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We present a stability analysis on a driven-dissipative electron-hole condensate in the BCS (Bardeen-Cooper-
Schrieffer)-BEC (Bose-Einstein condensation) crossover region. Extending the combined BCS-Leggett theory
with the generalized random phase approximation to the nonequilibrium case by employing the Keldysh
formalism, we show that the pumping and decay of carriers causes a depairing effect on excitons. This
phenomenon gives rise to an attractive interaction between excitons in the BEC regime, as well as a supercurrent
that anomalously flows antiparallel to VO(r) [where O(r) is the phase of the condensate] in the BCS regime,
both leading to dynamical instabilities of an exciton BEC. Our results suggest that a substantial region of the
exciton-BEC phase in the phase diagram (in terms of the interaction strength and the decay rate) is unstable.

DOI: 10.1103/PhysRevB.96.125206

I. INTRODUCTION

A gas mixture of electrons and holes in a highly excited
semiconductor provides a useful playground to study various
fundamental many-body phenomena, such as the exciton-Mott
transition (crossover) [1-7], as well as the electron-hole
liquid and droplet formation [8—11]. Perhaps the most striking
phenomenon is the exciton BEC (Bose-Einstein condensation)
[12,13]. Indeed, signs of this phase have been reported by
some experimental groups, such as a sudden enhancement of
two-body inelastic scattering [14], and the appearance of an
anomaly in its spatial distribution [15] at low temperatures
[~O0(100 mK)] [15,16]. Thus, although further analyses are
still necessary for these results, the achievement of the exciton
BEC is very promising.

The realization of an exciton BEC would enable us to
examine the so-called BCS (Bardeen-Cooper-Schrieffer)—
BEC crossover [17,18], where the character of an exciton
condensate continuously changes from the weak-coupling
BCS type (where electron-hole pairs are largely overlapping
one another as in ordinary superconductors) to BEC of
tightly bound excitons, with decreasing carrier density n [19—
21]. Although a similar crossover phenomenon has already
been discussed in cold Fermi gas physics [22,23], a crucial
difference from this atomic case is that the exciton case is
essentially in the nonequilibrium state [24], because continu-
ous pumping to compensate carrier loss is always necessary
to sustain the system. Thus, the exciton system would be
useful for the study of interplay between strong correlations
and nonequilibrium effects in the BCS-BEC crossover region.
Since nonequilibrium Fermi condensates have been discussed
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in various fields, such as an exciton-polariton condensate [25],
quench dynamics of an ultracold gas [26], and neutron-star
cooling [27], the realization of an exciton BEC would also
contribute to the study of these systems as well.

A crucial nonequilibrium effect is the instability of a con-
densate. One well-known example is the Landau instability,
where the supercurrent state becomes unstable when the flow
velocity exceeds a critical value. Thus, it will not be too
surprising for such instability to occur in a driven-dissipative
system as well. Indeed, a dynamical instability has recently
been observed in a polariton gas [28,29], which has also been
theoretically studied in a boson model [30], as well as a Dicke
model [31], consisting of bosons coupled to localized fermions
by disorder. However, no studies have been done on how strong
correlations in the Fermi degrees of freedom affect the stability
of a nonequilibrium condensate.

In this paper, by employing the combined BCS-Leggett
theory [18] with the generalized random phase approximation
[32,33] extended to the Keldysh formalism [34], we present
two mechanisms of dynamical instabilities that occur in this
system. One is triggered by an attractive interaction between
excitons, appearing in the BEC regime, and the other arises
in the BCS regime due to an anomalous supercurrent that
flows antiparallel to the twist of the phase of the condensate
VO(r). We show that both the instabilities originate from
nonequilibrium-induced pair-breaking effects [35]. A substan-
tial region of the phase diagram, in terms of the interaction
strength and the decay rate, is found to be unstable.

Figure 1 schematically illustrates the hydrodynamics of the
dynamical instabilities we found in this paper, explaining how
fluctuations of the Bose-condensate fraction dng(r,t) from
its steady-state value ng [as well as the phase fluctuations
of the condensate 66(r,t)] grow as a function of time in
the dynamically unstable regimes. From our microscopic
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FIG. 1. Schematic explanation of the hydrodynamics of the
condensate fraction ny(r,t) (solid line) and the phase 0(r,t) of the
condensate (dotted line). Following Eq. (1), the local enhancement of
the condensate fraction induces a spatial modulation of the phase
0(r,t). Then, following Eq. (2), the phase gradient VO drives a
supercurrent J o B, V6. As described by the dashed lines, this
supercurrent either flows away from the enhanced spot to damp the
condensate fraction back to the steady state [as in cases (a) and (d)]
or amplifies the local fluctuation even more [as in cases (b) and (c)],
destabilizing the steady state.

analysis, the driven-dissipative Bose condensate is found to
approximately obey the hydrodynamic equations (which we
derive in Sec. III),

1
ﬁ_(a“ — B11VHdno(r,t) + 2nd,80(r,t) =0, (1)
12

0 8no(r,t) +V - J(r,t) =0, 2)

where Eq. (2) can be regarded as a continuity equation
associated with a “supercurrent” [36]

J(r,t) = 2n0@V86(r,t). 3)
112

The (real) coefficients «;;,8;;, and 7;; are derived from the
microscopic calculations that we present in this paper. These
equations (1), (2) essentially have the same structure as the
time-dependent Gross-Pitaevskii (GP) equations [37],
VZ
Ugng — — |6no(r,t) + 2np0,80(r,t) = 0, @)
|: 2mB ]

0;8no(r,t) +V - Jg(r,t) =0, &)

for a repulsively interacting BEC [38]. Here, Ug is a repulsive
interaction between bosons, mp is the boson mass, and

Je(r.t) = Z—(;V(Se(r,t) (6)

is a supercurrent of the bosons.
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In the conventional case where all coefficients «;;,8;;, and
n;; are positive, the uniform steady state is stable against
perturbations [Fig. 1(a)]. In this case, the supercurrent J flows
away from the locally enhanced condensate fraction §ng(r,t)
to stabilize the system back to the steady state. However,
we show in this paper both numerically and analytically
that the nonequilibrium nature of the electron-hole Bose
condensate can make coefficients such as «y; and By, switch
to negative to give rise to anomalous hydrodynamics. Negative
a1 corresponds to the rise of an effective attractive interaction
between the excitons [compare our hydrodynamic equation (1)
and the GP equation (4)], and negative B, corresponds to the
rise of an anomalous supercurrent that flows antiparallel to the
phase gradient VO [Eq. (3)]. As illustrated in Figs. 1(b) and
1(c), these can give rise to a flow of supercurrent that amplifies
the fluctuations, resulting in dynamical instabilities.

The rest of our paper is organized as follows. In Sec. II, we
explain our driven-dissipative electron-hole model, as well as
our formalism. In Sec. III, we examine how the nonequilibrium
nature of this system affects the Bose-condensed phase. We
show how nonequilibrium-induced pair dissociation leads to
dynamical instabilities, in a wide range of parameter region.
In Sec. IV, we give the concluding remarks and raise some
important remaining problems. Throughout our paper, we set
h=ks=1.

II. MODEL AND FORMALISM

The model driven-dissipative electron-hole gas we consider
is illustrated in Fig. 2. The corresponding Hamiltonian is given
by H = H; + H, + H.,y, where

Hy =Y "Wile,13 — A()Ty — ATV, —U Y pip7,
p q

(N

describes an electron-hole gas in the exciton-BEC phase. ol =
(a;,e,a, p.h) s aNambu field, consisting of an electron creation

(a;[,,e) and a hole annihilation operator (a_p ;). Electrons and
holes are assumed to have the same mass m and kinetic energy
&p = p?/(2m). Pauli matrices 7, (s = 1,2,3) and 7o = [1; &
i12]/2 act on the Nambu space, and ,0; = Zp \IJ;Jrq/zrs\IJp_q/z
is a generalized density operator.

In this paper, we assume an attractive contact-type inter-
action —U(<0) between electrons and holes for simplicity.
Although Eq. (7) ignores long-range Coulomb interaction,
since the gapless Goldstone mode appears in the exciton-

o RS I vactum
b v

FIG. 2. Model driven-dissipative electron-hole gas. An electron-
hole system with an attractive interaction — U is coupled to a pumping
bath with the transfer matrix element I'y, as well as a vacuum with the
transfer matrix element I'y. The pumping bath is assumed to be in an
equilibrium state at the temperature T, where the particle distribution
obeys the Fermi distribution function f(w) = 1/[e@*/T 4 1],
where uy, is the chemical potential. The particle distribution f,(w)
in the vacuum vanishes.
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BEC phase regardless of whether the interaction is short-
or long-ranged [39] (note that since electron-hole pairs
are neutral, the Anderson-Higgs mechanism is absent), we
expect that our model can still capture low-energy properties
of the exciton BEC, at least qualitatively. In this model,
the exciton BEC is characterized by the order parameter
Alt)y=U Zp(a_p,h(t)ap,e(t)). Following the conventional
prescription [40], we measure the interaction strength in terms
of the scattering length a;, given by 4ma;/m = —-U/[1 —
U ZZ“ 1/(2e,)] (where p. is a momentum cutoff). On this
scale, the weak-coupling BCS regime and the strong-coupling
BEC regime are characterized as (kpa,) ™' <0and (kgay)~' 20,
respectively [where kg = (3w2N)!/? is the Fermi momentum
with N being the particle number in the system].

Incoherent pumping and decay of the carriers are, respec-
tively, driven by a coupling I', to a free Fermi bath and a
coupling I'y to the vacuum as done in Refs. [31,35,41]. These
tunneling processes are described by

Ho= Y Y3 [Nd;inw,eRePm + Hel. (8)

A=b,v p.q i

Here, a particle in the exciton-BEC system at r; is assumed to
tunnel to the bath or vacuum at R;. The bath and vacuum are
described by

Heny = Y Y @iierz; ). 9)

A=b,v ¢

The Nambu field CIDSM = (cgf?,cli(;?g)T consists of an electron

b(v)T
—g.h
in the bath (vacuum). s,l;(v) is the kinetic energy of the bath
(vacuum). We assume that the bath and vacuum are huge
compared to the exciton-BEC system, and the former two
are always in the equilibrium state. Carriers in the bath obey the
Fermi distribution function f,(w) = [e@~#)/T> 4 117! (where
Wb, Ty, are the chemical potential and the temperature of the

ey . b .
annihilation operator cqf‘é) and a hole creation operator ¢

J

G'(p,w) (Gg“ GS”)( ) (GOR GOK)( )
D.w) = pP.w)= pP.w)=
G, G 0 G%™

composed of the retarded, advanced, and Keldysh components
represented by the superscripts R,A, and K, respectively.
Here, the («,«’) = (a,a),(b,b),(a,b) component represents the
retarded, advanced, and the Keldysh component, respectively,
and the (b,a) component is zero. While the retarded (advanced)
component in the single-particle Green’s function ¥R(=
[4A]") gives information on the single-particle density of states
of the system, the Keldysh component ¢X gives information
on the occupancy of the density of states. For details of the
Keldysh Green’s function method, see, e.g., Ref. [34]. f(w) in
Eq. (13) is the initial distribution of the system, which however
will be shown later to have no effect on the steady-state
properties. Note that Gg,a,,%,ar, and ¥, ., are matrices in
Nambu space.

[+ i —epr3]!
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bath, respectively). In this paper, we only treat the T, = 0
case. Since the vacuum has no particle, we assume a vanishing
distribution f,(w) = 0.

Our treatment of the pumping of excitons as a coupling
to a free Fermi bath is, at a glance, quite different from an
experimental situation, which is rather a photon pumping
and its thermalization via phonon emission to the bulk
semiconductor or exciton-exciton scattering. However, since
the attachment of the bath to the system phenomenologically
describes the injection and thermalization of carriers, we
expect our model to capture the fundamental elements of the
above processes. Similarly, we expect our modeling of the
decay process of excitons as a coupling to a vacuum (which in
reality would be photon recombination) to capture the essence
of the decay process, since the phase-breaking effect due to
the loss of electron-hole pairs [42] is taken into account.

Nonequilibrium effects on a strongly interacting Bose
condensate are conveniently examined by using the single-
particle Nambu-Keldysh Green’s function 9, obeying the
Dyson equation [34],

Grtrt)=6"r—r—1)
+ /drldrzdtldtzéo(r —ri,t—1)

X S(r1, 172,09 (ry 1o 7 1), (10

Here, G° is a free Green’s function and ¥ is the self-energy
that incorporates nonequilibrium and interaction effects. In our
RAK representation [34], the single-particle Green’s function
4, the self-energy 3, as well as a free Green’s function G°,

are represented as
G G\ (TR 9G¥
(%a %b) - < 0 gA)’ (b

& 2:aa 2:ab _ ER EK
X = (Eba 21;1;) - ( 0 2A>’ (12)

g

and

—7its[1 — 2 f(013)]8(w — 81,13)), a3

0 [w—i8 —epr3]™!

In order to proceed, an approximated treatment of the
self-energy 3 is needed. In this regard, we recall that, in the
conventional equilibrium case, it is well known that the so-
called BCS-Leggett theory [18] well describes the BCS-BEC
crossover physics in the ground state, at least qualitatively
[43,44]. In this framework, unlike in the conventional BCS
theory where the chemical potential is fixed at the Fermi energy
w = e (implicitly assuming a weak attractive interaction), the
chemical potential of the system u and the order parameter A
are determined self-consistently by solving the gap equation

11— 2np(Ep)
PR
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FIG. 3. (a) The Hartree-Fock-Bogoliubov (HFB) self-energy
$HFB and (b) the self-energy correction within the second Born
approximation $3e™_ The solid and the dashed lines are the single-
particle Nambu-Keldysh Green’s function of the system ¢ and the
reservoirs D,y v, respectively. The dotted line represents the coupling
constant —U, and the cross represents the hopping between the system
and the reservoirs 'y y.

together with the number equation

N = Z[ ( )[1—nF(E,,>]+ (+§”)nF(E,,>].
P

15)

Here, np(w) = [e?/T + 1]7! is the Fermi distribution function,
E, =+~§ 12, + Aj describes single-particle excitations, and
&p = &p — . These equations (14) and (15) are known
to yield the two limiting cases: the weak-coupling limit
[(kpas)~' — —oo] where the conventional BCS results [Ag =
(8/e¥)epe™ kras)™" | — ¢] are obtained, and the strong-
coupling limit [(kpa,)~' — 4o00] where u = —Ep/2 [E, =
—1/(ma?) is the binding energy of an exciton] and A¢ =
V16/(Bm)|u|/4e)/*. The strong-coupling limit (the so-called
BEC limit) solution 4 = —Ey/2 indicates that the system is
well described by a BEC of strongly bound excitons, where
the system earns half the binding energy when an electron or
a hole is added to the system by forming an exciton. These
two limits continuously connect to each other by gradually
increasing the interaction strength from the weak-coupling to
the strong-coupling regime, describing the essential features
of the BCS-BEC crossover physics [18].

In the Nambu-Keldysh Green’s function method, Egs. (14)
and (15) can be shown to be equivalent to approximating the
self-energy within the Hartree-Fock-Bogoliubov (HFB) level,
as given diagrammatically in Fig. 3(a) [32,35]. We provide
its explicit form in Appendix A, and give here only its final
form,

(2B s )R

. do'™ 1, .
=1UZ/ (g5 e+ 011

" 27‘[ —002
+ Gy (r.tir,t + 07T, (16)
[ZHB e 1)K = 0, (17

[(ZHE G O = (P O (8)

To extend this framework to the driven-dissipative case, we
further add the diagram shown in Fig. 3(b) as a self-energy
that describes the tunneling effects to the bath and the vacuum
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within the second-order Born approximation [35]. As derived
in Appendix A, this is given by

[Z™ @I =—i ) . (19)
A=b,v
[Z™(@)]F = =23 Y pall =2fi@w)],  (20)
A=b,v
[Z™@)* = {[Z™ @)}, @1)

where we have Fourier-transformed the relative time r — ¢/, and
have used the assumption that the bath and vacuum are large
enough to stay in the equilibrium state during the dynamics.
Here, o) = 7 Ny ooy | Ty |* characterizes the thermalization
(decay) rate from the bath (vacuum). We have assumed a
Markovian bath (vacuum); i.e., the density of states in the
bath (vacuum) pyy) is constant. N, is the number of tunneling
paths. The imaginary part in the retarded component [Eq. (19)]
gives rise to a linewidth y = y, 4+ )4 to the single-particle
excitation spectrum, and the Keldysh component [Eq. (20)]
describes how the bath and vacuum distribution f;(w) affects
the distribution of the carriers in the system.

We now consider a uniform steady-state solution of the
framework presented above, by imposing the steady-state
ansatz [31,35,41],

A(t) = Age 2. (22)

Without loss of generality, Ay > 0 is assumed to be real.
We can formally eliminate the time dependence of the order
parameter in Eq. (22) by employing the gauge transformation
(ap,gze,h,c;(,:e,h) = (&p,aze,h,Ez’aze.h)e_”“. Practically, this
is done by replacing ¢,,e), and py, by &, =&, — p,&y =
8‘)1“ — u, and up — pu, respectively [31]. After employing this
gauge transformation, the uniform steady-state single-particle
Green’s function G(r,¢; r',¢’) and the self-energy So(r.t;r' 1)
depend only on relative coordinates, i.e., r —r’ and t — ¢,
which simplifies the Dyson equation (10) to

G(p.») = G(p,w) + G'(p,w)Eo(p.0)G(p,w). (23)

The steady-state self-energy 3y is derived from

Egs. (16)—(21),

do' 1
=6 (p.w) = zUZ / [GY(p )Ty

5o ]—i Y m (24)

A=b,v
=—Aomi—i ) v, (25)
A=b,v
i (pw) = =2its Y pill —2fiww)],  (26)
A=b,v
Zhp) = [ERp.w)]'. 27)
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In deriving Eq. (25), we have used the definition of the order parameter,
L ) i L . do'1 ¢ ,
No=U ;w_,,,ha,,,a =—iU ; UG prdpe) = (@pedpn)] = —iU ; 55 Gh.@), (28)

and the fact that A is assumed to be real. From the Dyson equation (23), the steady-state single-particle Green’s function G(p, )
is obtained as

. - ) _ (w+iy)l+E&,13 — Agt
GX(p.w) = [(0+18) = &7 — Zg(p.w)] L=+ il - ET+ Agry ]! = (w—l—i)/)zp—:Ezzf -

_ m<w+_”;:§” w+l~yA°_§p>’ 29)

G (p.w) = GR(p.0)Z((@)G(p.w) + [1 + GX(p.0) Z( (p.)|G*(p.w)[ 1+ Z(p.w)GA(p.0)] (30)
_ —2i <F(w>[<w + &)+ 7 — F(—0)A]  —200[F_(0)w + Fi(0)E, + iy)])
[(@—Ep? +y2(@+ Ep)* + ¥\ —2A¢[F_(0)o + Fi(0)Ep —iy)]  F(@)Af — F(—o)l(@ —&)* +y?1)’

(€29)

G(p.w) = [GR(p.»)]". (32)

Here, Fi(w) = [F(w) £ F(—w)]/2 with F(w) = Y, _; , ¥a[l — 2 fi(w)]. We note that the second term of Eq. (30) is shown to
vanish by use of Eqs. (13), (25), (27), and (29). This is an expected result, where the steady state does not depend on the initial
distribution of the system f(w) contained in G%K.

From the (1, 2) component of Egs. (24), (25), and (31), the self-consistent condition

F_(w)o + Fr(w)[&p +iy]

l_zfd_“’
U~ & 7 (@=EpP+y2l@+Ep’ +77]

(33)

is obtained. One can also derive the number of particles N = Zp,a (c;gcp,a) =-2i ZP[G<(p,a))]11 from Egs. (29) and (31)

as [where G< = (=GR + G* + G¥)/2]

N=2)" f do [(© + &) + 7’1 fol@) + Ayl = (w/v) fo(=o)]}
[ i [(@ = Ep)* + y?ll(@ + Ep)* + ¥?] '

These equations (33), (34) can be regarded as a nonequilibrium
extension of the gap and the number equations (14) and
(15) in the BCS-Leggett theory, respectively [35]. By solving
these equations (33), (34) self-consistently, we determine the
quantities (Ag,up, ) for a given parameter set (as, N, vy, Yv)-
Note that the nonequilibrium steady-state gap equation (33)
is complex, making it possible to determine three quantities
(Aop, b, ) from two equations (33) and (34).

Our formalism recovers the conventional equilibrium limit,
by taking y, /1 = 0 with y = 4, + 3 — 0. This is the limit
where the system is in chemical equilibrium to the bath,
since the system decouples from the vacuum. This is seen
from the imaginary part of the gap equation (33), where it
is satisfied when the chemical equilibrium between the bath
and the system is achieved, i.e., u, = . In this situation, the
real part of the gap equation (33) and the number equation
(34) reduces to that of the equilibrium case (14) and (15),
respectively.

Once the steady-state exciton-BEC solution is determined,
we can analyze the stability of the obtained steady state, by
studying the equation of motion (EOM) of a small fluctuation
8A(r,t) = A(r,t) — A around the order parameter A(r,t)
from the steady-state value A [32,33]. Note that §A(r,t) can
also be written as S A(r,1) = [Ag + 8| A(r,1)|]e?7D — Ag =~

(34)

(

S|A(r,t)| 4+ iApdO(r,t), where 8| A(r,t)| and §0(r,t) describe
amplitude and phase fluctuations, respectively. Setting
SIA(r.t)| = 8| A(q,w)|e' T~ §0(r 1) = 86(q,w)e' "I,

we obtain the linearized EOM from the Dyson equation (10)

as
§|A(g, )] 0
M(q, = , 35
N a))<—A069(q,a))) (0) o>
where
2
U _Hll(qva)) _le(q7w)
Mg =7 , . (36)
—I(q,0)  § —Txn(g.0)
Here, the correlation function is given by
Hs,s’(q ,w)

[ * dv q w
= — —Tr| 7,GR =, et
2;/002” r[t‘ (”2”2)

w w
%,v - 5) + rsGK<p + %,v + 5)
q
-,V
2

XTS,GA(p— , —‘g)} @37

X rs/GK<p -
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where I1y1(q,w) and TIy(q,w) describe amplitude and
phase fluctuations of an exciton BEC, respectively, and
I112(q,w),1151(g,w) are their couplings. We summarize the
derivation of Eq. (35) in Appendix B.

The EOM in Eq. (35) has a nontrivial solution
(B1A(g, )|, — Apdb(q,®)) # (0,0), when
det(M(q,0 = wy)] =0, (38)

which gives a (complex) mode dispersion w,. In the Bose-
condensed phase, a gapless solution w, =0 at ¢ — 0 of
Eq. (38), or the so-called Nambu-Goldstone (NG) mode,
associated with the phase fluctuations

S|IA(g — 0,0 =0
|A(q w = 0)] o (© ’ (39)
—A¢86(qg — 0,0 =0) 1
exists (Goldstone’s theorem [45]), even in the nonequilibrium
steady state. This can be shown from the so-called Thouless
criterion [46],
M2 (g — 0,0 = 0)
Re| 2 4+ Z/deK(k ) =0, @o
= el — —_— —_— w =0,
LU ac) 2
M(qg — 0,0 =0)

2 i dw ]
4y — —G¥k,w)|=0. 1
_U+A02k:/2n 12 ‘”)_ @D

In deriving Egs. (40) and (41), we have used the relations
[which can be derived by use of Eqgs. (29), (31)]

=Im

T GNw)] i
Re| — 1 2K L R0 GR (k)
L Ay | 2
+ 0GR (k.0)1GMk.0)],  (42)
T GNw)] i
tm| — i G2ED N L GRw)n R (k)
] Ao |2

+1,GX(k,0)1,GA (k,w)], (43)

in the first equality, and the gap equation (33) in the second.

Noting that § A(r,f) Mgl gne finds that an exponential
growth of fluctuations occurs when Im[w,] > 0. This is the
condition for dynamical instability in our approach. In practice,
we determine the dynamical instability in the following way.
Since we know on physical grounds that Im[w, ] < 0 is always
satisfied at large |q|, there exists at least one momentum (=
q) satisfying Im[@;] = 0 if the state is dynamically unstable
(Im[wy] > 0). Thus, to examine the stability of an exciton
BEC, we conveniently look for a real solution of Eq. (38) with
Ig] > 0.

III. NONEQUILIBRIUM-INDUCED DYNAMICAL
INSTABILITY IN THE BCS-BEC CROSSOVER REGION

Figure 4 shows the calculated order parameter Ay as a
function of the decay rate y, at the unitarity limit (kga,)~' = 0
(which corresponds to an intermediate coupling strength). As
expected, as the decay rate y, increases, the order parameter A
is suppressed by nonequilibrium effects. At a certain decay rate
W/¥e ~ 1, a transition to the normal state occurs (A = 0).
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0 0.25 075 1

0.5
V%%
FIG. 4. Calculated order parameter A, in the unitarity limit
(kpa,)™' = 0, in terms of the decay rate y,. We set y, = 103 ¢g.

Our principal results are captured in Fig. 5, which shows the
steady-state phase diagram of an interacting electron-hole gas.
The solid line shows the boundary between the normal phase
(where Ay = 0) and the exciton-BEC phase (where the A >
0 solution exists), and in the shaded region of the exciton-
BEC phase, a dynamical instability takes place. Our results
indicate that a uniform steady-state exciton BEC is unstable
in a wide parameter region of the phase diagram, implying
that nonequilibrium effects may become a large obstacle for
an experimental realization of the exciton-BEC phase [47].

At present, it is unclear what happens after the dynamical
instability takes place, which remains as our future work.
However, we can still obtain some implications from the
character of the instability. In this regard, we find that different
types of dynamical instabilities take place at the boundaries
“A”, “B”, and “C” in Fig. 5. Figure 6(al) shows a solution of

Re{det[M(g,0%)]} =0, (44)

Unstable BEC

o
O~

H
Ly

\

+= _Stable BEC

L ¥
0 "mnnnoocse

32 -1 0
(kea)"!

LT TS

/
ya
F
"

FIG. 5. Steady-state phase diagram of a driven-dissipative
electron-hole gas, in terms of damping rate ), and the interaction
strength (kpa,)~!. We set ¥, = 1073 [where ep = k2/(2m) is the
Fermi energy]. The solid line is the boundary between the normal
phase where Ap =0 (“N”), and the exciton-BEC phase where
the Ag > O solution exists. In the exciton-BEC phase, dynamical
instabilities occur at the boundaries “A”, “B”, and “C”, where the
mode w, starts to be associated with a negative damping rate
Im[w,] > 0 at (A) ¢ =0, Re[w,] =0, (B) |g| # 0, Re[w,] = 0, and
(©) lg| # 0, Re[wy] # 0. The exciton-BEC phase with A is thus
unstable in the shaded region (“Unstable BEC”), while the rest of the
exciton-BEC phase is stable (“Stable BEC”). On the right side of the
dashed-dotted line, a gapped mode appears [61].
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FIG. 6. (al), (bl) Calculated dispersion a)f;e. (a2), (b2) Calculated Re[detM (g, = 0)]. (al), (a2) (kga;)~' = +1. The boundary “A” is at
v2 /v = 3.1 x 1073 (dotted line). (b1), (b2) (kra,)~! = —1. The boundary “B” is at 2 /¢, = 2.10 x 1072 (dotted line). For all the panels, we

set yp, = 10 3¢p.

in the vicinity of the boundary “A”, which gives the dispersion
wf}e of a collective mode with its linewidth neglected. Here,
as discussed in Sec. II, a gapless NG mode is obtained as
a result of the Thouless criterion (40), (41). We clearly see
that the sound velocity of the NG mode gradually decreases
as the decay rate y, increases, until it reaches zero at the
boundary “A” (dotted line), leading to a dynamical instability.
We plotted in Fig. 6(a2) the |g| dependence of Re[detM (q,w)]
at w = 0. Noting that Im[detM (q,w)] = 0 is always satisfied
at w = 0, Re[detM(§,w = 0)] = 0 means that a pole exists
at §. Starting from the stable region (solid and dashed
line), as y, increases, the curvature of Re[detM(q,w = 0)]
at small |g| gradually decreases, which approaches zero at the
boundary “A” (dotted line). Beyond this boundary (dashed-
dotted line), Re[detM (q,w = 0)] becomes downward-convex
at small |g|, which leads to the appearance of a pole starting
from § — 0. This shows that, at the boundary “A”, the
instability condition Im[w,] > 0 is obtained in the long-
wavelength and low-energy limit, implying a collapse of the
exciton BEC.

Atthe boundaries “B” and “C”, on the other hand, instability
occurs at finite momentum |q|. The dispersion a)qRe determined
from Eq. (44) in the vicinity of the boundary “B” is plotted in
Fig. 6(b1), showing a dispersion with a local minimum at finite
momentum |q| (dashed line), similar to a roton minimum in a
superfluid “He. The mode touches @ = 0 at the boundary “B”
(dotted line), which leads to a dynamical instability at |g| # O.
There, as shown in Fig. 6(b2), the condition Im[w,] > 0 is
realized at |q| # O,Re[w,] = 0 (dotted line). We also find
regimes (boundary “C”) where dynamical instability occurs

v

at |g| # O,Re[w,] # 0, as shown in Fig. 7. Type “B” implies
instability being accompanied by a pattern formation, and
type “C” implies a transition to a non-steady-state with space
modulation.

To grasp the essence of the above-mentioned dynamical
instabilities, we now derive the (approximate) hydrodynamic
equations (1) and (2) by expanding M (q,w) in Eq. (35) in terms
of ¢ and w. The form of this expansion can be restricted from
symmetry considerations—first, from the inversion symmetry,
M(q,w) = M(—q,w). Second, since §|A(r,t)| and 66(r,t)

<
=
S
=

Al
0 :
-0.001

-0.002

6.1x10%,)](4¢,/3N)?

-0.003 f Re[det[ M(g,w=6.1x107 )]
Im[det[M(q,0=6.1x107¢,)]

0 0002 0004 0006 0.008
lql/k,

-0.004

0.01

det[M(q,w

FIG. 7. Calculated detM(q,w = 6.1 x 1073¢) at the boundary
“C” (¥E/y = 7.4 x 1072). The interaction strength is (kpa,)~! =
—2, and we set y, = 10 3¢g.
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are real,
45)

Finally, the Goldstone theorem [Eqs. (40) and (41)] assures
M(q — 0,0 =0) = My(qg — 0,0 = 0) = 0. These yield,
up to 0(¢*, ),

ar + Bug’ —innw

—Bing” + imzw>
a1 + Ba1g” — inw

Brg* — innw

M@w=(
(46)

where the coefficients «;;,8;;, and n;; (i,j = 1,2) are real
numbers. As a result, the form of the determinant can be
determined [up to O(g?,)] as

detM(q,w) = A(@® +iTw — cq?), 47)

giving rise to the so-called diffusive Goldstone mode [30,31],

T,
Wy = —i— cq? — —.
a 2 TV Ty

The real numbers A,c, and I are determined from coefficients
a;j,Bij, and n;; in Eq. (46). We note that the obtained EOM
breaks the time-reversal symmetry [0 — —o,|6A(q,w)| —
[§A(q, — w)|,80(q,w) — —80(q, — w)], due to the tunneling
from the bath and the vacuum through y;, and y.

However, in the limit where 4, and y, are both small (i.e.,
y =W +n — 07 with ¥, /9 fixed), it can be shown that
Eq. (35) further reduces to

(48)

(11 — Bu VS| A, OI* + 2A50128,80(r,t) = 0, (49)

M08 A(r 0> + 2028, V286 (r 1) = 0, (50)

where the time-reversal symmetry is recovered. Here, we have
used Eq. (45), as well as the relations that holds in this limit,

M1(q.0) = (g, — o), D

M2(q,0) = Ty (q,w), (52)

200 2.5x107
I “\\ By
10 oy, \‘/
IR
0 3
E: 10 (b) \\\
() 2.0x107 4.0x1072

Y/ Ve

e}
5.0x10°° 005!
o~
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[(g,0) = (g, — ), (33)

Mi2(q.0 = 0) = Tz (g,0 =0) =0, (54)

which can be obtained from relations [take the y — 0T limit
of Egs. (29), (31)]

Gk, — w) =[Gk, — 0)|" = —GH(k,w)
= —[G5k.»)]", (55)

GY(k, — 0) = [GH(k, — 0)]" = -G (ko)
= —[GYkw)], (56)
GYy(k, — ) = Gy(k,w), (57)

Gk, — ) = —[Gj(k, — »)]" = -G (k,0)
= [GHk.0)]", (58)
Gk, — 0) = G, (k.w), (59)
and

GRMK (k) = GRME (k w). (60)

Note that this limit does not necessarily correspond to the
equilibrium limit, since the ratio between the thermaliza-
tion rate ), and the decay rate 3, is kept finite (unless
w/ve = 0). Using the fact that the Bose-condensate fraction
nyg = Zp |(c_,,,hc,,,e)|2 is proportional to A2, we obtain the
hydrodynamic equations (1) and (2) of the fluctuations of the
condensate fraction dny(r,t) around the steady-state value n
and the phase fluctuations 66(r,t). As already pointed out in
the introduction, by comparing the obtained hydrodynamic
equations (1), (2) to the Gross-Pitaevskii (GP) equations (4),
(5), we find that o, /5, may be regarded as an effective
interaction U, between excitons multiplied by the condensate
fraction n( of excitons.

0.1

iy 1<OA

ﬁ22>0

0—> 1 0 1
(ka)’

FIG. 8. (a), (b) Coefficients oy and f,, (a) in the BEC regime (kra,)~! = +1 where type “A” instability takes place, and (b) in the BCS
regime (kra,)~' = —1 where type “B” instability takes place. (c) The solutions of a;; = 0 and B,, = 0 in the steady-state phase diagram. As
in Fig. 5, dynamical instabilities occur at the boundaries “A”, “B”, and “C”. The shaded area represents the dynamical unstable region, while
the white area represents the region where the uniform steady-state BEC is stable. We briefly note that dynamical instabilities “B” and “C” in
the BCS regime occur slightly above the boundaries «;; = 0 and B, = 0, while type “A” occurs (almost) at a;; = 0.
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FIG. 9. Calculated intensity of the occupied spectral weight
L(p,w) in the unitarity limit (kra,)~! = 0. The spectral intensity is
normalized by 8;1. (a) yv = 0.01y4 (nonequilibrium case). (b) y, =0
(equilibrium case). We set ¥, = 10~ ¢

The coupled equations (49), (50) give the determinant
detM(q,0) = Bng* (@11 + Bug®) —mhpo®  (61)

and the mode dispersion as

VBrg i + Bii1g?)
N2 ’

When all the coefficients are positive, Eq. (62) gives a stable
sound mode. However, one sees in Fig. 8(a) that «;; becomes

wg = *

(62)

J

. dv q
oy — U—zlzk:/EH:Gu(k-FE,V—f‘
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negative in the BEC regime when j, exceeds a certain value.
According to Eq. (62), this leads to a dynamical instability.
[Note however that Eq. (62) is only valid at y =y, + y —
07.] As seenin Fig. 8(c), since this sign change occurs (almost)
at the boundary “A” in the BEC side [(kpa,)~' = 0], this
instability is considered to be caused by an effective attractive
interaction between excitons. We briefly note that this situation
corresponds to the case illustrated in Fig. 1(b).

This anomaly “A” is attributed to pair dissociation induced
by pumping and decay. Figure 9 shows the occupied spectral
weight function L(p,w) = ffooo dtet® (cI,(t)c,,(O)), which de-
scribes the occupancy of the single-particle density of states.
We clearly see from Fig. 9(a) that the pumping supplies carriers
to the upper branch of the single-particle excitation spectrum
[w = E,, where E, =V (g, — ;L)2 + Ag], as opposed to the
equilibrium case [Fig. 9(b)] where only the lower branch
(w = —Ep) is occupied. This indicates that pair-breaking
occurs in a nonequilibrium situation [35,41].

Keeping this in mind, the above-mentioned attractive inter-
action U can be shown to be caused by this nonequilibrium-
induced pair-breaking effect, by expanding (y — 0%)

w
>G12<k— %,V — 5)

w

+ %Gn(k +24 Cg)Gzz(k -1, —) + %Gn(k +24 %))Gn(k - 2)

2 2

2

2 2 2

} dv q 1) q o\1*
= —4i E /Z{[G12<k+§,v+5)(;12<k—E,U—5>i| } . 07 (63)
k q—0,0=

in terms of A, where Eq. (60) is used in obtaining the first equality, and the Thouless criterion (40) and Eq. (42) in the second.

Here, we have introduced a shorthand notation

[GGG---GGIR = GRGRGR - - - GRGR, (64)

(GGG ---GG* = GAGAG™ - - GAGA, (65)

(GGG ---GGI® = GRGR - .- GRGX + GRGR - - GRGXG* + - .- + GRGR - - - GRG¥GAGr - .- gA
+ -+ GRGRGAGH - G* + GRGAGA - - - GA. (66)

This expansion is justified in the BEC regime, where A, can be regarded as being small compared to the binding energy (i.e.,
Ay K || = Ep/2) [50]. In this regime, the single-particle Green’s function G can be expanded as

GR(k,w) = [(@ + i)l — &Ts + Aori]™ = GR(k,w) — [GOk, )11 GOk, )R A
+ Gk, 0)11 GOk )1 GOk, )R A2 + - - | (67)

GAk,w) = [GR(k,w)]', (68)

and

GX (k) = GR k) ZK ()G (k,w) = G (k,w) — [GOk,)T1 GO, )]¥ Ag + [GOk.0)T1 GO, 0)T GO, ) S A2 - - -

(69)

125206-9



RYO HANAI PETER B. LITTLEWOOD, AND YOJI OHASHI

PHYSICAL REVIEW B 96, 125206 (2017)

where
Bk = (ko) = Syt = ([T THBIT TnEadl - PO
[ —iy — &3]
y—0" <[a) +is —&nl™! —min T [l — 2fi(013)]8(@ — Skfa))
=0 (70)
0 [ —i8 — &3]

is a Green’s function with Ay = 0. [Note however that its distribution is modified by the bath and the vacuum distribution f; (w).]

Substituting Eqs. (67)—(69) into Eq. (63), we get

oy —4iAéZ/oo Z—;{[G?l<k+ %,v+ g)@%(k—i— %,

K
~ q O\T = q W\ T*
ono- - Dlen(we 2w DT])

xX Gy 2” ) 11 +2 v+2 -

where we have used Eqs. (55) and (56) in the last equality.

v+ %)6?1 (k - %,v B %)ng(k B %,v a g)]K}q—*’aw:O

(71)

Equation (71) can be depicted diagrammatically as in Fig. 10. This diagram shows that the effective exciton-exciton interaction
U.s can be expressed as an exchange process of particles between the two incoming excitons [51,52]. By using Eq. (70) and

performing the v integral, we obtain

. +5-

1
o~ A2
= ; {as_ & +E 7 —(0+id)

1 £

CEE (B —E ) —(0+id)?

1 2
=y {5—3[1 - Ty"fb@w] -2
k k

where &1 = &1 42
In the equilibrium case where dissociated pairs are absent,

i.e., fo(&) = 0 [note that & = k2/(2m) + |u| > 0], only the
first term in Eq. (72) exists. In this case, «j; is always
positive, indicating that the effective exciton-exciton inter-
action U is repulsive [51,52]. On the other hand, in the
nonequilibrium case where quasiparticle excitations due to
pair-dissociation effects are present [ f, (&) > 0], the second
term in Eq. (72) arises. Noting —(dfy(&x)/d&r) > 0, this
term gives a negative contribution, clearly indicating that the

k+q/2,v+w/2 0,0

0,0

-q,-0 k-q/2,v-w/2

FIG. 10. Diagrammatical expression of effective interaction be-
tween excitons U from an exchange process of electrons and holes.
The solid line represents G, and the double solid line represents the
incoming or outgoing exciton.

( _ 2V")[fb<s+> - fb@_)]}

1 2y, [_dfb(fk)]}
& v ’

2[1 D hEn - ﬁfb(s_)]
Y Y

Y q—0,0=0

72
dEe (72)

(

nonequilibrium-induced pair-breaking effect gives rise to an
attractive interaction. Our numerical analysis shows that the
attractive channel from the second term can become superior
to the repulsive channel from the first term, giving rise to the
dynamical instability “A”.

The above can be interpreted as follows. As mentioned
earlier, the exciton-exciton interaction U, is obtained from
the scattering process shown in Fig. 11(a) [51,52], which is
accompanied by exchange of particles between two excitons.

(a) (initial) (intermediate) (final)

; 1@ @ =1 =2 =11=2 =11=2

= o e—— L oo , — —
Ocp oo PY

<
RQEFQO e «— P2 s P2

FIG. 11. (a) Scattering process giving the effective interaction
U.ir- (b) Scattering process where two excitons in the initial state
virtually dissociate into electrons and holes in the intermediate state.
(c) Scattering process where one of the two excitons is initially
dissociated. In the intermediate state, while the depairing of an exciton
occurs, the electron and hole in the initial state form an exciton. In
panels (b) and (c), the lower (upper) level schematically represents
the exciton state (dissociated electron-hole mixture).
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When two excitons labeled as [ =1 and [ =2 with the
energies w! are virtually dissociated into electrons and holes
in the intermediate state [Fig. 11(b)], the resulting effective
interaction involves [w!=! — @/=117! x [@!=? — 0!=2]7! > 0,
where !, (>!) is the energy of a dissociated exciton. The
positivity of this factor means that this process gives a repulsive
interaction [51,52]. On the other hand, when some excitons
are dissociated in the nonequilibrium steady state, we obtain
an additional contribution to U schematically shown in
Fig. 11(c). In this case, starting from the the initial state
with one exciton and an electron and hole, in the intermediate
states, while the exciton is dissociated, the electron and hole
in the initial state form an exciton. This process gives an

J

and the intraband

Mg .0) =

M-

+ TsGu<p +

contributions [53,54] (see Fig. 12), by splitting the single-
particle Green’s function G = G, + G, into the lower branch
(w = —E) contribution Gl and the upper branch (v = E,)
contribution G, to the single-particle excitations. We gave
the concrete definition of G, and G, in Appendix C. Here,
the interband contribution IT™®" describes effects of two-
particle excitations such as molecular dissociation into two
quasiparticles, which is present even in the equilibrium state.
Figures 13(al) and 13(b1) show the spectrum Iml'[il“l‘er(q,w)
in the nonequilibrium and the equilibrium cases, respectively.
Here, we see no qualitative differences between the two cases,

>

TInterband

44

Intraband

FIG. 12. Schematic explanations for inter- and intraband

excitations.

PHYSICAL REVIEW B 96, 125206 (2017)

attractive contribution to Ueg being proportional to [a)il=1
o'=1171 x [0/=? — 0[=?]7! < 0. When the contribution from
the latter exceeds the former to give an attractive exciton-
exciton interaction, the system becomes unstable.

So far, we have shown that the pair dissociation seen
in Fig. 9(a) plays a crucial role for the occurrence of the
dynamical instability “A” in the BEC side. Below, we show
that in fact, the nonequilibrium-induced pair dissociation is
responsible for dynamical instabilities in all regimes, including
the BCS regime where type “B” and “C” instabilities occur.
For this purpose, it is convenient to divide the pair-correlation
function IT = IT™" 4 T2 into the interband

G a,_\" 73
Ty 1(17 5 E) (73)
q w q 1)
6p+ 5o+ 5)wo(r-30-3)
K
q w
‘CS'GU( 5 5)] (74)

where both spectra exhibit an energy gap of w ~ 2A, i.e., the
least amount of energy required to dissociate pairs.

On the other hand, the intraband contribution [T""2
describes the scattering effects between quasiparticles. In
contrast to the interband excitations, this process only appears
when quasiparticles already exist (i.e., dissociated pairs are
present) in the steady state, which is characteristic of the
nonequilibrium case (see Fig. 9). As a result, as seen in
Iml'[i]“]“a(q,a)) in Figs. 13(a2) and 13(b2) for the nonequi-
librium and the equilibrium case, respectively, this quantity
gives finite contribution only in the nonequilibrium case.
Note that at small |g|, ImIT""(g,) gives a remarkable

0.5 3
0.4
& 0.3 2
3 0.2 |
0.1 (b1)
0 0
0.4 5
- 0.3
3 0.2 |
@) & ®2)
0 30

0

. 0.25
q/k, q/k,

FIG. 13. Calculated spectrum of pair-correlation function ImIT =
ImITer + ImIT"™2, (al), (b1) Interband Im[IT"* (g, )] contribution.
(a2), (b2) Intraband contribution Im[l'[‘“"a(q,a))]. (al), (a2) Nonequi-
librium case yy/y, = 0.1. (bl), (b2) Equilibrium case yy,/y, = 0.
Interaction strength is set to (kpa,)™! = —1.

125206-11



RYO HANAI PETER B. LITTLEWOOD, AND YOJI OHASHI

50
(bl)
3

1
(al)
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Soooo—~coooo—
OB Noo

q/k, q/k;

FIG. 14. (al), (bl) Calculated spectral function Im[M ~'(q,w)];;.
(a2), (b2) The same as (al) and (b1), with intraband contribution T2
neglected (Im{[M™ ]! (q,w)}11). (al), (a2) BEC regime (kpa,)™' =
+1. (b1), (b2) BCS regime (kra,)~' = —1. The decay rate is set to
/Yo = 0.1 in both the figures, which are both in the unstable region.
Circles in (al) and (b1) point at poles of detM(g,w).

contribution only at low energy w < Ay. This feature is quite
similar to the continuum spectrum in the density fluctuations
of an interacting electron gas [55], which is reasonable
because quasiparticle scattering can be regarded somewhat as
a single-particle excitation process of “quasiparticle density”
fluctuations.

Figure 14 demonstrates how the contribution from quasi-
particle scatterings IT"™ is crucial for the appearance of
dynamical instabilities. Figures 14(al) and 14(a2) show a
spectral weight function Im[M ~'(g,®)];; (in the amplitude-
amplitude fluctuations channel) in the BEC [(kga,)~! = +1]
and the BCS regimes [(kpas)~' = —1], respectively, where
the peak structure characterizes the collective behavior of
the steady state. In both figures, diverging spectra at the
pole detM(g,») = 0 are seen (circled), indicating that the
condensate is dynamically unstable. However, when we
neglect the intraband contribution "™ from M(q,w) by
replacing T1(g,) in Eq. (36) with TT"*"(q,w), i.e.,

_Hinter
2 (q,0) ))7 (75)

2 inter
U IT5; (q,0

7 — I (q.0)

Minler( ,(1)) — '
! ( —n3(g.)

the pole disappears, as seen in Figs. 14(a2) and 14(b2). This
clearly indicates that the quasiparticle scattering is the process
that triggers the dynamical instability. Since this process can
only occur when dissociated pairs are present in the steady
state, we conclude that all the dynamical instabilities we found
in this paper are attributed to the pair dissociation induced by
nonequilibrium effects.

It is worth mentioning that in Fig. 14(b1) on the BCS
side [(kpa,)~! = —1], we see a large spectral weight from
the amplitude mode (also called the Higgs mode) [37,56-58]
at w >~ 2A¢ = 0.29¢p, which exists in the (equilibrium) BCS
superconductors [59]. In contrast to the NG mode, this mode
is essentially unaffected by nonequilibrium effects, since
quasiparticle scattering occurs only at low energy o < Ay,
as seen in Fig. 13(a2).

We now discuss why the dynamical instability also occurs
at nonzero |q| (“B” and “C”) on the BCS side ((kpas)~' 5 0.
In this regime, Fig. 8(b) shows that both the coefficient o
and the coefficient B, switch their sign to negative. In this
case, a “supercurrent” J [Eq. (3)] [36] anomalously flows in
the antiparallel direction to the phase gradient V3§6(r,¢). In the

PHYSICAL REVIEW B 96, 125206 (2017)

BCS regime, one finds

2

"
11,
12427

B = (76)

in the small-linewidth limit y — 0%, where v, = 2u/m.
(For the derivation, see Appendix D.) This means that when
oy < 0, the anomalous supercurrent also occurs (B < 0).
When this happens, Eq. (62) indicates that Im[w, ] becomes
positive at momentum |q| > +/|11]/B11, leading to type “B”
and “C” dynamical instabilities. Equivalently, Eq. (61) quali-
tatively explains the nonmonotonic behavior of detM(q,w =
0) found in Fig. 6(b2), recalling that «;;Bq> > 0 and
B11B2q* < 0.Note that higher order terms O(g°) are required
to explain the up-turning behavior of detM(q,w = 0) seen in
Fig. 6(b2).

These “finite-momentum-type” instabilities may be under-
stood from the following compensation mechanism. Suppose a
local enhancement of the condensate fraction §ny(r,t) occurs.
In the ordinary case when o;; > 0 and By > 0, as described
schematically in Fig. 1(a), this local enhancement decays as
the condensate twists its phase §0(r,t) away from this spot to
make a supercurrent J ~ B»nnoVé0(r,t) flow away. On the
other hand, when the response to the amplitude fluctuations is
anomalous [«; < 0], for relatively small spatial modulation
(low enough |q| that a1y + Bi11g> < 0), the condensate twists
its phase 86(r,t) towards this spot [Eq. (1)]. If B, > 0 [as in
Fig. 1(b)], following Eq. (2), this phase twist would make the
supercurrent flow to amplify the condensate density, leading
to the type “A” instability. However, as illustrated in Fig. 1(d),
because fB,; is actually negative in this regime, the super-
current flows antiparallel to V§0(r,t), stabilizing the system.
When spatial modulation is large enough (large |q|) that
(11 — B11V>)dng(r,t) > 0, however, the above compensation
mechanism of the supercurrent no longer works, causing the
anomaly in the phase channel [8; < 0] to destabilize the
system [as illustrated in Fig. 1(c)]. As a result, the dynamical
instability starts at nonzero |q]|.

We briefly note that although the approximate EOMs (1)
and (2), as well as the approximate mode dispersion (62), are
useful to understand the physics of the “finite-momentum-
type” instabilities (as discussed above), Fig. 8(c) shows that
the dynamical instabilities “B” and “C” occur at the decay rate
slightly larger than that of where the sign change of «;; and
B occurs, while according to the approximate mode (62),
the steady state immediately becomes unstable at the sign
change. This is due to the neglect of amplitude-phase coupling
as1, P12, ete., in Eq. (62), when taking the y — 07 limit. Since
this amplitude-phase coupling is associated with the violation
of number conservation [60] due to the tunneling of particles
between the system and the reservoirs, it works as a damping
of fluctuations. This helps the condensate to stabilize, making
it possible to have regimes with both «j; and B, negative for
finite y.

We finally note that a gapped mode appears on the right
side of the dashed-dotted line in Fig. 5 [61]. This mode may be
understood as a relaxation oscillation between the condensate
and the dissociated carriers [62]. We briefly note that such
a gapped mode is also seen in a driven-dissipative exciton-
polariton condensate [63].
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IV. SUMMARY

To summarize, we have discussed the stability of a
driven-dissipative Bose-condensed electron-hole gas in
the BCS-BEC crossover region. Within the framework of
the combined BCS-Leggett-Keldysh formalism with the
generalized random phase approximation, we showed how
nonequilibrium effects lead to dynamical instabilities of
an exciton BEC. We find different types of dynamical
instabilities, where one is due to an attractive interaction
between excitons and the other is triggered by an anomalous
current that flows antiparallel to the phase gradient of the
exciton BEC. Our results indicate that the simple exciton
BEC characterized by the ordinary BCS-type order parameter
is actually unstable in a wide region of the phase diagram in
terms of the interaction strength and the decay rate.

All of the dynamical instabilities discussed in this paper
stem from pair dissociation, induced by the nonequilibrium
nature. Since similar depairing effects are present in an
exciton-polariton condensate [41], it can be shown that
dynamical instabilities arise in this nonequilibrium system as
well [64]. In addition, depairing effects are also present in
other nonequilibrium condensates in the BCS-BEC crossover
regime, such as quenched Fermi condensates in an ultracold
Fermi gas [26], as well as the neutron stars in their cooling
process [27], making us expect that analogous phenomena
arise in these systems as well.

J

PHYSICAL REVIEW B 96, 125206 (2017)

‘We end by listing some important future problems. First, we
have not discussed the detailed physics in the shaded region
in Fig. 5. Since this region is not necessarily in the normal
phase, it is an interesting challenge to clarify what happens
there. Inclusion of strong-coupling effects beyond the mean-
field theory [3,4,20,65,66] is also an important task, which
would be particularly important in finite-temperatures cases.
In addition, inclusion of realistic situations, such as the long-
range Coulomb interaction [3,4], spin degrees of freedom [20],
and mass difference between electrons and holes [65,66], as
well as detailed treatment of the electron-hole annihilation
process, would also be important for detailed comparison to
experiments.
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APPENDIX A: NONEQUILIBRIUM BCS-LEGGETT THEORY

In our nonequilibrium BCS-Leggett theory, the self-energy is given by 32 = £HB 1 51 diagrammatically shown in Fig. 3.
The Hartree-Fock-Bogoliubov self-energy depicted in Fig. 3(a) [32,35] can be explicitly written as

s =iv Yy Ne 8y Tr[T G p(rti7 )T 8(r — r)8(t — 1" +07)

B.B'=a,bs,s'=+

) 1 (Tr[t,%X(r t;r,t +01)]
- ’Uzjj( 0

U 1 (Tr[t,9%(r,t;r,t +01)]
el 13 Z —<

2 0

Tr[t, 9% (r,t;r,t +01)]

Tr[z,9X(r t;r,t +01)]

0
) T 8(r — )8t —t' +0%)  (Al)

0 ) 1.8(r —r)8(t —t' +0%), (A2)

where ngaf; = (8g,08,—p + 8a,—a8p,p)/2. In the third line, we transformed 7,_ into 7, , for latter convenience. The retarded

component can also be written as

(S IR = —[A(r,0) T4 + A*(r,D)T_18(r — F)8(t — 1’ +0T)
= —{Re[A(r,D)]t1 — Im[A®r,)]0}8(r — r)8(t — ' + 0™),

which can be derived from the definition of the order parameter,

A(r,t) = Ulay(r,t)ac(r,t)) = —i%i[(ah(r,t)ae(r,t)) — {ae(r,Han(r,t))] = —i%gf;(r,t;r,t +0M).

The explicit form of Fig. 3(b) is given by

(A3)
(A4)

(AS5)

(A6)

Tow(r.tr't) = Z Nt|FA|2/deR’D§,a,(R — Rt 1),
A=b,v

describing the coupling to the bath and the vacuum within the second-order Born approximation, driving the system to a
nonequilibrium state. In obtaining Eq. (A6), we have taken the random average over the tunneling points r; and R;. Here,
Diz?(v)(R — R’,t —t') is the noninteracting Keldysh Green’s function for the particles in the bath (vacuum), where the Fourier-

125206-13



RYO HANAI PETER B. LITTLEWOOD, AND YOJI OHASHI PHYSICAL REVIEW B 96, 125206 (2017)

transformed form is given by

praar—(% ) (PF D),
@O\, 0y,) "0 )

B <[a) +i8 — 8;‘[3]_1 —mits[1 — 2 fi(013)]18 (0 — 8;“[3)) A7
B 0 [—i8 —8‘)1“[3]71 ’
and N, is the number of tunneling positions. Since Eq. (A6) only depends on ¢ — ¢’, we can employ the Fourier transform as
(@)=Y > NIT,*D} 0 (q.0). (A8)
q J=by
This can further be calculated by summing over g as

S ) = 3 (—m —2i1’3)/x[1—2f/\(60T3)]) . (A9)

0 iy
A=b,v v

Here, y;, = 7 N;p,|T"1|? describes the pumping (A = b) and decay (A = v) rate of particles. We have further assumed in obtaining
Eq. (A9) that the bath and the vacuum are white; i.e., the density of states of the bath and vacuum p; does not depend on energy w.

APPENDIX B: EQUATION OF MOTION WITH RESPECT TO §A(r,¢)

We now turn to deriving the equation of motion (35) for a small deviation of the order parameter from the steady-state value
SA(r,t) = A(r,t) — Ag = 8|A(r,t)| 4+ i Agd6(r,t). In this regard, we introduce the so-called Wigner representation [34], where
we transform the coordinates (r,#;r’,t") into a relative coordinate r, = r — r/,t, = t — ¢’ and the center of motion coordinate
rg = (r +r')/2,t, = (t +t')/2. With this representation, the retarded component of the self-energy (A2), (A4), (A9) is written as

U 1
2:R(’.ratl‘; rgvtg) =i Z _Tr[thK(rrvtr;rgatg)]fss(rr)é(tr + 0+) - lj/

2 2
s=1,2
U *®dw' 1 . :
=5 Y [ S el ~ iy B1)
s=1,2 p V7%
= —{Re[A(rg, 1]t — Im[A(rg,1p)]T2} — iy. (B2)
Thus, the small deviation of the self-energy from the steady-state value § =R = £R — ER is given by
U ®do'1 .
ST (pviraty) = 1 o ;; [ S s i (B3)
= —[8|A(rg.to)lT1 — AodO(ry,1x)T2], (B4)

where §GX(p,v; ro,ty) =% K(p,v; Fg,lg) — G¥(p,v) is a small deviation of the Keldysh component of the single-particle Green’s
function from the steady state, driven by §A(r,1,).
To proceed, it would be convenient to introduce a shorthand notation [34]

e Brnrs) = [dan [ dnaGsnaBeni). (BS)
—0o0
With this notation, the Dyson equation (10) can be represented as
G=6"+G"2* 09, (B6)
or
(G- ®9 =1, (B7)
where
9 — (- ¥ _ R
(6 @ Gyriiry = (0 (m—w)m %, Gr1ir' 1), (BS)
0 18,—(—E—,u)13

From Eq. (B7), the retarded component ¢® is given by
IGR' -2hHeet =1, (BY)
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which yields
3R GR +[GR1 '@ 8GR =0, (B10)
where §GR = @R — GR. Thus, we obtain
SGR=GR®65R @ GR = —GR @ [5|A|1] — AdbT2] ® GR, (B11)

where we have used Eq. (B4) in the last equality. The advanced component §G* = ¥* — G* is immediately obtained by taking
the Hermite conjugate of the retarded component, i.e.,

3G* = [8GR]' = —G* @ [8]Alt) — AgdbT] ® G (B12)
The Keldysh component of the single-particle Green’s function ¢X can be obtained from the Dyson’s equation (B7) as
[GR'@¥* -2Rey* - sFeyt =0, (B13)
which relates §G¥ to SGR/4 as (note that £¥ = T within our approximation)
[GR'®8G" - R @ GF — =f ®§G* =0, (B14)
or
Gk =GRessRe6*+GRe 2k ®sGh
= —[GR @ [3]A|T1 — ApdbT] ® G + G @ T ® G* @ [8]AlT) — A¢d0T2] @ G*]
= —[GR ® [§]|Alt) — ApdhT] ® GX + G @ [8|A|T) — AgsIT2] ® GA1. (B15)

Here, we have used Eqs. (B4), (B12) in obtaining the second line, and Eq. (31) in obtaining the third.
When §A(rg,ty) = SA(q,w)e'd e,

e . . e . t
SGK(p,v;rg,tg) = —/drr/ dtre”p"'*”"‘/drl / dt |:GR<rg + % — T+ 5~ t1>

K re Iy K re Iy
x [8]A(r, 1)t — AgdB(ry,11)T2]G —"g+5+"1,—lg+§+l1 +G rg+5_rl’tg+§_tl

ry t
x [8|A(ry,t)|T — A059("1J1)T2]GA<—Fg to L gt t1>:|

oo X . oo d /d //d /
— —/drr/ dtre—zp-r,+zul;/dr1/ dt ZZZ ﬁ% 2?:
o _°° P q

x eip’-(rg+r,/2—r|)—iv’(zg+t,/2—t|)eiq’-r1—iw’tl eip"-(—rg+rr/2+r|)—iv”(—tg+l,/2+l|)

x {GR(p' V)ISIA(G ,@)|T1 — AodO(q,0)12184,4 27 8(w — 0 YGX(p" V")
+ GX(p' VHBIA(G  0)|T1 — Aod0(g ) T2184 ¢ 2 8(w — )G (p" V"))

= =17 R (p+ Ly + 2)s1aG.0)ln — Asblg.0)mIG (p - L0 - D)
2 2 2 2
w w
+G (p+ T+ 3 )BIAG @I - A089<q,w)rz]GA(p ~ T 5)} (B16)

Substituting Eq. (B16) into Eq. (B4) and equating it with Eq. (B3), we obtain
S|A(q,w)|T1 — ApdOB(q,w)T2

U i < dv R q a) K q a)
=3 Z 2 Z[m ZTI‘[EG (p tovt E>[8|A(q,a))|n — Aodb(q,0)121G*| p — VT3

s=1,2 D
+rsGK(p + %,v + %’)[&A(q,w)m - Aow(q,w)rz]GA(p - %,v - %)]z (B17)
or
SlA@g.o] | _ U (Miqw) Mag.))( sAG.e)l B15)
—Apd6(q,w) 2 \Ii(q,w) Tln(q.w))\—Aps0(q,w))’

125206-15



RYO HANAI PETER B. LITTLEWOOD, AND YOJI OHASHI PHYSICAL REVIEW B 96, 125206 (2017)

where

K
My(q.0) = Zf —TrH <p+%v+2> G(p—%v—%)] ] (B19)

We have used the shorthand notation introduced in Eqs. (64)—(66). Dividing both sides by U/2 and transposing the right-hand
side to the left-hand side gives the desired Eq. (35).

APPENDIX C: LOWER AND UPPER BRANCH CONTRIBUTIONS TO SINGLE-PARTICLE GREEN’S FUNCTION

We give here the definition of the lower (G1) and the upper (G,) branch contribution of the single-particle Green’s function
G(=G) + Gy). First, the retarded component (29) can be split into the lower and the upper branch contributions as

GX(p.w) = Gj(p.w) + G{(p.w), 1
where
1 A 1
GRpy= c|1-Srg Do | L (€2)
2 E, E, lo+iy+E,
1 3 Ao 1
GRpw) = |1+ Lo+ —1 | —— . c3
W (P.®) 2[ +E,,T3+E,,T1}w+iy—E (C3)
Since GR(p,w) and GR(p,w) give the dispersion at w = —E,, and w = E, with linewidth y, respectively, these correspond to

the lower and the upper branch contributions, respectively. The advanced component of the lower (G{*) and the upper branch
(G2) are given respectively by

Grp.w) = [GR(p.»)]", (C4)

Gl(p.o) = [GEp.o)]'. (C5)
The Keldysh component (31) can also be split into the upper and lower branch contributions by use of Eq. (C1). Since the
Keldysh component is anti-Hermitian (i.e., G¥(p,w) = —[G¥(p,w)]") [34], it can be expressed with GR(p,w) and GA(p,w) as

GX(p.w) = GR(p,w)F(p.») — [GR(p,w)F(p,w)]' = GR(p,0)F(p,0) — F(p,w)G*(p,w), (C6)

where F(p,w) [=F'(p,w)] has information on the distribution function. The explicit form is written as

2
F(p.w) = F-(@)1+ ; P + %m wyT - %&(wm. (€7)
Thus, by using Eq. (C1), we can also split the Keldysh component as
G*(p.w) = Gy (p.0) + G{'(p.w), (C8)
Gl (p.0) = G (p.w)F(p.0) = F(p.w)G{'(p.w), (C9)
Gy (p,®) = G(p,0)F(p,w) — F(p,0)G(p,w), (C10)

where G and GX describe the lower and the upper branch contributions, respectively.

APPENDIX D: DERIVATION OF EQUATION (76)

Here, we derive Eq. (76) in the main text that holds in the BCS regime by expanding M»,(q,0) in powers of ¢. To do so, we
first expand the single-particle Green’s function GR/A/K(k 4 g, w), similarly to Egs. (67)—(69). We find from Eq. (29) that

[GRk+ q.0)]7" = (0 +iy)l — &kyqT3 + AoTi = [GR (k)] — 884y 73, (D)
where &y = &k + 85 =& + v - q + q*/(4m), making it possible to expand GR(k + ¢,w) as
GR(k + q.0) = GR(k.0) + [G(k,0) 3G (k)88 + [Gk,w)T:G(k.0)13G (k)R85 + -+ . (D2)
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We also obtain from Egs. (30) and (D2)
GX(k + q,0) = GR(k + ¢,0) 2 ()G (k + q,0)
= GX(k.0) + [Gk.0)1:G (k. 0)]*08k + [Glk,0)13G (k)36 (k)85 + -+ . (D3)

enabling us to expand GX(k + ¢,) in terms of 8&, as well, noting G* = [GR]T.
We now restrict ourselves to the BCS regime. In this regime, since the dominant contribution in the k summation is at

|k| =~ /2mp = mv, > |q| (n > 0), we can approximate

8&kg ~ vy - q. (D4)
Using Egs. (D2)-(D4), we obtain
2 i dw
My(g.0)==—>3" / —Ti[0GR(k + ¢,0)1.G (k,0) + LG (k + ¢,0)1.G* (k,0)]
u 2 A 2w

j d N N ~ ~
~ —’5 ; / %Tr{[rzG(k,me(k,wmG(k,w)rzG<k,w>1K}<v,L @) + 0(¢")

2.2
v,.q
3

where we have used the Thouless criterion (40). In the third line of Eq. (DS5), we replaced the density of states p(w) of free
carriers with that at = 0, when replacing the k summation with a £(= k?/(2m) — ) integral. This is justified when & > 0 and
W > y,Ag. This thus gives

~ —ip(0) / d / ;l—:Tr{mG(k,w)rsG(k,wmG(k,w>rzé<k,w>]‘<}+ 0(g"), (D3)

B2

2 00
—ip(O)%” / dg / ;l—:Tr{[tzé(k,a))QG(k,w)rgé(k,w)rzé(k,a))]K}

2 00
—ip(O)%" / dg [ ;l—:Tr{[tzé(k,w)tgé(k,w)r3G(k,w)rgé(k,a))+t3G(k,w)tzé(k,w)rzé(k,w)r3G(k,a))]K}

V2 oo dw
= ip(o)gu / d& / E[(G12G12 — G2nGn)(=G12G12+ G2G11) +(G11G11 — G12G12)(G11G2 — G12Gy2)
-0

+(=G12G12 + GnG11)G12G12 — GnGn) + (G11Gn — G12G12)(G11G11 — G12G12)
+(G12G11 — GnG12)(G11G12 — G12G11) + (=G 11G12 + G12G0)(—G12Gn + GG 12)
+(G11G12 — G12G11)(G12G11 — G0nG12) + (=G 112G + GG o) (—G11Gra + G1aGn)IX, (D6)

where we omitted (k,w) in the third line. In obtaining the second line in Eq. (D6), we have used the cyclic property of the trace
and Eq. (60) in the third. [The Keldysh component in Eq. (60) holds only in the small linewidth limit y — 07.]
By further using Eq. (42), as well as

R/A(k )
-2

Tt l—Tr[rzé(k,a))rzé(k,w)]R/A, (D7)
0

we obtain

Gk Gk Gk,
o = —ip() L / d f { k®) Guk.®) |16 w) — Gk )G 11(k,w) — Ganlke)) 222

Ao Ay
Gplk,w K
+ 122 )[Gn(k,a)) — Gk, )G (k,w) — Gzz(k,w)]} . D8)
0
Here, we have also used Eqgs. (55)—(59) to drop the antisymmetric part from the w integral. In fact, we can show that
G (k,w) Gpk,w) Giok.)
/ d“g‘{ 12 12 1[Gy (k,w) — Gk, )[G11(k, @) — Gap(k,w)] —=—"2
—00 AO A() AO
G (kvw) K
+ - 12A0_[G11(k,w) — Gn(k,0)][G1(k,w) — ng(k,a))]} =0, DY)
which thus gives
v, dw
B2 = —1,0(0)3A2 / dE/ [G},(k,0)GY,(k,w) + G5 (k,0)GTy(k,w)]. D10)
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On the other hand, o1 in the BCS regime can be expressed as

o1

o0 d
—aip(©) [~ az [ S2[6h k)G ko) + Ghikw)Gh ko]

PHYSICAL REVIEW B 96, 125206 (2017)

2 o d
5~ 2i0(0) / dé / ﬁ[G}fz(k,w)GIfz(k,w)—i-G‘fz(k,a))G?z(k,w)]

(D11)

where we have used Egs. (40). Combining Egs. (D10) and (D11) gives the desired Eq. (76).
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