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Andreev spin qubits in multichannel Rashba nanowires
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We theoretically analyze the Andreev bound states and their coupling to external radiation in superconductor-
nanowire-superconductor Josephson junctions. We provide an effective Hamiltonian for the junction projected
onto the Andreev level subspace and incorporating the effects of nanowire multichannel structure, Rashba
spin-orbit coupling, and Zeeman field. Based on this effective model, we investigate the dependence of the
Andreev levels and the matrix elements of the current operator on system parameters such as chemical potential,
nanowire dimensions, and normal transmission. We show that the combined effect of the multichannel structure
and the spin-orbit coupling gives rise to finite current matrix elements between odd-parity states having different
spin polarizations. Moreover, our analytical results allow to determine the appropriate parameters range for the
detection of transitions between even as well as odd states in circuit-QED-like experiments, which may provide

a way for the Andreev spin-qubit manipulation.
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I. INTRODUCTION

Hybrid semiconductor/superconductor (S) devices are be-
coming promising platforms to host topological superconduc-
tivity and thus Majorana zero modes [1-6]. The technological
advances are allowing to perform fundamental studies of
some more basic mesoscopic objects, the Andreev bound
states (ABSs), which characterize any coherent weak link
between two superconducting electrodes [7]. In this respect,
the direct detection of the current carrying ABSs through
tunneling experiments [8,9] or through microwave spec-
troscopy [10-16] has constituted a great achievement whose
extension to the topological case is being pursued by several
groups [17-21]. In particular, the microwave experiments
of Ref. [14] in metallic atomic contacts demonstrated the
possibility of quantum manipulation of the ABSs, an approach
which could be now extended to the hybrid semiconductor
devices.

The experiments on atomic contacts have also demonstrated
that odd-parity states, in which an excess quasiparticle is
trapped within the subgap levels, are long lived and can get
a significant population when the contact is close to perfect
transmission and the phase difference approaches m [22].
While this “poisoning” mechanism can become detrimental
for all qubit proposals based on Majorana zero modes [23] or
ABSs [24,25], the spin degree of freedom of long-lived odd
states can become itself the basis for another type of qubit.
This is precisely the idea behind the Andreev spin-qubit (ASQ)
proposal of Nazarov and co-workers [26,27].

The ASQ was first proposed to be realized in metallic
atomic contacts with strong spin orbit (like for instance using
Pb) which would be responsible of the splitting of the spin
states [26-28]. The hybrid nanowires now provide another
possible platform for their realization due to their strong
spin-orbit interaction and the tunability of their conduction
channels [21,29]. While most experimental progress along
this line has been achieved on high-quality InSb/S and InAs/S
hybrid nanowires [30-33], recent developments include also
proximity-coupled strips in two-dimensional electron gases
(2DEGs) [34,35] which are promising platforms in view of
their potential scalability and tunability. There are, however,
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a number of uncertainties which hinder the feasibility of this
realization. In the first place, the single-channel theory of ABSs
in a Rashba nanowire predicts spin-degenerate states for zero
Zeeman field and thus suggests that high fields are needed to
remove this degeneracy [36,37]. On the other hand, this theory
also predicts vanishing current matrix elements between the
odd states, thus making the visibility of their transitions in
microwave experiments negligible.

The aim of this work is to analyze theoretically the
ABS structure and the current matrix elements rele-
vant for the even and odd transitions in superconductor/
nanowire/superconductor junctions. We show that even when
only the lowest subband is occupied, the influence of the
higher subbands is essential both for the energy splitting of
the ABSs at zero field [38—40] as well as for obtaining finite
matrix elements between the odd states having different spin
polarizations. Our approach allows us to obtain analytical
results for all relevant quantities as a function of the model
parameters such as length, width, and chemical potential in
the nanowire region. Our analysis thus provides a powerful
tool to guide the experiments in the development of ASQs
based on semiconducting nanowires.

The paper is organized as follows. In Sec. II, we introduce a
model describing multichannel nanowire Josephson junctions
in the energy regime of single-channel transport, and obtain
an effective Hamiltonian by projecting the full model onto
the subspace spanned by subgap ABSs. By solving the
Hamiltonian, we find analytical expressions for the Andreev
energy levels. In Sec. III, we define four distinct states
corresponding to possible occupation-number configurations
of ABSs. We refer to the state in which Andreev levels
with negative energies are occupied as the “ground state”,
and the state where positive Andreev levels are occupied as
the “excited state”. We term “odd state” for adding a single
quasiparticle to the ground state. We analytically derive the
matrix elements of the current operator for even states (ground
and excited states) and odd states. We further analyze their
dependence on controllable parameters such as Zeeman field,
chemical potential, and junction length. In Sec. IV, we discuss
the feasibility to observe the transitions between odd states

©2017 American Physical Society


https://doi.org/10.1103/PhysRevB.96.125416

SUNGHUN PARK AND A. LEVY YEYATI

A B
W y
Nanowire ¢ B,
i
0
| K .
-

FIG. 1. Top: schematic illustration of a quasi-one-dimensional
nanowire proximity coupled to s-wave superconductors (S, cyan)
forming a Josephson junction with a length L and a width W. The
nanowire supports many channels, Rashba spin-orbit coupling, a
potential barrier, and magnetic fields B, and B,. Bottom: dispersion
relation of the lowest two transverse subbands in the nanowire in
the absence of magnetic fields [see Eq. (15)]. The case of n = 0 is
drawn by dashed lines and the 1 # 0 case by solid lines, where the
subband coupling 7 is given by Eq. (14). The second subbands with
energy Eg; [Eq. (6)] which do not couple with the lowest ones through
the spin-orbit coupling are not shown for clarity. Two copropagating
electrons (blue and red filled circles) with different Fermi velocities
due to the finite 5 are reflected as holes (blue and red empty circles),
respectively, through Andreev reflection processes at x = L (dotted
lines). Multiple reflections at x = 0 and L lead to the formation of
Andreev levels.

in actual experiments. Finally, in Sec. V we provide some
concluding remarks.

II. MODEL HAMILTONIAN

The model system we consider is schematically depicted
in Fig. 1. Electrons in a quasi-one-dimensional nanowire are
confined in the y and z directions by a harmonic potential
and are free to move in the x direction. Two superconducting
electrodes separated by a distance L are proximity coupled to
this nanowire forming a Josephson junction. The Bogoliubov—
de Gennes (BdG) Hamiltonian for this cylindrical Josephson
junction is

Hpqc = (Hp — w)t, + Hgt, + Hz + Hs, (D

where p is the chemical potential. Here, H, describes the
quasi-one-dimensional nanowire given by

_nitp el
o 2m

where m is the effective mass of the conduction electrons in the
nanowire, Up(x) = UpS(x — xo) represents the potential bar-
rier at x = xo which allows to tune the junction transmission,
and U.(y,2) = ma)(%(y2 + 7z?)/2 is the harmonic confinement
potential where wy is the angular frequency. We define an
effective diameter of the nanowire W = 2/h/(mwp). We
assume that a magnetic field is applied along the x and y
directions, and that an electric field is present along the z

Hy + Up(x) + Ue(y,2), (@)
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direction [4,41]. The Rashba spin-orbit interaction Hy and the
Zeeman interaction H; are given by

Hp = —Upy0y + AP0y, (3)

K
Hz = 227 (Byoy + Byoy). “

where o is the strength of the spin-orbit coupling and B,
and B, are components of the applied magnetic field in the
x and y directions, respectively. The Pauli matrices o, , . and
Ty,y,; act in the spin and Nambu spaces, respectively. Hy is
the induced s-wave pairing potential due to the proximity
effect,

Hs = A(x)[cosg(x)Tx — sing(x)1y], (&)

where the induced gap A(x) and the superconducting phase
¢(x) are given by A(x)e’®® = Age'?t at x < 0 and Age!?*
at x > L. In the normal region of 0 < x < L, A(x) = 0. The
superconducting phase difference is defined by ¢ = ¢pr — ¢1.
Below, we assume that the potential barrier and the Zeeman
field are weak so that we can treat U,(x) and Hy as
perturbations.

To make the discussion simpler, we define an effective
one-dimensional (1D) BdG Hamiltonian by integrating out
the y and z degrees of freedom. The sum of the kinetic
and confinement terms in Eq. (2) associated with the y and
z coordinates is (pi +p§)/(2m)+ U.(y,z) which has the
eigenvalues

4nr?
E;,. =haoon, +n, +1)= —E D, (©)

where ny,n; =0,1,2,.... The eigenstates ¢j‘vnzs(y,z) (with
s = 1,]) corresponding to the lowest two eigenvalues 7wy
and 2/iwg are given by

2 s wn
¢&)s(y,z) — = o207/ W e,

JTW
4\/§y e_2(y2+zz)/W2X
ﬁWz S

4\/22 672(y2+zz)/ w2 s

\/EWZ S

b (v,2) = @)

Bois(3.2) =

where x4()) = (1/\/5)[1 ,i(—=i)]T are eigenstates of oy. We
note that the ¢ﬁ)s (y,z) and ¢3‘1s( v,z) are degenerate transverse
modes with energy 2/iw,. However, @, (,z) do not couple to
®po, (v,2) through the spin-orbit interaction

/ / dy dz ¢os (3, 2) Hr il (v,2) = O, (8)

meaning that qﬁé-ls( v,z) do not contribute to the modification of
the lowest subbands. By projecting Hggg onto the subspace
spanned by the lowest two relevant transverse subbands,
{60100, »Pior i, }» followed by integrating out the y and z
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coordinates, we obtain

HpD W (x) = eW(x),

1D / / ’ (9)
Hpy = (Hy — w)t, + Hyt, + H; + Hg,
where W(x) = (¥°(x),¥"(x))" with
E( ): e , e , e , e T’
vi(x (‘/foT Vo, Vs ‘/’u) (10)

W) = (Wl — vl — vl

where the subscripts js on the I/f;{ " denote the transverse
quantum numbers j = 0,1 and the spins s = 1,{. H}, Hy, and
Hé are the representations of Hy, Hg, and H, respectively,
in the subspace,

2

Hy = 2% + B+ EXS. + Uy(0), (an

Hy = —ap,&, +n6,%,, 12)
;8B o, =

HZ = TB(BXU,V + Byaz)’ (13)

where Ef = (Egy, & Ej;)/2, the Pauli spin matrices &, , . act
in the spin space with basis {x4,x,}, and X , . are Pauli
matrices acting on the space for the transverse degree of
freedom. The coefficient n in Eq. (12) describes the coupling
between the different transverse subbands with opposite spins,
and is given by

3
n= /dydz%ﬂ(y,z)(—ihaaox)qbﬁn(y,z)

2ak
=~ (14)

In the effective 1D model described by HE, the details of
the system geometry such as dimensionality, subband states,
and their energies enter through the parameters E and . If we
construct a model Hamiltonian for a 1D nanowire starting from
a 2DEG with a hard-wall confinement potential with width
Wo4, the parameters are given by E i‘ = 572h%/(4m W3),
Et = —372K%/(4m szd), and n = 8afi/(3W5,). As from the
experimental point of view, quasi-one-dimensional wires
can be made either from cylindrical nanowires or 2DEG
heterostructures [34], we provide the results for Andreev levels
and current matrix elements of Josephson junctions in a model
for a 2DEG-based nanowire in Appendix B. We emphasize
that although the specific forms of E and 1 depend on the
dimensionality and confinement potential, the form of Hyy; in
Eq. (9) with E{ and n as parameters and the resulting analytical
expressions, for instance, Eq. (26) below, are independent of
such geometrical differences.

We first examine Hj+ Hj without the potential barrier
Up(x). In particular, we focus on the energy regime E < Ejj
where spinful electrons move in a single channel (see Fig. 1).
The dispersion relation in the energy regime is given by
[37,38,40]

R*k?

Etke) = =

+EE = J(EE Fahk R 47 (15)
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and the Fermi velocities v;_ » of the copropagating electrons
in the different spin subbands are

b o TR a(EL — afike))
RN ey ee
(16)
L kG a(EL + aliks,)
D = -
m

JEE T anie,) 42

where k{; are wave vectors of the electrons. If = 0, which
means there is no mixing between the transverse subbands, we
find that v; = v, because Eq. (16) reducestov; = fik{,/m — o
and v, = fik{,/m + a and Eq. (15) gives k{, — k{, = 2ma/h.
If n is finite, v; # v. The eigenstates V¥ ,_, (¥} ;_;,) of
electrons moving to the right (left) with the velocity v; are

given by
ek ( % 0.0 GI)T
——| sin—,0,0, — cos— | ,
Vvl 2 2

. . eikf(zx ) 02 02 T
Vo =TV, = m<O’SIHE’C°SE’O> ,

where 7 = —i&,%,C is the time-reversal operator where C
indicates complex conjugation, and

1 Rk,

6, = arccos| —| v; — —= ,
o m
1 hk¢,

6, = arccos| —| —vy + —= .
o m

For n = 0, 6, = 6, = 7 and thus the spinors to the eigenstates
have the forms w%ql,wzqza(l,O,O,O)T and ¥, ¥f | o«
0,1,0,007, independent of the spin-orbit coupling and the
momenta. The angles deviate from 7 when 7 is finite. In
particular, in the limit | E|,| EX| > ma?, 7, they are expressed
as

Yo =Ty, =
a7

(18)

2
n
2EL Fa2mE?’

where the — sign is for 6, and + for 6,. We will see below
that the different Fermi velocities and different spin directions
of two copropagating electrons are a crucial ingredient for
manipulating the Andreev levels.

In the following, we take into account the proximity-
induced superconducting term given by Eq. (5). The cor-
responding BAG Hamiltonian is (Hy — u)t, + Hpt, + Hs.
For further evaluation, we linearize the dispersion relation in
Eqg. (15) in the normal region around the chemical potential p
far from the bottom of the subbands,

00591(2) ~ -1+ (19)

E;(f’j) = =+ hv; (ki;h) — ij),

) ' (20)
EYl) = i iy (K5 + k).

where the upper sign is for an electron and the lower for
a hole. In the normal region without a potential barrier,
coherent superpositions of electrons and holes produced by
Andreev reflections at the interfaces between the normal
and superconducting regions give rise to the ABSs. Perfect
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Andreev reflection at these interfaces connects time-reversed
states. For instance, an electron with E% ; is converted to
a hole with E},'“, as illustrated in Fig. 1. We also assume
that the spinor parts of the eigenstates in Eq. (17) do not
change significantly within the subgap energy regime |¢| <
Ap so that 6, are fixed as Gj(kf(j) = 0;(kF;). This is a
good approximation provided that the subband separation is
larger than the induced superconducting gap, 2| EL| > Ag. By
matching the wave functions at the interfaces, we obtain four
normalized ABSs W;,(x) for |e] < Ag, where j = 1,2 and
A = =£; ¥, is formed by an electron and a hole with energies
Ej ;and E ﬁ j» While W;_ corresponds to a pair with energies
E;,j and E’;,j. The W,_(x) and W,,(x) have a component
structure as

e T
(I//.OT’()?O’wle\L?I/f(];\L’O’O’ - ‘(//fl']\) ) (2])
while Wy, (x) and ¥,_(x) have
O.95,.¥14.0,0, — ¥, ¥1,.0) (22)

which are orthogonal to the states W _(x) and W, (x). Further
details on the ABSs are given in Appendix A. The matching
condition yields the following transcendental equation for the
Andreeyv level,

ﬂzei(kij—ki‘j)L-‘rilqﬁ — 1, (23)

where B =¢/Ag—iy/1—(g/Ag)?. In the limit of either
AgL/(hvj) K1 or ¢ K Ag and by using &K RNL —
¢'2#L/(v)) from the linearized dispersion relation, the energy-
phase relations, ¢;(¢) for W, (x) and —¢;(¢) for ¥;_(x), can
be evaluated as
cos(¢/2)

"1+ L;sin(¢/2)’
where L; = AgL/(fiv;). The difference between &;(¢) and
&(¢) is given by

gj(p)=A (24)

(Ao/2)(Ly — Ly)sing
[1+ Lysin(p/2)I[1 + Lasin(¢/2)]

This clearly shows a spin splitting of ABSs and also manifests
that the splitting comes from the finite value of L, — L
(v; — vp)L. The degeneracies of the Andreev levels at ¢ = 0
and 7 are protected by the time-reversal symmetry [27,28].

We include the effects of the potential barrier Uy (x) which
tune the junction transmission and the Zeeman field H, by
using perturbation theory. We map U,(x) and H, onto the
subspace spanned by the basis {W,,¥;_,V,,,¥,_}, leading
to a mapped BdG Hamiltonian H,; as

1(9) — e2(¢) = (25)

g1 + By 0 B, U
HP _ 0 —& — ]Byl U* B;‘;
BdG — Bj: U & — ByZ 0 )
U* B, 0 —& + Bﬂ
(26)
where (H]fdG)j . is computed by
oo
(Hgao) ;i = / dix W (x) Hyho Wi (), 7)
—0o0
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where j,k € {1+,1 —,24,2—}. The U term is Uy(x) ex-
panded in this basis and is given by

. 6, —0
U = —i2Uye! *ritkr)% K12 s 22 , (28)
NN, 2

and the Zeeman terms expanded in the basis have the forms

gusB
Byipo = ; y00591(2), (29)
B =l2<gl‘LBBx> K1K2 K1+ K2
i 2 )V NiNy kr, — kp,)?
i 6, — 6
x (14 €' _sz)L)cos(—l 3 2), (30)

where K12 = [1/()‘11)1(2))]‘/A(2) — 8%(2)(¢)) and N1(2) = 2(1 +
k12)L). In deriving Eq. (30), we assumed that |kr, — kp,| >
k1 + k2|. The Hamiltonian Hyy; is a good approximation
provided that |Ul,|B,[,|Byi[,|By2| < Ao and that ¢ ~ 7
where Andreev levels are close to zero energy. The Hp,g
reflects the properties of the ABSs W;;. For the diagonal
elements, the +/— sign in front of the terms B,; (or B,,)
indicates the spin-polarization direction of the corresponding
basis state. As Up(x) is spin-conserving scattering, we have
the off-diagonal element U which couples the basis states of
the same spin polarization, i.e., ¥;_ and W,;, or ¥, and
W,_, shown in Egs. (21) and (22). The Zeeman component
in the x direction which results in the B, element mixes the
different spin states, W+ and W,4, but does not mix ¥, and
W;_ (with j = 1,2) due to the cancellation of contributions
from an electron and a hole. Note that the magnitude of B,
is significantly reduced from its bare value gup By /2 by the
factor /kika(ki + k2)/(kp, — kr,)?, and oscillates with the
length L. H},; has two positive Andreev levels, £}, (¢) and
£1,(¢), and two negative Andreev levels, e3,(¢) = —&,(4)
and ¢,,(¢) = _8X2(¢):

2
o @) = \/<€1(¢) +e2(9) + By — Byz> TP

2
_\/<81<¢>—82<¢)2+ By, +Byz)2+ B
2
£a9) = \/ e e LG
+\/<el(¢)—sz(¢)2+ B,, +Byz>2 LB
31

These Andreev energy levels are plotted in Fig. 2(a) in the
absence of Zeeman field and for realistic parameters. The
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corresponding normalized ABSs are given by

[(@)s()
- 1 — ()8 ()
V8 = —EV¥ =
@) W= TN | sz
[ (¢
8(#)8(e)
- 1 F(@)f(¢)
v =EV¥ =—".
2l®) =N | Forso)
f(#)8(e)
where E is the particle-hole symmetry operator,
0 1 0 0
- 1 0 0 0
2=1lo 0 o —1]% 3)
0 0 -1 0

satisfying EHp5(@)E~! = —HZ 5(¢). The components of

the ABSs are
F(@) = €5, (@) + iy (@) — &1(p) — e2(¢) — B,y + By,
[(9) = —4,(@) + e4,(®) — £1(d) + £2(9) — By1 — By,
g(¢) =20,
§(¢) = 2B, (34
and N(¢) = 4[[e,@)2 — [, ($)21 /() f(@) is the normal-

ization factor. The energy difference between &7 (¢) and
&1,(¢), which corresponds to the splitting of two odd states
defined in Eq. (39) below, is given by

le1(¢) — e4,(9)|

_, \/ (smp) — e2(#) +By1 +By2
2

2
) + B (35)

We note that it is independent of U and hence a transmission
probability in the normal region. These are plotted in Figs. 3(a)
and 4(a) for different values of w, By, and B,. On the
other hand, their sum |&7,(#) + &}, ()|, which is the energy
difference between ground and excited states [see Eq. (38)],

BACERINC]

2
- 2\/(81(@ + 82(¢>)2+ By — Bﬂ) +UR, (36)

depends on U, but is independent of B, as shown in Fig. 3(c).
Moreover, the dependence on B, is very weak, as shown in
Fig. 4(c), in comparison with the dependence of the odd states
plotted in Fig. 4(a). This can be understood by comparing the
terms By + B,, in Eq. (35) and B,; — By, in Eq. (36) in the
limit |u|,|EL| > ma?,n:

]Byl +By2 ~ _gl'LBBya

an’EL2mu

[(EL)? —202mpu)?’

(37)

]Byl - ByZ ~ g/JLBBv

where we used Eq. (19). Therefore, this implies that [B,; +
Bys| > [By; — By,| leads to the strong (weak) dependence of
the odd (even) states on B,. However, it is found that changing
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FIG. 2. Subgap energies of the Josephson junction as a function
of the superconducting phase difference ¢ without Zeeman field.
(a) Andreev levels plotted from Eq. (31). The levels colored blue
and red are formed by the Andreev reflection processes marked by
blue and red dashed lines in Fig. 1, respectively. They have spinor
structures orthogonal to each other, but are coupled through the
current operator if Zeeman field B, is finite. (b) Same plot as in (a), but
in the occupation-number picture. Two even states, the ground state
|g) and excited state |e), and two odd states, |01) and |02), are present,
where spin splitting between the odd states due to finite values of the
Fermi velocity difference and L appears except for ¢ = . In (a) and
(b), we used system parameters /i = 20 meV nm, W = 200 nm,
L =300 nm, Ay = 165 eV, g factor = 12, Uy = 16.5 meV nm,
u = 0.5meV, and m = 0.023m,.

p changes both |ef, —ef,| and |e}, +e},|, as shown in
Figs. 3(a) and 3(c) and 4(a) and 4(c). The different dependen-
cies of the even and odd states on the system parameters allow
us to control |8:{1 () — 8X2(¢)| independently by changing B,
or B, without changing |¢7,(¢) + &},(¢)|. This is one of our
main results.

III. CURRENT OPERATOR

To describe the microwave response of the nanowire
Josephson junction, we calculate the current operator matrix,
whose off-diagonal elements determine the transitions induced
by the coupling to the external radiation, in the subspace of
the low-energy ABSs given in Eq. (32) and analyze their
dependence on the system parameters. In the subgap energy
region, there are two even states, ground state |g) with an
energy (¢4, +€4,)/2 and excited state |e) with an energy
(eX, + &1,)/2. The states are defined by

Vairlg) = vasele) =0, |y =yl v e, (39

where a1zt = [ dx[W} 1)1 @(x), with the Nambu
field operator ®(x), are the Bogoliubov operators. By adding
or removing a single quasiparticle from the even states, we
have two odd states |o1) and |02),

lol)y =y, lg), 102) = yh,.le), (39)

and their energies are (¢}, 4+ £4,)/2 and (e, + £4,)/2, re-
spectively. Figure 2(b) shows the plot of these energies of the
even and odd states in the case of zero Zeeman field. The
particle-hole symmetry of the ABSs given in Eq. (32) implies
the relations

7/L+ = —YAl-, VYapy = Va2-. (40)
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FIG. 3. Excitation spectra and matrix elements of the current
operator (in units of Jy = eA(/h) as a function of ¢ at B, = 0 for odd
(a), (b) and even (c), (d) transitions [see Egs. (31), (45), and (46)]. We
plot for different values of « and B,: = 0.51 meV and B, = 50 mT
(black solid lines), 0.41 meV and 50 mT (black dashed), 0.51 meV
and 100 mT (green solid), and 0.41 meV and 100 mT (green dashed).
The other system parameters are the same as in Fig. 2. Contrary to
the results (a) and (b) for the odd states which depend on both u and
B, the results (c) and (d) for the even states are independent of the
value of B,. The heights of the peaks at ¢ = 7 shown in (b) and (d)
depend on p but are independent of B,.

The current operator for the BAG Hamiltonian Hgly; in
Eq. (9) is

F=3"Jun?itn. (41)

m,n

where m,n € {Al + ,Al — A2 4 ,A2—}. J,, , are the matrix
elements of the current operator, and are obtained from the
ABSsin Eq. (32) [24]. The diagonal matrix elements determine
the supercurrent carried by even and odd states. In the ground
and excited states, these are

(glf1g) = —(eldle) = D Tum(glyivmle)

m=Al—,A2—
= Jai— a1— + Ja2— a2, (42)

and in the odd states,

(011 lo1) = —(021F102) = (glyai+ J¥L i, 18) = Jars a14,

(43)
where the matrix elements are given by
)
Tarrare = —Ja-al- = ——4—,
R 0¢
(44)
; _ _ —edeh(@)
A2+, A2+ A2—, A2~ i og

The current matrix element between the ground and excited
states (e|J|g) is

(eld1g) = (glyartvar+ J18) = Jars ao— + Jazs a1—, (45)
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FIG. 4. (a)—(d) Same plots as in Fig. 3, but for different values of
By: ©=10.51 meV and B, = 10 mT (black solid lines), 0.41 meV
and 10 mT (black dashed line), 0.51 meV and 20 mT (green solid),
and 0.41 meV and 20 mT (green dashed line). Here, B, = 50 mT is
used. The excitation spectrum |8A+2 + 8:§I| and the |{e| /| g)| for the
even states are weakly dependent on B, compared to the dependence
for the odd states.

and the element between the odd states is

(21101) = (glyart Jvhi,18) = Jaze.ars + Jar— a2,

(46)
where
Jarp,a2— = Jarg ai— = (Jao— a14)" = (Ja1— a24)"
—e g" () 0[e1(P) + 2(d)]
= 5r T T 40
20 &4,(¢) + &4,(9) a¢
and
Jarg aog = Jao—a1- = (Jazy a14)" = (Ja1— a2-)*
_ —e 8(®) dle1(@) — &2(d)]
= —— - . (48)
2h SA2(¢) - 8A1(¢) ¢
The remaining matrix elements Jai4 41— = (Ja1— a14)*
and  Jaoy a2— = (Jaz— a24)" are zero as V,Ij-t,-ijf =

(—1)1'()//41-_)2 =0, where j = 1,2. Below, we discuss the
dependence of (02|Jlo1) and (e|J]| g) on tunable system
parameters, like B, ,, v, L, and p.

Before discussing in detail the dependence, we examine
the case of n =0 and L — 0 in order to check the con-
sistency of our perturbative results with previous theoretical
[10,11,24,42,43] as well as experimental [14,22] studies on
Josephson junctions in the short-junction limit. As there is no
transverse-subband mixing in this case, we have v; = v, and

61(0) = £2(6) = AoCOS%, U=—i U;A‘)
[

sin%5 ‘ . (49

Then, from Eq. (48) we see that (02|J]o1) = 0, regardless of
B,y and w. On the other hand, we find for the even states that

€| ==X @
ni=o T ey +up 7

125416-6



ANDREEV SPIN QUBITS IN MULTICHANNEL RASHBA ...

If we further assume that the Zeeman field is absent, it can be
expressed as

. A2J1T-T
(el J1g) = _ifo—sin297 1)
n.L, By, B,=0 ho eald) 2

where T =1 — |Uy/ (hvy)|? is the transmission probability
in the normal region in our weak scattering limit and
ga(¢) = Agy/1 — Tsin2(¢p/2). This result is consistent with
the previous results [14,43] in the limit of perfect transmission.
As already known, this even transition matrix element is finite
even in the absence of effects of Rashba spin-orbit, Zeeman,
and multichannel structure.

With finite  and L, we analyze the matrix elements between
the even and odd states by considering their dependence on U,
B,, and By y». From Egs. (45) and (46), we get

. U
J —1
ellg) < S et @)

(02|J01) B, (52)

en(®) — e4y(9)

This even- (odd-) state matrix element follows the same de-
pendence of its energy |£X2 + sj{l |(|8;;2 — SL |) on the system
parameters which we discussed above. Specifically, varying
the parameter U(B, ) changes the element (e| f|g)((02|f|01))
while the other element (02|Jf|o1)({e|J] g)) remains un-
changed, as clearly shown in Figs. 3(b) and 3(d) in which
these elements are plotted for different values of B,. Also, due
to the dependence of the energies on By that is described by
Eq. (37), the | (02| Jlo1)| term shows a significant change with
B, [Fig. 4(b)], but there is a small change of |(e|f|g)| on B,
[Fig. 4(d)].

We consider the matrix elements at ¢ = w for further
detailed analysis. The (02|J|01) term at ¢ = m is obtained
from Egs. (25), (31), and (34):

A —er Bx
(02]|J]o1) =
¢=m 2n \/(Byl + By2)2/4 + |Bx|2

Li—L,
X —m—m———,
(1+ L) + L»)

(53)

where L; = AgL/(hiv;). As this element is proportional to
B.(L, — L,), the finite values of B,, L, and |v; — v,| are
required in order to be nonzero. When we assume that B, = 0,
its magnitude can be further simplified as

ey Li—L,
2h (14 L)1+ Ly)

el Li—L,

2h [1+(Ly + Ly)/2)?
+O[(L1 — L)), (54)

(02| 7]01)] =
¢=n,B,=0

which is independent of both B, and U, except for a singular
value B, = 0 where (02|J|o1) = 0. The independence on B,
is shown in Fig. 3(b) in which the peak heights of (02|J)01)
at ¢ = m remain unchanged for different values of B,. For the
dependence on L, Eq. (54) has its maximum value at L = L,
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where

L2 1+1‘l 5)
“ A() U1 (%)

in the limit |L; — Ly| < 1. A word of caution should be
said regarding the validity of this L. estimation, which is of
the order of the coherence length /iv;/Aq. The energy-phase
relation €(¢) in Eq. (24) is valid when either AgL/(fiv;) < 1
ore K Ay is fulfilled. Therefore, the L. might be qualitatively
correct as £;(¢) =0 K Ag at ¢ =m. The (e|J|g) matrix
element at ¢ = 7, which is obtained by

(el f1g) ¢Ao v
elJ\|g = —
. 2% JB, —B,2/4+ 0P
24+ L+ L,

X (56)
(I+ L)+ La)

is independent of B, but depends on U which is associated with

the transmission probability in the normal region. However,

similar to the case of (02|J]o1), if B, = 0, the magnitude of

this element does not depend on both B, and U as

ey 24 Li+L,
2n (1 + L)1+ Ly)

ey 1

ho 1+ (L + L,)/2
+O[(L1 — Ly)*], (57)

except for a singularity of U = O where (e| f|g) = 0. Note also
that it decreases as L increases.

In the above calculation, we have neglected the orbital effect
of amagnetic field B,, which would lead to a longitudinal mag-
netic flux ® piercing our cylindrical nanowire. In Appendix C,
we show that there is no first-order correction to the dispersion
relation in Eq. (15), and the leading-order correction is of
second order in ®. Therefore, the above results for the ABSs
and the matrix elements might be still valid up to first order in
B, with respect to the orbital effect.

el g =
¢=m,B,=0

IV. EXPERIMENTAL OBSERVATION OF ODD
TRANSITIONS

We now briefly discuss the feasibility of observing the
odd transitions in an actual experiment. We consider an
experimental setup where our nanowire Josephson junction
is embedded in a superconducting ring which is inductively
coupled to a microwave resonator. A schematic diagram of the
setup is shown in Fig. 5. A similar setup for a superconducting
atomic contact was used in Ref. [14]. In the dispersive limit
(i.e., far from resonance), the visibility of the transition will
be determined by the cavity pull x fixed by the coupling to
the nanowire and which can be written for the case of odd
transitions as

(021 J]o1)?
Xodd X ——————, (58)
WR — Wy
where fiwy = |ef, — e4,| is the Andreev energy level and
wg 1is the resonator frequency. The proportionality constant
depends on the mutual inductance and the impedance of the
resonator which can be assumed to be of the same order as in
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FIG. 5. Schematic circuit diagram for the detection of the even
and odd transitions. The nanowire Josephson junction, denoted by an
X, is embedded in a hybrid superconducting quantum interference
device with a flux & (black solid lines), which is inductively coupled
to a microwave resonator (red solid lines), represented by a LC circuit,
with a mutual inductance M. In the dispersive limit, sending a signal
(Sin) to the resonator and measuring a reflected signal (Sqy) would
allow to determine the cavity pull Xeven.odd-

Ref. [14]. One stringent condition for the direct detection of
the odd transitions is

Yoas > Ao = 2%, (59)

0

which means that the shift of the resonance frequency set by
Xodd has to be larger than the width of the resonance Aw,
which in terms of the resonator quality factor Q is ~ wg/Q.
We take as a reference the typical values of x ~ 3 MHz in the
experiments of Ref. [ 14] where even transitions were observed,
i.e., Xeven ~ 3 MHz. If we assume similar conditions so that
the proportionality constant is the same for both even and odd
transitions, we estimate xoqq as

2

2|/ o1
21\ 03 MHz, (60)

elJ1g)

where we assume that the Andreev energy levels are much
smaller than wg and that [(02]|J]o1)/(e|J|g)| ~ 0.1 around
¢ = m from the results shown in Fig. 3. Therefore, if we
assume wg ~ 2—10 GHz, the condition for the quality factor
to observe the odd transitions is given by

Xodd ™ Xeven

WR

0> ~ 0.6 x 10°-0.3 x 10°, (61)

Xodd

which is challenging, but still within the present technological
capabilities. It should be also noticed that this high-Q
requirement could be relaxed provided that a larger inductive
coupling between the nanowire junction and the resonator is
achieved or by working with a larger number of photons in the
resonator than in Ref. [14].

Another approach would be provided by using an indirect
detection technique such as the shelving method, which is
well known in atomic physics [44—46], but their extension to
circuit-QED-like experiments could be explored [47].

V. CONCLUDING REMARKS

We have analyzed the ABSs and the current matrix elements
in multichannel nanowire Josephson junctions. We found
analytical expressions for the Andreev energy levels and the
matrix elements including the effects of a Zeeman field and a
potential barrier by using perturbation theory, and investigated

PHYSICAL REVIEW B 96, 125416 (2017)

their dependence on the system parameters. We have shown
that the multichannel structure of the nanowire, in combination
with the Rashba spin-orbit interaction, plays a fundamental
role in breaking the degeneracy between opposite spin ABSs
in the absence of Zeeman field and gives rise to finite matrix
elements for transitions between the odd states in the presence
of a small Zeeman field. In particular, the energy difference
and the matrix elements between the odd states are found to
have strong dependence on the field, while those between the
even states remain almost unchanged. Contrary to the Zeeman
effect, the barrier determining the transmission probability in
the normal region only affects the even transitions without
affecting the odd transitions. Regarding the dependence of the
junction length L, there exists a length scale L. at which
the odd transition matrix elements have their maximum,
while the corresponding ones for even transitions decrease
monotonically with the length. Our results may provide a way
to selectively control the even and odd transitions by tuning the
system parameters, and could be used to guide the experiments
in the realization of an Andreev spin qubit.

Note added. Recently, we became aware of a related work
by van Heck, Viyrynen, and Glazman [48], addressing the
effect of Zeeman and spin-orbit coupling in the properties
of Andreev states in semiconducting nanowire junctions. We
point out that these two works correspond to different regimes,
ours being in the regime of multichannel and small Zeeman
field, and the regime of Ref. [48] in the single-channel with a
wide range of Zeeman field.
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APPENDIX A: CALCULATION DETAILS FOR ANDREEV
BOUND STATES

In this Appendix, we provide the explicit expressions for
the Andreev eigenstates W, (x) which are used as the basis
for the mapped BdG Hamiltonian given in Eq. (26). We solve
the BAG equations of Eq. (9) in the main text with U, = 0 and
H, =0,

HpD W (x) = eW(x), "
Héc?G = (H(; - T+ H1/e7:z + Hg,

where W(x) = (°(x),¥"(x))T. We consider the chemical
potential u close to but below the bottom of the second
transverse subbands u < Ej- that two right-moving and two
left-moving electron (or hole) waves are present at the Fermi
energy in the normal region of the nanowire. Next, we linearize
the dispersion relation around the chemical potential, as shown
in Eq. (20),

E;<f1j> = 1+ hv; (kj}“ —kp)),

h h
EZ(,j) =un+F ﬁ”j(k;' '+ kF_/)’

(A2)
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ANDREEV SPIN QUBITS IN MULTICHANNEL RASHBA ...

where kf;(/') are wave vectors of electrons (holes) at energy

u+e (u—e¢), and kp, are Fermi wave vectors of electrons
shown in Fig. 1. Here, we assume that perfect Andreev
reflection happens at the interface between the normal and
superconducting regions, meaning that there is no normal
or Andreev reflection between the bands except for the
electron-hole conversion within the linearized band structure
N Eﬁ(L)’j. We further assume thgt the spinor parts
of the wave functions, composed of spin and transverse
degree of freedom (n = 1,2), do not change significantly

J

x{ o (kp) = x{ (kp) =

X5 (k) = X3 (k) =

where

PHYSICAL REVIEW B 96, 125416 (2017)

within the subgap energy regime |¢| < Ap. This assumption
is a good approximation for a large separation between the
transverse subbands compared to the induced superconducting
gap EX = (E{ — E¥)/2 > A,.

We calculate W;,(x) with j = 1,2 which are formed by
a superposition of the left-moving electrons and the right-
moving Andreev reflected holes

Wy (x) = a;(0)x§  (kr,) + b)) x}  (kr),

where Xf ,and jh .. are the spinor parts of the states

(A3)

0
sin[6) (kr,)/2]
cos[01(kr,)/2] |’
0

sin[6:(k,)/2]
0
0 :
—cos[bs(k,)/2]

(A4)

Ef — OlFlkFl

61(kr1) = arccos

| JEL —ahkg )+

(A5)

Ef + Olhk[:z

6,(krp) = arccos

| JEL + ahke )+ 2

Here, we used the approximation 6, (kj;.h N~ 6 i(krj) based on the above-mentioned assumption that the spinor does not change
much in the subgap energy range. The coefficients a;(x) and b;(x) in Eq. (A3) are evaluated by solving the following equation:

hv;(idy — kF;) A(x)e! ™) a; aj
: . — ¢ ’
A(x)e""’(") hvj(—iE)x +ij) bj bj
where
(Ag,¢pp) for x<O0,
(A(x),¢(x)) = {(0,0) for 0<x<L, (A6)
(Ag,pp) for x > L.
By matching wave functions at the interfaces, we obtain normalized ABSs
. 9L/2y¢ (kp.)
ﬂe(_”‘Ff’L"f')"< ¢ Xj+ XF; > for x <0,
N; e*l¢L/2[3ijf'l!+(ij)
iy /2—ikex e
o € X 4 (kEy)
W (x) = el IR A for 0<x <L, (A7)
" K ( P B (k)

Nj

ﬂe(—iij —Kk))x=L) j—i(pr—¢1)/2—ik};

J

ei¢R/2ﬂ.X€ (k)
B ( IR+ for L < x,

L px
eyt (k)

where B; = €;(¢)/ Ao —i\/1 — [sj(¢)/A0]2, kj=[1/(hv;)] /A% — 8?((#) are the imaginary parts of the momenta related to the
exponential decay of wave functions in the superconducting regions, and N; = 2(1 + «; L) are normalization constants.

In a similar way, we calculate W;_(x) expressed as

W (x) = ¢;()x _(kr,) +d;j()x} _(kr)).

Here, x¢ _(kr,) and x _(k,) are given by

x{_kr) = x!'_(kr)) = =T x{ , (kr),

(A8)

X5 _(kry) = x5 (k) = T x5y (kr), (A9)
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where 7 = —i&, %C is the time-reversal operator. The coefficients c;(x) and d;(x) are obtained from

(hvj(—iax —kF/.)

A(x)e 1w

and the Andreev eigenstates are given by

ipL/2+ik{x g e (knp
W, (x) = \/:(e 7B F/))

N; e_i¢L/2+ikf/X h (kF)
J— J

Nj

APPENDIX B: ANDREEV LEVELS AND CURRENT
MATRIX ELEMENTS OF JOSEPHSON JUNCTIONS IN A
2DEG HETEROSTRUCTURE

In this Appendix, we obtain an effective one-dimensional
BdG Hamiltonian HpY; for Josephson junctions in a 2DEG
heterostructure where the electrons are confined in the y
direction with width W,,; and free to move in the x direction.
The full Hamiltonian in this case is

H2s = (H3 — w)t, + Hgrt, + Hz + Hs, (B1)

where Hozd, instead of the Hj in Eq. (2) in the main text, is

pi+p;

2d
Hy" = 2m

+ Up(x) + Uc(y), (B2)
where the hard-wall confinement potential U.(y) is defined
as U.(y) =0 for 0 < y < Wy, and oo otherwise. Here, Hg,
Hz, and Hg are the same as given in Eq. (1). We start
by calculating transverse eigenvalues and their eigenstates

by solving p 2/(2m) 4+ U.(y). The eigenvalues are given by
= (h*m? 2) /2m W2d) and corresponding eigenstates are

G () = sin(ny/ Waa) xs. (B3)

2

v Waa
where n = 1,2, ... denote the indices for transverse subbands
and x4y = (l/ﬁ)(l,i(—i))T are eigenstates of o,. Note that,
different to the case of cylindrical nanowire with a harmonic
confinement potential discussed in the main text, there is no
degeneracy for the higher transverse subbands aside from spin
degeneracy. By projecting HédG onto the subspace spanned
by the lowest two transverse subbands with ns € {11,1],21,
2]} and by integrating out the y coordinate, we have

Hi% = (HP — )t + H¥t, + Hy + Hs, (B4
where H? and Hp are given by

HX = 2’; +EL, +EL .4+ Upx),  (BS)

H = —ap,&, — 126, %y, (B6)

where Ej-di = (EIJ- + Ezl)/Z. The coefficient 1, in Eq. (12)
describes the coupling between the different transverse sub-

ﬂe(ikfj —Kj)(X—L)e—i(¢R —¢L)/2+iky;

A(x)gu/)(x)

s iny) () =<()

i$pr/2
£ likr;FKj)x elm‘/ ﬂjX;,_(kF,-)
N; e_l¢L/2X§1y_(ka)

for x <0,

for 0 <x <L, (A10)
eiPr/2
L Xj _(ij)

Bi - for L < x.

J ¢R/2ﬂ]xji{7(ij)
(
bands with opposite spins, and is given by

Woa 0 8ah
Md = / dy ¢; T(y)<—lhoc ax)rﬁu(y) . (B7)
0 dy W

The dispersion relation of the lowest subbands, which is
obtained by solving H;* + Hp* with U, = 0, is computed
as

hZZ

E(k,) = Esy, —J(Edy_ Fahk,? + 1}, (BY)
which is the same as in Eq. (15), except for replacing E+ and
n by Ejd . and 14, respectively. Extracting the parameters
vj=1,2 and 0;_; » from the dispersion and by using the mapped
BdG Hamiltonian in Eq. (26), we obtain the Andreev levels
and current matrix elements for even and odd states. Figure 6
is plotted for the same parameter values as in Fig. 3 except
for a larger spin-orbit coupling, which shows the finite (no)
dependence for the odd (even) transitions on B, as we have
seen in Fig. 3, although the specific values of |e}, F &}, |,
(02|J|o1), and (e|J| g) are different for the same system pa-
rameters due to the different dispersion relations. Furthermore,
in Fig. 7, the same dependence on B, as shown in Fig. 4 is
presented such that the odd transitions significantly change by
changing B, [Figs. 7(a) and 7(b)], while the even transitions
are very weakly dependent on B, [Figs. 7(c) and 7(d)]. We
also checked the even and odd transition matrix elements for
smaller spin-orbit coupling strength, i ~ 20 meV nm, in this
2D geometry, and found that the matrix elements between
the odd states are significantly smaller (almost two orders of
magnitude smaller) for the smaller value of the o parameter.
This comparison indicates that our findings, selectively
tunable even and odd transitions by changing the system
parameters like the Zeeman field, chemical potential, and
transmission probability, are still valid in a 2DEG-based
nanowire, and thus are independent of the nanowire geometry.

APPENDIX C: ORBITAL EFFECT OF MAGNETIC FIELD
IN CYLINDRICAL NANOWIRE JOSEPHSON JUNCTIONS

In the main text, we neglected the orbital effect of a
magnetic field B, which is characterized by a normalized
magnetic flux ®,

7 B.(W/2)?

= e (C1)
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FIG. 6. Excitation spectra and matrix elements of the current
operator in 2DEG-based Josephson junctions as a function of ¢
at By, = 0 for odd (a), (b) and even (c), (d) transitions. The plots
are drawn for different values of w and B,: u = 1.4 meV and
B, = 50 mT (black solid lines), 1 meV and 50 mT (black dashed
line), 1.4 meV and 100 mT (green solid line), and 1 meV and 100 mT
(green dashed line). The other system parameters /i = 40 meV
nm, W =200 nm, L =300 nm, Ay = 165 ueV, g factor = 12,
Uy = 16.5 meV nm and m = 0.023m, are used. These values are the
same as used in Fig. 3, except for a larger strength of the spin-orbit
coupling.

where W is the diameter of the nanowire. In this appendix,
we investigate the influence of the flux ® to ABSs, and show
that the account of the flux gives the corrections of the second
order in ® to the ABSs, and thereby the results obtained in
Secs. II and III, which are valid up to the first order in B,, are
not affected.

To this end, we solve the following single-particle Hamil-
tonian associated with the transverse direction of the nanowire
including the vector potential corresponding to B,

_(pyt+eA)? 4 (p; +eA)? N mad(y? + z%)
- 2m 2m

where (A,,A;) = (B,/2)(—z,y). It is known as the Fock-
Darwin Hamiltonian [49,50], and its eigenvalues are given by

H* , (C2)

EX =hQQn, + 1+ |ng|) —

nyng

ho (C3)
ng,
2 0

where Q = Vi + w?/4 and @, = e|By|/m. n, =0,1,2, ...
is the quantum number in the radial direction and
ng=0,%£1,+2,... is the angular momentum quantum
number. From the definition of W = 2./h/(mwy) and
Eq. (C1), we can rewrite 2 and w, in terms of ® as

Q=uwyV1+ D2, w.=2wyd. (C4)

The eigenstates of the lowest three energies E(J)b, Eé‘l, and
Ejy, are given by

1 2 2

¢ls(r) = —e_r /(4IQ)XS1
0o A/ 27‘[19
—io

re _r2 2

= g @

i0

re —r2 2

¢0L—1s(r,9) = \/2_77—\/515226 /42)y,
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FIG. 7. Same plots as in Fig. 6, but for different values of B:
u = 1.4 meV and B, = 10 mT (black solid lines), 1 meV and 10 mT
(black dashed line), 1.4 meV and 20 mT (green solid line), and 1 meV
and 20 mT (green dashed line). Here, B, = 50 mT is used.

where r = \/y% + 72, 6 = arctan(z/y), and lq = /i/2m®Q).
Similar to the procedure in Sec. II, we project a Hamiltonian
p,zc /@2m) — ap,o, + H+ + Hg onto the subspace spanned
by the above eigenstates {‘pdfn"ﬁéfw’¢$T’¢(J)i¢’¢(){lT’¢(J)lll}’
yielding a one-dimensional three-subband Hamiltonian H'P,

H'™y = Evy, (Co)
ho —iny/N26,  —iny//26,
H' = |in,/v25, hy 0 . (CT)
iny/~/26,y 0 h_

where ¥ = (Yor, Yoy ¥11, Y1y, ¥—14,¥-1y) and

ah mhwy
=

=i = T A =n+ @) ()

b

where 7 is given in Eq. (14) in the main text. The diagonal
elements of H'P are given by

R2k?
j= 2mx — alik 6, + Ey, (C9)

where j € {0,1, — 1}. We expand the parameters 2 and 1, in
®, and retain up to the second order in ®. Then, the dispersion
relation for the lowest subbands is

E(k,,®) = EO®k,) + ED(k,)D* + O(@%), (C10)

where E©(k,) and E(V(k,) are given by

k2 3h i 2
o= 2 ) o

2m 2 2
(C11)
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and

hiwy  s'ahke (R} —n?/2) — (RPof + n?/2)[R*k2/@2m) + hwy — EQ(ky)]

EW ) = —= +

PHYSICAL REVIEW B 96, 125416 (2017)

; (C12)

2 [A2k2/2m) + s'ahik, + 2fiwy — EOK)]” + n?

where s’ = +1 are eigenvalues of &, and hence distinguish the
different spin subbands. Note that E©(k,) is the same as in
Eq. (15), and that the leading-order correction to the dispersion
relation is the second order in ®.

For further comparison with Hj+ Hp in Egs. (11)
and (12) in the main text, we perform a transformation
to H'P as

17003 WOS
Vis | = | Y1, | (C13)
w—ls W’,ls

where 1//{3 = (dfls + l/ffls)/\/E and 1[//_15 = (wls - 1//,15)/
V2, followed by eliminating the 1s components, yielding

H/ID — < hO

L Cl4
i, (C14)

—1 nb5’ y
by + 8h\®* )
where A and the self-energy correction 84 from the ¥’
components are given by

h2k?
W, = == — ahik,5, +2hQ,
2m
i) = 1% (C15)
- W —E’

It is easy to check that H''P = H{ + Hy if ® =0 and U, =
0. By comparing the dispersion relations of H'P and H''P

(

order by order in ®, we find the form of 84/, which shows
consistency up to ®2 order, as

8hy = EW(k,) — hay

&

272
. [ED(k,) — "0 (55 + ahik,6, + 2hao) + &
T ahik, + hoo — EOGk,)

(C16)

As a result, the ®-induced corrections to the Hj + Hj, are
found as

H/ID -y + H + }% —i%(;'y @2—‘,-0(([)4).
O TR UNilE,  hwo + 8K,
(C17)

This correction term would lead to the ®2-order corrections
to the Fermi velocities and the wave functions of electrons
in the lowest subbands. Therefore, our perturbative results for
ABSs and current operator matrix elements given in Sec. III
up to the first order in B, are still valid, provided that & « 1.
For larger @ values, Eq. (C17) would allow to calculate the
effect on all the results in the main text with an accuracy
of O(d*).
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