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2s exciton-polariton revealed in an external magnetic field
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We demonstrate the existence of the excited state of an exciton-polariton in a semiconductor microcavity. The
strong coupling of the quantum well heavy-hole exciton in an excited 2s state to the cavity photon is observed in
nonzero magnetic field due to surprisingly fast increase of Rabi energy of the 2s exciton-polariton in magnetic
field. This effect is explained by a strong modification of the wave function of the relative electron-hole motion

for the 2s exciton state.
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I. INTRODUCTION

The Coulomb bound electron-hole pairs, the excitons,
exhibit an internal structure with a series of excited states
below the continuum band edge. In a quantum well (QW),
the energy structure of the exciton is similar to that of the
two-dimensional hydrogen atom with the subsequent 1s; 2s,
2p; 3s, 3p, 3d and higher excited states. The optically active
states have an s symmetry [1], and the first demonstration
of the strong coupling between the cavity photon and the
1s exciton state was shown by Weisbuch et al. [2]. Tignon
et al. [3] showed the appearance of the strong coupling of
the 2D continuum of excitations to the cavity photon upon
increasing magnetic field. The transition from weak to strong
coupling was observed by quantizing unbound excitonic states
into Landau levels in the magnetic field.

Recent interest in a higher excited state excitonic ladder
in a microcavity [4] motivated us to demonstrate the strong
coupling of the 2s excited state of the exciton to cavity photons.
We observe a strong increase of the 2s exciton-cavity photon
coupling strength in magnetic field. The enhancement of the
coupling strength is directly related to the increase of the
exciton oscillator strength induced by a strong magnetic field.

We find that the coupling of the 2s exciton and the
microcavity photon is hardly visible at zero magnetic field but
becomes increasingly pronounced at higher field strengths.
The magnetic field action is twofold. First, it lifts the
degeneracy between the excited 2s and 2p exciton states
[5-8]. Second, it acts as an effective confining potential for the
electron and the hole, increasing their wave function overlap.
We note that the increase of the ls exciton ground state
oscillator strength in a semiconductor microcavity in magnetic
field was already reported in Refs. [9-16].

In this paper we demonstrate directly the strong coupling
between the 2s exciton state and a cavity photon by the
examination of the dispersion of polariton photoluminescence
(PL) in a wide range of emission angles and magnetic fields.
We observe the fast increase of both the 2s exciton energy
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and the exciton oscillator strength in magnetic field. The
latter results in an enhancement of the Rabi energy, or the
coupling strength between excitons and photons, at a much
higher rate than in the case of the 1s exciton. This phenomenon
is explained theoretically using a model of an artificial two-
dimensional hydrogen atom. We find that the weakly bound
2s exciton is much more sensitive to magnetic field due to
the modification of its relative electron-hole wave function,
which leads to a stronger diamagnetic effect. In the framework
of the first-order perturbation theory, we explain the effect
qualitatively by the proximity of higher excited states, which
is especially pronounced in the two-dimensional case where
the exciton is confined in a quantum well.

II. EXCITON-POLARITON SYSTEM
AND EXPERIMENTAL DETAILS

Exciton-polaritons are the eigenmodes of a strongly cou-
pled system composed of a photonic mode in a microcavity
and an excitonic resonance inside a semiconductor QW [2].
Our sample is composed of a lambda GaAs microcavity
sandwiched between two AlAs/GaAs distributed Bragg reflec-
tors (DBR). One 8-nm-thick Ing94GagosAs QW was placed
in the maximum of the cavity field providing the excitonic
component to polaritons. Details on the sample structure can
be found in Ref. [17]. The exciton-photon coupling strength
is given by the Rabi energy, which is of 3.5 meV at zero
magnetic field. The linewidth of the polariton modes at exact
exciton-photon resonance is 0.3 meV. This narrow resonance
linewidth, compared to the Rabi energy, allows for us a very
clear resolution of the different polariton states.

The sample was placed in a superconducting magnet
providing magnetic field up to 14 T, in a Faraday configuration,
and at liquid helium temperature. The sample was excited
nonresonantly by a cw Ti:sapphire laser with the energy tuned
to the first reflectivity minima of the DBRs on the high
energy side. The photoluminescence was excited and collected
through a high numerical aperture (NA = 0.83) single lens
of 9 mm focal length. The high angular resolution of our
detection system allowed us, within the same method as
presented in Ref. [18], to measure directly the dispersion of
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FIG. 1. Angle-resolved photoluminescence spectra of exciton-
polaritons in magnetic field. The solid red lines mark the polariton
branches, the dotted lines indicate the calculated energies of uncou-
pled excitons: 1s (blue) and 2s (orange), and photon mode (white).

polaritons: The emission angle is proportional to the polariton
in-plane momentum. In the experiment the two circularly
polarized components of exciton-polariton Zeeman splitting
were not resolved due to its small value (of approx. 78 eV /T)
compared to polariton linewidth (0.3 meV) [14].

III. EXCITON 2s STATE COUPLED TO A CAVITY PHOTON

The angle-resolved PL maps of exciton-polaritons in mag-
netic field up to 14 T are illustrated in Fig. 1. At low magnetic
fields, below 3 T, we observe three polariton branches: the
lower polariton (LP), the upper polariton (UP), and the UP an-
ticrossing with some additional resonance. The three branches
are due to the coupling of a single cavity photon mode to two
excitonic resonances in the quantum well: the 1s ground state
and the 25 excited state. At higher magnetic fields (between 3 T
and 14 T) only two polariton lines are visible. The magnetic
field of approx. 3 T is the limit above which we do not observe
anymore the 2s excitonic state as it shifts towards higher
energies and the coupling regime occurs for high emission
angles, not detectable due to the limited numerical aperture
of our experimental setup. Figure 2 illustrates the enlarged
region of upper-polariton branch in the low magnetic field
range and for emission angles where the 2s exciton-polariton
is visible. The increase of the 2s exciton-photon coupling
strength is directly visible here as an increased separation
between the polariton branches. The video illustrating the
angle-resolved PL spectra in continuously changing magnetic
field, in the region of 2s exciton-photon coupling, is provided
in the Supplemental Material (SM) [20].

The 2s exciton-polariton is also visible in Fig. 3, which
provides a view of the polariton emission at large emission
angles as a function of magnetic field. The emission angle is
kept constant and the polariton emission is traced in magnetic
field. The additional anticrossing observed at UP is due to a
cavity photon coupling to 2s exciton state. The signatures of
a coupling to a higher 3s exciton state is also visible, but the
data do not allow for a clear resolution of this effect.

In order to describe these observations, we fit the ex-
perimental data to the theoretical model of exciton-photon
coupling. When only two lines are visible (magnetic field
stronger than 3 T), we use the standard polariton Hamiltonian.
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FIG. 2. Angle-resolved photoluminescence spectra of exciton-
polaritons in magnetic field in the low magnetic field regime for
high emission angles, where the anticrossing of photon mode with 2s
exciton is visible. The solid lines mark the position of the polariton
branches; the dotted orange lines indicate the calculated energies of
uncoupled 2s exciton and photon modes. The blueshift in energy and
the increase of the 2s Rabi energy are observed.

Excitons in the 1s state, confined inside the QW, couple to the
photonic modes with the coupling strength given by the Rabi
splitting, 21,. The coupling is described by a simple two-level
Hamiltonian in the form

s h
Y A | (1)
EQIS Ec(kH)

where E. is the cavity photon energy and E'S is the exciton
energy at zero momentum parallel to the cavity plane and at
zero magnetic field. In the case of our sample, the energy of
the bare 1s excitonic resonance, E'S, is at approx. 1.484 eV
and the s exciton vacuum Rabi splitting is equal to approx.
Q1; = 3.5 meV at zero magnetic field.

Within this model we neglect the coupling to the light-hole
excitons as they are not observed in this particular experiment.
The heavy-light hole exciton energy separation in our QW
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FIG. 3. Photoluminescence of exciton-polariton at the emission
angle of 20° over a wide range of magnetic fields. The anticrossing
observed on the UP is due to the coupling of the 2s exciton state
to cavity photons. The dashed lines mark the energy of 1s, 2s, and
3s exciton states calculated with the use of the Padé approximant
method from Ref. [19].

081402-2



2s EXCITON-POLARITON REVEALED IN AN ...

1505 ——————T1— 71— 1 7]

E o

E 0 ]

1.500F o .
S o °
2 3 O ]
> 1,495 & & 2s experiment ]
5 A o 144 O 2stheory ]
(0 p—< —— 1sexperiment ]
r O 1stheory ]

1.490F .
1'4850 1 2 3 4 5 6

Magnetic field (T)

FIG. 4. The energy levels of the 1s and 2s excitons in magnetic
field. Solid lines represent the experimental data obtained from the
fits of the two- and three-oscillator models, and points illustrate the
energies of the ls and 2s exciton states in the two-dimensional
hydrogen atom model, calculated numerically using the imaginary
time evolution method.

is 16 meV and the strong coupling regime for light-hole
exciton is observed only when photonic resonance is shifted
towards higher energies (much more positive exciton-photon
detuning).

In order to describe the coupling of two excitonic states,
s and 2s, to cavity photons, we extend the two-level coupled
oscillator model given by (1) to a three-level model

EXB) 0 2,
H=| 0 EY I | ©)
1, Loy Edkp

where EZ is the 2s exciton energy at zero momentum and at
zero magnetic field, and the €2,; is the 2s exciton-photon Rabi
energy.

The experimental data were fitted using the three-level
coupled oscillator model up to 3.0 T, Eq. (2) and two-level
model, Eq. (1) from 3.0 T up to 14 T, which allows us to
determine the LP and UP dispersion shapes together with the
bare excitonic and photonic energies. The polariton modes
and the bare resonances are plotted directly in Figs. 1 and 2.
The 1s and 2s exciton energy shift is shown in Fig. 4 and
the Rabi energies, Q2;; and 2y, in Fig. 5. We note that the
small jump of 2, in Fig. 5 at magnetic field 3 T is due to the
change of the method of fitting from the two- to three-oscillator
model.

IV. THEORETICAL MODEL

To describe the 1s and 2s QW exciton states and their
coupling to light, we apply the model of a two-dimensional
hydrogenlike atom described in Ref. [19]. We assume that the
electron and the hole are tightly bound to the thin quantum well
plane, which allows us to disregard the effects of transverse
excitations. Due to the spatial invariance of the model in the
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FIG. 5. Increase of the Rabi energy in magnetic field for 1s and
2s excitons coupled to cavity photons. The lines and points have the
same significance as in Fig. 4.

plane of the QW, the wave function of the exciton can be
further separated into the part corresponding to the center of
mass motion and the one corresponding to the relative electron-
hole motion. The contribution of the center of mass motion to
the energy of the exciton can be safely neglected, thanks to
the large mass of the exciton as compared to the effective
cavity photon mass. By applying these approximations we
obtain a model of hydrogenlike atom described by the effective
Hamiltonian

S8}

m* 9 2 2y
2—iy————+y

H=-V ,
n oy r 4

3

where r and ¢ describe the relative positions of the electron
and the hole, m* = 1/(me’1 +m;l), n’l = m;l — m,jl, and
y = wy H/R{.Energy and spatial coordinates are expressed in
units of the effective Rydberg constant R = m*e*/2¢2h? and
exciton Bohr radius aj = €h?/m*e?, respectively [19]. Note
the slight difference in the second term of the Hamiltonian with
respect to Ref. [19], which comes from the fact that excitons
are not simple atomiclike structures with a light electron and a
heavy nucleus. Both electron and hole motions are important
and both contribute to the interaction with magnetic field. This
term, however, is not relevant to the s states of excitons with
zero angular momentum, discussed here.

The above model can be solved analytically in the limits
of low magnetic field and high magnetic fields. In the latter
the eigenstates become analogous to electronic Landau levels
[19]. In the case of current experiment, however, neither of
these limits is appropriate to describe the excitonic states. We
resorted to numerical calculations of the eigenstates of the
Hamiltonian (3) using the projective imaginary time method.
For each value of the magnetic field, the ground 1s exciton state
was found numerically by evolution of the wave function by
imaginary time Schrodinger equation corresponding to Eq. (3).
The excited 2s state was obtained using the same method, in
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which additionally the state was projected in each simulation
step to a subspace orthogonal to the previously found 1s state.
This method is characterized by a good convergence and a
relatively fast computation time.

The results of calculations are shown together with ex-
perimental data in Figs. 4 and 5. The overall energy shift of
the two lines, related to the energy band gap, is treated as a
free parameter. Although the agreement appears to be good
in the whole range of magnetic fields, we point out that the
s polariton was shifted with respect to the 2s polariton line
upwards by approximately 5.9 meV. We propose the possible
explanation of this discrepancy between theory and experiment
by the effect of strain and of transverse exciton excitations in
a QW. We note that the above 2D model does not take into
account the full three-dimensional structure of the exciton,
neglecting the transverse degree of freedom. This assumption
is not completely correct in the case of a relatively shallow and
thin 8 nm-thick Ing 04 Gag 96 As QW, which corresponds to only
about 5 meV confining potential for heavy holes and 60 meV
for electrons. These values are comparable to the binding
energy determined in the two-dimensional model, of the order
of 15 meV and 2 meV for ls and 2s states, respectively,
which means that the transverse degree of freedom plays a
significant role especially for the 1s exciton. Indeed, for a
very shallow confining potential we expect the transition to
a three-dimensional atom model. It is therefore interesting
that the two-dimensional model can still describe very well
the change of the exciton energy in function of the magnetic
field.

The strength of the exciton-photon interaction is propor-
tional to the probability of absorption of a photon and simul-
taneous creation of an electron-hole pair, or a reverse process
of annihilation of an electron and a hole with accompanying
creation of a photon. This probability is proportional, in the
dipole approximation, to the amplitude of the relative electron-
hole motion wave function at the point of zero separation
[1], @; ~ |1/ff_h(0)|. These values were recovered from the
eigenfunctions obtained by the imaginary time method and
plotted against experimental data in Fig. 5. Also in this case,
the agreement between theory and experiment is good (we did
not correct for the transverse degree of freedom in the case
of Rabi splitting). The above dependence of Rabi energy on
magnetic field shows very fast increase of 2s exciton-photon
coupling, as compared to the 1s exciton, although the latter
remains more strongly coupled for the whole range of magnetic
fields where the 2s state could be resolved.

The surprisingly strong increase of Rabi energy of the
2s exciton-polariton can be explained qualitatively in the
framework of the perturbation theory applied in the limit of low
magnetic fields. The Rabi energy of an s state with quantum
numbers n, [ = 0 is calculated as [1,21]

how
Qn,O(B) ~ %_qudv,c
0

y(B) §~ (n'.01r2[n.0)
P L BT E, O @

B=0

Yn.0(0)

n'#n

where we assumed that € is much smaller than the po-
lariton energy /iw and neglected [/ # 0 terms which do not
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contribute to the sum. Here L is the cavity width, I, =
[ cos(qz)¢(z)¢pn(z)dz is the overlap integral of the photon,
electron, and hole confinement wave functions, and d, . is the
dipole moment of the transition from valence to conduction
band. The calculation taking into account up to four excited s
states gives Q15 ~ 1.60 4+ 0.01y? and 2y, ~ 0.31 + 1.73y2.
While the ratio of coupling strengths at zero magnetic
field Q5 : Qo & 5: 1 is well reproduced (see Fig. 5), the
ratio at higher magnetic fields is clearly overestimated. This
demonstrates the limitation of the perturbation method, which
cannot provide quantitative predictions even at moderate but
nonzero magnetic fields, as opposed to the imaginary time
numerical method. We also note that we found that the
Padé approximation method described in Ref. [19] failed to
provide reasonable predictions in the intermediate magnetic
field range.

Nevertheless, the perturbation method qualitatively predicts
correctly the behavior of Rabi energy, which increases with
magnetic field much faster for 2s than for the 1s exciton state.
This can be simply explained by examining the terms in the
formula (4). The ls state is strongly energetically separated
from excited states according to the formula E,, ~ (n — 1/2)7>
valid for the 2D hydrogen atom, which gives the ratio 1:9
between the energy of the 1s and 2s states. This leads to large
values of denominators in the sum, and weak perturbation of
the wave function of the 1s state. On the other hand, the 2s state
is relatively close to the higher excited states (3s and higher),
which results in its contribution and strong modification of the
wave function in magnetic field. This is due to the fragility of
the relatively weakly bound excited states as compared to the
ground state. We note that this effect is especially pronounced
in the case of 2D excitons in a quantum well, in comparison
to the three-dimensional hydrogen atom for which E,, ~ n=2,
and the ratio of energies of the ground and excited state is
only 1:4.

V. SUMMARY

We have demonstrated the existence of a 2s excited state
of cavity exciton-polariton. The cavity photon can couple
simultaneously to the ground (1s) and the excited state (2s) of
the quantum well exciton. The strength of the coupling of the
2s exciton is significantly increasing with the magnetic field,
which is explained by a model of a two-dimensional hydrogen
atom.

Our observations play an important role when considering
more complex exciton-polariton experiments performed on
high quality GaAs-based cavities as for example the creation
and manipulation of nonequilibrium polariton condensates
[22-25]. The spontaneous creation of the excited cavity
polariton state influences the polariton ground state and
this additional resonance should be considered as an effec-
tive bright state channel in the creation and recombination
process. This is particularly important in magnetic field,
where the coupling strength to this excited state significantly
increases.

There is also a growing interest in the excited states of
exciton-polaritons, where the possibility to manipulate the
exciton-polariton ground state by the coupling to higher
excited state was demonstrated in the THz domain [4,26,27]
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which is also relevant for further research on photonic
structures made of conventional semiconductors as well as for
the emerging systems made of atomically thin semiconductor
layers [28].

ACKNOWLEDGMENTS

This work was supported by the National Science Cen-
tre, Poland, under Projects No. 2011/01/D/ST7/04088, No.

RAPID COMMUNICATIONS

PHYSICAL REVIEW B 96, 081402(R) (2017)

2011/01/D/ST3/00482, No. 2015/17/B/ST3/02273, and No.
2015/18/E/ST3/00558. M.K. and R.M. acknowledge the sup-
port from Ministry of Higher Education budget for education
as aresearch project “Diamentowy Grant”: 0010/DIA/2016/45
and 0109/DIA/2015/44. Part of the experimental work was
possible thanks to the Physics facing challenges of XXI
century grant at the Warsaw University, Poland. M.R.M.
and M.P. acknowledge the support from European Research
Council (ERC-2012-AdG-320590-MOMB).

[1] R.J. Elliot, Phys. Rev. 108, 1384 (1957).

[2] C. Weisbuch, M. Nishioka, A. Ishikawa, and Y. Arakawa, Phys.
Rev. Lett. 69, 3314 (1992).

[3] J. Tignon, P. Voisin, C. Delalande, M. Voos, R. Houdré, U.
Oesterle, and R. P. Stanley, Phys. Rev. Lett. 74, 3967 (1995).

[4] J.-M. Meénard, C. Poellmann, M. Porer, U. Leierseder, E.
Galopin, A. Lemaitre, A. Amo, J. Bloch, and R. Huber,
Nat. Commun. 5, 4648 (2014).

[5] L. Vidia, G. E. W. Bauer, M. Potemski, J. C. Maan, E. E. Mendez,
and W. I. Wang, Phys. Rev. B 38, 10154 (1988).

[6] G. E. W. Bauer and T. Ando, Phys. Rev. B 38, 6015 (1988).

[7] L. Viiia, G. E. W. Bauer, M. Potemski, J. C. Maan, E. E. Mendez,
and W. I. Wang, Phys. Rev. B 41, 10767 (1990).

[8] M. Potemski, L. Vifa, G. E. W. Bauer, J. C. Maan, K. Ploog,
and G. Weimann, Phys. Rev. B 43, 14707 (1991).

[9] D. M. Whittaker, T. A. Fisher, A. M. Afshar, M. S. Skolnick, P.
Kinsler, J. S. Roberts, G. Hill, and M. A. Pate, Il Nuovo Cimento
17, 1781 (1995).

[10] T. A. Fisher, A. M. Afshar, M. S. Skolnick, D. M. Whittaker,
and J. S. Roberts, Phys. Rev. B 53, R10469(R) (1996).

[11] J.D.Berger, O. Lyngnes, H. M. Gibbs, G. Khitrova, T. R. Nelson,
E. K. Lindmark, A. V. Kavokin, M. A. Kaliteevski, and V. V.
Zapasskii, Phys. Rev. B 54, 1975 (1996).

[12] A. Armitage, T. A. Fisher, M. S. Skolnick, D. M. Whittaker, P.
Kinsler, and J. S. Roberts, Phys. Rev. B §5, 16395 (1997).

[13] A. Rahimi-Iman, C. Schneider, J. Fischer, S. Holzinger, M.
Amthor, S. Hofling, S. Reitzenstein, L. Worschech, M. Kamp,
and A. Forchel, Phys. Rev. B 84, 165325 (2011).

[14] B. Pigtka, D. Zygmunt, M. Krél, M. R. Molas, A. A. L. Nicolet,
F. Morier-Genoud, J. Szczytko, J. Lusakowski, P. Zigba, 1. Tralle,
P. Stgpnicki, M. Matuszewski, M. Potemski, and B. Deveaud,
Phys. Rev. B 91, 075309 (2015).

[15] D. D. Solnyshkov, M. M. Glazov, I. A. Shelykh, A. V. Kavokin,
E. L. Ivchenko, and G. Malpuech, Phys. Rev. B 78, 165323
(2008).

[16] V. P. Kochereshko, M. V. Durnev, L. Besombes, H. Mariette,
V. F. Sapega, A. Askitopoulos, I. G. Savenko, T. C. H. Liew,
I. A. Shelykh, A. V. Platonov, S. 1. Tsintzos, Z. Hatzopoulos,
P. G. Savvidis, V. K. Kalevich, M. M. Afanasiev, V. A.

Lukoshkin, C. Schneider, M. Amthor, C. Metzger, M. Kamp,
S. Hoefling, P. Lagoudakis, and A. Kavokin, Sci. Rep. 6, 20091
(2016).

[17] O. El Daif, A. Baas, T. Guillet, J.-P. Brantut, R. Idrissi Kaitouni,
J. L. Staehli, F. Morier-Genoud, and B. Deveaud, Appl. Phys.
Lett. 88, 061105 (2006).

[18] J. Kasprzak, M. Richard, S. Kundermann, A. Baas, P. Jeambrun,
J. M. J. Keeling, F. M. Marchetti, M. H. Szymariska, R. André,
J. L. Staehli, V. Savona, P. B. Littlewood, B. Deveaud, and Le
Si Dang, Nature (London) 443, 409 (2006).

[19] A. H. MacDonald and D. S. Ritchie, Phys. Rev. B 33, 8336
(1986).

[20] See Supplemental Material at http://link.aps.org/supplemental/
10.1103/PhysRevB.96.081402 for the film illustrating the angle-
resolved PL spectra in magnetic field, where the photon coupling
to the 2s exciton state is visible.

[21] V. Savona, Z. Hradil, A. Quattropani, and P. Schwendimann,
Phys. Rev. B 49, 8774 (1994).

[22] C. Sturm, D. Solnyshkov, O. Krebs, A. Lemaitre, I. Sagnes, E.
Galopin, A. Amo, G. Malpuech, and J. Bloch, Phys. Rev. B 91,
155130 (2015).

[23] H. Deng, G. Weihs, C. Santori, J. Bloch, and Y. Yamamoto,
Science 298, 199 (2002).

[24] R.Balili, V. Hartwell, D. Snoke, L. Pfeiffer, and K. West, Science
316, 1007 (2007).

[25] A. Kavokin, J. J. Baumberg, G. Malpuech, and F. P. Laussy,
Microcavities (Oxford Univ. Press, New York, 2007).

[26] K. V. Kavokin, M. A. Kaliteevski, R. A. Abram, A. V. Kavokin,
S. Sharkova, and 1. A. Shelykh, Appl. Phys. Lett. 97, 201111
(2010).

[27] B. Pigtka, N. Bobrovska, D. Stephan, M. Teich, M. Krdl, S.
Winnerl, A. Pashkin, R. Mirek, K. Lekenta, F. Morier-Genoud,
H. Schneider, B. Deveaud, M. Helm, M. Matuszewski, and J.
Szczytko, arXiv:1704.06547 [Phys. Rev. Lett. (to be published)].

[28] S. Dufferwiel, S. Schwarz, F. Withers, A. A. P. Trichet, F.
Li, M. Sich, O. Del Pozo-Zamudio, C. Clark, A. Nalitov,
D. D. Solnyshkov, G. Malpuech, K. S. Novoselov, J. M. Smith,
M. S. Skolnick, D. N. Krizhanovskii, and A. I. Tartakovskii,
Nat. Commun. 6, 8579 (2015).

081402-5


https://doi.org/10.1103/PhysRev.108.1384
https://doi.org/10.1103/PhysRev.108.1384
https://doi.org/10.1103/PhysRev.108.1384
https://doi.org/10.1103/PhysRev.108.1384
https://doi.org/10.1103/PhysRevLett.69.3314
https://doi.org/10.1103/PhysRevLett.69.3314
https://doi.org/10.1103/PhysRevLett.69.3314
https://doi.org/10.1103/PhysRevLett.69.3314
https://doi.org/10.1103/PhysRevLett.74.3967
https://doi.org/10.1103/PhysRevLett.74.3967
https://doi.org/10.1103/PhysRevLett.74.3967
https://doi.org/10.1103/PhysRevLett.74.3967
https://doi.org/10.1038/ncomms5648
https://doi.org/10.1038/ncomms5648
https://doi.org/10.1038/ncomms5648
https://doi.org/10.1038/ncomms5648
https://doi.org/10.1103/PhysRevB.38.10154
https://doi.org/10.1103/PhysRevB.38.10154
https://doi.org/10.1103/PhysRevB.38.10154
https://doi.org/10.1103/PhysRevB.38.10154
https://doi.org/10.1103/PhysRevB.38.6015
https://doi.org/10.1103/PhysRevB.38.6015
https://doi.org/10.1103/PhysRevB.38.6015
https://doi.org/10.1103/PhysRevB.38.6015
https://doi.org/10.1103/PhysRevB.41.10767
https://doi.org/10.1103/PhysRevB.41.10767
https://doi.org/10.1103/PhysRevB.41.10767
https://doi.org/10.1103/PhysRevB.41.10767
https://doi.org/10.1103/PhysRevB.43.14707
https://doi.org/10.1103/PhysRevB.43.14707
https://doi.org/10.1103/PhysRevB.43.14707
https://doi.org/10.1103/PhysRevB.43.14707
https://doi.org/10.1007/BF02457280
https://doi.org/10.1007/BF02457280
https://doi.org/10.1007/BF02457280
https://doi.org/10.1007/BF02457280
https://doi.org/10.1103/PhysRevB.53.R10469
https://doi.org/10.1103/PhysRevB.53.R10469
https://doi.org/10.1103/PhysRevB.53.R10469
https://doi.org/10.1103/PhysRevB.53.R10469
https://doi.org/10.1103/PhysRevB.54.1975
https://doi.org/10.1103/PhysRevB.54.1975
https://doi.org/10.1103/PhysRevB.54.1975
https://doi.org/10.1103/PhysRevB.54.1975
https://doi.org/10.1103/PhysRevB.55.16395
https://doi.org/10.1103/PhysRevB.55.16395
https://doi.org/10.1103/PhysRevB.55.16395
https://doi.org/10.1103/PhysRevB.55.16395
https://doi.org/10.1103/PhysRevB.84.165325
https://doi.org/10.1103/PhysRevB.84.165325
https://doi.org/10.1103/PhysRevB.84.165325
https://doi.org/10.1103/PhysRevB.84.165325
https://doi.org/10.1103/PhysRevB.91.075309
https://doi.org/10.1103/PhysRevB.91.075309
https://doi.org/10.1103/PhysRevB.91.075309
https://doi.org/10.1103/PhysRevB.91.075309
https://doi.org/10.1103/PhysRevB.78.165323
https://doi.org/10.1103/PhysRevB.78.165323
https://doi.org/10.1103/PhysRevB.78.165323
https://doi.org/10.1103/PhysRevB.78.165323
https://doi.org/10.1038/srep20091
https://doi.org/10.1038/srep20091
https://doi.org/10.1038/srep20091
https://doi.org/10.1038/srep20091
https://doi.org/10.1063/1.2172409
https://doi.org/10.1063/1.2172409
https://doi.org/10.1063/1.2172409
https://doi.org/10.1063/1.2172409
https://doi.org/10.1038/nature05131
https://doi.org/10.1038/nature05131
https://doi.org/10.1038/nature05131
https://doi.org/10.1038/nature05131
https://doi.org/10.1103/PhysRevB.33.8336
https://doi.org/10.1103/PhysRevB.33.8336
https://doi.org/10.1103/PhysRevB.33.8336
https://doi.org/10.1103/PhysRevB.33.8336
http://link.aps.org/supplemental/10.1103/PhysRevB.96.081402
https://doi.org/10.1103/PhysRevB.49.8774
https://doi.org/10.1103/PhysRevB.49.8774
https://doi.org/10.1103/PhysRevB.49.8774
https://doi.org/10.1103/PhysRevB.49.8774
https://doi.org/10.1103/PhysRevB.91.155130
https://doi.org/10.1103/PhysRevB.91.155130
https://doi.org/10.1103/PhysRevB.91.155130
https://doi.org/10.1103/PhysRevB.91.155130
https://doi.org/10.1126/science.1074464
https://doi.org/10.1126/science.1074464
https://doi.org/10.1126/science.1074464
https://doi.org/10.1126/science.1074464
https://doi.org/10.1126/science.1140990
https://doi.org/10.1126/science.1140990
https://doi.org/10.1126/science.1140990
https://doi.org/10.1126/science.1140990
https://doi.org/10.1063/1.3519978
https://doi.org/10.1063/1.3519978
https://doi.org/10.1063/1.3519978
https://doi.org/10.1063/1.3519978
http://arxiv.org/abs/arXiv:1704.06547
https://doi.org/10.1038/ncomms9579
https://doi.org/10.1038/ncomms9579
https://doi.org/10.1038/ncomms9579
https://doi.org/10.1038/ncomms9579



