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Kinks and antikinks of buckled graphene: A testing ground for the ϕ4 field model
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Kinks and antikinks of the classical ϕ4 field model are topological solutions connecting its two distinct ground
states. Here we establish an analogy between the excitations of a long graphene nanoribbon buckled in the
transverse direction and ϕ4 model results. Using molecular dynamics simulations, we investigated the dynamics
of a buckled graphene nanoribbon with a single kink and with a kink-antikink pair. Several features of the ϕ4

model have been observed including the kink-antikink capture at low energies, kink-antikink reflection at high
energies, and a bounce resonance. Our results pave the way towards the experimental observation of a rich variety
of ϕ4 model predictions based on graphene.
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I. INTRODUCTION

Currently, there is strong interest in suspended graphene
(the graphene above a trench) from both fundamental and
application points of view. Fundamentally, the advantages
of graphene suspension include the elimination of substrate-
induced carrier scattering, dopants and phonon leakage. This
provides an access to intrinsic properties of graphene such
as the intrinsic carrier mobility [1], mechanical strength [2],
and thermal conductivity [3]. From the application point of
view, multiple possible applications of suspended graphene
have been proposed, among them are electromechanical
resonators [4], electromechanical switchers [5], nanocantilever
sensors [6], piezoresistive pressure sensors [7], capacitive
pressure sensors [8], and capacitors with memory [9,10]
(memcapacitors [11])1.

Here, we consider a buckled graphene over a trench in a
nonstandard geometry in which the trench length, L, is much
longer than its width, L � w. It is assumed that the graphene
is relaxed in the direction along the trench and compressed in
the transverse direction. Using classical molecular dynamics
(MD) simulations we demonstrate the existence of kinks (see
Fig. 1) and antikinks in such buckled graphene—the solutions
connecting two minima of potential energy—and investigate
some of their properties. This paper is a study of buckled
graphene in such configuration.

Furthermore, we argue that such buckled graphene provides
(to the certain extent) an experimental realization of the
classical ϕ4 field model [12–15] in 1+1 dimensions, having
applications in the areas of ferroelectrics [16–18], linear
polymeric chains [19], quantum field theory [20,21], and
even nuclear physics [22,23]. This model is based on the
dimensionless Lagrangian
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1Memcapacitors are two-terminal capacitive devices that can store

and process [41] information on the same physical platform.
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FIG. 1. Graphene kink (top) and ϕ4 kink and antikink [Eq. (3),
bottom]. The arrow shows the x direction.

that leads to the Euler-Lagrange equation of motion of the
form

∂2φ

∂t2
− ∂2φ

∂x2
= φ − φ3. (2)

There are two stable constant solutions of Eq. (2), φ = ±1,
and one unstable trivial, φ = 0. Moreover, Eq. (2) has a
topologically nontrivial solution,

φK = ± tanh

(
x − V t − x0√

2(1 − V 2)

)
, (3)

where ± signs correspond to the kink and antikink, re-
spectively, V is the velocity, and x0 is the position of the
kink/antikink center at the initial moment of time t = 0. In
what follows, we present the details and results of our MD
simulations and discuss the similarity between the graphene
kinks (exemplified in Fig. 1) and the solutions (3) of Eq. (2).
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II. DETAILS OF MD SIMULATIONS

MD simulations are frequently employed to model various
physical aspects of graphene, carbone nanotubes, and other
nanoscale structures [24–34]. In this study, we used NAMD2
[35], a highly scalable massively parallel classical MD code2.
Specifically, we investigated the dynamics of a graphene
nanoribbon (membrane) of L = 425 Å length and w = 22 Å
width with clamped boundary conditions for the longer
armchair edges and free boundary conditions for the shorter
edges of the nanoribbon. The clamped boundary conditions
were implemented by fixing two first lines of carbon atoms
of longer edges. The buckling was realized by changing the
distance between the fixed sides from w to d < w. For the
purpose of brevity, this paper reports the results obtained for a
single value of d/w = 0.9.

In graphene, the interactions between the carbon atoms
were described using the standard two-body spring bond,
three-body angular bond (including the Urey-Bradley term),
four-body torsion angle, and Lennard-Jones potential energy
terms [36]. The interaction constants were optimized in order
to fit the experimentally observed properties of graphene.
The known values were selected for the equilibrium angles.
The Lennard-Jones coefficients were choosen to match the
AB stacking distance and energy of graphite [37]. A global
optimization was performed over the remaining parameters to
match the in-plane stiffness (E2D = 342 N/m), bending rigid-
ity (D = 1.6 eV), and equilibrium bond length (a = 1.421 Å)
of graphene. We performed a series of test calculations that
have demonstrated that the in-plane stiffness and bending
rigidity of a selected graphene nanoribbon are in perfect
agreement with the listed above values.

MD simulations were performed with 1 fs time step. The
van der Waals interactions were gradually cut off starting at
10 Å from the atom until reaching zero interaction 12 Å away.
In order to compare our results with the results of the ϕ4 model,
most of our molecular dynamics calculations are made at zero
temperature in terms of the Newtonian dynamics. In some of
our calculations, kinks and antikinks were created by applying
external forces to groups of atoms near the shorter edges of the
nanoribbon (204 atoms in each group). Typically, the external
forces were applied for 10 ps and the nanoribbon dynamics
was simulated for 30 ps from the moment of force application.

III. RESULTS

A. Energy minimization calculations

Now, we consider the results of energy mimimization cal-
culations. The purpose of these calculations was to identify the
energies and shapes of individual kinks and antikinks as well
as to obtain the initial geometry for the kink/antikink dynamics
calculations. For this purpose, the Langevin dynamics of the
initially flat compressed nanoribbon was run for 20 ps at
T = 293 K using a Langevin damping parameter of 0.2 ps−1

2NAMD was developed by the Theoretical and Computational
Biophysics Group in the Beckman Institute for Advanced Science
and Technology at the University of Illinois at Urbana-Champaign.
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FIG. 2. (a) Energies of stable nanoribbon conformations found
in 100 independent simulations of nanoribbon dynamics followed
by energy minimization. Zero energy corresponds to the nanoribbon
buckled up or down. The equidistant energy levels correspond to
the nanoribbons with different numbers of kinks and antikinks N .
(b) Geometry of the central chain of nanoribbon atoms in ε1,0

kink found in the energy minimization. The fitting was made using
Eq. (3)-type curve.

in the equations of motion. This simulation stage was followed
by 10 000 steps of energy minimization.

Figure 2(a) shows the energy of final shapes of the nanorib-
bon found in 100 runs with identical initial conditions (the flat
nanoribbon) and simulation parameters. In consequence of the
stochastic dynamics different numbers of kinks/antikinks are
formed in different runs. Figure 2(a) demonstrates that the final
energies form a set of equidistant levels. We have explicitly
verified that each kink/antikink contributes approximately
the same amount of energy into the total energy of final
conformation.

Moreover, each of the N � 1 energy levels in Fig. 2(a) has
its unique fine structure. In particular, N = 1 level is double-
splitted (see two slightly different values of energy in the red
dashed square in Fig. 2). The energies of these states are ε1,0 =
317.1 kcal/mol and ε1,1 = 325.4 kcal/mol. We have verified
that all the energies in Fig. 2(a) are combinations of ε1,0 and
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FIG. 3. (a) Kink position as a function of time for several values of the applied force. (b) Kink velocity as a function of the pulling force.
Inset in (a): schematics of the generation of moving kink by locally applied forces (red arrows). Here, the thick (cyan) line represents the
buckled membrane and thin (black) line the membrane support surface.

ε1,1. Therefore, the level splitting increases with the number
of kinks and antikinks N as N + 1. In terms of geometry, the
kink corresponding to ε1,0 has a symmetric cross section in
the transverse to the trench direction. The same plane cross
section of the kink corresponding to ε1,1 is nonsymmetric.
Figure 2(b) presents the profile of ε1,0 kink along the trench.
The fitting with the ϕ4 model solution [Eq. (3)] reveals some
small asymmetry of this kink along the trench.

B. Dynamics of kinks and antikinks

Next we consider the dynamics of a single kink propagating
along the nanoribbon. In these calculations, the optimized
buckled upwards nanoribbon was used as the initial condition.
The moving kink is created by pulling a group of atoms (204
atoms) near x = −20 nm boundary by a force in −z direction
applied for 10 ps [see the inset in Fig. 3(a) for the numerical
experiment schematics]. According to the results of our MD
simulations, the moving kinks are created at forces exceeding
a threshold of ∼35 pN/atom. Figure 3(a) demonstrates that
the position of kink changes linearly with time. Importantly,

the slopes of Fig. 3(a) curves indicate the motion at a
constant speed, which is higher for larger values of applied
force.

It is thus tempting to use the applied force as a control
parameter to select the desired velocity of kink. Unfortunately,
using this approach we were not able to generate slow-moving
kinks. The data presented in Fig. 3(b) demonstrates that the
slowest moving kink has the velocity of ∼3 km/s and the
velocity as a function of force saturates at about 5 km/s.
There are three characteristic speeds of sound in flat graphene
(see, e.g., Ref. [38]): cLA = 18.4 km/s, cT A = 16.5 km/s, and
cZA = 9.2 km/s. As the kink propagation is associated mainly
with the out-of-plane deformation of graphene, cZA provides
the upper bound for the possible speed of kink propagation.
Our results are in agreement with this bound.

According to numerical simulations of Eq. (2) (see, e.g.,
Ref. [39]), at large speeds, the kink and antikink are imme-
diately reflected upon collision. When their speeds are below
some critical speed, the kink and antikink annihilate through
the formation of a radiating bound state. We have observed
both effects (the reflection and annihilation) in our numerical
experiments with buckled graphene.

z

x

z

x

(a) (b)

FIG. 4. Kink-antikink scattering: (a) kink and antikink are created by 60 pN/atom pulling force and (b) kink and antikink are created by
200 pN/atom pulling force. The plot was obtained using z coordinates of the central chain of nanoribbon atoms (in the direction along the
trench).
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FIG. 5. Bounce resonance in kink-antikink scattering. This plot
was obtained similar to Fig. 4 using the pulling force of 61 pN/atom.

In order to create slower moving graphene kinks and
antikinks, we have slightly modified the above approach by
changing the constant forces with linearly decreasing forces
(from a maximum value at the edge to zero in the bulk) applied
to the same group of atoms. Figure 4(a) demonstrates that when
the kink and antikink moving at the speeds of about 2.9 km/s
collide, they indeed form a bound state dissipating with
time. The kink and antikink colliding at about 4.4 km/s are
immediately reflected [see Fig. 4(b)]. Moreover, Fig. 5 presents
a bounce resonancelike [39] behavior in the kink-antikink col-
lision that is observed in the vicinity of the transition from an-
nihilation to reflection collision regimes. Figure 4(b) and Fig. 5
clearly demonstrate that the graphene kink-antikink collisions
are inelastic just as collisions of ϕ4 kinks/antikinks [13].

IV. CONCLUSION

In this paper, we have investigated the properties of buckled
graphene membranes above long but narrow trenches. Using
molecular dynamics simulations, we have explicitly demon-

strated the existence of topologically nontrivial solutions—
kinks and antikinks—in such membranes and found some of
their properties. Our numerical simulations reveal a complex
dynamics of stressed graphene nanoribbon, which is a 2D
system of many atoms with a large number of degrees of
freedom.

It’s interesting that in many respects the graphene kinks
are similar to the kinks in the classical ϕ4 field model in 1+1
dimensions. In particular, both the buckled graphene and ϕ4

model have two stable equilibrium states and topologically
nontrivial solutions connecting these states. In both cases, there
is a limiting speed for the kink propagation, and the single kink
(at T = 0) propagates without losing its energy. Additionally,
in the buckled graphene the kink-antikink scattering shows
some typical to ϕ4 field model features, such as the possibilities
of kink-antikink annihilation and reflection from each other.

At the same time we have noticed some small differences
such as a slightly asymmetric shape of the graphene kink
[Fig. 2(b)] and the existence of a nonsymmetric kink, which
might be considered as an excited state of the symmetric
one. While its tempting to use higher-order terms to describe
the shape asymmetry, it’s evident that some of higher-order
models, such as the ϕ6 one [40], cannot be used for this purpose
directly because of the different physics that they describe
(such as three equilibrium stable states [40] compared to two
in buckled graphene). Our main conclusion is that the buckled
graphene membranes offer an interesting opportunity to test
the predictions of the ϕ4 model. We also expect that this system
may find some unexpected technological applications, in
particular, in unconventional information storage/processing
devices.
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comments and suggestions.

[1] K. Bolotin, K. Sikes, Z. Jiang, M. Klima, G. Fudenberg, J. Hone,
P. Kim, and H. Stormer, Solid State Commun. 146, 351 (2008).

[2] C. Lee, X. Wei, J. W. Kysar, and J. Hone, Science 321, 385
(2008).

[3] A. A. Balandin, S. Ghosh, W. Bao, I. Calizo, D. Teweldebrhan,
F. Miao, and C. N. Lau, Nano Lett. 8, 902 (2008).

[4] J. S. Bunch, A. M. van der Zande, S. S. Verbridge, I. W. Frank,
D. M. Tanenbaum, J. M. Parpia, H. G. Craighead, and P. L.
McEuen, Science 315, 490 (2007).

[5] J. Sun, W. Wang, M. Muruganathan, and H. Mizuta, Appl. Phys.
Lett. 105, 033103 (2014).

[6] M. J. Lachut and J. E. Sader, J. Appl. Phys. 113, 024501 (2013).
[7] A. D. Smith, F. Niklaus, A. Paussa, S. Vaziri, A. C. Fischer, M.

Sterner, F. Forsberg, A. Delin, D. Esseni, P. Palestri et al., Nano
Lett. 13, 3237 (2013).

[8] Y.-M. Chen, S.-M. He, C.-H. Huang, C.-C. Huang, W.-P. Shih,
C.-L. Chu, J. Kong, J. Li, and C.-Y. Su, Nanoscale 8, 3555
(2016).

[9] J. Martinez-Rincon and Y. V. Pershin, IEEE Trans. El. Dev. 58,
1809 (2011).

[10] O. V. Sedelnikova, L. G. Bulusheva, A. V. Okotrub, and Y. V.
Pershin, JETP Lett. 103, 244 (2016).

[11] M. Di Ventra, Y. V. Pershin, and L. O. Chua, Proc. IEEE 97,
1717 (2009).

[12] R. Rajaraman, Solitons and Instantons (Elsevier, Amsterdam,
North-Holland, 1982).

[13] D. K. Campbell, J. F. Schonfeld, and C. A. Wingate, Physica D
(Amsterdam, Neth.) 9, 1 (1983).

[14] T. I. Belova and A. E. Kudryavtsev, Phys. Usp. 40, 359 (1997).
[15] P. Forgács, A. Lukács, and T. Romańczukiewicz, Phys. Rev. D
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