ′
v = dHs

dI
= 1

R

dHs

dV
. (3)

The term β ′
v is the current efficiency of the VCMA effect. One

can note that terms β ′
�

and β ′
⊥ defined in Eq. (1), and β ′

v defined
in Eq. (3), have the same units.

Under the linearization approach, the unit magnetization
of the free layer can be written as m = ẑ + m⊥, with
m⊥ = mx(t)x̂ + my(t)ŷ being the dynamic magnetization.
By writing mx,y(t) = m0

x,ye
iωt and assuming α2 + 1 ≈ 1, the

LLG+STT equation of motion (1) can be separated into two
coupled equations:

(	xy − iω)m0
x + (	yy − iαω)m0

y = Tx, (4)

(	xx + iαω)m0
x + (	yx − iω)m0

y = Ty. (5)

Here Tx = γ I 0
rf[β

′
�
px + β ′

⊥py + (β ′
v/2) sin 2θ ] and Ty =

γ I 0
rf(−β ′

⊥px + β ′
�
py). Elements 	ηη′ have frequency

units and explicit expressions can be found in
the Appendix. Also, px = − sin θp sin(ϕ − ϕp),
py = − sin θp cos(ϕ − ϕp) cos θ + sin θ cos θp, and
pz = sin θ sin θp cos(ϕ − ϕp) + cos θ cos θp. By using
Cramer’s rule, the normalized dynamic components are

(
mx(t)
my(t)

)
= eiωt

ω2 − ω2
r − iλω

(
Ax − iSxω

Ay − iSyω

)
, (6)

where ω2
r = 	xy	yx − 	yy	xx and λ = (	xx − 	yy)α −

2γ Idcβ
′
�
pz. Here it is easy to see that ωr is the reso-

nance frequency, while λ is the FMR linewidth [37]. Also,
Ax = 	yyTy − 	yxTx , Ay = 	xxTx − 	xyTy , Sx = −Tx , and
Sy = −Ty .

In a typical experimental setup to electrically detect FMR,
a microwave and a dc current are simultaneously injected
into the sample through a bias tee [19,31,38]. The temporal
average of the measured voltage will depend on the total
current I (t) and the electrical resistance R, which in turn
depends directly on the relative angle ζ (t) between the mag-
netization and the polarizer. By writing I (t) = Idc + Irf(t) and
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ζ (t) = ζ0 + δζ (t), the change on the averaged voltage is given
by

δV =
〈
∂V

∂ζ

∣∣∣∣
ζ0

δζ (t) + ∂V

∂I

∣∣∣∣
Idc

Irf(t) + 1

2

∂2V

∂I 2

∣∣∣∣
Idc

Irf (t)
2

+ ∂2V

∂I∂ζ

∣∣∣∣
Idc,ζ0

Irf (t)δζ (t) + 1

2

∂2V

∂ζ 2

∣∣∣∣
ζ0

δζ (t)2

〉
. (7)

Since both δζ (t) and Irf (t) have a periodic time dependence,
both the first and second terms average to zero. The third
term arises from the nonlinearity of the I -V curve and gives
rise to nonresonant background in δV , so that it is neglected.
The last two terms of Eq. (7) are the most relevant, because
they are proportional to the amplitude of the magnetization
precession and hence are key to detect the FMR signal.
In a typical MTJ, the expression for the voltage is written
as V = R(I,ζ )I , where R is the tunnel magnetoresistance.
Recalculating Eq. (7), one finds

δV =
[(

∂2R

∂ζ∂I

∣∣∣∣
Idc,ζ0

)
Idc + ∂R

∂ζ

∣∣∣∣
ζ0

]
〈Irf(t)δζ (t)〉

+ 1

2
Idc

(
∂2R

∂ζ 2

∣∣∣∣
ζ0

)
〈δζ (t)2〉. (8)

In the model it is assumed that Idc is of the same order of
magnitude as I 0

rf , so that the terms proportional to Idc in Eq. (8)
are neglected. Note that the last term in Eq. (8) may give
origin to rectified voltage by anisotropic magnetoresistance
(AMR) [39], however, provided that in this case Idc is small and
the tunneling magnetoresistance is much larger than AMR, this
term is dropped out [39,40]. Thus, the change on the averaged
voltage becomes

δV = ∂R/∂ζ |ζ0〈Irf(t)δζ (t)〉. (9)

For the tunnel magnetoresistance, the Slonczewski expres-
sion [41] R = R0/(1 + P 2 cos ζ ) is assumed, where P is
the polarization factor, and R0 is the electrical resistance at
ζ = 90◦. On the other side, one can note that cos[ζ (t)] =
m(t) · p and since δζ (t) is a perturbation, it can be expanded
up to first order in the dynamic magnetization components,
this is δζ (t) = −[mx(t)px + my(t)py]/ sin ζ0, where ζ0 is the
equilibrium value of ζ and mx,y(t) are given in Eq. (6). Thus,
Eq. (9) becomes

δV = R0P
2I 0

rf

2(1 + P 2 cos ζ0)2
Ls, (10)

where Ls is a dimensionless function that defines the “line
shape” of the FMR response and is given by

Ls = A[(ω/ωr)2 − 1] + S(λ/ωr)(ω/ωr)2

[(ω/ωr)2 − 1]2 + (λ/ωr)2(ω/ωr)2
. (11)

Here S and A correspond to the symmetric and asym-
metric components of the FMR response, where S =
−(Sxpx + Sypy)/ωr and A = −(Axpx + Aypy)/ω2

r . Thus,

S = γ I 0
rf

ωr

[
β ′

�

(
1 − p2

z

) + β ′
vpx sin θ cos θ

]
(12)

L
s

1 +
λ

2
1 − λ

2

(a) (b)

(c) (d)

S = 1
A = 0

S = 0
A = 1

S = 1
A = 1

S = 1
A = −1

ω/ωr

FIG. 2. (a) and (b) show the completely symmetric and asym-
metric line shape, respectively. (c) and (d) represent the sum of a
completely symmetric and asymmetric by line shape with equal and
opposed signs, respectively. Red vertical dashed lines denote the
frequency range of width λ = 0.1ωr.

and

A = −γ I 0
rf

ω2
r

[
γβ ′

vHxxpy sin θ cos θ + γβ ′
⊥
(
Hxxp

2
y + Hyyp

2
x

)

− γβ ′
�
(Hyy − Hxx)pxpy

]
. (13)

Here the second order terms on α, β ′
⊥,�,v have been neglected.

Also, since Hxy is negligible for typical elliptical structures
[see Eq. (A2c) in the Appendix], the terms proportional to it
have been dropped out. The elements Hη,η′ are given in the
Appendix.

The line-shape function Ls represents the main result of
this paper. Functions S and A explicitly contain the STT and
VCMA dependence and therefore the role of both STT and
VCMA torques can be directly quantified once the spectral
FMR line shape is experimentally obtained.

III. RESULTS AND DISCUSSION

Knowing the relative magnitude ofA in comparison withS,
as well as their respective signs, gives out valuable qualitative
information of Ls around ωr. For instance, in Fig. 2(a) one
can see the case of a completely symmetric line shape,
while in Fig. 2(b) a completely asymmetric case is shown.
Figures 2(c) and 2(d) show the sum of a completely symmetric
and asymmetric Ls with equal and opposed signs, respectively.

In the following sections typical geometries, which have
been studied in recent experimental setups, will be discussed.
For simplicity, the polarizer is in-plane and parallel to the long
easy axis, i.e., θp = 90◦ and ϕp = 0.

A. Magnetization perpendicular to the short axis

In this case the in-plane component of the field is applied
along the long axis (ϕh = 0,180◦), while the out-of-plane
component of the external field will induce an out-of-plane
configuration of the equilibrium magnetization. According to
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FIG. 3. Angular dependence of functions S [(a)–(c)] and A [(d)–(g)], which are represented by the color code. Arbitrary units have been
used for function β ′

�,⊥,v. In (a) and (d) [(b) and (e)] just the influence of VCMA (ipSTT) is taken into account, while in (f) only the role of the
FLT is considered. The combined action of the VCMA and ipSTT is shown in (c), while in (g) the combined action of VCMA, ipSTT and FLT
is considered. In (a), the in-plane (ip), out-of-plane (opp), and full magnetization reversal processes are illustrated. Here it is assumed that β ′

�
,

β ′
⊥, and β ′

v have the same order of magnitude.

Fig. 1, in this configuration the magnetization is oriented in
the plane spanned by the long axis and the film’s normal;
the azimuthal angle is given by ϕ = 0 or 180◦. Since px = 0,
py = − cos θ cos ϕ, and pz = sin θ cos ϕ, the factors S and A
in Eqs. (12) and (13) are reduced to

S = γ I 0
rf

ωr
β ′

�
cos2 θ, (14a)

A = γ 2I 0
rf

ω2
r

Hxx(β ′
v cos ϕ sin θ − β ′

⊥) cos2 θ. (14b)

Despite the simple structure of Eqs. (14a) and (14b), useful
features of both symmetric and asymmetric parts can be readily
identified. First, under the absence of STT (β ′

�
= β ′

⊥ = 0)
the line shape Ls will be always asymmetric, which has
been experimentally confirmed [22]. Furthermore, if A is
dominated by the VCMA, the line shape will change its
sign when the azimuthal angle ϕ changes from 0 to 180◦ (ip
magnetization reversal) and this modulation in the line shape
is in full concordance with recent experimental results [18,22].
In addition, if the Zeeman energy dominates, the out-of-plane
angular dependence of the VCMA signal goes as sin θ cos2 θ ,
which has been also reported [19].

B. Magnetization perpendicular to the long axis

Here the in-plane component of the external field is applied
along the short axis ϕh = ± 90◦, in such a way that the
magnetization lies in the plane perpendicular to the long axis,
provided the external field is able to overcome the uniaxial
anisotropy field for doing this configuration stable. The angle
ϕ is ± 90◦ and therefore px = − sin ϕ and py = pz = 0. Thus,
the symmetric and asymmetric functions are

S = γ I 0
rf

ωr
(β ′

�
− β ′

v sin θ cos θ sin ϕ), (15a)

A = −γ I 0
rf

ω2
r

γHyyβ
′
⊥. (15b)

In this case, it is observed that VCMA influences only the
symmetric part, while the STT influences bothS andA. Again,
the VCMA torque changes the sign of the line shape for an ip
magnetization reversal, i.e., ϕ changes from 90◦ to −90◦. This
behavior has been experimentally observed by Shiota et al. in
CoFeB/MgO-based tunnel junctions [22]. From Eq. (15a), one
can see that the increasing or decreasing of the output signal is
closely related to the change of sign induced by VCMA. This
is a relevant result in this paper, since it allows a quantification
of both STT and VCMA contributions.

C. General angular dependence

The angular dependence of both symmetric and asymmetric
parts is depicted in Fig. 3. Arbitrary units have been used for
functions β ′

�,⊥,v in order to highlight the angular dependence
of S and A. The color code represents S in Figs. 3(a)–3(c)
and A in Figs. 3(d)–3(g). Here, typical magnetic parameters
of CoFeB/MgO have been used, namely Ms = 950 kA/m,
γ = 29.5 GHz/T, μ0H

0 = 2 T, and μ0H
0
s = 1 T. Also, the

demagnetizing factors associated with the principal axes are
Na = 0.014, Nb = 0.040, and Nc = 0.946, where a, b, and
c stand for the long, short, and normal axis, respectively.
By distinguishing the ip, oop, and full magnetization reversal
processes [see Fig. 3(a)], it is observed that VCMA induces a
change of sign by depending on the nature of the magnetization
rotation. Namely, the symmetric part changes its sign under
ip and oop magnetization reversal in such a way that a full
reversion of the magnetization recovers the same symmetric
function. In the asymmetric part A [see Fig. 3(d)] a different
situation is obtained, since this part of the line shape changes
its sign under ip and full magnetization reversal, while it
remains unaltered when the magnetization reverses out-of
plane. Thus, the role of VCMA over functions S and A is
clearly established. On the other side, it is noted that FLT is
important only in the asymmetric part. Indeed, the FLT does
not affect the symmetric part, while the ipSTT influences both
functions S and A, but its contribution to the asymmetric part
is very weak for realistic magnetic parameters. In Fig. 3(e)
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TABLE I. Summary of the influence of ipSTT, FLT, and VCMA on the FMR spectral line shape on MTJs.

Spectral line shape effects

Geometry of the system Symmetric part Asymmetric part

p parallel to the long axis In-plane component of m parallel to the long axis ipSTT FLT, VCMA
In-plane component of m parallel to the short axis ipSTT, VCMA FLT
m in the film’s plane ipSTT FLT

p perpendicular to the film’s plane m at arbitrary polar angle ipSTT FLT, VCMA

it is noted that there is a change of sign due to ipSTT when
the azimuthal angle changes from ϕ to ϕ ± 90◦; and when the
polar angle changes from θ to 180◦ − θ . The peculiarity of this
effect is that it becomes null for typical configurations, such
as mentioned in Secs. III A and III B. Therefore, if the ipSTT
dominates, its role on the asymmetric part can be observed as
long as the magnetization is in a canted state with respect to
the main axes.

If the VCMA dominates, as mentioned above, it is
expected that the spectral line shape changes its sign when
the azimuthal angle changes from ϕ to ϕ ± 180◦, i.e., under
an in-plane magnetization reversal. In Fig. 4 the line shape
Ls is depicted as a function of ϕ, θ , and ω/ωr at null STT.
In Fig. 4(a), the angle θ is kept at 50◦, while ϕ is varied. Here
the response is dominated by the asymmetric part A and it
is zero when ϕ = 90◦, as shown in Eq. (14b). On the other
side, by keeping ϕ = ± 90◦, one can see that the symmetric
part S becomes important and it also changes its sign, as
depicted in Fig. 4(b). Thus, it is demonstrated that the change
of sign in the spectral line shape, under the variation from ϕ to
ϕ ± 180◦ (ip magnetization reversal), can be considered as a
fingerprint of the VCMA, such as was previously reported for
some specific geometries [18,22]. In addition to the change
of sign under an ip magnetization reversal, the role of the
out-of-plane angle is clearly described, in the sense that it is
necessary to distinguish between the nature of the reversion
to detect the influence of VCMA, as discussed above.

Table I shows a summary of the angular dependence of
the spectral line shape for typical geometrical configurations.
In each case, the effect of VCMA field, ipSTT, and FLT is
identified and hence, a systematic analysis of these results can

L
s
/

L
s
/

p

m

p

m

(a) (b)

0 

50 505050

0
. 

ω/ωr ω/ωr
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θ
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90 
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= 90

= −90

= 90o, − 90o

θ

θ [deg.]

ϕ ϕ ϕ

ϕ
ϕ

ϕ

FIG. 4. Line shape as a function of ϕ, θ , and ω/ωr. In (a) the
angle θ is kept fixed at 50◦ and the azimuthal angle ϕ is varied from
0 up to 180◦. In (b) the angle ϕ is kept fixed at ± 90◦, while the
angle θ is varied from 0 up to 90◦. Here λ = 0.1ωr and null STTs are
assumed.

be used as a guide for experimentalists who are interested in
studying MTJs with varied geometrical configurations, since
these findings allow discriminating the different contributions
induced by the combined action of VCMA and STT. When
p is perpendicular to the film’s plane, VCMA mainly affects
the asymmetric part, this behavior also agrees with recent
experimental results observed on CoFeB/MgO perpendicular
MTJs [42].

IV. SUMMARY

Analytical expressions for the spectral ferromagnetic res-
onance line shape have been theoretically derived when the
excitation is induced by the combined action of spin-transfer
torque and voltage-controlled magnetic anisotropy. Explicit
expressions for the symmetric and asymmetric parts are
obtained and they can serve as a guide for discriminating
the role of the voltage-controlled magnetic anisotropy and
the spin-transfer torque effects in the ferromagnetic resonance
response of magnetic tunnel junctions. Overall, the results are
in very good concordance with recent experimental results,
which corroborates the reliability of the theoretical findings.
By taken into account the generality of the results, it is demon-
strated that the change of sign upon an in-plane magnetization
reversal is completely due to VCMA and thus, this effect can be
considered as a fingerprint of the voltage-controlled magnetic
anisotropy phenomenon. Besides, it is also shown that VCMA
induces a change of sign in the symmetric part for the in-plane
and out-of-plane magnetization reversal; while the asymmetric
parts change its sign under a full and in-plane reversion of
the magnetization. The proposed theory allows accessing to
a better understanding of the physics behind ferromagnetic
resonance phenomena in magnetic tunnel junctions, providing
simple and useful expressions that may encourage further
experimental studies in nanostructured systems and promote
potential applications in STT+VCMA-based devices.
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APPENDIX: EXPLICIT EXPRESSIONS FOR Hηη′ AND �ηη′

The elements Hηη′ can be derived from the magnetic
energy density, which up to second order in the spin deviation
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becomes [8]

ε = ε0 +
∑

η

�ηmη + 1

2Ms

∑
ηη′

Hηη′mηmη′ , (A1)

where ε0 can be ignored, since it does not affect either the
equilibrium state or the dynamic behavior. Thus, after some
algebra the coefficients Hηη′ are

Hxx = μ0H
0
z + Me cos2 θ + μ0Msfx, (A2a)

Hyy = μ0H
0
z + Me cos 2θ − μ0Msfy, (A2b)

Hxy = μ0Ms(Na − Nb) cos θ cos ϕ sin ϕ. (A2c)

Here H 0
z = H 0[sin θ sin θh cos(ϕ − ϕh) + cos θ cos θh] and

Me = μ0H
0
s − μ0NcMs, with Nη being the demagnetizing

factors of the elliptical structure, also,

fx = Na

4
[1 + 3 cos 2ϕ + 2 sin2 ϕ cos 2θ ]

+Nb(sin2 ϕ − sin2 θ cos2 ϕ)

and fy = −(Na sin2 ϕ + Nb cos2 ϕ) cos 2θ . By taking into
account the definitions of Hη,η′ , the elements 	ηη′ are

	xy = γ (Idcβ
′
�
pz − Hxy), (A3a)

	yy = γ [−Hyy + Idc(β ′
⊥pz + β ′

v cos 2θ )], (A3b)

	xx = γ [Hxx − Idc(β ′
⊥pz + β ′

v cos2 θ )], (A3c)

	yx = γ (Hxy + Idcβ
′
�
pz). (A3d)
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