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Without access to the full quantum state, modeling dissipation in an open system requires approximations. The
physical soundness of such approximations relies on using realistic microscopic models of dissipation that satisfy
completely positive dynamical maps. Here we present an approach based on the use of the Bohmian conditional
wave function that, by construction, ensures a completely positive dynamical map for either Markovian or
non-Markovian scenarios while allowing the implementation of realistic dissipation sources. Our approach is
applied to compute the current-voltage characteristic of a resonant tunneling device with a parabolic-band
structure, including electron-lattice interactions. A stochastic Schrodinger equation is solved for the conditional
wave function of each simulated electron. We also extend our approach to (graphenelike) materials with a linear
band structure using Bohmian conditional spinors for a stochastic Dirac equation.
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I. INTRODUCTION

Although reversible dynamics in a closed system induce
irreversibility into a smaller subsystem, the simulation of
quantum dissipation cannot rely on the full quantum state,
because it is computationally inaccessible. The solution is
to deal only with the degrees of freedom of a smaller
subsystem, referred as the open system [1], or simply the
system. The remaining degrees of freedom constitute the
environment. Most approaches for open systems revolve
around the reduced density matrix constructed by tracing out
the degrees of freedom of the environment [1]. A proper
equation of motion of the reduced density matrix must lead
to a dynamical map that satisfies complete positivity (CP)
[2], which guarantees that such a reduced density matrix is
always a positive operator. Some phenomenological treatments
of the source of dissipation violate CP, such as the Boltz-
mann collision operator in the Liouville equation [3] or the
seminal Caldeira-Leggett master equation [4]. For Markovian
evolutions, the Lindblad master equation [5] preserves CP,
but its connection to realistic practical scenarios and its
extension beyond Markovian dynamics are still challenging
[6,7].

Alternatively, inspired by the spontaneous collapse theo-
ries [8], Didsi, Gisin, and Strunz developed the stochastic
Schrodinger equations (SSEs) to unravel the reduced density
matrix in non-Markovian systems [9]. Continuous measure-
ment theory allows the definition of a wave function of the open
system conditioned on one monitored value associated with
the environment [10—12]. This approach preserves positivity
because the reduced density matrix is built from a sum of pro-
jectors associated with the states solution of a Schrodinger-like
equation [1,7,10]. In practical applications, the non-Hermitian
Hamiltonians can provoke states of the SSE to lose their norm
and therefore their statistical relevance [1].

Here a discussion about the physical interpretation of the
pure-state solution of the SSE is relevant. It is well recognized
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that the continuous measurement of an open system with
Markovian dynamics can be described by a SSE [1]. Therefore,
the pure-state solution of a SSE can be interpreted as the
state of the Markovian system while the environment is
under (continuous) observation. However, such a physical
interpretation cannot be given to the solutions of the SSE
for non-Markovian systems [10—12]. In such non-Markovian
systems, a continuous measurement requires a nontrivial
interaction of the system with the environment so that the
physical description of the continuously measured open system
needs to be done through the reduced density matrix [1] (not
through the pure state given by the non-Markovian SSE, which
becomes just a numerical tool). The physical interpretation
that one can assign to the solution of the non-Markovian SSE
(conditioned to some environment value) is the following: the
state of the open system at a given time if a measurement
is performed in the environment at that time, yielding the
mentioned value for the environment. Linking SSE states of
the open system (or values of the environment) at different
times is just a fiction.

In this work, we present an approach to deal with quantum
dissipation based on the use of Bohmian conditional wave
functions (CWFs) [13]. Such a CWF provides an unprob-
lematic way of defining the wave function of a subsystem,
from a computational and an interpretative points of view.
By construction, within Bohmian mechanics, the CWF is
always a well-defined physical state for Markovian and non-
Markovian open systems, with continuous or non-continuous
measurements. The general expression of the equations of
motion of such a CWF with or without dissipation is mentioned
in Ref. [17]. We anticipate the two main results of this work.
First, since our approach deals directly with wave functions,
it provides a CP map for either Markovian or non-Markovian
dynamics with an unproblematic physical interpretation of the
wave function of the open system at different times. Second,
contrary to other CP methods, the numerical inclusion of
different dissipative phenomena in the equation of motion of
the CWF can be done straightforwardly with a microscopic and
realistic implementation. These properties make the approach
presented in this work very relevant for many different research
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fields. In this paper, we discuss its implementation for quantum
transport with dissipation.

The article is structured as follows. After this Introduction,
in Sec. II we present the basic elements of our general
approach. In particular, we discuss its complete positivity in
Sec. IT A, the equation of motion of the CWF with dissipation in
Sec. I B, and a comparison with similar techniques in Sec. II C.
In Sec. III, as an example, we study quantum dissipation
through electron-phonon interaction, with the definition of the
conditional potential in Sec. III A. The application to tunneling
nanodevices with parabolic- and linear-band structures is done
in Secs. III B and III C, respectively. We conclude in Sec. IV.
Finally, technical details are discussed in four Appendixes.

II. THE APPROACH

We consider an isolated (closed) quantum system described
by a full many-body state |¥) solution of the unitary,
reversible, and linear Schrodinger equation. We decompose
the total Hilbert space of N particles as H = H, ® Hj, with
F = {F,,F} being T, the position of the a-particle and Fj, =
{F1,...,Fa_1,Fas1, ... ,Fy} the position of all other particles.
Next, we present our approach, emphasizing that it provides a
CP map for either Markovian or non-Markovian systems.

A. Complete positivity

The expectatiop value (0,) = (V|0, ® 1,|V) associated
with an operator O, acting on the a-particle, with 1, being the
identity operator for H;, can be computed as

(0.) = [ di,0upuf, Dl s, ()
where p(F,,F,,t) is the reduced density matrix:

pFasFart) = / QW Fp U Eain),  (2)

where W(TF,,Ip,t) = (F,,Fp| V) is the total wave function and
0, is the position representation of O,.

The same system can be described with the Bohmian theory
[13,14] as follows. For each experiment, labeled by j, a
Bohmian quantum state is defined by the same wave function
W(F,,Fp,t) plus a set of well-defined trajectories in physical

space, {F{[t], . .. ,Fy[7]}. The velocity of each trajectory is [13]
N AR A GAGRAGR;

vlr] = = E = )2’ 3)
i w(Fln.F .|

where J:, = hIm(W*V,W¥)/m, is the (ensemble value of the)
current density, with m, the mass of the ath particle. The
set of N positions {F|[7], ... ,Fy[7]} indifferent j = 1,..., W
experiments is distributed (in quantum equilibrium [13]) as

o 14 o
W@ B0 = o D 8(Fa = FLeD)S(E — F11). &)

j=1

The identity in Eq. (4) requires W — oo. Numerically, we just
require a large enough W.

The key element of our approach is the CWF associated
with the ath particle in the open system during the jth
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experiment, defined as v (%,,1) = W(T,,F)[1],1). We em-
phasize that v (f,,t) provides an unproblematic (Bohmian)
definition of the wave function of an open system [13]. We
compute a different CWF for each simulated particle of the
open system and for each simulated experiment. In Sec. II B,
we will discuss the equation of motion of such CWFs.

Next, we construct the reduced density matrix, Eq. (2),
using the fundamental elements of the Bohmian theory to
shows that our approach based on CWFs is CP. We define
the (tilde) CWF of the ath particle in the jth experiment as

W (7., F)l1].1)

Il (F =T
e W (#[11,E)[1],1)

&)

Notice that the denominator \Il(ﬁ"-; [¢1,}[7],¢) is justa pure time-
dependent term (without spatial dependence) that has no net
effect on the definition of the velocity in Eq. (3). The Bohmian
velocity of the a-particle computed from v (F,,¢) is exactly the
same value as the one we get from v (F,,?). Putting Eq. (4) into
(0,) = (V]0, @ 1| W), integrating all degrees of freedom,
and using the definition of the (tilde) CWF in Eq. (5), we get

w
(0¢l> = Z [p]&4{*(Ea7t)0(11/‘}¢{(i;ayt)]ﬁ;a:ﬁ;(/1[t], (6)
j=1
where p; = 1/W. Equation (6) allows us to compute (O,)
from Eq. (1) as

w
(0,) = /dEa 00 Y piWd* @, 0] Fart) ,
J= B, =F,=F[1]

@)

which directly allows the definition of the following density
matrix [15]:

W
p(EaEyt) = D pyld @OV Fart). ®)
j=1
The generalization to CWFs with an arbitrary number
of particles is straightforward. The time evolution of
Eq. (8) ensures, trivially, that the dynamical map associated
with our approach is CP. In the position representation,
the density operator p = Zjv=1 pilUa ()i (1) gives
(FolpIo) = X1 pj|(FolWd ())I? = O at any time [16] and at
any position F,. The last step to conclude our CP demonstration
is quite simple. If the density matrix in Eq. (8) is positive, then
the diagonal elements of (%, |A|F,) evaluated only at ¥, = F/[¢]
and defined as (FolA[Fo)s = 1y pjI(Fol Pl ()28, —
ﬁ"é [t]) > O are, by construction, also positive.

In fact, the term (F,|p|F,)p has a very simple interpre-
tation. For the j experiment, the tilde CWF in Eq. (5)
evaluated at T, =F.[t] is (F/[e]|Vd(0)) = Va (F)[t],0) =
W(E [1],F][1],0)/ W(F [¢],F[t],t) = |. Then, since p; =
1/ W, we get (F,|p[To)s = Y12 1/ W = W/ W, where Wy
is just the number of experiments where the position of the
trajectory E;’; [¢] coincides with F,,. In conclusion, as far as we are
dealing with CWF and Bohmian trajectories in the dynamical
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description of the quantum systems with dissipation, the CP of
our approach is always satisfied (the number Wp of trajectories
with position F, = F/[] can be zero, but it cannot be negative).

B. The equation of motion for the CWFs

‘Here we develop the equation of motion for the CWEF, 1//‘{ =
Va (Fq,t) = W(E,.F)[2],). As we discussed, the Bohmian
velocities obtained from v/, and v, are identical. It has been
shown in Ref. [17] that the (non-tilde) CWF can be computed,
in general, from the following single-particle Schrodinger-like
equation in physical space:

L dyd ;
= (AN |y <= ih=— " = Hayrl. )

d{r|¥)
dt

ih

EAn|
where # is the many-body Hamiltonian, and its relation to
H, will be explained next. First, we notice that the relation
between ihd(ﬁ|\lf)/dt|i_i[t] and i hdyr] /dt on the right and left

sides of Eq. (9) is the following:

Ayl Fart
i Yo (Ta,t)

dt
dlE, v
B Hi] o)
dt
d (F| W (1)) al :
=ih— | +ih D Vi(EHW@) |z, 011
4 F[1] k=1,ksa !
d(F|V(t S
_ MY ON g 6 L), (10)
dt E‘i[t]

with the conditional imaginary potential i B, defined as

N

EY o VidEw)

k=1,k#a

B,

Pl (11

where T),{ [1] = dﬁi[t]/dt is the Bohmian velocity of the k
particle given by Eq. (3). Second, once we have defined B,
the term H, on the right-hand side of Eq. (9) can be defined as

(FAIYO)

a =

E',{[t
Vi
In general, Eq. (9) is nonlinear because H, in Eq. (12)
depends on the wave function itself. In addition, the imaginary
conditional potential i B, indicates that the evolution of the
CWEF can be nonunitary. Equation (9) includes any type of
evolution for the CWF (not only linear and unitary ones). In
particular, Eq. (9) alone allows the description of irreversible
dynamics (energy dissipation) in the open system as required
in this work. Obviously, the full wave function W(F,,F;,t)
satisfies unitary and linear dynamics, with conservation of the
total energy [14].

The key computation for the practical application of our
approach is the evaluation of H, in Eq. (12), which allows us
to determine an equation of motion for each CWF, ensuring
the CP of our approach. The calculation of (F|H|W (1)) before
conditioning depends on the full many-body wave function,
and it requires educated guesses [17]. The potential B,, which

1 +iBa

12)
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contains many-body terms but does not depend directly on
H, will be approximated following Ref. [17]. Stochasticity is
introduced in Eq. (9) through the term H,, which accounts
for the effect of nonsimulated degrees of freedom of the
environment in each experiment.

C. Comparison with other techniques

Several techniques use Bohmian trajectories as a mathe-
matical/computational tool to solve some reduced equations
of motion [18]. Here, on the contrary, Eq. (4) guarantees
empirical equivalence between Bohmian and standard quan-
tum (nonrelativistic) results in the whole closed system. This
implies not only the correct description of any smaller portion
of the closed system, i.e., our open systems, but also empirical
equivalence in the measured values [13]. It is important to
emphasize that Gambetta and Wiseman [10] pointed out
that the only physical continuous-in-time interpretation of
the wave-function solution of non-Markovian SSEs, i.e.,
with backaction from the environment to the system, has
to be based on the Bohmian theory. In other words, in
spite of its mathematical interest as a computational tool,
the improper sum of wave functions of an open system
in Eq. (8) has a problematic ontological meaning within
standard quantum mechanics, as indicated by D’Espagnat
[19,20]. On the contrary, the Bohmian theory allows a proper
definition of a wave function of an open system with or
without continuous measurements, for both Markovian and
non-Markovian dynamics [13]. We can always interpret (part

of) ﬁ"'{; [¢] as the pointer of a measuring apparatus. Therefore, the

Bohmian CWF v (F,,t) can be thought of as the wave function
of SSE conditioned to a continuous observation defined by the
(part of) T, [¢] as the pointer.

To the best of our knowledge, we are the first to develop
a practical SSE algorithm using CWF solutions of Eq. (9).
In the Bohmian framework, the ensemble values can be
directly computed from the trajectories and not from the
CWE. Therefore, the technical problems of SSE due to norm
degradation are avoided in our approach. It is a remarkable
fact that the velocity of E{; [¢] computed from ] (F,,t) gives

the exact same value as if we use \Il(fa,ﬁ"i [£],7). Thus, the
velocity, as seen in Eq. (3), is totally independent of the norm
of the CWF [13]. This explains why Eq. (9) deals with a
non-normalized wave function.

Since we are dealing with a realistic definition (i.e., with
a clear ontological meaning) of the wave function of an open
system, Wl (F,,1), a relevant advantage is that our approach
allows a realistic description of the stochastic sources of
dissipation (beyond the typical environmental noise sources
introduced in SEE [1]) while maintaining CP. Below, as an
example, we provide the stochastic conditioned potential of
Eqg. (9), which tackles the electron-lattice energy dissipation
in tunneling devices.

III. APPLICATION TO ELECTRON-LATTICE
INTERACTION

To analyze the electron-lattice interaction, here, we develop
the exact expression for Eq. (9) for electrons interacting
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with the lattice. For that purpose, we consider N, elec-
trons with positions 7 = {ry,...,Fy,} and N, ions located
at R = {13], . ,R'N,,}- Although not explicitly indicated,
N, includes also all additional particles required to deal
with a closed system with the many-body wave function
W(F,,Fp,t) = (F,,Tp| W) mentioned in Sec. ITA. To simplify
the notation, hereafter we define 7 = {r,,z,} with z, =
{Fi, ..., Fa_1,Fas1, ---,7n,}. These new variables are related
to previous ones through F, =7, and T}, = {Z., R}, with
T = {ﬁzaai;b}

We compute the evolution of the full wave function
\Il(r R ,t) = W(T,¢) under the effect of the full Hamiltonian
H in Eq. (9). The position representation of the Hamiltonian
H gives

H(,R) = K(7) + Kp(R) + Vee®) + Vin(R) + Hop(F.R),

13)

with K,(F) the electron kinetic energies, K h(ﬁ) the nucleus
kinetic energies, V,.(¥) the electron-electron interactions,
th(ﬁ) the nucleus-nucleus interactions, and Hep(7,ﬁ) the
total electron-lattice interaction. The last term can be split into
Heyp = H,, g, + Hep,i The first term, H,, z , corresponds to
the interaction of the electrons with the fixed (equilibrium)
positions of the ions Rg. The second one, H,,;, includes
the interaction of the electrons with the displacement of the
ions, # = R — Ry = {uy,...,uy,}, and it is the only term
that prevents the exact separation of the many-particle wave
function. Thus, we rewrite Eq. (13) as

H(F,R) = H.(F,R) + H,p (V. R), (14)

with  H(F.R) = K.(7) + Kn(R) + Vee #) + Vin(R) +
Hep’ iéo(? ,Rp). Finally, the computation of H, in Eq. (12) just
requires the explicit evaluation of the terms

(Fa-Za- RIHep.a Oz 7010 (15)
and
(Fa-Za RIHCIY ) 210 011 (16)

The relevant interaction of the (conditional) wave packet
with the moving lattice, present in I:Iep,;,, will be evaluated
in Sec. IIT A in the second-quantization formalism. The less
relevant interaction of the (conditional) wave packet with the
fixed (equilibrium) lattice due to H, present in Eq. (16) is
discussed in Appendix B.

A. Electron-phonon stochastic potential

Assuming a small displacement of the ions i, =
13;, — Iéh,o from their equilibrium positions Iéh,o, the
electron-lattice Hamiltonian for small displacements of
ions in _the position representation can be written as

H,, (7, R) ZehuhaU(re—Rh)/aRuR The (second-
quantization) electron-lattice Hamiltonian 1 is then

Zng i & (bg, +b' . ) (17)

e,p

with 13% and l;j; being the annihilation and creation operators
P
of the atomic vibrational eigenstate |g,). Similarly, ¢;. and
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Elic are the corresponding operators of the (Bloch) eigen—
state (re|c~ |0) = (re|lz ) = ;. (7.). The coupling constant g
specifies the transition between the eigenstates. The ﬁrst-

quantization explanation of the electron-lattice interaction and

dp

the definition of g; are given in Appendix A.

The initial many body (electron and lattice) quantum state
is
W R.t0) = Y alk.q.10)Dp(F)D;(R), (18)
kq
with a(k q, to) accountmg for an arbitrary superp051t10n

O;(F) = (F | |0) the Slater determinant with k =

{12,, ... ,kNe}, and CI>q(R) the atomic part withg = {G1,4, . .. }
representing a phonon base. The Slater determinant of elec-
trons can be expanded in minors giving

V(e Za R0 =Y ak.§.OG(R) Y ¢ (Fa)saw

g ku

1 T At
e GG 10, (A9)

1

X (Zqlé!

Kot Sen

with s, the sign of the (a,w) cofactor. Then, the term
in Eq. (17) acting on Eq. (19) is (for more details, see
Appendix A)

(Fasp| Hlep,a| W (1))
& by, + Bl L W)

dp ;= = At
_Zg ra’rb|clze+671
— Z gq,, > atk,g.0P5R) Y i vi FadSaw
kg K

> jat Tt AT
X <Z“|Cl€l .. 'CIEu_I CEW, G |0). (20)

We use CD;;(Ié) to account for the effect of the electron-lattice
interaction in the atomic part.

When conditioning Egs. (19) and (20) to {Z}[¢], I_éf[t]}, the
variable g; is also fixed to some particular values in this
jth experiment. The exact (deterministic) description of the
electron-lattice interaction would require perfect knowledge
of all ion dynamics through R [t]. However, since ions are
considered here as the environment of electrons (they are not
explicitly simulated), we introduce their effect stochastically
in the equation of motion of electrons in Eq. (9), ensuring
that the probabilities of different phonon modes satisfy some
well-known precomputed probabilities [21]. We assume that
only one (or none) phonon mode Gj becomes relevant at each
time. Then, the (envelope) CWF before a collision ¢ < ¢, is

VIGEt) =) fRku D), (7o) Q1)

w

Assuming that gq" g W1th kOa the central wave vector of
the a wave packet the ﬁnal (envelope) CWF in Eq. (20) after

the collision ¢ > 7, is Yl (Fa,t) = (7a,7bj [t]I'Hep 7w (1)), which
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can be written as (see Appendix A)

r il : "

VGt =g Y fley, G, (22)
kw

where the 7, dependence in Egs. (21) and (22) is given by

o, (r,) and Di+, (7,), respectively, and f(k,,t) includes all

other terms evaluated at {Z2[¢], R/ [¢]}.

These results have a simple and intuitive explanation. Dur-
ing the collision, the (Bloch state) quasimomentum eigenstates
that build the wave packet change from |I€a) to I%a + gp), while
its weight f (lzw,t) remains constant.

We notice that these collisions introduce not only stochastic
dynamics in the evolution of the CWF, but also time-
irgeversibi}ity in the whole simulation, since, in general,

& < gzz_quq‘ , where positive (negative) g, means phonon
0a 0atqp
absorption (emission).

B. Dissipative transport in parabolic-band structures

We apply our approach for the simulation of a typical
GaAs/AlGaAs resonant tunneling device (RTD) when elas-
tic (acoustic phonons and impurities) and inelastic (optical
phonons) collisions are considered. In particular, it can be
shown that the required evolution of the CWF v, interacting
withaphonon g, = {g,x.qy.q,.} in a material with parabolic-
band structure can be obtained from Eq. (9):

. 0y, r - - 2

h = |5 - \Pa )La® . Va as 23

"o [Zm*(p haOu) }/, @9
where p, = —ih%a, m* = 0.067m, is the electron effective

mass (m, is the free-electron mass), A, = FzZ]p, and ©, =
O(t — t.) is the Heaviside step function. In Appendix C, we
prove that Eq. (23) exactly reproduces the transition of i,
from Eq. (21) to Eq. (22). Each electron a = {1,2,...,N,}
has its own Eq. (23) to compute v, and 7,[t] by time-
integrating its velocity in Eq. (3). The term V, provides the
Coulomb correlation among all simulated electrons, including
the appropriate boundaries. The injection model locates the
initial CWF outside the simulation box and defines it from
typical Gaussian wave packets with a dispersion o = 40
nm. The properties of the injected electrons are selected
according to some well-defined assumptions. For example, the
energies of the injected electrons from one contact (assumed
in thermodynamical equilibrium) into the open system fulfill
a Fermi-Dirac distribution. This randomness in the injection
of electrons introduces another source of stochasticity in the
description of the properties of the open system.

We compute the current as the net number of trajectories
74[t] transmitted from one side to the other, divided by the
total simulation time (5 ps). Identically, the dc current is
also computed as the time average of the total (conduction
plus displacement) current. Both types of dc computations
provide the same value at each bias point, showing the
accuracy of the simulation. Technically, the experiment is
not repeated, but the numerical simulation takes so long that
electrons are entering and leaving the active region many
times, providing repeated scenarios. The number and type of
collisions are obtained from the Fermi Golden Rule for GaAs

PHYSICAL REVIEW B 96, 075135 (2017)

30 F F]
- I » R
g 24+ () » - E -
- 3 Ve \ s
S 18| » \
[
£ ’ S s
a 12_- ) / o~~~
(DJ 6L —e— With dissipation
L Z — m— Without dissipation
0 1 1 1 1 " 1
0.0 0.2 0.4 0.6 0.8 1.0
\{ —=— Acoustic Phonon

400 —ae— Optical Phonon (abs)
—&A— Optical Phonon (emi)

—v— Impurity

Effective collision rate (#/ps)

0.0 0.2 0.4 0.6 0.8 1.0
Applied Bias (V)

FIG. 1. (a) Current-voltage characteristic for a RTD with (solid
red curve) and without (blue dashed curve) dissipation due to acoustic
and optical phonons and impurities. The barrier height and width are
0.5 eV and 1.6 nm, and the well width is 2.4 nm. An n-type doping
with a Fermi level of E; = 0.15 eV above the conduction band is
considered. (b) Effective collision rate as a function of bias. The
optical phonons lead to an inelastic change of the electron energy of
+0.036 eV.

materials [21]. We notice that the collision in Eq. (9) does not
introduce any artificial decoherence. The expected reduction
of the transmission [22] seen in Fig. 1(a) is because of the
randomization of the momentum due to acoustic phonons
and to the energy dissipation due to the emission of optical
phonons. We see in Fig. 1(b) that the number of collisions
at resonance is three times larger than that out of resonance,
showing that the ballisticity of tunneling devices also depends
on the electron transit time that varies from one voltage to
another, due to different backactions of our non-Markovian
(phonon) environment [6].

C. Dissipative transport in linear-band structures

Next, we present the Bohmian trajectories and CWF
evolution of one electron during a collision with a phonon in
graphene, with a richer band structure than GaAs. The whole
development of the equation of motion in Eq. (9) and the
inclusion of the collision needs to be redone for a conditional
two-dimensional (2D) bispinor ¥, = (¥4.1,%,.2)" giving

0.

. Va/vy P, +A, 0,
f
ot (P:_ + )LZ—@Q)XQ

Vu Xtt-/v_f

ih )%, (24)
where v, = 10° m/s is the Fermi velocity. We define
pE = —ihd,, £ hdy, and AE = A, £ ik, as the change in
momentum A, = /g, due to the interaction with a phonon with
wave vector ¢, = {gpx.qpy}. When the interaction occurs, the

' . —Bi A .
term y, = " PPN makes sure that the final state is
either in the conduction band (positive energy branch) or in the
valence band (negative energy states). If the electron changes
from the conduction to the valence band (or vice versa), we use
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FIG. 2. (a) Time evolution of the modulus squared of the condi-
tional bispinor for an electron initially at #; in the conduction band,
with wave vector (ko ,koay) = (0, |I;0a ), suffering an elastic collision
at f with a _phonon that provides a final wave vector (ksqy,kfay) =
(lkoa | /\/i,lkOal /\/i). The associated Bohmian trajectories are also
shown. Inset: electron energy conservation for the elastic collision.
(b) Same change of wave vector as in (a) but with an inelastic collision
that produces a final electron in the valence band (where velocity and
momentum are opposite).

m = 1 and if there is no change of band m = 0, with o =
(koax + 1koay)/lkoq |, where ko, (k 7,) is the central initial (final)

wave vector and ¢ having the same definition. x;, is only
relevant att.,i.e., A, = A, (t) =0except A, (t =¢)=1.In
Appendix D, we prove that Eq. (24) produces the transition of
the 2D bispinor v, from Eq. (21) to Eq. (22).

We present in Figs. 2 and 3 numerical results for the
electron-phonon collisions in graphene, whose dynamics near
the Dirac points are given by Eq. (24). The initial state in

500 —
t=t,
t=t
c
400
300 +
€
£
g 0.4 :
200 C\
S~O.2 e\ 7%7 = |
C
0.0 ¢
8 Y
100 & 2L,
t=t -0.2 ke
0
204
0.0 0.4 0.8
Time (ps)
0 T T T T T T T T T T T T T
0 200 400 600 800 1000 1200 1400

X (nm)

FIG. 3. Time evolution of the modulus squared of the conditional
bispinor for an electron that impinges on a 0.4 eV barrier with a
width of 200 nm. The initial ¢ = ¢, direction is 8y = /6, so Klein
tunneling should be minimal. At ¢ = z., an elastic collision deviates
the electron in a perpendicular direction to the barrier maximizing
the Klein tunneling.
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both examples is a Gaussian_wave packet with dispersion
o = 40 nm and wave vector |kg,| = 2.27 x 10® m~!, whose
initial pseudospin lies in the conduction band.

IV. CONCLUSIONS

In this paper, we present an approach to analyze quantum
dissipation. It is based on Bohmian CWFs that preserves CP
and allows a realistic consideration of dissipative sources.
Formally, our approach follows the SSE technique [9] for
non-Markovian scenarios [7,10,12], but allowing a physi-
cal interpretation of the output results under a continuous
measurement. The open-system techniques mentioned in the
Introduction are rarely applied to the simulation of electron
devices (with exceptions such as the Wigner-Boltzmann ap-
proach, which has problems of CP [2,3], or other density matrix
approaches that have difficulties in being adapted to spatially
well-defined models respecting the different spatial regions
(with well-defined boundaries) typical in electron devices
[23,24]). Typically, dissipation in quantum electron transport
is simulated through a partition of the full Hilbert space
into smaller spaces where sets of eigenstates are perfectly
determined. Interactions (dissipation) between different spaces
are introduced through coupling constants [25]. The solution
of such models implicitly involves an improper mixture of
states [19] that, in spite of its computational interest, has
no ontological definition within standard quantum mechanics
[20]. The Bohmian CWFs provide a unproblematic way to
define the wave function of an open system [10], and we
have shown that it allows a realistic simulation of quantum
dissipation in electron devices with linear and parabolic-
band structures. With the accurate inclusion of quantum
dissipation in the evolution of CWFs, the general and accurate
quantum-trajectory approach [26] presented here is the best
candidate to substitute the old Monte Carlo solution of the
Boltzmann equation for semiclassical systems [21] in the new
nanoelectronics/atomtronics quantum scenarios.
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APPENDIX A: EVALUATION OF THE TERM
(FasZas RIFLep,a O 11, 70 IN EQ- (15)
We evaluate the effect of the ﬂep,g on the wave packet

U(7,. 24, R,1). For that purpose, we develop the explicit

expression of H,, ; and then we define an initial many-body

wave packet W(Fa,Za,E,t).

1. Definition of the electron-phonon Hamiltonian

The term H,, in Eq. (13) can be written as H,, = H,, & +

Hypi =) 0p Vep(Fe — Eh). We decompose V(7. — Rj) in
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a Taylor expansion around the equilibrium position of the A
ions Ry o as

Z Vep(7e - I-éh)
e,h

XY " Vep(Fe—Ri0) + (R — Ri0) - Vi Vep(Fe — Ril 5, _i;,
e,h

=Y Vep(Fe = Ruo) + iin - ViVep(Fe — Rl i, ,
e,h

=H

ep. R + Hep i (A1)

The term V,,(F, — Eh,o) will become relevant later for the
electronic band structure, while uj - VV,,(r, — Eh)| RumFro
provides the interaction of the electron 7, with the ion
ﬁh (neglecting second-order Taylor terms in the atomic
displacements expansion). Instead of dealing with individual
displacements i, we consider the normal coordinate éqﬂ
defined from the Fourier transform:

= E o = iq I-éh,O
Mh - qu,e a» ’
dp

where ¢, is a wave vector in the reciprocal space that labels
each of the possible collective solutions of the movement of
ions. Then we perform the Fourier transform of the potential
Vep(; e Rh):

o - na_ﬁ
Vop(Fe — Ry) = Y _ ™My,
v

(A2)

(A3)

where v is another wave vector in the reciprocal space, and
Uy is the Fourier coefficients of the potential. Notice that
> Vep(Fe — Ry) is a periodic potential, while V,,(F. — R;)
alone is essentially a Coulomb potential with corrections due
to screening. Then, the gradient of the potential in Eq. (A1)
can be written as

Vi Vep(Fe — =Y (v Ry (Ad)

Ri)l#,=Rpo

Putting Eq. (A4) and Eq. (A2) altogether for all electrons and

ions, we obtain finally
Z Z ﬁh ' Vh Vep(;e - Rh)|1§h.0
e h

Hypi =) Hepiy, =
e
Gy Rno ) s iU —Ri0) 7
= X Yy, YR,
e h g, v

(AS5)

Before discussing the interaction through the term H,, ;,
we define the initial electron-lattice wave packet.

2. Definition of the many-body wave packet ¥ (F ,ﬁ,t)

The many-body wave packet W(7,R,t) = (Fy,Zq, R|¥(1))
can be written as
VR =Y alk,g.)0F)P;5(R),

k.

(A6)

with a(lz g,t) accounting for an arbitrary superposition of
the many- body electron base CDk(r) and many- body phonon

base @ (R) The vector k = {kl,kz, .. th} represents the
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many-body index of the electronic (Bloch states) base, and
qd =1{q1.g2,...} is the index of the ionic base.
We define ®;(F) = Y 0, [T, dp Foey)su. With p(n) =
{p(n)1, ..., p(n)y,} the n-permutation vector, and s,, is its sign.
We have also used the single-particle Bloch eigenstate:

7, (o) = (Felke) = " uz, (7o), (A7)
ke ke
where u; (r.) is periodic with respect to lattice translations

(which includes the appropriate normalizing constant) and Ee
is the electron (quasi) wave vector related to the quasi (or
crystal) momentum p, = fik,.

In the language of the second quantization, the
Slater determinant of the electrons can be written as
O;(F) = (?|é;{l ~--6;£N)|O). To explicitly write the depen-
dence of @i(r) on 7., we expand the Slater deter-

minant of electrons by minors as (7’6,Zg|é£ E]{. |0) =
1 Ne

N, - > A ~ .
Yy 8, Gosean(Zele] ---cf el -2 10), with s the

w—1 +1

sign of the (e,w) cofactor. Then

V(e e R =) alk.§.H®G(R) D dp (Fo)sew
kg ku
X (Zle} ---cl el -2l 0). (A8)
w4 N
3. Evaluation of He,,,,;(?,l-é,t)\ll(?,l-é,t)

The term H,,; = Y, Hepi7, in Eq. (AS) is a sum over
terms that depend on a unique 7., so that when conditioning
H,,#(F,R,1)¥(7,R,1) to {Z4[t], R/ [t]}, all terms except one do
not depend on 7,. We have

Hop i, R, W (Fy 20, Ro1)

2L RI1]

e

(Z HEP,E,;g(7€7Rst)) \p(;avaRat)EJ’[,]‘E,‘[t]

F0, R, 1) | W (7, 22000, RV [21,7)

Z Hep,ﬁ,Fg(

e#a

+ Hepir, Gas RITO,OW (Fa 2L RITE). (A9)

The term Zg#a ep.ii 7, @ [ 1, ﬁj[t] t) is a constant value
without dependence on 7,. This pure time-dependent term
only provides a global phase on the conditional wave function
that can be omitted without any effect [17]. The only term that
we have to compute explicitly is H,), ; 7, (ra,R HY(r, R 1) =
(r,RlHep,,,A,,aPIl(t)). Using the identities f;dr|r (] =1 and
[z dRIR)(R| =1, the fact that H,, ;7 is diagonal in the
position representation, and the identity Z/’é |l€a) (I}:A =1, we
can write

(F,RHepiz,|¥(1))
= (7,R|Hopir,IF R)(F,RIW(1))
= ZZ ra k// gazmié”:{ep,ﬁ,?a|£a’zaa§><%aaza’ﬁ|w(t)>

i
LI k

= ZZT (Kl Hep.i 7y Ka) (FalK)) (Ko Za RIW(D)).  (A10)
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where we have defined T(k” Aep ,;,;“,l_c)a) = (%Z,Za,§|
He,,,,,,,“ Ika,za,l_é) as the electron-phonon Hamiltonian in the
momentum (Bloch state) representation. This term can be
rewritten as

T(k” Aepﬁ,?,,jéa):/‘d?a<£Z|F[t><7a,ZaaE|

ra

X Heop i \FarZar R) (Falka),  (A11)

and using the final expression of the electron-phonon Hamil-
tonian in the position representation, Eq. (A5), we obtain

- k 7 -
p,ﬁ,ﬂ,’ku) = / dra ik a au (ra)el ”r“u]za(ra)
I,

a

A

T’ A,
X (Fu,za’R”_{ep,ﬁ,Fa |;a,2asR>

= / dige " T ug, (P ug (7)
rLl
DHRLEISIEL

qp
hog, v

x ¢ Rio ;. (A12)

We take away from the integral those elements that do not
depend on 7,:

A

T(’Q{,Hep,ﬁ,?a jéa)

— Z Z eiquh.O Qép Z(_iﬁ)e*iﬁRh,o U;
hog, v
x / dige  aTayr, (FyeTour (F)elV. (A13)
7 “ ‘
Due to the perlodlclty of ug, (ra) we can use the change of

variable 7, = r at+ Rm 0, Where r 4 integrates only inside the
first Brillouin zone. We get

T(Eg,ﬂgp,g,;[, ,/;a)

— Z Z Qq Z(—tv)e' Ry U(qp_U)Ua (Z e Ron o=k +5+k, ))
P

dp

= ik ikar”, = ivr,
X ﬁ dr’,e " ey ,,(r a)e’ ‘u,;a(r/a)e . (A14)
'y

The sum over R, in y_;, €' %@~ imposes the condition
lRm o(— k +v+k )

-

G =g, — U, and the sum over R oin ), e
imposes that G = —k” + 0+ ka, with G and G’ two vectors
of the reciprocal 1att1ce For simplicity, although umklapp scat-
tering can also be considered, we assume that all momentum
vectors can be considered in the first Brillouin zone, G=0
and G’ = 0, so that k” =q,+ k. Therefore,

T (K Flpiz k) = 3006, —dp — Kogy

dp

(A15)

All other terms in Eq. (A14) are included into the coupling
constant gf]»” defined as

ggp qup dp qp/* dr'ge” katdp)ra
a r

’
a

xug, g, ug (e (A16)
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We emphasize that we did not include any dependence on the
n band we are dealing with, since usually phonon energies
are smaller than band gaps and then phonons cannot make
band transitions. However, for materials with small band gaps,
these multiband transitions can be included straightforwardly.
In fact, when dealing with graphene bispinors, we include the
dependence of the coupling constant on the energy branches.
We introduce Eq. (A15) into Eq. (A10), and we conclude

Hep i, FasZar RaOW (20, R, 1)
= ZZ Falk))T (k) Flep i, Ka) (Ka 2510 RV 11| (1))

= ZZgﬂ ra|k +qp>(ka,2a,R|‘IJ(f)>

KIp ku

(A17)

4. Conditional (envelope) wave packet before the collision
The conditional wave packet before the collision can be

obtained from Eq. (A8) by fixing 7, = 74[¢] and R = R/[1],
where these positions correspond to one j experiment. Then

W (R . RI[t)) = Y alk.g.)®g(R! t])zqsk (Fa)Saw
k. K
. A

< ][t]| u IC£!H+] o cl;N |0)'

(A18)
The dependence on 7, of the conditional wave packet in
Eq. (A18) appears because of the Bloch state q&,;w(?a) =
(Fa |£w). Therefore, it can be compactly rewritten as

YaFart) = W (70, 20101, RO [11,1)
=" fulkw ZI0RI[11.0) 7, (o)
K

= Z fakw D, (7o), (A19)

where f,(ku.t) = fa(Ku 2201 RI[1).0) = (K. 22001, RI[1]
|W (1)), appearing in Eq. (21) and Eq. (22) in the text, is
defined here as

falkw) =" Y alk.g.)G(R/[1])s0,0

Gk kHtky

x [Znfel el o ---5£N|0).

ki kw—1 kw1 (A20)

Under the standard envelope approximation in which the
wave packet is centered around k, ~ kOa, we can rewrite the

Bloch states as (ra|k )y = qbka(ra) ~ e’k"’“u Fou (7,) and rewrite
Eq. (A19) as

VaFar) = up, F) Y &7 (K, 221, R[] W (1))

K

= ug, (7)Y ™7 fu(Ky.0).

w

(A21)

We notice that f (l;a,t) includes now an (irrelevant) normal-
ization constant. Finally, we notice that we will use the same
symbol v, (7,,t) to refer to the conditional wave packet and to
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QUANTUM DISSIPATION WITH CONDITIONAL WAVE ...

the envelope conditional wave function defined, by ignoring
the atomic periodicity u Fou (Fp), as

ValFat) = Y &Mo(f, 2210 RO W (1)
lzw

= S gy En),

w

(A22)

The ensemble momentum of the initial envelope wave packet
VYo (Fa,t) in Eq. (A22), at t = t.1 before the collision, can be
written as

o =2 fik | fulku 1] (A23)

ku

5. Conditional (envelope) wave packet after the collision

Conditioning the many- body wave functlon ‘ll(ra,zg,R 1)
to the particular values of Z;[¢] and Rf[t] belonging to the
J experiment means that we are considering only one event
of the many available in the wave function. In particular,
from all phonon modes present in Eq. (A17), we consider
that, in a particular j experiment, only one g[] (or none)
is relevant at each time ¢ (if more than one phonon mode
is relevant simultaneously, then we can assume two single-
phonon collisions simultaneously, each one with only one type
of phonon mode). In addition, we consider that the involved
wave packets are narrow enough in momentum space so that

q" [t] ~ q" [t], with k()a the central wave vector of the a

wave _packet. Then, Eq. (A17) conditioned to the value of 7 [t]
and R/[t] can be written as

Hep,ﬁ,;l,(7avzaaR9t)llj(?a’zasth)

2RI

= g7 1Y (Fulk + 3R Z0 R (0). (A24)
K

The coupling constant gq”

[t]in the j experiment will imply an
interaction of the 7, electron with the phonon mode g, during

a collision time interval, starting at 7. and ending at 7. In a

later time, gq” [¢] will indicate a collision with another phonon

=j
mode. The exact (deterministic) description of gZ” [¢] would
0a

require perfect knowledge of the dynamics of R [¢]. Since we
do not explicitly simulate the dynamics of the ions (which
are understood as the environment of the electrons), we can
only introduce their effects in a stochastic way ensuring that

the probabilities of different phonon modes given by g-” [2]

satisfy some precomputed values. This is the origin of ‘the
stochasticity in Eq. (9) due to the environment.

In one particular j experiment, during one collision, the
term g  [¢t] becomes irrelevant (the Bohmian velocity only

depends on the dependence of the phase on 7,, not on the
norm), and the final wave packet in Eq. (A24), at time ¢ > 7.,

PHYSICAL REVIEW B 96, 075135 (2017)

after the collision, can be written as

VaFart) = W (70, 2111, R [11,0)
=Y fulku Z 1L RITE10) g, 5 (F)

kw

=Y fulku 1)y, 1, (F),

ko

(A25)

where fa(lzw,t) = (k w,za[t] R’[t]l\ll(t)) remains equal to the
value in Eq. (A20) before the collision.

After the colhslon att = tcz, the (pseudo)momentum base
changes from |k ) to |k + g5), so that the final ensemble
momentum of the envelope conditional wave packet in
Eq. (A25) is

Vo = th+

= (pa)t(-l + hquo

) falku, 1)

(A26)

Let us emphasize that Eqgs. (A23) and (A26) provide
the expected role of the electron-phonon interaction: such

a collision generates a change of momentum /g in the
conditional wave packet during a time interval 7, — 7.
We notice that we are considering a collision with a finite
duration. As will be later explained, for simplicity in practical
applications, we have considered instantaneous collisions in
the text.

APPENDIX B: EVALUATION OF THE TERM
(;a9za9R|Hc|‘I’(t)) IZ{;[t],I?f[t] IN EQ' (16)

The term (7 Za. RIF W) g1 oy = (aZa RIK () +
Kh(R) + Veo(F) + th(R) + Hep Ro(r R0)|\Ij(t)>|‘/[t] Rr[;] can
be evaluated as follows. First, we divide V. (F) = V.7, (Fs) +
Veez,(Z,) as the terms with an explicit dependence on
74, plus the terms without it. Similarly, Hep’ R (F,Ro) =

Hep Ro, r (ra’ RO) + ep, R() Za (ZG’RO)

1. Evaluation of (F;,Za, R| Vi + \A)ee,z,, +
Hep,ﬁo,ia (¥ () IE,{[t],f?f[t]
We have

<?a’zaaRn>hh + vee,zz, + I:Ig JR0.Za |"I](t)>|‘f|[] Rit]

= (Vin(RIID + Ve, FI01) + H,, 7, = (2111, Ro))
X W (7, 2001, RO [11,1), (B1)

where Vi (R/[t]) + Ve, Galt]) + H,, .z, & J[11.Ry) are
pure time-dependent terms, without an 7, dependence and
then it only contributes to an arbitrary pure time-dependent
angle that can be directly ignored; see Ref. [17].
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2. Evaluation of (’-:a92a9R|vee,?aI‘I’(t))lzg[t]’kj[t]

Similarly, we write

(7a,2a,1$|1>eefﬁ‘l"(f))

LRI
= Veer, (Fas 220 [ (P 22111, R [1],1)

= Ui, (Fa) Vee T (7a»zj[t])Ipa(raat) (B2)

- =j

where V,. 7, (rq,z2[t]) can be easily known once the set of 7t

trajectories are known. Later we willuse V, = V., 7 (7, LZ0[t]).

3. Evaluation of (7y,Za, RIKcz, + Kl ¥O) i, 21

The kinetic energy of ions K, and the kinetic energy of

the rest of electrons, different from 7,, defined as K, z, with
Ke = Kz, + Kez,, can be written as

<7aazu’R|Ke,Z,, + ICh|\IJ(t)> yzé[l],ﬁj[t]

N,
Z Ke ra\p(rasZa»

e=1,e#a

ZRIl

hqj(ravza,R t)|;/[t]’§j[t]

= A(Fa 211 R0, 0) W (P 2010, RV e 1)
= uz, (Fa)Aa(Fa 22 [0, RO (1)) YraFant),

where K, 7, is the kinetic energy of each z, electron and where
we have introduced the real potential A, as

Aa = Aa(?a7Z£[t],Rj[l‘],l‘)
Ng e - -
Yot tera Ker, VFaZa RO g
(7 2410, RO L)1)

N =R32qy(7 7 R
hllzm V Y(ry,2q,R,1)

(B3)

LRI
W (7o 2010, RIT11,1)

This constant A, includes other correlations (different from
the electron-lattice correlations that we treat exactly apart from
the stochastic approximation for ions dynamics), and it will be
approximated later according to Ref. [17].

(B4)

4. Evaluation of (r;,Z,,R|IC, 7, + Hep,ftoia|\I'(t))|z,{[t1,iz/‘[tl

The last terms that have to be evaluated from 'Flc in

Eq. (15) are K, 7, + 1 . They determine the electronic
band structure:

(FarZa RIKez, + H,p 52 1W ()

ep,Ro,rq

LRI

= <Ke,;ﬂ + Y VeplFa — Eh,o)> (Fa 2[RI [11.0),

h
(B5)

where K,z corresponds to the kinetic energy of the condi-
tioned a electron, and Hep Ro7, Zh Vep(?a — Ry 0) is the
periodic potential seen by this a electron. From here, and

after a tight binding and the approximation for low-energy

PHYSICAL REVIEW B 96, 075135 (2017)

excitations (small %), depending on the system we will end
up with a band structure E(p) either with linear or parabolic
shape. Therefore,

(FarZar RIK e, + oy oz, 1W(0)
~ ug, Fa)E(P)Ya(Fart), (B6)

where ,(7,,t) is the (conditional) envelope wave packet
already defined in Eq. (A21).

LRI

APPENDIX C: SCHRODINGER (PARABOLIC-BAND)
EQUATION

In the parabolic case, E(p,) appearing in Eq. (B6) is
E(pa) = &
COHISIOH t = t., regarding Eq. (A25) the state |k ) changes to
|k + q,,) Under the mentioned envelope approximation, the
Bloch states are (ra|k ) = ¢, (r)) ~ eika “hug (r,). Then, the

conditional wave packet at 7., in Eq. (A25) can be related to
the initial wave packet at #.; given by Eq. (A22) as

k pJta
wa(ra’td) - Zel( wtd, )r w’za[th] Rj[td "‘I’[(td)

ku

= Z ei(ku,+(;l,);l‘ fa(lzwatd) = eit},,?,, wa(7a 7t(71)'

w

with m* an isotropic effective mass. After the

(ChH

Therefore, since Bloch states are energy eigenstates, the
ensemble energy before the collision (E (/?a)),ﬂ changes to
the value (E(k, + § »)i., after the collision.

Putting together Eqgs. (B2), (B3), (B6), and (10) into the
original Eq. (15), and removing u Foo (F), we get

a _>(l9t
i Walrart)

[ . -
= (pa)2 +Vi+ Aa +iB, wa(ra»t)’
at 2m*

(C2)

where the terms A, and B, in Egs. (B4) and (11) are
approximated by a zero-order Taylor expansion (i.e., no
dependence on 7,) so that they can be neglected when
computing Bohmian velocities. See Ref. [17] for a discussion
of such an approximation. Therefore, the time-evolution
operator (propagator) from the initial time #;, until a time
before the collision ¢ < 7. is just U, (t,10) = e_“’:J H"“(t,)dt/,
with Hq = 5= ( Pa)? + V., where H, is conditioned at Z/[7].

The time evolution of the wave packet due to the collision
with the phonon has to reproduce the condition given by
Eq. (C1). The time-evolution operator (propagator) from ¢ =
until a time ¢ > 7., after the collision is then

Z/A{ (t,10) = e_% f,iz Hea )1 _% {"f Hepat)t

_ i [(1 Hm(t Ydt'

e Jiy Peattt’ jiae —¢ f"‘Hm(t)dz

eﬁ e o

(C3)

where ﬂepa = —hza?GS(t — t.) is the previously mentioned
total electron-lattice interaction ﬂep conditioned at ZJ[t].

For a small Atime interval, At, we have Z]u(t +
At,t) = (1 — ; AtHc,). Then, it can be proven that (1 —
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/a"a /aV(l

L AtHca)e Wa(raatcl) (1= AtHcaJrA)Wa(?a»tcl),

where H., 1) = % + V,,. The demonstration of this result
just requires us to show that

(PP Ya(Fort) = —H2F%e
- Xge" (Pt
—2ilix eii“%%wa(?a,r)
VYt
T (B A+ Ko ValFart).

Therefore, the time evolution of the conditional wave packet
at any time ¢ = ., + n/At can be computed by applying the
previous property n times and then

i i iata
1—-AtH.,)---|1—-AtH, lﬁ a(Fa,tc
( L ) ( . ) VGt

(ravt)

h21

)L

:ei

(C4)

ol i -
= <1— EAtH¢U+)"> ( — EAIHg;.,.A) w'a(ravtcl)-
(C5)

Finally, we can combine the time evolution of the envelope
conditional wave packet v/,(7,,t) before and after the collision
in a unique equation of motion as

Y, 1
m‘”:[
2m

(Co)

P+ 240, + Vi |V,
I AT §

where ©;(¢) can be any function that accomplishes ©,(t) =
0 before the collision (f <t.) and ©,(t) =1 after the
collision (¢ > t.,). For practical purposes, and to facilitate
computations, in the numerical results we consider ®; = O,
to be the Heaviside step function, ¢ = ¢, is the time when
the interaction occurs, t,, is a time infinitely small after
t.,, and f.; is a time infinitely small before #.. The time
interval #,, — #.; can be roughly estimated from time-energy
uncertainty relations, and it gives a value on the order of a
few fs. If a more slow/adiabatic evolution of the collision
is required in some practical implementations, the equation
of motion in Eq. (C6) can be easily adapted to a slower or
more adiabatic collision process by just splitting the whole
momentum exchange taking place during one time step of
the simulation into more steps but with smaller momentum
exchange. This equation of motion of the conditional wave
function reproduces Eq. (23) for the conditional wave packet
suffering an electron-lattice interaction with parabolic energy
bands. We emphasize that the stochasticity is introduced into
Eq. (C6) because the exact (Bohmian) path of the ions R/ [2]
is not explicitly simulated. Their effect is introduced into the
dynamics of the electron 7 [¢] through the random selection of
collision times and phonon modes satisfying some well-known
probability distributions.

By construction, the time evolution of ¥ (7,,t) before and
after the collision is fully coherent. The main and important
difference is the change of momentum. For example, in
a double barrier, a collision adding and subtracting the
momentum A, = /g, in the wave function ¥ (r,,,t) can convert
anonresonant state into a resonant one or vice versa. Until here,
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only collisions within a unique band have been considered. The
implementation in electron-phonon multiband models [already
indicated below Eq. (A16)] or other types of collision could
be straightforwardly done.

APPENDIX D: DIRAC (LINEAR-BAND) EQUATION

In the linear case, E(p,) = ivflﬁa|, with v, the Fermi
velocity. The same development done for the Schrodinger
equation can be followed here for the evolution of the 2D
bispinor solution of the Dirac equation, with a slight difference
appearing because the wave function is a bispinor wave
function. The Bloch energy eigenstates |l€a) defined in Eq. (A7)
have to be substituted by |I€a,sa) defined as

R u]z”eik";“ 1
¢Ea,sa = (ralka,sa) = T saeiﬂ’?ﬂ )

where s, indicates if the electron is in the conduction (s, = 1)
or valence (s, = —1) band, with positive or negative energies,
respectively. We have defined e’ = itk 5ng By, is the

N

D)

angle of the I_c),' wave vector.

All developments done previously for a parabolic band can
be reproduced here by just introducing the appropriate index s,
and the bispinor. In particular, the initial conditional envelope
wave packet before the collision in Eq. (A22) is rewritten here

as
= _ Wa,l(;:u’t) 1
Vala,t) = <%,z(7a,t)> 2 <s e’
k

w

~ zk r,,
~ (S elﬂkr)a) Z fu(kwyt)e

) fa(kw ’t)elk" "
(D2)

where we have assumed again that Ew ~ 1;0,1 and s, ~ S04,
with s¢, indicating that the initial wave packet belongs to the
conduction (so, = 1) or valence (so, = —1) band. Identically,
the coupling constant defined in Eq. (A 16) has to be substituted
by the new one:

@ — 0. 7 U- i) =
87 , = _qup qp qu ~ dr',e r Uk, +d 'a)
kasSass,, b P
a
s oo (145, s P Piaviy)
ikgr' ivr’ aPq
X e'" “u,;a(r’,,)e “( 3 ,
(D3)

which contains the information of the transition from the initial
energy branch s, to the final branch s,. We assume again
that, in a particular experlment J, only one q | [#] (or none) is

relevant at each time, and that gq” J [t] ~ gIr [¢], where

gk [
S rq indicates that the final wave packet is in the conduction
(sfa = 1) or valence (s, = —1) band (more exotic collisions
with final presence of the wave packet at both energy branches
can be considered by two collisions with the one final-branch-
collision process mentioned here). Then, the condition given
in Eq. (C1) between the envelope conditional wave packet
before and after the collision with parabolic energy bands can
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be straightforwardly rewritten here as

wa(?aatﬂ)

- A]‘(’wﬂ“ 57,

l@ 1 7 ik
— I3 s _a. . . wla
e Z <Sfasanl(ﬂkW+t7p ﬁkw)s()aelﬂ;w)fa(kw,tcl)e

i@ 1 O 1 g ia 7
rRe n <0 eiot,,) (SO ez‘ﬂz,,) Z fa(kw,tcl)e K “ (D4)
a -
kll/

where we have introduced so,50, = 1 and e ¢'Piu = 1. We
define s 7480, = ™ where mm reflects the changing from
one branch to the other due to the absorption/emission of the
phonon (m = 1) or the collision without changing (m = 0).
We have finally defined o, = mm + ,B;fa — B, - We can then
rewrite Eq. (D4) compactly as ‘

wa,l(zzath)
I/Ia,Z(?astCZ)

~ ¢ )\ufa ( 1//11 I(Va»tcl) ) (D5)

wa(?aatCZ) = (

o I/faz,2(raz :tcl)

With the same development done for the parabolic band, we
know that the time evolution of v, (7,,) before the collision
is given by the 2D Dirac equation as

Y, R n . A
lha_li = (Ufaxpax + vfGyPay + (Va+ Ay +iB)DY,
Vo + Aa +1B Vrp,
a - D
( Ufpa V.+ A, +iB, 12 (D6)

é) the Pauli matrices,
I = (0 ) the identity matrix, p = {pax,pay} = {—ihdy, —
iho,}, and pE=—iho,, + hoy,. With the same approxima-
tions used in Eq. (C2) for A, and B, based on Ref. [17], we
get the following time-evolution operator (propagator) from
the initial time ¢ = f until a time before the collision ¢ < ¢,
astl, (t,10) = ¢~ 7 ho Pea ' i g V1 (8x Pax + Gy Pay) +
V,I. Again we can define the time-evolution operator for any
time larger than the collision # > ¢, as

with axz(‘f o) and &y = (",

A TR ’ ’ i "2 ’ ’
— Hea(t dt — < Hem t")dt
ua(t,to) =e " f'i'Z @ B ra(t’)

_Ih; frirlz Hm(ll)dt,e_)% fri;l ’F{ca(f/)df/ ; (D7)

X e
with the  interacting Hamiltonian given by
He,,a = —lix Wbt — t)] and Heo = —ho(t —
tc)(0 02). With  this time-dependent Hamiltonian,
it can be easily demonstrated that Eq. (D5) is
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satisfied:

- Rata -
. ¢ Y Farter)
1Ty el
Wa(raatd) = ;\(,m l;ﬁa e
“Wa 2(ravtcl)
i 2
—e hﬂ] W(t)dt -7l Hya(t)dt! %( Foter). (D8)
It can also be demonstrated that (p; )e S Y (Fant) =

P (o AW (Faut). 1dentically, (p;)el 5 Vg 2P t) =

m(p; 4 A W4 2(Fy,t), where we have deﬁnedA = Ay
zkay Therefore we have proved for the bispinor

au

‘Aa Ta

<1 — };—Atﬂa‘t) e <1 - };_Atﬂca>ei;m;awa(7ﬂ’tfl)

g
jlara

=e K (l_ %Atﬂca+k>' ! '(l_ ;_Atﬂcaﬂ—)»)I//a(?a,tcl)v
(D9)

with Hca-ﬁ-)» = U_f[6x(pax + )Lax) + é\—y(pay + )‘m)] + Val
Notlce that we have still not considered the effect of the term
e i i "'“(Z/)d'/. It includes an angle ¢’® in the second element
of the bispinor at time t = 7.. As discussed in Appendix C,
in most practical applications, for simplicity, we assume an
instantaneous collision. A slower or more adiabatic collision
process is also easily implementable. Finally, the global
equation of motion of the conditional bispinor that includes all
mentioned dynamics and is valid for any time, either before
or after the collision, is

81pa(ra’t) _ V/Uf pu_‘i‘)‘«;@tc
ot (Pa + )"+®tc)Xl( Vaxi/vs
X Ya(Fa,t). (D10)

As we explained below, the term x; = expli(mm + ﬂkfa —
Bs,,)Ar ] projects the general bispinor into positive or negative
energy states, and for practical purposes in the numerical
results we chose ®,. to be the Heaviside step function.
This equation of motion exactly reproduces Eq. (24). We
emphasize again that the stochasticity is introduced into
Eq. (D6) because the exact (Bohmian) path of the ions
RI[t [¢] is not explicitly simulated. Their effect is introduced

into the dynamics of the electron ra[ ] through the random
selection of collision times and phonon modes satisfying
some well-known probability distributions.

We achieve the same conclusion as in the Schrodinger case:
the time evolution of v (7,,t) before and after the collision
is fully coherent. For example, as is shown in the text, if a
collision occurs with an initial electron whose direction was
not perpendicular to a potential barrier (and therefore will not
suffer Klein tunneling) and that collision changes the electron
direction appropriately, the electron can experience the full
Klein tunneling effect.
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