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Tunable wideband-directive thermal emission from SiC surface using bundled graphene sheets
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Coherent thermal radiation emitters based on diffraction gratings inscribed on surface of a polar material, such
as silicon carbide, always possess high angular dispersion resulting in wideband-dispersive or monochromatic-
directive emission. In this paper, we identify roots of the high angular dispersion as the rapid surface phonon
polariton (SPhP) resonance of the material surface and the misalignment of the dispersion curve of the diffraction
orders of the grating with respect to light line. We minimize the rapid variation of SPhP resonance by compensating
the material dispersion using bundled graphene sheets and mitigate the misalignment by a proper choice of the
grating design. Utilizing a modified form of rigorous coupled wave analysis to simultaneously incorporate
atomic-scale graphene sheets and bulk diffraction gratings, we accurately compute the emissivity profiles of
the composite structure and demonstrate reduction in the angular dispersion of thermal emission from as high as
30◦ to as low as 4◦ in the SPhP dominant wavelength range of 11–12 μm. In addition, we demonstrate that the
graphene sheets via their tunable optical properties allow a fringe benefit of dynamical variation of the angular
dispersion to a wide range.
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I. INTRODUCTION

Thermal radiation is a spontaneous process from a hot mate-
rial surface. Precise control of its electromagnetic properties is
challenging but highly aspired in many research and industrial
applications such as solar energy harvesting [1–3], thermopho-
tovoltaics [4–6], mid-infrared incandescent light emitters
[7–9], spectroscopy [10], and imaging [11]. Over the past
decades, extreme control over spectral selectivity [8,12–20],
emissivity [21–24], and directionality [25–31] of thermal
radiation have been achieved using microstructures and nanos-
tructures on top of hot surfaces [32]. For example, one-
dimensional [18,33,34] and two-dimensional photonic crystals
[35], nanoscale gaps [36–38], hyperbolic metamaterials [37],
and polar materials with surface phonon polariton (SPhP)
resonance [24,26,39,40] have been utilized to manipulate one
or more electromagnetic properties of thermal radiation from
a hot surface simultaneously [32]. Particularly, polar materials
with SPhP resonance, such as the silicon carbide (SiC), are
found to be of extreme interest because of their ability to
hold orders of magnitude high intensity thermal radiation on
their surface with increased coherence length in comparison
to an ideal black body at room temperature [26,41–44].
One-dimensional diffraction gratings inscribed on the surface
have been utilized to radiate the near-field localized thermal
radiation into far-field propagation spectrum leveraging the
increased coherence length of SPhPs [26]. The addition of
diffraction gratings with specific periodicity and depth has
undoubtedly increased the emissivity and directionality of
each wavelength in the SPhP regime of SiC. However, the
combination of rapid SPhP resonance and the periodicity
of the grating has undesirably increased angular dispersion
(change of emission angle with frequency) of the thermal
radiation [26,27,45]. As a consequence of the high angular
dispersion, even though the emission from each wavelength
is directional in an angle θ , due to the broadband nature
of the source each wavelength emits into a different angle
increasing the overall angular range (�θ ) of the radiation
as shown in Fig. 1(a). Hence, most of the existing SPhP-

based thermal emitters either present wideband-dispersive
emission or monochromatic-directive emission [26,27]. Here,
we identify the root causes of the increased angular dispersion
and minimize it by coupling the SiC surface to bundled
graphene sheets. By a proper choice of periodicity of the
grating, we present wideband-directive thermal emission with
an order of magnitude reduction in the angular dispersion in
the SPhP wavelength regime of SiC (11–12 μm).

II. ANGULAR DISPERSION OF THERMAL RADIATION
FROM SIC SURFACE GRATINGS

The angular dispersion is a key property of diffraction
gratings in spectroscopy applications that helps to distribute
light from different wavelengths to different angles [46,47].
For a diffraction grating with periodicity (�) and a poly-
chromatic source incident at a fixed angle θi , the angular
dispersion of mth diffraction order at an angle (θ ) can be
computed by differentiating the grating equation k0 sin θ =
k0 sin θi + m 2π

�
as

dθ

dk0
= sin θi − sin θ

k0 cos θ
, (1)

where k0 = ω/c = 2π/λ0 is the free-space wave number. Note
that the material parameters do not affect the angular dispersion
in general.

In case of thermal radiation from SiC in SPhP regime,
where the source spectrum is distributed into surface waves at
each frequency [represented by the parallel wave-vector com-
ponent kx;SPhP = k0

√
εSiC/(εSiC + 1)], the grating equation is

modified as

kx;θ = k0 sin θ = Re(kx;SPhP) + m
2π

�
. (2)

The angular dispersion of the SiC surface gratings is then given
by differentiating Eq. (2) as

dθ

dk0
=

dRe(kx;SPhP)
dk0

− sin θ

k0 cos θ
. (3)
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FIG. 1. (a) Schematic geometry of SiC slab with grating scatter-
ing the heat into different directions. (b) SPhP dispersion curves of
planar SiC layers (red color) between wavelengths 11–12 μm and
respective thermal emission dispersion curves with a grating (green
and blue solid lines) corresponding to a periodicity of � = 6.52 μm.
Green and blue dashed lines represent the ideal emission curves given
by k0 sin ±θ . Black dashed lines represent the light lines. Note the
misalignment in the orientation of emission dispersion curve and ideal
emission curves. The wiggled arrows represent counterpropagating
SPhPs on the surface.

The increase in angular dispersion of the thermal radiation
from SiC surface grating [Eq. (3)] in comparison to a
diffraction spectrometer [Eq. (1)] is mainly for two reasons. (i)
As seen from Eq. (3), the material dispersion now implicitly
contributes to the angular dispersion which is proportional
to the term dRe(kx;SPhP)/dk0. The term dRe(kx;SPhP)/dk0

diverges with k0 due to rapid dispersion of SPhPs, as shown in
Fig. 1(b) and increases the angular dispersion. (ii) In order to
emit the radiation from each wavelength to only one angle (or
in order to limit the number of propagation diffraction orders of
kx;SPhP to one), the periodicity of the grating is chosen to be of
subwavelength order. The choice (� < λ) encourages a good
emissivity but simultaneously increases the distance between
kx;SPhP and kx;θ pushing the kx;θ to the negative side of the
spectrum (green arrow) and −kx;θ to the positive side (blue
arrow), as shown in Fig. 1(b). Note that ±kx;θ represent the
dispersion curves of diffraction orders of ±kx;SPhP. Assuming
an ideal grating performance and utilizing Eq. (2), the ±kx;θ are
computed as parallel lines to ±kx;SPhP with a shift of ′m2π/�′.
This shift of the emission angle reverses the sign of the slope
of the emission dispersion curve with respect to the ideal
emission dispersion curves (dotted lines) at respective angles
or the light lines, further increasing the angular dispersion.
Mathematically, since Eq. (3) is asymmetric with ±θ , the
choice of coupling wave with +kx;SPP to an angle −θ has
higher angular dispersion in comparison to +θ , where θ > 0.

In the following sections of this paper, we demonstrate
methods to minimize the angular dispersion of thermal
radiation caused by the above two factors. We utilize bundled
graphene sheets to compensate the dispersion of SPhPs on

the surface and then properly design the length and the
internal structure of the unit cell to eliminate the misalign-
ments between emission dispersion curve and the light line.
We demonstrate that addition of graphene sheets not only
reduces the angular dispersion, but also provides tunability
to dynamically control the dispersion.

III. SPHP DISPERSION COMPENSATION USING
BUNDLED GRAPHENE SHEETS

As discussed above, one of the contributing factors for the
angular dispersion of thermal radiation from SiC gratings
is the growing ratio of dkx;SPhP/dk0 on SiC surface with
frequency as shown in Fig. 1(b). The rapid growth in ratio
is due to the rapid variation of the permittivity of SiC between
11–12 μm wavelength. Addition of any dielectric layers on
top would increase the change in kx;SPhP with respect to k0.
To minimize the ratio, we utilize a set of 30 graphene layers
on top of SiC surface with 10-nm separation from each other
filled with dielectric spacer layers of ε = 2.25 in-between,
as shown in Fig. 2(a). The net thickness of the bundle is
equal to 300 nm and effectively demonstrates anisotropy with
hyperbolic dispersion. Fabrication of hundreds of layers of
such dielectric and graphene sheet combination is a feasible
task using state-of-the techniques such as epitaxial growth
[48] and chemical vapor deposition (CVD) transfer [49,50].
For the interested wavelength regime, since the black-body
emission peak happens at room temperature, the system is
assumed to be in equilibrium at 315 K. While SiC is known
to withstand higher temperatures, the stability of graphene at
higher temperatures is discussed in [50].

The effective anisotropic permittivity of added graphene
bundle is shown in Fig. 3(a). In addition to hyperbolic
nature, more importantly, the graphene bundle presents a
slow variation of permittivity of both of its components in
comparison to SiC. The slow variation can be attributed to the
extended tail of Drude model permittivity of the graphene layer
into the THz regime whose plasma frequency is tunable from
near-IR to mid-IR range [51]. The extended tail of the Drude
model into lower frequencies demonstrates relatively slow
variation of the permittivity in the SPhP frequency regime of
SiC, where the permittivity of SiC is given by rapidly varying
Lorentz model.

The total thickness of the graphene bundle being very
much smaller than the free-space wavelength, the overall
system retains the surface waves but its presence at the surface
dramatically alters SPhP dispersion. The kx;SPhP of the surface
waves in the composite system is shown in Fig. 2(b). Evidently,
in the interested wavelength regime the curvature of the
(kx;SPhP) of the composite surface wave (CSW) is minimized
and is observed to be nearly parallel to the light line. Hence, as
a consequence, the curvature in its respective diffraction order
in the propagation regime also reduces, decreasing the angular
dispersion of emission between the respective wavelengths.
Note that the anisotropic permittivity of the graphene bundle
(as a consequence of the alternating graphene/dielectric layers)
does not play a crucial role in reducing the curvature. If
available, an isotropic layer with such slow variation of
permittivity presents similar performance.
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FIG. 2. (a) Schematic geometry of SiC slab with graphene bundle
and dielectric gratings of periodicity � < λ. (b) Dispersion of
composite surface waves (red color) almost parallel to light line.
Green and blues lines have the same definitions as in Fig. 1(a).
(c) Emissivity spectrum of SiC gratings on top of SiC layer with
periodicity of � = 6.52 μm. (d) Emissivity spectrum of the same
system with graphene bundle placed in-between the SiC layer and
the grating with periodicity of � = 6.68 μm. The periodicity in both
cases is chosen such that the radiation at wavelength of 11.5 μm
emits into 45◦. The grating height in both cases is 400 nm with a
duty cycle of 65%. The optical parameters of graphene are obtained
from Kubo formula with Fermi level μc = 0.7 eV and the scattering
constant τ = 20 fs.

Figure 3(b) presents a quantitative description of the
reduction in the angular dispersion. The solid blue line in
Fig. 3(b) represents the calculated total angular dispersion
(�θ ) of thermal emission with one-dimensional grating pattern
on SiC surface as a function of central emission angle (θ )
(shown in Fig. 1). The periodicity (�) of the pattern is chosen
using Eq. (2) such that the central wavelength (11.5 μm) emits
at the angle θ and the �θ is computed as the difference between
the expected emission angle at λmin = 11 μm and λmax =
12 μm, for SPhP wave propagating along +x direction. The
red solid line in Fig. 3(a) represents the angular dispersion
(�θ ) as a function of emission angle (θ ) computed for the
composite system. A minimum of 10◦ decrease in the angular
separation (�θ ) can be observed for all emission angles when
the grating is placed on the composite surface in comparison
to the SiC surface.

While the above calculations are analytical assuming an
ideal grating with one-to-one coupling between SPhP or com-

FIG. 3. (a) Permittivity of SiC and effective anisotropic permit-
tivities of graphene bundle for comparison. Note the slow variation
in parameters of graphene bundle in comparison to SiC. (b) The
calculated angular dispersion �θ between 11–12 μm wavelength.
The x axis represents the emission angle of the central wavelength
λ0 = 11.5 μm. The required periodicity at each emission angle is
given by Eq. (2). Note that addition of graphene bundle reduces at
least 10◦ of angular dispersion.

posite wave to the emission direction, to witness the reduction
in angular bandwidth more appropriately we compute here the
emissivity pattern from the structures as a function of angle
and frequency. The emissivity is computed using Kirchhoff’s
law [52] as (1 − Pref), where Pref is the sum of reflection
coefficients of all propagating diffraction orders of the system.
In order to compute the total reflected intensity accurately
including the graphene sheets (not with effective parameters),
we developed a slightly modified form of rigorous coupled
wave analysis (RCWA) technique [53,54] as described in the
Appendix.

The computed emissivity using the modified RCWA for-
mulation of transverse magnetic (TM) polarized light from a
grating on a bare SiC surface and the composite surface are
shown in Figs. 2(c) and 2(d), respectively. The periodicity is
chosen such that the SPhP (or CSW) wave at λ0 = 11.5 μm
propagating along +x (−x) direction couples to an emission
angle of −45◦ (+45◦). As expected, the emissivity of the
SiC layer plus grating system [Fig. 2(c)] demonstrates an
angular dispersion of �θ ≈ 30◦, similar to measurements
in experiment [26]. The angular bandwidth decreases to
�θ ≈ 16◦ when graphene bundle is inserted in-between the
base SiC layer and SiC grating. Note that the computed
angular bandwidths of both the systems shown in Figs. 2(c)
and 2(d) are higher than the theoretically predicted values
in Fig. 3(b) because of the shift in resonance of the SPhPs
and CSW due to the presence of grating of finite height
(400 nm). Better agreement between predicted and computed
angular bandwidths is observed when the grating thickness is
reduced to the order of 100 nm, however, at the cost of reduced
emissivity due to inefficient diffraction.

In order to verify that the low angular dispersion is a
consequence of the CSW but not any higher-order SPhP
modes between the SiC base and the grating, we computed
the emissivity of the system without the graphene layers but
with the dielectric spacer of identical height. The computed
emissivity shown in Fig. 4(a) primarily demonstrates a central
emissivity curve corresponding to the diffraction order of SPhP
resonance. The angular dispersion of the curve is high and
similar to the system with grating on SiC substrate shown in
Fig. 2(c). In addition, additional horizontal emissivity bands
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FIG. 4. (a) Emissivity spectrum of same system as in Fig. 2(d)
without graphene layers but with dielectric spacer layers. Many
horizontal emission bands arise due to gap modes inside the grating
gaps. (b) Comparison of emissivity of TE and TM polarized waves of
the system with graphene layers at three different frequency positions.

arise as a consequence of the gap modes inside the grating
gaps that are observed to change their frequency position
with respect to filling fraction of the grating. Therefore, the
performance of the graphene bundle as a thin metallic layer
assists in both minimizing the SPhP dispersion and eliminating
the gap-mode resonances.

Certainly, the addition of graphene bundle leads to more
absorption loss in the system. As a result, the background
emissivity of the system has raised from the order of 0 in
Fig. 2(c) to the order of 0.15 in Fig. 2(d). The additional
absorption loss also results into nonzero but smaller emissivity
values for transverse electric (TE) polarized light as shown
in Fig. 4(b). However, due to the absence of surface waves,
the emission from TE polarization does not contribute to the
angular dispersion.

IV. ALIGNMENT OF THE DIFFRACTION ANGLE
WITH LIGHT LINE

Next, we focus on minimizing the angular dispersion due
to misalignment of the emission angle curve and the light line.
One of the features to observe from the �θ curves in Fig. 3(b)
is the asymmetric shape which demonstrates that the angular
dispersion heavily depends on the sign of the emission angle.
Note that since the surface waves symmetrically propagate in
both (+x) and (−x) directions, the periodicity � for a given
central wavelength λ0 and desired emission angle θ has two
choices. The � can be chosen such that the surface wave along
+x couple to a negative angle (say −45◦) and vice versa, as
described in Figs. 1 and 2, where the periodicity turns out to
be � < λ0, or it can be chosen such that the wave along +x

couples to +45◦ and vice versa where the periodicity will be
� > λ0. In both cases, the thermal radiation symmetrically
emits in to ±45◦. However, the former case has high angular
dispersion while the latter case has low angular dispersion
since the difference between the incident wave vector of the
source (±kx;SPhP) and the wave vector of the emission curve
±kx;θ is minimum in the latter case.

The disadvantage of the latter case (� > λ0) is the possible
leakage of thermal radiation into other diffraction orders
that inevitably fall into the propagation regime. However,
since by nature of a binary diffraction grating the first
diffraction orders (±1) have more coupling strengths than
the higher orders, a proper choice of periodicity such that

FIG. 5. (a) Schematic geometry of SiC slab with graphene bundle
and dielectric gratings of periodicity � > λ. (b) Dispersion of
composite surface waves (red color) with the demonstration of
six diffraction orders in the propagation regime. The periodicity
is assumed to be � = 37.51 μm. (c) Corresponding computed
emissivity spectrum where the grating is assumed to be made of Si
(ε = 12.1) to minimize the absorption loss. Only the first diffraction
order gets maximum coupling with SPhP. Notice the change in
slope of the emission dispersion curve in comparison to Fig. 2.
The magnitude of emissivity is less because of high loss factor
(τ = 20 fs) in the increased graphene bundle volume. The grating
height is considered as 235 nm with a duty cycle of 39%.

k0 sin (±θ ) = ±kSPP ∓ 2π/� will minimize the emission into
higher diffraction orders.

Figure 5 presents the dispersion (b) and emissivity (c)
of the composite system patterned by such a grating with
optimized periodicity. Figure 5(b) shows that the chosen
periodicity brings six diffraction orders of both ±kx;SPhP into
the propagation regime. The analytically computed angular
dispersion �θ of the closest diffraction orders (represented
by m = ±1) in this case is around 2.79◦. The computed
emissivity pattern using the modified RCWA formulation
demonstrates angular dispersion of around 4.2◦ which is nearly
an order of magnitude decrease in comparison to the system
in Fig. 2(c). Here, to minimize the high absorption losses due
to large volumes of grating ridges, the diffraction gratings are
considered to be made of a high index dielectric materials such
as silicon (ε = 12.1). A major difference that can be observed
from Figs. 2(c) and 5(c) is the change in the sign of slope of the
emission dispersion curve, which is a necessary and sufficient
condition to prove that +kx;SPhP (−kx;SPhP) radiates at an angle
of +45◦ (−45◦) for large period (� > λ) systems.
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FIG. 6. Emissivity profiles of the same system as in Fig. 5(b)
with higher scattering time (lower loss factor) of (a) τ = 200 fs, and
(b) τ = 500 fs demonstrating high-emission intensity and contrast.

Even though Fig. 5 demonstrates lower angular dispersion
as expected (with the use of dielectric gratings), one can
observe a clear decrement both in the magnitude of the
emissivity peak and its contrast with the background emission.
The decrement is due to the increase of volume of the lossy
graphene bundle due to the increase in periodicity. Here, we
used τ = 20 fs as the scattering constant [55] in the Kubo
formula to obtain the optical parameters of graphene which
is on the higher end of the abortion loss. Since graphene is
a complex material whose optical properties also evidently
depend on the other factors (such as substrates, etc.), higher
scattering constants such as τ = 200 [56] and 500 fs [57]
have also been reported in various experiments. To reinforce
our argument about the decrement of the quality of emissivity
due to high loss, we computed the same quantity with higher
scattering times and reported in Fig. 6. Figure 6 clearly shows
an increase in both the magnitude and contrast of the emissivity
pattern and also demonstrates a lower angular dispersion of
3.77◦, which is closer to the ideal predicted value of 2.79◦.

Finally, we demonstrate the effect of the highly applauded
optical property of the graphene sheets which is the dynamical
tunability of its Fermi level utilizing external gate bias voltage
sources. Although, in this paper we aim on minimizing the
angular dispersion of thermal radiation, dynamical control on
the dispersion is an added advantage brought by the presence of

FIG. 7. Emissivity profiles of the same system as in Fig. 5(b)
by tuning the Fermi level of graphene from (a) 0.2 eV, (b) 0.3 eV,
(c) 0.4 eV, and (d) 0.5 eV. The scattering time is considered at the
higher loss end as τ = 20 fs.

graphene layers. Figure 7 demonstrates the effect of variation
of the Fermi level of the bundled graphene layers. An extreme
control on the angular dispersion from a range of �θ ≈ 30◦
to 4◦ is evidently possible by the dynamical tunability of the
Fermi level of the graphene sheets.

V. CONCLUSION

In conclusion, we demonstrated extremely reduced angular
dispersion (from 30◦ to as low as 4◦) of a wideband coherent
thermal radiation emitter in the mid-IR frequency regime made
from a polar material. We identified two main contributions
for the angular dispersion and provided simple solutions to
minimize it using a homogeneous graphene bundle and an
optimal one-dimensional diffraction grating. We developed a
modified form of rigorous coupled wave analysis formulation
to appropriately incorporate atomic-scale graphene sheets
between bulk diffraction gratings, and accurately computed
the emissivity profiles of the composite systems to demonstrate
the minimized angular dispersion. In addition, we demonstrate
that by actively controlling the Fermi level of the graphene
sheets using gate bias voltage, the angular dispersion of the
system can be dynamically varied. While existing surface-
phonon-resonance–based thermal emitters are either wideband
dispersive or monochromatic directional, the incorporation of
graphene bundle paves a way to design wideband-directive
thermal emitters.
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APPENDIX: RIGOROUS COUPLED WAVE ANALYSIS
(RCWA) WITH PATTERNED GRAPHENE SHEETS

AS CONDUCTING BOUNDARIES

RCWA is a well-known technique to accurately and effi-
ciently compute light propagation through periodic diffraction
gratings at less computational cost. The formulation is based
on the scattering matrix method where the electromagnetic
fields inside the gratings layers are computed using eigenmode
expansion. The incorporation of atomic-scale two-dimensional
materials, such as graphene, into this formulation is often
carried out by assuming a small thickness and an effective
permittivity to the layer [9]. On the other hand, a closely related
formulation has been developed to compute light propagation
through patterned graphene sheets where graphene is more
appropriately assumed as an interface with spatial-dependent
surface conductivity and zero thickness separating two ho-
mogeneous layers [11,58]. Here, we developed and utilized
a combination of the above two techniques to compute
electromagnetic wave propagation in a system containing
bulk diffraction gratings as layers with nonzero thickness
and patterned graphene sheets as conducting interfaces with
zero thickness separating the bulk layers. For simplicity, we
utilize only one-dimensional gratings and transverse magnetic
(TM) polarized light appropriate to the current context, while
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FIG. 8. Schematic geometry of the developed modified RCWA
formulation of the composite system with bulk homogeneous layers
and diffraction gratings separated by conducting interfaces.

the extension to transverse electric (TE) polarization and
two-dimensional gratings is straightforward.

To begin with, solving the Maxwell’s equations with
plane-wave expansions of electromagnetic fields in Cartesian
coordinates, the tangential electric Ex and magnetic Hy field
components in a given region of the graphene plus gratings
system schematically, shown in Fig. 8, can be expressed as[

Ex;p

Hy;p

]
=

[

x 0
0 
x

][
Wp −Wp

Vp Vp

][

+

z;p 0
0 
−

z;p

][
C+

p

C−
p

]
,

(A1)

where 
x is a diagonal matrix whose elements are phase
factors along the tangential direction defined as 
(n,n)

x =
exp (ik(n)

x x) with k(n)
x = kx0 + n2π/�. kx0 represent the in-

cident angle as kx0 = k0 sin (θ ). The quantity 
±
z;p are also

diagonal matrices that represent the phase factor along the
propagation direction in the pth region, whose elements are
defined as 
+(n,n)

z;p = exp [+ik(n)
z;p(z − zp−1)] and 
−(n,n)

z;p =
exp [−ik(n)

z;p(z − zp)]. If the pth region is a homogeneous layer,

k(n)
z;p =

√
k2

0εp − (k(n)
x )2. If the pth region is an inhomogeneous

layer, then k(n)
z;p’s are the square root of the eigenvalues of the

matrix A, defined as [53,54],

A = k2
0E − KxE−1KxE, (A2)

where Kx is a diagonal matrix with K (n,n)
x = k(n)

x and E is a
Toeplitz matrix of Fourier coefficients of spatial permittivity
εp(x) of the inhomogeneous layer, defined as E (m,n) = εm−n.

[εn = ∫ �/2
−�/2 εp(x) exp (in2π/�)dx].

Similarly, if the pth layer is homogeneous, the quantities
Wp and Vp are diagonal matrices with W (n,n)

p = −k(n)
z;p/k0εp

and V (n,n)
p = 1, else Wp represent a matrix whose columns are

the eigenvectors of the matrix A and Vp is a matrix defined as

Vp = k0EWpK−1
z;p. (A3)

The quantities C±
p are column vectors representing the

amplitude coefficients of the eigenmodes that are determined

by the boundary conditions. While above steps are similar
to RCWA of diffraction gratings [53,54], the incorporation
of the surface conductivity of graphene sheets at the in-
terface is carried into the boundary conditions, at the pth
interface as Hy;p+1(x,zp) = Hy;p(x,zp) − σp(x)Ex;p+1(x,zp)
and Ex;p+1(x,zp) = Ex;p(x,zp). Inserting Eq. (A1) into the
boundary conditions and by applying convolution to the
product σp(x)Ex;p(x,zp), the boundary conditions can be
translated into matrix form as[

Wp+1 −Wp+1

V +
p+1 V −

p+1

][
I 0
0 
−

zp ;p+1

][
C+

p+1

C−
p+1

]

=
[
Wp −Wp

Vp Vp

][

+

zp ;p 0
0 I

][
C+

p

C−
p

]
, (A4)

where V ±
p+1 = Vp+1 ± 
Wp+1. 
 is a Toeplitz matrix of

Fourier coefficients of the spatial profile of the surface
conductivity σp(x) of the interface, defined as 
(m,n) = ξm−n.

[ξn = ∫ �/2
−�/2 σp(x) exp (in2π/�)dx].

Further simplifying, Eq. (A4) can be reduced to a scattering
matrix equation as[

C−
p

C+
p+1

]
=

[
R+

p T −
p

T +
p R−

p

][
C+

p

C−
p+1

]
, (A5)

where

R+
p = (

W−1
p+1Wp + V +−1

p+1 Vp

)−1(
W−1

p+1Wp − V +−1
p+1 Vp

)
,

T −
p = (

W−1
p+1Wp + V +−1

p+1 Vp

)−1(
V +−1

p+1 V −
p+1 + I

)
,

T +
p = (

W−1
p Wp+1 + V −1

p V +
p+1

)−1
(2I ),

R−
p = (

W−1
p Wp+1 + V −1

p V +
p+1

)−1(
W−1

p Wp+1 − V −1
p V −

p+1

)
.

(A6)

The matrices R±
p and T ±

p could be individually computed at
each interface and iteratively multiplied from the last interface
using the formulas

Tp = (
I − R−

p 
−
zp+1;p+1Rp+1

)−1(
T +
+

zp ;p

)
,

Rp = R+
+
zp ;p + T −

p 
−
zp+1;p+1Rp+1Tp (A7)

to obtain the net reflection matrix of the system R1. Finally,
the matrix of reflectance coefficients of the system Rs can be
computed as Rs = Kz;1|R1|2K−1

z;1 . The total reflected intensity
Pref for a given incident angle is given by sum of the elements
in corresponding column of the matrix Rs and the emissivity
is defined as 1 − Pref . Note that even though the formulation
considers σ as σ (x) for generalization, all the results presented
in this paper have homogeneous graphene sheets with no
spatial dependence.
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