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Electron transport in nodal-line semimetals
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We study the electrical conductivity in a nodal-line semimetal with charged impurities. The screening of
the Coulomb potential in this system is qualitatively different from what is found in conventional metals or
semiconductors, with the screened potential ¢ decaying as ¢ o 1/r2 over a wide interval of distances r. This
unusual screening gives rise to a rich variety of conduction regimes as a function of temperature, doping level,
and impurity concentration. In particular, nodal-line semimetals exhibit a diverging mobility oc1/|x| in the limit
of vanishing chemical potential u, a linearly increasing dependence of the conductivity on temperature, o T,
and a large weak-localization correction with a strongly anisotropic dependence on magnetic field.
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Introduction. A topological semimetal is a semimetal in
which the conduction and valence bands touch at a point
or a line (the nodal line) in momentum space. The most
well-known examples are Weyl [1-6], nodal-line [7,8], and
parabolic [9] semimetals. Such materials have been in the
focus of researchers’ attention since their discovery several
years ago, owing to the abundance of novel fundamental phe-
nomena predicted in them, including the chiral anomaly [10],
topologically protected Fermi arcs [1,3,6], and unconventional
disorder-driven transitions [11].!

In the presence of disorder, topological semimetals may
display a rich variety of electrical conduction regimes, de-
pending on the nature of quenched disorder, temperature,
and doping level. For example, these systems may exhibit
metallic or insulating transport properties or unconventional
dependencies of the conductivity on temperature. In general,
transport in topological semimetals is determined by the
behavior of several potentially competing factors at energies
near the band touching, including the vanishing density of
states (in the disorder-free limit), divergence of the screening
length, and the behavior of the elastic scattering rate.

Although the conductivity of Weyl semimetals has re-
ceived considerable attention in the literature, other types
of semimetals have largely evaded researchers’ attention. In
this paper we study the conductivity of a three-dimensional
(3D) nodal-line semimetal (NLS), where the conduction and
valence bands touch along a line in momentum space, as in the
recently discovered ZrSiS [7], HfSiS [12], and PbTaSe; [8] (a
number of other materials have also been predicted to be NLSs
[13-20]). We calculate the NLS conductivity microscopically
and study its dependence on temperature, doping level, and
impurity concentration for realistically achievable regimes.
We demonstrate that the Coulomb interaction in a low-doped
NLS is only partially screened and has the distance dependence
oc1/r? across a broad interval of r, which leads to qualitatively
new features in conduction and a richer variety of transport
regimes as compared to other semimetals, semiconductors,

See Ref. [36] for a review.
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and metals. In particular, NLSs display divergent quasiparticle
mobility in the limit of vanishing doping, linear dependence
of conductivity on temperature, and large weak-localization
corrections to the conductivity with a strongly anisotropic
dependence on magnetic field.

Model. It may be assumed normally that in an undoped NLS
all points of the nodal line lie at the Fermi energy. In a doped
material, where a finite carrier concentration is provided either
by donor or acceptor impurities or by additional pockets of
states, the Fermi surface has the shape of a tube surrounding the
nodal line, as depicted in Fig. 1(a). For realistic doping levels,
the radius of the tube (the Fermi momentum) is significantly
smaller than the characteristic size of the nodal line, which is
typically of order of the inverse lattice spacing.

We also assume that the dominant source of momentum
scattering for quasiparticles is provided by Coulomb impu-
rities, as is typical for semiconductors and semimetals. Due
to the long-range nature of the potential of these impurities,
they provide only small-momentum scattering relative to the
diameter of the nodal line, so that the curvature of the nodal line
may be neglected in each scattering event. Scattering processes
between opposite sides of the nodal line can also be neglected.

The Hamiltonian for a quasiparticle near a short straight
segment of the nodal line is given by?

Ho = v(6:ky + 6yk,) + E(k) + eg(r), (1)

where k, and k, are the transverse momentum components
(hereinafter /i = 1); 6, and &, are Pauli matrices in the space
of a spin-1/2 degree of freedom (pseudospin space); v is the
velocity of transverse motion, which for simplicity is assumed
to be the same in the x and y directions throughout this paper;
&(k,) is the contribution of the longitudinal motion to the
kinetic energy; ¢(r) is the electric potential created by charged
impurities screened by electrons.

’In principle, the quasiparticle dispersion may have a more
complicated form than that of Eq. (1), involving additional spin or
valley degrees of freedom. Such additional degrees of freedom would
affect only numerical coefficients in our results for the conductivity,
so long as the dispersion is linear near the nodal line.
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FIG. 1. Fermi surface (FS) in a doped NLS. (a) FS for a closed
nodal line. (b) A straight segment of the FS. For a long-range-
correlated disorder potential, characteristic of Coulomb impurities,
the momentum scattering along the nodal line is small, and the line
may be approximated by a chain of straight segments. The total
conductivity is given by the sum of the segment contributions.

For the small quasiparticle energies under consideration,
the longitudinal quasiparticle velocity may be estimated as
v, >~ vk, /po, and it is strongly suppressed compared to the
transverse velocity v, where py is the local radius of curvature
of the nodal line (in momentum space). As a result, the
quasiparticle dynamics on sufficiently short length scales is
effectively 2D and is confined to the plane perpendicular to
the segment of the nodal line under consideration.

The strength of the Coulomb interaction in an NLS may
be characterized by the effective fine structure constant o =
j—i (in Gaussian units), with » being the dielectric constant.
Usually, @ < 1 in semimetals (see, e.g., Refs. [21] and [22]
for estimates). In this Rapid Communication, we make the
usual weak-interaction assumption, « < 1, which allows one
to use the linear Poisson equation to describe the electrostatic
potential ¢(r) created by screened charged impurities:

xV2P(r) + 4 e? / [I(r,r )¢ (r) dr’

J

Here, r; and Z;e are the location and the charge of the jth
impurity (for donors and acceptors Z; = =1, respectively) and
I(r,xr') = —i fi)oo([ﬁ(O,r),ﬁ(t’,r’)])dt’ is the zero-frequency
polarization operator, which describes the linear response of
the local density of electrons 7(r) to the electrostatic potential
o).

Polarization operator. Due to the effectively two-
dimensional short-distance dynamics of the quasiparticles,
the screening properties of electrons near a short segment
of the nodal line are related to those in graphene [23,24],
with the contribution to the polarization operator given by
that of 2D Dirac electrons multiplied by gK/(2m), where g
indicates the spin and valley degeneracy and K| is the length
of this segment in momentum space. The full polarization
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operator is given by a sum of all such straight-line-segment
contributions, since the entire nodal line may be approximated
as a chain of straight-line segments.

At low temperature and chemical potential, the polarization
operator I1(q) is linear in the momentum |q| for any direction
of q. While the constant of proportionality between I1(q) and
|q| for a given direction of |q| depends in general on the shape
of the nodal line,® below we assume for simplicity that the full
polarization operator is isotropic in q. For sufficiently high
chemical potentials p or temperatures 7', I1(q) is momentum
independent and is determined by the density of states (DoS) at
energies ~max(|u|,7). Thus the behavior of the polarization
operator in an NLS in the limits of high and low temperatures
may be summarized as

—8CK,lq|/v, vlq| > T,|ul,
M(q) = { —gKo|ul/(An*v?), [l > T,vlq|, (3)
—gK.TIn2/2n%v?), T > |ul,vlq).

Here, K, is the length of the nodal line and C is a constant of
order unity, which accounts for the details of the geometry of
the nodal line.

Screened impurity potential. At low temperature and
chemical potential, the distance dependence of the screened
Coulomb potential in an NLS is qualitatively different from
that in conventional metals, dielectrics, or other semimetals.
The Fourier transform of the screened interaction is given by
B(q) = do(@)[1 — TI(Qo(q)] ™", where ¢o(q) = 4me?/(xq?)
describes the unscreened Coulomb interaction and the polar-
ization operator I1(q) is given by Eq. (3). At short distances
the interaction is unscreened, ¢(r) ~ e?/(xr). At distances of
order of

ro = (agK.,)™", )

the interaction potential crosses over to the unconventional
form

—. 5)

Finally, at very large distances, exceeding the characteristic
wavelength max(|u|,T)/v of the quasiparticles in the con-
duction (valence) band, the polarization operator is effec-
tively local, I1(r,r’) ~ —(4neZX%F/x)‘l 8(r — r'), resulting in
the exponentially suppressed interaction ¢(r) o exp(—r/ATp).
Here we have introduced the Thomas-Fermi (TF) screening
length, given by

o {(ga/n) - Kolpl/v,
7\ @ga/m)In2- K.T/v,

lul > T,

6
T > |ul. ©

The dependence of the screened interaction on distance is
summarised in Fig. 2, assuming low temperature and chemical
potential (Ju|, T < agvK,).

For high temperatures or chemical potentials,
max(Ju|,T) > agvK,, the characteristic quasiparticle
wavelength becomes shorter than the distance ry, and the

3These constants of proportionality between IT(q) and |q| are
calculated for the case of a circular nodal line in Ref. [37].
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FIG. 2. Screened Coulomb interaction as a function of distance
at low temperatures and doping levels.

intermediate regime with ¢(r) o< 1/r? (see Fig. 2) vanishes.
In this case, the screened electrostatic potential is given by

62

¢(r) = — exp(—r/Atr) @)
Kr

across all distances, as in a conventional metal [25].

Quasiparticle scattering. As mentioned in Introduction,
it is possible to approximate the nodal line by a chain of
straight-line segments and to consider separately the quasi-
particle transport near each segment. Due to the suppressed
quasiparticle motion along the nodal line, the transverse
conductivity o, of a given segment with momentum length
K significantly exceeds its longitudinal conductivity o,. The
sum of the conductivity from all segments, with their various
orientations, is then of order of 0, K, /K.

The relaxation of the momentum of quasiparticles with
energy & (transverse momentum &/v) near a straight segment
of the nodal line due to elastic scattering off impurities is
characterised by the transport scattering time 7. In the Born
approximation,

1

T (€) B

2 / 140 — 0oyl
imp (27_[)3 P
x (1 — cos b p) 8(kv — pv), 8)

where niy, is the total concentration of (donor and acceptor)
impurities, kK is a momentum with the transverse component
e/v, ¢(q) is the Fourier transform of the impurity potential, and
|op) is the pseudospin state of a quasiparticle with momentum
p in a given (conduction or valence) band, |(op|c7k)|2 =1+
cos b p)/2, with 6 , being the angle between the transverse
components of k and p.

Low-doping levels. At low doping, |u| <« agK,, and
zero temperature, the Fermi wavelength ~u /v significantly
exceeds the length scale ry [Eq. (4)]. Thus the scattering of
quasiparticles at the Fermi surface is determined by the oc 1/r>
tail of the impurity potential rather than the o1/rcore (see
Fig. 2).

Using Eqgs. (5) and (8), we find the transport scattering
time in this regime to be (see Supplemental Material for
details [26])

To = Va8 K2/ (Mimpv), )

where y,, is a nonuniversal constant of order unity, which
depends on the details of the geometry of the nodal line. We
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note that typical scattering events have large scattering angles
Op.x ~ 1, and therefore the transport scattering time (9) is of
the same order as the typical time 7y between collisions (the
elastic scattering time).

For weak disorder, such that tou > 1, the DoS of
quasiparticles at the Fermi energy is weakly affected by
impurities, and the conductivity is dominated by the Drude
contribution [25,27,28], which takes into account quasiparticle
scattering processes not involving quasiparticle interference.
The transverse Drude conductivity of the straight nodal-line
segment is given by

Ye &€ K2ZK |l

_LK 5,
UX(M) = Z5-_8¢v VZD(//L)Ttr

Z = , (10
22w 812 RimpV (10)
where v,p = 2%2 is the quasiparticle DoS (per spin per

valley) in the transverse 2D plane. As discussed above, the
conductivity of the entire NLS is of order (10) with the
replacement K| — K.

Since the concentration of charge carriers depends quadrat-
ically on the chemical potential, n(u) o u?, Eq. (10) implies
that the quasiparticle mobility % x ﬁ diverges as the
chemical potential approaches the nodal line, even for a fixed
impurity concentration.

Temperature dependence. In the regime of low doping
under consideration (|| < agvK.,), the conductivity strongly
depends on temperature when T > |u| (here, we neglect
electron-phonon scattering and the interaction between quasi-
particles). In the limit of weak disorder, we find for the
conductivity of a straight segment of the nodal line

oy = —/n{;(s)ox(e)de

_ Yueln2 g’e*K>K, T
A2 Rimpu ’

(T > [uD), an

where ng(¢) = 1/[exp(e/T)+ 1] is the Fermi distribution
function and o,(¢) is given by Eq. (10). The conductivity
of the NLS is described approximately by Eq. (11) with the
replacement K — K,. The linear-in-T" dependency of the
conductivity comes from thermally activated charge carriers
with a linear density of states v(¢) ¢ and a constant scattered
rate (9).

High-doping regime. When the NLS is so heavily doped that
|| > agvK,,the TF screening radius becomes shorter than ry
and the screened potential is equivalent to that in a conventional
metal [Eq. (7)]. In this regime the transport properties of the
NLS are also similar to those of a conventional metal and,
in particular, weakly dependent on the temperature. Using
Egs. (7) and (8), we find the transport scattering rate in this
regime*

1 2na2v3nimp 1 le|AtE
W) e v
At such high doping, the impurities typically scatter quasipar-

ticle momenta by small angles 6 <« 1, which leads to a signif-
icantly shorter elastic scattering time 7y = (4na2nimpvk%F)’1

12)

“This transport scattering is equivalent to the scattering of electrons
on the surface of a 3D topological insulator with bulk impurities [38].
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(see Ref. [26]). The Drude conductivity of a highly-doped NLS
is then given by the segment contribution

gKe’lul

ox(p) = 13)

8732 v3 nimp In [0/ (g Kov)]’
with K| replaced by a quantity of order K.

Weak localization. For all doping levels, the quasiparticle
dynamics on sufficiently short length scales is effectively 2D
and is confined to the plane perpendicular to the nodal line. One
can therefore expect significant quantum interference effects
that are typical of 2D systems [27,29]. In order to estimate the
characteristic length scale /4, below which these interference
effects are strong, we assume that the quasiparticles have a
small longitudinal dispersion &(k;) = vkzz/Zpo, e.g., due to
the curvature of the nodal line (in which case py is the local
radius of curvature of the line).

To estimate lgim, let us consider a quasiparticle whose
momentum K at time r = 0 lies in the x-y plane. Due to
the small dispersion in the z direction and collisions with
impurities, such a quasiparticle slowly drifts away from
the x-y plane. During each collision with an impurity, the
longitudinal velocity of the quasiparticle changes by an
amount dv, ~ £vk/K,, where we have assumed that the
local radius pg of the nodal line is of order K,. After a
long time ¢ > 19, the total change in z velocity is of order
Av, ~ (vk/K,)A/t] 70, and the quasiparticle travels a distance
Az ~ tAv, ~ (vk/K,)\/13/10 in the z direction. When this
drift length exceeds the electron wavelength ~ k= = v/|u|,
the quasiparticle can be considered to have “escaped” its initial
2D plane of motion and no longer participates in the 2D
interference effects in this plane. The characteristic time of 2D

interference can thus be estimated as #gim ~ (V2K gr() / ,1/,4)%,
which corresponds to the length

11
lim = (K. /u>) 12 1¢ (14)

of diffusion in the initial 2D plane.

Thus, quantum interference effects in an NLS on short
distances L < lg, are equivalent to those of 2D Dirac
fermions, such as electrons in graphene in a single val-
ley, which exhibit weak-antilocalization (WAL) corrections
to conductivity [30,31]. On larger length scales L > lgim,
the classical trajectories of the quasiparticles are essen-
tially 3D and the interference between them is sup-
pressed. Thus the conductivity of the NLS receives a WAL
correction

s, — 8K {ln[min(l¢,ldim>/<vrtr)], B < By,
@2n)y ys(np) - Inflp/(vty)], B > By,

s)

where By = m is the characteristic value of mag-

netic field at which the WAL is affected by the field, 7z(ng) <
1 is a nonuniversal coefficient depending on the geometry of
the nodal line and the direction ng = B/B of the magnetic
field, [, is the dephasing length, and [z = ev;rB.

The first line in Eq. (15) describes the conventional WAL
corrections due to the interference of 2D Dirac fermions
[30,31]; the second line describes the partial suppression
of WAL by the magnetic field. Because the correction is
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dominated by effectively 2D interference effects, the magnetic
field B does not suppress the interference near parts of the nodal
line perpendicular to B (here we neglect the much weaker
effect of magnetic field on the motion along the nodal line),
and therefore the suppression of the WAL correction by a
magnetic field strongly depends on the direction of the field.
In particular, if the entire nodal line lies in one plane, as,
for example, in ZrSiS [see Fig. 1(a)], the in-plane magnetic
field can partially suppress the WAL correction, while the
field perpendicular to the plane has no significant effect. We
note also that for sufficiently weak disorder (ut, >> 1) the
conductivity is dominated by the Drude contribution (10), and
the interference correction (15) is negligible.

Summary and discussion. We have studied the conductivity
in a weakly disordered NLS with charged impurities. At low
temperature and chemical potential, the screened electrostatic
interaction is qualitatively different from that in conventional
semiconductors and semimetals and includes a broad regime
of distances for which ¢(r) oc 1/r? (see Fig. 2). Such screen-
ing of impurities can potentially be probed using scanning
tunneling microscopy,” and it also manifests itself in the
dependencies of the conductivity on temperature and doping
level.

In particular, a low-doped NLS exhibits divergent quasi-
particle mobility o [4|~! at vanishing chemical potential
u, with conductivity given by Eq. (10). In this regime,
the NLS also exhibits strong temperature dependence of
the conductivity, o(T) x T, at T > |u|. At larger dop-
ing, the impurities are strongly screened, and the transport
properties of the NLS resemble those of a conventional
metal.

In all of these regimes, the conductivity of an NLS receives
large WAL corrections [Eq. (15)] due to the suppressed motion
of the charge carriers along the nodal line, which makes
electron dynamics effectively 2D on short scales and thus leads
to strong single-particle interference effects.

For presently existing NLSs, which have K, of order

1A7" and v of order 108 cm/s, the energy scale agvK, is
as large as several eV for o ~ 0.1. Existing NLS materials
are therefore likely to fall in the “low-doping” regime of
our analysis. Recent experiments on ZrSiS [32-35], for
example, report p of order 100 meV. In this case, Eq. (10)
implies a low-temperature resistivity on the order of tens of
n2 cm, assuming a charged impurity concentration of order
10" cm~3 (as reported in Ref. [35]). This is consistent with the
experimental measurements in Refs. [32,34]. In other NLSs,
where the nodal line is not doped by additional pockets of
states, it may be possible to achieve lower chemical potentials
and significantly higher mobilities. For instance, impurity
concentration n ~ nim, ~ 10'® cm=3 (typical, for example, for
Dirac semimetals) will lead to a chemical potential of order

>One should keep in mind that for a Coulomb impurity near the
surface of a NLS, which could potentially be probed by scanning
tunneling microscopy, the Coulomb potential is also affected by the
presence of surface states. Such surface states have a finite DOS [13],
and therefore contribute to screening. The resulting impurity potential
can be calculated straightforwardly, but is beyond the scope of the
present work.
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10 meV. Equation (10) then implies a huge mobility on the
order of 107 cm? V~! s~! and a strong temperature dependence
above 7' ~ 100 K.

Finally, we note that current experiments correspond
to the regime of weak disorder (utg > 1), which is as-
sumed throughout this paper and which requires njy, <
g>K?*| /v ~ 10* cm=3. Since there is no localization in
systems of effectively-2D Dirac fermions (in the absence of
scattering between opposite ends of the nodal line), one can
expect that stronger disorder (nimp > g>K?2||/v) may lead
to a universal minimal conductivity o ~ 2K, in an NLS.
However, this regime of strong disorder is left for a future
study. Another question that deserves further investigation is
the role of the interaction between quasiparticles in transport,
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as for sufficiently high temperatures the NLS resistivity will
be dominated by the scattering of quasiparticles on each other
rather than impurity scattering.
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