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Ising quantum criticality in Majorana nanowires
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Finite-length one-dimensional topological superconductor wires host localized Majorana zero modes at their
ends. In realistic models, these appear only after a topological quantum critical point is crossed by external
tuning of parameters. Thus, there is a universal finite-size scaling, governed by the critical point, that dictates the
evolution of the energy of the Majorana modes near the transition. We first describe this scaling, then apply it
in detail to an explicit synthetic topological superconductor model. Our work not only connects Ising quantum
criticality with realistic nanowires in the presence of spin-orbit coupling, Zeeman splitting, and superconductivity,
but also provides a viable experimental route for discerning the existence of the topological quantum critical
point.
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I. INTRODUCTION

An intriguing consequence of topological order in matter
is the existence of a nearly degenerate ground state subspace,
in which matrix elements of local operators (and therefore
energy splittings between ground states) fall off exponentially
with growing system size. This “exponentially protected”
degeneracy is a direct manifestation of the nonlocal topological
nature of the system, as it does not arise from any obvious
symmetry of the Hamiltonian [1]. A practical motivation un-
derlying the recent surge of interest in topological order is the
prospect of storing quantum information in nonlocal degrees of
freedom (the operators that transform different ground states
into one another) to make that storage robust against local
perturbations [2]. Topological superconductor (TS) wires,
unique in their simplicity and experimental feasibility, support
a two-dimensional nearly degenerate ground state space,
containing one “even” and one “odd” fermion-number-parity
ground state, with the appropriate parity-switching operator
shared nonlocally between so-called “Majorana modes” lo-
calized at the wire ends [3,4]. Recent experiments [5] are
believed to provide the first demonstration of the expected
exponential-in-length suppression of the splitting between the
two parity ground states (i.e., “exponential protection”) at high
magnetic fields, after passing through a field-tuned quantum
critical point (the topological quantum phase transition, or
TQPT [6]), which is required to establish TS. Motivated
by such spectroscopic probes of the exponential scaling of
presumed Majorana modes, we investigate here a deeper idea:
the relationship between the exponential scaling indicative of
topological order and the universal finite-size scaling (FSS)
[7] that one expects to observe in real nanoscale devices near
a quantum critical point—the aforementioned QCP being, in
principle, a generic feature of all realistic one-dimensional
(1D) Majorana systems. The Majorana TQPT in this problem
should have identical properties to the quantum transverse field
Ising model [8], and hence, the Majorana modes are sometimes
referred to as Ising anyons (with “anyons” distinguishing the
fact that these modes are neither fermions nor bosons as they
obey an exotic non-Abelian braiding statistics [1]).
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Our starting point is the widely used single band free
fermion model of a one-dimensional, spin-split, spin-orbit
coupled nanowire [9,10], with the single-particle Hamiltonian

h(x) =
(

− ∂2
x

2m∗ − μ

)
+ iασ y∂x + V σx (1)

in a uniform, local, spin-singlet superconducting pair potential

H =
∫ L

0
dx (ψ† h(x) ψ + �ψ↑ψ↓ + H.c.), (2)

where the integration limits denote hard-wall confinement
in a wire of length L. The system defined by Eq. (2) is
universally considered to be the appropriate description for
realistic Majorana nanowires being extensively studied in
many laboratories, and as the physical realization of the
Kitaev chain [3], albeit with important differences (some
of which are discussed below). For any nonzero spin-orbit
coupling α, this model supports two topologically distinct
phases. In the L → ∞ limit, these are separated by a single
critical line V 2

c = �2 + μ2, Fig. 1(a), where the bulk gap
closes. This closure of the bulk gap is the defining feature
of the existence of a TQPT. The “topologically nontrivial”
phase (V 2 > �2 + μ2) is distinguished, in part, by supporting
isolated, localized Majorana modes at the ends of the wire. For
finite wires, however, this bulk gap is obstructed from actually
vanishing on the erstwhile critical line as a finite-size effect
[11], illustrated in Fig. 1(b). This nonclosure of the gap for any
real (i.e., finite) system across the putative TQPT is similar to
the well-known situation in thermodynamic phase transitions
where a correlation length remains nondivergent at a critical
point, cut off by the system size (although the thermodynamic
phase transition itself is defined by the divergent correlation
length). The authors of Ref. [11] discussed the consequences
for finite-size spectroscopy of the bulk spectrum, expanding
around the QCP. Here, we establish that the QCP asserts itself
in a universal exponential approach of Majorana modes toward
zero energy.

II. FINITE-SIZE SCALING FROM THE QCP

In the above-mentioned L → ∞ gap closing transition,
there is a correlation length that goes as ξ∞ ∝ |V − Vc|−ν

(focusing on the field-tuned transition obtained by varying
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FIG. 1. (a) Phase diagram of the model Eq. (2) with a critical
line separating topologically trivial and nontrivial parameter spaces.
(b) For infinite-length wires, the bulk gap closes and reopens linearly
at the QCP (dashed lines). For finite-length wires, the bulk spectrum
(black) is discrete, the gap does not close, and the lowest-lying
level (red), representing an inchoate Majorana pair, exponentially
approaches zero above the QCP.

V , the Zeeman splitting), and correspondingly the lowest-
excitation gap goes as E0,∞ ∝ |V − Vc|ν . The Kitaev chain
[3], which is equivalent to the transverse-field Ising model from
a criticality perspective, has a universality class characterized
by the exponent ν = 1 [8]. As mentioned, for a finite-length
wire the excitation gap fails to exactly close. In this work, we
will show that the lowest-lying excitation with E0 > 0 (which
evolves into a nonlocal quasiparticle state with support near
x = 0,L) in a finite-size sample approaches zero exponentially
with either increasing V or increasing L for V > Vc. This
is consistent with a qualitative physical picture where the
energy is determined by the overlap of exponentially localized
Majoranas at each end with localization length ∝ (V − Vc)−ν .
The next excited state (which continues to represent the “bulk
gap” in the large L limit) is extended and bounded from below
by a confinement gap that scales as 1/L even away from Vc,
as described in Ref. [11].

The Ising QCP implies a finite-size scaling hypothesis for
the energy of the lowest-lying excitation of a finite-size system
[12,13] (i.e., the “mass gap” in the Ising theory)

E0(L,V ) � L−1F[L(V − Vc)], (3)

where F is a universal scaling function. From this, we can read
off that E0 ∼ 1/L exactly at V = Vc. However, away from the
critical point, the specific dependence of F on its argument is
a characteristic signature of ν = 1 scaling. Our next goal is to
understand F away from the critical point.

To this end, it is known (and recently applied for finite-size
scaling of 1D topological phase transitions [11,14]) that the
appropriate low-energy effective theory near the Ising critical
point is that of a single massive Dirac fermion

(−iσ zv∂x + σxmD(x) − E)ψ = 0, (4)

where the velocity v is related to the microscopic parameters of
Eq. (2) as described in Ref. [11], while the mass is mD = m ≡
V − Vc inside a length-L well, and mD=M (with |M| > |m|)
outside. We require solutions bound to the well with E <

|M|, but otherwise leave M finite, which could be useful in
understanding situations where a finite topological region is
embedded in a longer wire (for example, because of disorder
[15,16]), rather than vacuum. A simple calculation yields a

condition on E in the form of a transcendental equation

x coth x + γ (L/v)m = 0, (5)

where x ≡ (L/v)
√

m2 − E2, which coincides with prior re-
sults [14] except for a length-independent finite-M correction

γ = (sgnM)

(
1 − E2

mM

)[
1 −

(
E

M

)2
]−1/2

. (6)

The E0 solution (in fact the entire discrete set of E

solutions) to Eq. (5) can be obtained numerically for any m.
However, it is useful to identify two limiting cases: at the
critical point, m = 0, the lowest excitation energy is easily
obtained in the M → ∞ limit, (L/v)E0 = π/2. (This fails
for finite M , however, as limm→0 γm �= 0.) We choose the
topological case to correspond to positive m, negative M . For
sufficiently large Lm, then, there exists an E0  m solution,
such that E0 can be approximated (using coth x � 1 + 2e−2x),
leading to an analytic approximation to the desired scaling
function

F � 2e−(L/v)m

(
1

(L/v)m
− 1

(L/v)M

)−1

, (7)

which has the form of Eq. (3) up to a boundary condition-
dependent (i.e., M) term [17] and is dominated by the expo-
nential behavior, thus justifying the qualitative overlapping-
Majorana interpretation for finite-length wires.

In what follows, we describe detailed numerical tests of the
scaling relation in Eq. (3) explicitly for the lowest eigenvalue of
Eq. (2). Though it comes as no surprise that the critical point of
Eq. (2) is in the Ising universality class, Eq. (2) is as follows:
(i) nonetheless qualitatively distinct from the Kitaev chain,
and not connected to the Ising model by a simple operator
transformation, and (ii) a widely used effective continuum
model describing real experiments. In this way, it serves as a
bridge to experiments on quantum criticality in finite systems;
our aim is a simple proof-of-principle simulation of a plausible
method to demonstrate Ising universality by analyzing finite-
size edge tunneling spectroscopy experiments [5,18–20]. This
requires both the demonstration that a reasonable microscopic
model obeys universal scaling, as well as characterization of
any nonuniversal finite-size effects. We believe that our finite-
size scaling results demonstrate that a careful analysis of the
experimental data around the critical magnetic field may be
able to compellingly establish the existence of the TQPT. This
should be distinguished from the “empirical” critical magnetic
field, above which a zero bias conductance peak arises in the
Majorana nanowire experiments [5,18–20].

III. CASE I: ZERO CHEMICAL POTENTIAL

First, we restrict to the μ = 0 case. This is the theoretically
ideal situation, although the experimental chemical potential
is typically unknown (but the situation is improved by efforts
at mapping out the phase diagram of a single device [20]). We
numerically obtain the smallest eigenvalue of Eq. (2) over a
wide range of physical length (L ∼ 0.6–3.6 μm) and spin-orbit
parameters (m∗α2 ∼ 0.1–2�). All of the relevant results are
contained in the data collapse shown in Fig. 2. We emphasize
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FIG. 2. Data collapse on the scaling function Eq. (3) for V near Vc

with μ = 0. Exactly at Vc, (L/v)E0 ∼ const. for all L. Inset: log-log
plot of unscaled E0(L,V ), also showing power-law dependence at Vc

and non-power-law approach to the large-L limit away from Vc.

(i) the collapse on to the universal function F , obtained from
Eq. (5) with M → −∞; (ii) the power-law (specifically, 1/L)
dependence of E0(L,Vc), and non-power-law behavior away
from Vc; and (iii) the excellent agreement with exponential
scaling above the critical point. In the effective theory, the
only effect of changing the spin-orbit parameter is a rescaling
of the physical length as L/v.

Following the authors of Ref. [11], v is obtained by
diagonalizing Eq. (2) in the infinite L limit, expanding
the resulting (squared) eigenvalues in k around zero, as is
appropriate in the whole critical regime, and then matching to
the form

E2 = m2 + (vk)2 + O(k4). (8)

For μ = 0, v = α exactly, while for nonzero μ (the generic
situation) the expression for the Dirac velocity becomes
considerably more complicated, with a weak but explicit
dependence on V . Also, for extremely small systems, one
expects additional nonuniversal corrections to E0, in particular,
O(1/L2) contributions absent in the Dirac model. We will
show next that even this correction is accidentally small near
μ = 0. The combination of these two features contribute to
the excellent scaling in Fig. 2 even for small L.

IV. CASE II: NONZERO CHEMICAL POTENTIAL

We first consider the O(1/L2) corrections to the energy at
the critical point

E0 � πv

2L
+ f (μ,α)

(
v

L

)2

. (9)

In Fig. 3 we show the approach to scaling, plotting the
numerically obtained (L/v)E0 at the critical point as a function
of (L/v)−1 with fits to Eq. (9) for several different values
of μ, as well as plotting f (μ) for m∗α2 = �. Of particular
interest is that f (μ,α) goes through zero around μ � −m∗α2,
but remains relatively small in the entire range |μ| < m∗α2.
The energy correction can be positive or negative, sensitive

FIG. 3. We show the critical (V = Vc) gap scaling (L/v)E0 ∼
π

2 + · · · for several values of μ, with m∗α2 � � (relatively strong
SOC). All curves converge to the scaling behavior E0 = πv

2L
at large L.

For shorter L, there are systematic μ-dependent corrections. We find
good fits to Eq. (9), indicated by solid lines. The slope as a function
of μ is plotted in the inset, and the detailed behavior is described in
the text.

to the sign of μ, and can be quite large for realistic L. Away
from Vc, Eq. (3) is dominated by the exponential behavior, so
1/L2 and higher order corrections should already be strongly
suppressed. On the other hand, it is only away from V = Vc,
and only for nonzero μ, that the effective Dirac velocity v

has an explicit dependence on the spin splitting V . One might
expect this dependence to ruin the scaling relationship Eq. (3)
which is predicated on the effective length of the wire being
independent of the splitting. This is indeed the case for very
weak spin-orbit coupling (i.e., m∗α2  μ) or very short wires
because the variation in V required to map out a large range
of (L/v)(V − Vc) also becomes large. On the other hand, for
even moderate spin-orbit coupling strength we nevertheless
find a significant critical region in good agreement with Eq.
(3) (i.e., indicative of ν = 1) even for realistically short L since
the dependence of v on V is subleading, resulting in only a
very small correction to scaling shown in Fig. 4.

V. DISCUSSION

First, we comment briefly on the separate breakdown of
scaling behavior that occurs as V increases further past the
QCP. The exponential-in-V behavior is known to give way
to oscillations with increasing amplitude as V increases. This
behavior was studied in detail previously [21] (and persists
qualitatively, if not quantitatively, as other extensions to
Eq. (2) are introduced such as weak disorder [22], Majorana
overlap mediated by the parent superconductor [23], etc.).
Oscillations, parity crossings, and other phenomena at high
fields are nonuniversal features of the microscopic model (i.e.,
they do not occur in the Ising model), however, and are not
controlled by the Ising QCP.

The dependence of finite-size scaling here on the chemical
potential is subtle and nontrivial as a comparison of Fig. 2
to Fig. 4 shows, where tuning the chemical potential has a
quantitative effect on the scaling function itself (for fixed,
relatively short L) except very close to the QCP V = Vc. The
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FIG. 4. The effect of nonzero chemical potential on scaling far
from the critical point, for a fixed length L = 1 μm, m∗α2 � �.
Reasonably good data collapse on F is apparent (see inset). In
the exponential regime V > Vc, corrections are visible only on a
semilog scale; this correction to scaling can be attributed to the weak
dependence of the effective Dirac velocity on V , which occurs only
for nonzero μ.

chemical potential is not quite a dangerous irrelevant variable
in the strict sense, but its apparent effect may seem like that of
a dangerous irrelevant variable since it suppresses the scaling
regime. In this case, one must go closer to the QCP in order to
ascertain the correct Ising criticality exactly.

The parameter dependence of the Majorana localization
length, including near the TQPT, has been discussed pre-
viously. In this work, however, we reinterpret that prior
discussion, based on explicit Majorana models, in the more
general context of Ising criticality: the localization length is a
correlation length that diverges at the quantum critical point
with the Ising critical exponent ν = 1. In previous work, the
localization length was interesting for establishing criteria for
well-localized zero-energy Majorana modes avoiding finite-
size effects. Here, instead, we link split Majorana modes,
dominated by finite-size splitting at the critical point and just
above it, to the Ising finite-size scaling indicative of a bulk
quantum phase transition.

In this work, we obtained zero-temperature results for a
clean, single-band nanowire, but for experimental application
we might expect that temperature, multiple occupied sub-
bands, and disorder could affect these results. Temperature
is primarily expected to affect the resolution of spectroscopic
probes, rather than the energy of quasiparticle states, at least
for temperatures far below the parent superconductor gap. It
has also been proposed that using a superconducting lead [24]
or coupling a metallic lead to the TSC via an intermediate
quantum dot can further mitigate finite-temperature effects.
For wires with multiple occupied subbands, we expect that
our results generalize immediately, as it still holds that the
only low-energy degree of freedom near a topological phase
transition is a single Dirac mode, described by Eq. (4). The
presence of additional subbands will, however, likely impact
the subleading nonuniversal contributions to the splitting near
criticality, including the μ dependence. Finally, disorder in the
topological regime nucleates bound states that can effectively
“cut” the wire. The result would be that the effective length of

the wire inferred by scaling might be substantially shorter than
the physical wire length. With increasing disorder strength, the
effective separation between MZMs may eventually be so short
that any splitting is dominated completely by nonuniversal
effects and scaling would not be observable.

We emphasize here that trivial Andreev bound states
(ABSs) with an accidental zero-energy crossing (see, e.g.,
Ref. [25]) will not exhibit the same dependence as described
here, as there is no bulk critical point controlling the approach
of such ABSs to zero energy, and therefore no specific
finite-size parameter dependence of any splitting. As such,
our proposal that this splitting be analyzed in experiments
represents a “beyond zero-bias peak” phenomenon that distin-
guishes Majorana modes from trivial ABSs.

This work establishes universal finite-size scaling of the
lowest-lying excitation of a realistic Majorana nanowire
model. This provides an independent direct check that the
phase transition in this model belongs to the same universality
class as the Kitaev chain (i.e., Ising) that was expected
based on the shared spectrum of low energy excitations
[9]. We find that the role of chemical potential is, however,
surprisingly nontrivial in the finite-size scaling analyses,
and nonzero chemical potential introduces severe finite-size
corrections that may restrict the scaling regime considerably
although the universal Ising criticality is eventually restored
approaching the QCP. More importantly, though, we suggest
that detailed spectroscopy through the topological QCP in
small systems would provide experimental validation of a
Majorana interpretation by demonstrating that finite nanowires
have the correct scaling properties for this universality class.

Exponential-in-length scaling as a characteristic signature
of Majoranas occurs not just (nonuniversally) at high fields
as in Refs. [5,21], but also in the low-field “foot” of the gap
closing near the QCP, which has several practical advantages.
(i) Such a foot appears already visible to the eye in several
reported spectroscopy experiments, and therefore might be
resolvable even in experiments that cannot see any Majorana
splitting at high fields. (ii) In such experiments, the exponential
behavior is field-tuned—the effective length of the wire is
dictated by the distance from the critical point, which is much
preferable to comparing samples at different physical, but
unknown effective, lengths. (iii) Presently high fields introduce
additional known complications, such as the ubiquitous “soft
gap” (and eventual total collapse of the gap) above the
QCP. This work does not attempt to resolve those problems,
however, we note that several groups have demonstrated
devices that maintain a hard superconducting gap all the way
up to the QCP [18,19], and so relatively low-field evidence for
the existence of Majorana modes seems feasible by carrying
out finite-size scaling analysis of existing data in the “foot”
region around the TQPT. It is germane here to emphasize that
so far no experiment has been able to directly detect the QCP
(an essentially bulk property) in Majorana nanowires, in spite
of several suggestions [26–28], and so finite-size scaling may
turn out to be optimal in establishing the QCP.
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