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We study the anomalous Nernst and thermal Hall effects in a linearized low-energy model of a tilted Weyl
semimetal, with two Weyl nodes separated in momentum space. For inversion symmetric tilt, we give analytic
expressions in two opposite limits: For a small tilt, corresponding to a type-I Weyl semimetal, the Nernst
conductivity is finite and independent of the Fermi level; for a large tilt, corresponding to a type-II Weyl
semimetal, it acquires a contribution depending logarithmically on the Fermi energy. This result is in a sharp
contrast to the nontilted case, where the Nernst response is known to be zero in the linear model. The thermal
Hall conductivity similarly acquires Fermi surface contributions, which add to the Fermi level-independent,
zero-tilt result, and is suppressed as one over the tilt parameter at half filling in the type-II phase. In the case
of inversion-breaking tilt, with the tilting vector of equal modulus in the two Weyl cones, all Fermi surface
contributions to both anomalous responses cancel out, resulting in zero Nernst conductivity. We discuss two
possible experimental setups, representing open and closed thermoelectric circuits.
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I. INTRODUCTION

Weyl semimetals are gapless topological materials whose
band structure consists of pairs of Weyl nodes separated in
momentum space. First proposed to occur in a class of iridate
materials [1], they were recently realized [2–10]. In order
for Weyl nodes to be located at different momenta, at least
one time reversal or inversion symmetry needs to be broken.
For a basic understanding of these materials at a theoretical
level, the simplest realization consists of a single pair of Weyl
nodes. Such a minimal model breaks time reversal [11] and,
if it additionally breaks inversion, the Weyl nodes are also
separated in energy. In contrast, for a time-reversal symmetric
Weyl semimetal, an inversion-breaking model with a minimum
of four Weyl points is needed [12].

Both time-reversal and inversion-breaking Weyl semimet-
als realize the chiral anomaly, which leads to a number of
phenomena, such as the chiral magnetic effect [13–15] and the
accompanying negative magnetoresistance [16–21], the chiral
separation effect [22], chiral magnetic waves [23], and chiral
anomaly-induced plasmon modes [24]. A key feature that
differentiates the time-reversal-breaking Weyl semimetal is the
presence of a topological Chern-Simons term in its low-energy
electromagnetic description. This term gives rise to many of
the predicted exotic physical properties of Weyl semimetals,
such as a finite quantum anomalous Hall response [14]; optical
properties such as birefringence [25,26], circular dichroism
[27], magnon electrodynamics [28], helicons [29], and the
appearance of novel collective electromagnetic excitations
[30,31]; and a new mechanism for the phonon Hall viscosity
[32,33].

In the context of high-energy physics, Weyl fermion
Lagrangians are always assumed to be Lorentz invariant. In
condensed matter physics, however, there is no reason for a
real material to preserve Lorentz symmetry. Therefore, terms
forbidden in the high-energy description of Weyl fermions
may arise. In lowest order in momentum, a Lorentz nonsym-
metric term can be added to the conical dispersion relation:

E = ±v|k| + C · k.1 This term tilts the Weyl cone in the
direction of the vector C, such that for large enough tilts,
|C| � v, a Lifshitz phase transition occurs, and the Fermi
surface surrounding the Weyl node transforms into two Fermi
surfaces of electrons and holes. The realization of this type-II
Weyl semimetal phase [34,35] has been reported in recent
experiments [36,37].

Type-II Weyl semimetals are expected to give rise to
new physical phenomena while still conserving some of the
key ingredients of type-I Weyl semimetals. In particular,
since the topological nature of the Weyl nodes survives the
Lifshitz transition, both the chiral anomaly and the Chern-
Simons term remain. Experimental signature of the chiral
anomaly in a supposed type-II Weyl semimetal has been
reported [38]. The activation of the anomaly in the type-II
phase was suggested to depend on the alignment of the
magnetic field with the tilt direction [34,39,40], though a
recent semiclassical calculation obtained an anomaly-induced
positive longitudinal magnetoconductivity for all directions of
the applied magnetic field [41]. The topological Chern-Simons
term in the time-reversal-breaking case2 and all the associated
phenomena listed above should similarly remain. In particular,
and of importance to our work, the quantum anomalous
Hall effect was shown to be finite [42,43], receiving Fermi
level-dependent contributions from the tilting term, even in
the type-I phase [42,44,45].

In addition to electric transport, thermal responses also
carry signatures of the exotic physics of Weyl semimetals, such
as the chiral anomaly [15,46,47]. A number of experimental
studies of thermal transport in Weyl semimetals have recently

1This term assumes isotropy; more general anisotropic terms could
be considered also.

2The tilting term in the Hamiltonian breaks time reversal by itself,
so when we refer to the time-reversal-breaking tilted Weyl semimetal,
we mean that it is time-reversal breaking even at zero tilt.
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been reported [48–52]; of particular interest for the present
work is the measurement of the Nernst effect in the Weyl
semimetal NbP [50]. On the theoretical side, thermal transport
was explored for nontilted Weyl [53–57], Dirac [58], double
Weyl [59], and multi-Weyl [60] semimetals, whereas an
extension to a model of a nontilted Weyl semimetal in the
presence of axial magnetic fields was considered in [61]. More
specifically, in Ref. [54] it was shown that the anomalous
Nernst current vanishes in a linear model of a time-reversal-
breaking Weyl semimetal, while in Refs. [55,60] finite results
were obtained in lattice models. This can be understood from
the fact that, in the linearized model for the nontilted Weyl
semimetal, the quantum anomalous Hall conductivity does
not receive Fermi surface contributions, whereas this no longer
holds when quadratic and higher corrections are considered.
With the Nernst effect being purely a Fermi surface effect,
and the Nernst conductivity related to the Hall conductivity
through the Mott rule, this explains its absence in the linear
model. In nontilted Weyl semimetals, the anomalous Nernst
response comes entirely from higher order corrections to the
low-energy dispersion relation.

Here, we study anomalous thermal transport [46,47] in
time-reversal-breaking tilted Weyl semimetals, focusing par-
ticularly on the Nernst and thermal Hall effects. We show
that in the presence of a nonzero tilting term, Fermi surface
contributions are significant already at the lowest order in
momentum, and, therefore, the Nernst response is finite even
in the linear model. We also obtain Fermi surface contributions
to the thermal Hall effect, which add to the Fermi level-
independent, zero-tilt result. Our results hold deep in both
the type-I and type-II phases, where the validity of the linear
model is guaranteed.

II. THERMAL TRANSPORT

In this section, we review the relevant thermal transport
formalism [62–65] that we will then apply to tilted Weyl
semimetals in the next section. Our starting point is Luttinger’s
phenomenological transport equations for the electric and
energy DC currents [62]

J tr = L(1)

(
−∂A0 − T

e
∂

μ

T

)
+ L(2)

(
− 1

c2
∂φ + T ∂

1

T

)
, (1)

JE
tr = L(3)

(
−∂A0 − T

e
∂

μ

T

)
+ L(4)

(
− 1

c2
∂φ + T ∂

1

T

)
. (2)

The tensors L(i) are the transport coefficients, A0 and φ

are the electromagnetic scalar field and the gravitational
field, respectively, μ and T are the chemical potential and
temperature, e is the charge of the electron, and c is the velocity
of light. The energy current results from the combination of
heat current JQ and energy transported by the electric current;
the heat current can therefore be written as

JQ
tr = JE

tr − μ

e
J tr. (3)

The transport coefficients can be obtained from the Kubo
formula as a linear response to ∂A0 and ∂φ [62]. One
has, however, to carefully distinguish between the transport
currents J tr relevant to Eqs. (1) and (2), and the total local

currents J described by the Kubo formula [63–65]. While
in time-reversal invariant systems these coincide, breaking
time reversal can lead to the appearance of magnetization
electric and energy currents, which are circulating currents
which average to zero and therefore do not carry any transport
[64]. Explicitly, in this case we have J = J tr + Jmag and
JE = JE

tr + JE
mag.

Let us now fix the chemical potential and allow for gradients
of temperature, and consider a sample disconnected from
current leads such that no net electric current flows. In this
situation, the transport electric current vanishes and an electric
field is generated (the gradient of gravitational potential is set
to zero). From the transport Eqs. (1) and (2), and using Eq. (3)
we have

∂A0 = −S∂T , (4)

JQ
tr = −K∂T , (5)

where the thermopower S and thermal conductivity K are
functions of the transport coefficients

S = 1

T

[
(L(1))−1 L(2) − μ

e

]
, (6)

K = 1

T
[L(4) − L(3)(L(1))−1 L(2)]. (7)

For a Fermi liquid in the limit kBT � |μ| (kB is the Boltzmann
constant), the Mott rule and the Wiedemann-Franz law relate
the thermopower and thermal conductivity, respectively, to the
electric conductivity L(1) as

S = eLT [L(1)(T = 0)]−1 dL(1)(T = 0)

dμ
, (8)

K = LT L(1)(T = 0), (9)

where the Lorentz number L = π2k2
B/3e2. Note that the

electric conductivity in Eqs. (8) and (9) is evaluated at zero
temperature, as both the Mott rule and the Wiedemann-Franz
law are obtained as an expansion in kBT � |μ|; furthermore,
and importantly for our purposes, both the Mott rule and
the Wiedemann-Franz law have been proven to hold in the
quantum Hall state [63].

Let us now recall the Onsager relations, which relate the
transport coefficients under the application of time reversal
[66,67]

L
(1,4)
ij (b) = L

(1,4)
ji (−b), L

(2)
ij (b) = L

(3)
ji (−b), (10)

where b is a shorthand notation for all fields that are odd under
time reversal. These relations can be inferred by inspection
of the Kubo formulas and the invariance of the system under
simultaneous reversal of time and b.

Plugging Eqs. (8) and (9) into Eqs. (6) and (7), respectively,
and using the Onsager relations, we can write all transport
coefficients as functions of the electric conductivity alone:

L(2) = eLT 2 dL(1)

dμ
+ μ

e
L(1), (11)

L(4) =
(

LT 2 + μ2

e2

)
L(1) + 2μLT 2 dL(1)

dμ
, (12)
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where L(1) is evaluated at T = 0. In arriving to Eq. (12)
we have assumed L

(2)
ij (b) = L

(2)
ji (−b), which follows from

Eq. (11) plus the Onsager relation for L(1), and neglected
terms of order higher than T 2. Substituting these coefficients
in Eqs. (1) and (2), and using Eq. (3) we get, setting ∂A0 =
∂φ = 0,

J tr = −eLT
dL(1)

dμ
∂T , (13)

JQ
tr = −LT L(1) ∂T . (14)

These are the essential relations [54,58,59,68] we will use in
the next section.

III. ANOMALOUS NERNST AND THERMAL HALL
EFFECTS IN A TILTED WEYL SEMIMETAL

Let us consider a minimal model of a time-reversal
breaking Weyl semimetal with two Weyl nodes of opposite
chirality separated in momentum space, and a tilting term.
The linearized Hamiltonian around each Weyl node s = ± is

Hs = h̄Cs(kz − sQ) + sh̄vσ · (k − sQez), (15)

where 2Q is the distance between the Weyl points in momen-
tum space along ez, v is the Fermi velocity when Cs = 0, and
σ is a vector composed of the three Pauli matrices. The type
of Weyl point is defined by the tilt parameters Cs , such that
the Weyl point is of type-I if |Cs | < v and type-II if |Cs | > v.

This tilted time-reversal-breaking model is in the anoma-
lous quantum Hall state, and therefore has a nonzero intrinsic
anomalous Hall conductivity in the x-y plane L(1)

xy = σxy

[42,44,45]. The Mott rule and Wiedemann-Franz law apply,
and the thermal transport is given by Eqs. (13) and (14).
Writing the conductivity tensor in the form

L(1) =
⎛
⎝ σxx σxy 0

−σxy σyy 0
0 0 σzz

⎞
⎠, (16)

we can directly extract the anomalous Nernst and thermal Hall
currents

Ja,tr = −αxy εab∂bT , (17)

J
Q
a,tr = −Kxy εab∂bT (18)

with the Nernst and thermal Hall conductivities given by

αxy = eLT
dσxy

dμ
, (19)

Kxy = LT σxy. (20)

Both responses are obtained by computing the value of the
Hall conductivity as a function of μ (see Appendix and
Refs. [42,44] for a computation of σxy).

We first consider the case of inversion symmetric tilt
C+ = −C− = C, where the coefficient C can be either positive
or negative. The linearized model is not well-suited for
computing the conductivity around the Lifshitz transition
between type-I and type-II Weyl semimetals. Starting in the
type-I phase, by increasing the tilt, the Fermi surfaces of

FIG. 1. Schematics of the competition between the linear and
higher order momentum terms in the dispersion relation of a Weyl
fermion. We show, from left to right, a type-I (top) and a type-II
(bottom) Weyl cone for increasing tilt C. The dashed lines represent
the deviation of the dispersion relation from the linear model due
to higher-order momentum corrections. The horizontal red lines
represents the Fermi level. The check marks and X marks signal
the validity and the failure of the linearized model, respectively.

each cone grows, reaching a point where quadratic terms in
momentum compete with the linear terms [see Fig. 1 (top)].
For sufficiently small μ, we can assume this to occur near the
Lifshitz transition. The existence of this crossover at which
higher-order corrections become relevant means that the linear
model is nonapplicable for values of the tilt near the transition.
Further increasing the tilt, we go over into the type-II phase, at
which point infinite electron and hole pockets would appear in
pairs in the linear approximation; however, in a real material
not only are these pockets of finite size, but some of them
could even disappear, depending on the position of the Fermi
level [Fig. 1 (bottom-left)]. If we keep increasing the tilt,
one expects that above a certain value of the tilt, and again
assuming μ is sufficiently close to the Weyl nodes, electron and
hole pockets will always coexist, in agreement with the linear
model [Fig. 1 (bottom-right)]. For such values of the tilt deep
in the type-II phase, higher-order corrections in momentum
are always important. A qualitatively correct description of
the system can still be obtained with the linearized model by
simply including a physical momentum cutoff, that accounts
for the finiteness of the pockets due to nonlinearities. This
momentum cutoff gives a measure of the Fermi surface size.
Therefore, we will calculate the Nernst and thermal Hall
conductivities deep in the type-I and type-II phases, excluding
the regime |C| ∼ v. In these two limits, analytic expressions
can be written down.

For a type-I Weyl semimetal with |C| � v, from the
Appendix and Eqs. (19) and (20), in the limit of small tilt
we find

αxy = −ek2
BT C

18h̄2v2
, (21)

Kxy = k2
BT

6h̄

[
Q − μ

2h̄C

(
v

C
ln

∣∣∣∣v + C

v − C

∣∣∣∣ − 2

)]

≈ k2
BT

6h̄

[
Q − μC

3h̄v2

]
. (22)

115202-3



YAGO FERREIROS, A. A. ZYUZIN, AND JENS H. BARDARSON PHYSICAL REVIEW B 96, 115202 (2017)

In our linearized model, the Nernst conductivity is linearly
proportional to the tilt parameter C and does not depend on
the position of the Fermi level μ, while the thermal Hall
conductivity acquires an additional Fermi surface contribution
compared to the untilted Weyl semimetal.

For a type-II Weyl semimetal with |C| � v, deep in the
type-II phase, we obtain

αxy = −ek2
BT

6h̄2

v

|C|C
[
−1 + ln

∣∣∣∣C
2�

vμ

∣∣∣∣
]
, (23)

Kxy = k2
BT

6h̄

v

|C|
[
Q − μ

h̄C
ln

∣∣∣∣C
2�

vμ

∣∣∣∣
]
. (24)

Both expressions diverge logarithmically with the momentum
cutoff � along the z axis, which, as we previously mentioned, is
a signature of the presence of unbounded electron-hole pockets
in the linearized model. In general, � depends on μ and could
be different for electron and hole pockets. For simplicity, and
consistent with the fact that the linear model only gives results
at the qualitative level, we fix in all Fermi surface integrals the
cutoff � to be independent of μ. The divergent behavior of the
Nernst conductivity in the limit μ → 0 is a consequence of
the logarithmic dependence of σxy on μ for the type-II Weyl
semimetal [42]. We also observe that thermal Hall conductivity
at μ = 0 is a factor v/|C| smaller than in the type-I case.

We briefly mention the case of inversion-breaking tilt,
with C+ = C− = C. In this situation, in the linear model the
contribution to the Hall conductivity from the Fermi surface
cancels out between the two Weyl points, and consequently
σxy is independent of μ. We then get

αxy = 0, (25)

Kxy = k2
BT Q

6h̄
min

(
1,

v

|C|
)

, (26)

which is valid for general C.
Finally, a comment is in place regarding the possibility of

having tilts orthogonal to the direction of separation of the
Weyl nodes. The tilt always gives a Fermi surface contribution
to the anomalous Hall conductivity in the plane perpendicular
to the tilt direction [42]. Therefore, if in our setup we consider
tilts in, say, the x direction, instead of the z direction, we

obtain a finite anomalous Hall conductivity in the y-z plane,
in addition to the usual μ independent Hall conductivity,
proportional to Q, in the x-y plane. This leads to nonzero
αyz,Kyz and Kxy , while αxy = 0, with Kyz being entirely
a Fermi surface effect and Kxy being μ independent and
proportional to Q.

IV. DISCUSSION OF POSSIBLE EXPERIMENTAL SETUPS

In order to measure the Nernst and thermal Hall responses,
one can think of two possible experimental setups. The first
one is the open circuit represented in Fig. 2(a), consisting of a
Weyl semimetal sample attached to two thermal reservoirs at
different temperatures, and disconnected from current leads. In
this situation, the transport electric current in Eq. (1) vanishes
and a voltage across the sample, given by Eq. (4), is generated.
For a clean sample, the longitudinal DC conductivity is zero,
and from Eq. (8) we get

Ex = −∂xA0 = σ−1
xy αxy. (27)

That is, an electric field in the x direction is generated,
proportional to the Nernst conductivity. By measuring this
voltage across the sample, αxy can be inferred.

In this same open circuit setup, the thermal Hall effect in
Eq. (18) tells us that heat is transported from one side of the
sample to the other, perpendicularly to both the direction of
the separation of the Weyl nodes and the temperature gradient
generated by the thermal reservoirs. The heat current can be
defined as the rate at which heat is transported,

J
Q
tr = kB

A

dT

dt
, (28)

where A is the cross-sectional area. Then, for setup of Fig. 2(a),
the rate at which the temperature gradient increases between
the upper and lower boundaries is

kB

Lz

d	T

dt
= −Kxy(T2 − T1), (29)

with Lz the thickness of the sample in the z direction and
T2 − T1 the temperature difference between the two thermal
reservoirs. This rate gives a measure of the thermal Hall
conductivity Kxy .

x

y

z

T1

Thermal 
reservoir

Thermal 
reservoir

Q

T2 > T1∇T

E

Thermal reservoir

T1 T2 > T1

x

y

z

Jtr, J Q
tr

Q

Closed circuit

(a) (b)

FIG. 2. Two possible experimental setups. (a) An open circuit consisting of a Weyl semimetal sample flanked by two thermal reservoirs at
different temperatures. Electric and heat currents are not able to flow and, as a consequence, an electric field, E, and a gradient of temperature,
∇T , generate across the sample in the x and y directions, respectively. (b) A closed circuit made of a Weyl semimetal connected to current
leads and surrounded by a thermal reservoir, in which a temperature gradient has been implemented. Electric and heat currents are free to flow.
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The second possible setup is depicted in Fig. 2(b). Here we
consider a closed circuit, where electric and heat currents can
flow. The Nernst and thermal Hall conductivities calculated
are transport coefficients, which means that they represent the
net currents of the system, directly accessible by conventional
transport experiments, without the need to probe the system
locally. Therefore, the setup of Fig. 2(b) supports readily mea-
surable Nernst and thermal Hall currents, given by Eqs. (17),
(18), (21), (22), (23), and (24).

V. CONCLUSIONS

We have studied the Nernst and thermal Hall responses of
a minimal, linearized model for time-reversal-breaking tilted
Weyl semimetals. In the situation of inversion-symmetric tilt,
the anomalous Nernst conductivity is finite and the thermal
Hall conductivity acquires Fermi surface contributions. This is
in sharp contrast to the nontilted case, in which case the Nernst
conductivity vanishes in the linear model and the thermal
Hall conductivity does not depend on the Fermi level. On
the other hand, for inversion-breaking tilt of equal size for
the two chiralities, the Fermi surface contributions cancel out
between the two Weyl cones. This leads to a vanishing Nernst
conductivity and a chemical-potential independent thermal
Hall conductivity that decreases with increasing tilt in the
type-II phase.

We discussed two possible experimental setups, consisting
in open and closed circuits. For the open circuit, the Nernst
and thermal Hall conductivities can be inferred, respectively,
by measuring an induced voltage across the sample and the
rate at which a temperature gradient is generated between
opposite boundaries. In the closed circuit case, the Nernst and
thermal Hall currents are able to flow, and therefore could be
directly measured. It is important to have in mind that the
responses calculated are transport currents, which means that
they represent the net current flow, made of both bulk and
surface contributions, rather than the local total current at a
given point of the sample. Therefore, the obtained Nernst and
thermal Hall currents can be detected by conventional transport
measurements.

Note added. Recently, Ref. [69] appeared, which also stud-
ies the anomalous Nernst effect in type-II Weyl semimetals.
Their results are compatible with ours.
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APPENDIX: ANOMALOUS HALL CONDUCTIVITY
FOR THE TILTED WEYL SEMIMETAL

In this appendix we provide—for completeness and follow-
ing Ref. [42]—expressions for the anomalous Hall conductiv-
ity. The anomalous Hall conductivity is given by the zero

frequency and zero wave-vector limit of the current-current
correlation function (we take h̄ = 1)


ij (�,q) = T
∑
ωn

∑
s=±

∫
d3k

(2π )3
J

(s)
i Gs(iωn,k)

× J
(s)
j Gs(iωn − i�m,k − q)

∣∣∣∣
i�m→�+iδ

, (A1)

where i,j = {x,y,z}, T is the temperature (the Boltzmann
constant is set to unity), and ωn, �m are the fermionic and
bosonic Matsubara frequencies, as

σxy = − lim
�→0


xy(�,0)

i�
. (A2)

The one-particle Green functions have the following form:

Gs(iωn,k) = 1

2

∑
t=±1

1 − stσ · k−sQez

|k−sQez|
iωn + μ − Cs(kz−sQ) + tv|k−sQez| ,

(A3)

where μ is the chemical potential. The current operators are
defined as follows:

J
(s)
i = e(Csδiz + svσi), (A4)

where δij is the Kronecker delta. Performing the summation
over the fermionic frequencies and taking the trace over Pauli
σ -matrices, we obtain


xy(�,0) = 
(+)
xy (�,0) + 
(−)

xy (�,0), (A5)

where we separated the contributions from the two Weyl cones


(s)
xy (�,0) = 


(s)
0 (�,0) + 


(s)
FS(�,0), (A6)



(s)
0 (�,0) = se2

∫ �0−sQ

−�0−sQ

dkz

2π

∫ ∞

0

k⊥dk⊥
2π

× 2v2�m

�2
m + 4v2k2

kz

k

∣∣∣∣
i�m→�+iδ

, (A7)



(s)
FS(�,0)

= se2
∫ �−sQ

−�−sQ

dkz

2π

∫ ∞

0

k⊥dk⊥
2π

2v2�m

�2
m + 4v2k2

×kz

k
{f (Cskz + vk) − f (Cskz − vk) − 1}

∣∣∣∣
i�m→�+iδ

.

(A8)


0 is the vacuum part, this is the contribution at μ = 0, and

FS is the contribution of the states at the Fermi surface.
The function f (E) = (e(E−μ)/T + 1)−1 gives the Fermi dis-
tribution and k =

√
k2
z + k2

⊥. The cutoff �0 is just included
for the correct definition of the kz integral, but the vacuum
contribution to the Hall conductivity is well known to be cutoff
independent. However, we have introduced another cutoff
� for the Fermi surface contribution. This has a physical
meaning, as explained in the main text, and is necessary
to make the Fermi surface contribution finite in the type-II
regime.
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We obtain the anomalous Hall conductivity in the limit of zero frequency σxy = σ (+)
xy + σ (−)

xy , where

σ (s)
xy = σ

(s)
0 + σ

(s)
FS , (A9)

σ
(s)
0 = e2

∫ �0−sQ

−�0−sQ

dkz

2π

∫ ∞

0

k⊥dk⊥
2π

skz

2k3
, (A10)

σ
(s)
FS = e2

∫ �−sQ

−�−sQ

dkz

2π

∫ ∞

0

k⊥dk⊥
2π

skz

2k3
[f (Cskz + vk) − f (Cskz − vk) − 1], (A11)

in which skz/2k3 is the z component of the Berry curvature of the Weyl cone with chirality s. Here we note that the tilt parameter
does not modify the Berry curvature. Thus the tilt enters only in the distribution function.

Taking the zero temperature limit, T → 0, and performing the integration over momentum k⊥, we obtain the contribution to
the anomalous Hall conductivity in the form

σ
(s)
0 = − se2

8π2

∫ �0−sQ

−�0−sQ

dkz sgn(kz), (A12)

σ
(s)
FS = − se2

8π2

∫ �−sQ

−�−sQ

dkz

[
sgn(kz) − vkz

|Cskz − μ|
][

(�
(
v2k2

z − (Cskz − μ)2) − 1
]
, (A13)

where �(x) is the Heaviside function. The expression Eq. (A13) is valid for any C+ and C−; however, it can be simplified further
by taking into account the condition C+ = −C− ≡ C. Summing the contribution of the two Weyl cones we obtain

σxy = σ0 + σFS (A14)

σ0 = − e2

4π2

∫ �0−Q

−�0−Q

dkz sgn(kz), (A15)

σFS = − e2

4π2

∫ �−Q

−�−Q

dkz

[
sgn(kz) − vkz

|Ckz − μ|
][

(�
(
v2k2

z − (Ckz − μ)2) − 1
]
, (A16)

By performing the integrals we can readily evaluate Kxy , and by taking the derivative of the result we obtain αxy . There are a
few limiting cases in which analytic expressions can be obtained, as given in the main text.
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