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We present a combined numerical and experimental study of Andreev scattering from quantum turbulence in
superfluid 3He-B at ultralow temperatures. We simulate the evolution of moderately dense, three-dimensional,
quasiclassical vortex tangles and the Andreev reflection of thermal quasiparticle excitations by these tangles.
This numerical simulation enables us to generate the two-dimensional map of local Andreev reflections for
excitations incident on one of the faces of a cubic computational domain, and to calculate the total coefficient
of Andreev reflection as a function of the vortex line density. Our numerical simulation is then compared with
the experimental measurements probing quantum turbulence generated by a vibrating grid. We also address the
question of whether the quasiclassical and ultraquantum regimes of quantum turbulence can be distinguished by
their respective total Andreev reflectivities. We discuss the screening mechanisms which may strongly affect the
total Andreev reflectivity of dense vortex tangles. Finally, we present combined numerical-experimental results
for fluctuations of the Andreev reflection from a quasiclassical turbulent tangle and demonstrate that the spectral
properties of the Andreev reflection reveal the nature and properties of quantum turbulence.
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I. INTRODUCTION

A pure superfluid in the zero-temperature limit has no
viscosity. The superfluid is formed by atoms which have
condensed into the ground state. The condensate atoms behave
collectively and are described by a coherent macroscopic wave
function. In liquid 3He and dilute Fermi gases, the condensate
is formed by pairs of atoms known as Cooper pairs. For most
superfluids, including 3He-B, the superfluid velocity v is
proportional to the gradient of the phase of the wave function,
∇θ . Thus the superfluid flow is irrotational ∇×v = 0 (more
complex superfluids such as 3He-A are not considered here).
Superfluids can, however, support line defects on which ∇×v
is singular. These defects are quantum vortices. The phase θ

of the wave function changes by 2π around the vortex core
and gives rise to a circulating flow. Each vortex carries a single
quantum of circulation κ = 2πh̄/m, where m is the mass of
the constituent atoms or atom pairs (for superfluid 3He-B,
κ = πh̄/2m3 = 0.662×10−7 m2/s, where m3 is the mass of a
3He atom).

At low temperatures, quantum vortices move with the
local superfluid velocity [1]. Instabilities and reconnections
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of quantized vortices result in the formation of a vortex
tangle which displays complex dynamics, as each vortex
moves according to the collective velocity field of all other
vortices [2,3]. This complex, disordered flow is known as
quantum turbulence. A property that characterizes the intensity
of quantum turbulence is the vortex line density, L (m−2),
that is, the total length of vortex lines per unit volume. At
higher temperatures the thermal excitations form a normal
fluid component which may couple to the superfluid via mutual
friction. The resulting behavior is quite complex, especially
in 4He where the normal fluid may also become turbulent.
Here we only consider the low temperature regime in 3He-B,
T � 0.17Tc, where Tc ≈ 0.9 mK, is the critical temperature
of superfluid transition at zero pressure. In this temperature
regime, thermal excitations no longer form the normal fluid,
but a few remaining excitations, whose mean free paths greatly
exceed the typical size of the experimental cell, form a ballistic
gas, which has no influence on the vortex dynamics [4].

Even in this low-temperature case, the properties of
quantum turbulence are not yet fully understood; besides,
it is interesting to compare the properties of pure quantum
turbulence with those of classical turbulence. Understanding
their relationship may eventually lead to a better understanding
of turbulence in general.

During the last two decades there has been significant
progress in the experimental studies of quantum turbulence.
Experimental techniques are being developed to measure
properties of quantum turbulence at low temperatures, both
in 4He (see, e.g., Refs. [5–11]) and in 3He-B [12–16]. The
most promising technique, which is being developed for su-
perfluid 3He-B utilizes the Andreev reflection of quasiparticle
excitations from superfluid flow [17]. (This technique was first
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developed to study quantum turbulence in stationary samples
[12–14], and has since been extended to rotating samples [16].)

Andreev reflection arises in a Fermi superfluid as follows.
The energy-momentum dispersion curve E(p) for excitations
has a minimum at the Fermi momentum, pF , corresponding
to the Cooper pair binding energy �. Quasiparticle excitations
have |p| > pF whereas quasiholes have |p| < pF . On moving
from one side of the minimum to the other, the excitation’s
group velocity reverses: quasiholes and quasiparticles with
similar momenta travel in opposite directions. In the reference
frame of a superfluid moving with velocity v, the dispersion
curve tilts [17] to become E(p) + p · v. Quasiparticles, which
move into a region where the superfluid is flowing along
their momentum direction, will experience a potential bar-
rier. Quasiparticles with insufficient energy are reflected as
quasiholes. The momentum transfer is very small so there is
very little force exerted whilst the outgoing quasiholes almost
exactly retrace the path of the incoming quasiparticles [18].
Andreev reflection therefore offers an ideal passive probe for
observing vortices at very low temperatures.

Numerical simulations of Andreev reflection for two-
dimensional vortex configurations have shown that the total
reflection from a configuration of vortices may be significantly
less than the sum of reflections from individual vortices
[19,20]. This phenomenon is called partial screening. The
Andreev scattering cross-sections of three-dimensional iso-
lated vortex rings and the role of screening effects from
various configurations of vortex rings in 3He-B were studied
in Ref. [21].

In this work, we analyze numerically the Andreev reflec-
tion of quasiparticles by three-dimensional vortex tangles
in 3He-B. We use moderate tangle densities which are
comparable to those typically observed in the experiments.
The plan of the paper is as follows. In Sec. II, we introduce
the basic equations governing the dynamics of the vortex
tangle and the associated flow field, the equations governing
the propagation of thermal quasiparticle excitations, and the
method for the calculation of the Andreev reflected fraction
of quasiparticle excitations incident on the vortex tangle. In
Sec. III, we describe our method for the numerical generation
of vortex tangles and discuss their properties. In Sec. IV,
we present our results for the simulation of the Andreev
reflection from saturated, quasiclassical vortex tangles and
analyze the dependence of the total reflection coefficient and
the reflection scattering length on the vortex line density. In
Sec. IV C, we describe the experimental techniques and the
results for the experimental measurements of the Andreev
reflection from quantum turbulence for comparison with our
simulations.

In Sec. V, we compare these results with those obtained
for the Andreev reflection from unstructured, “ultraquantum”
turbulence. In Sec. VI, we discuss the mechanisms of
screening in the Andreev reflection from vortex tangles. In
Sec. VII, we present our numerical results for the spectral
properties of the Andreev reflection and of the vortex line
density, analyze the correlation between these two statistical
properties and compare them with the statistical proper-
ties of the experimentally observed Andreev retroreflected
signal. We discuss our findings and their interpretation in
Sec. VIII.

II. DYNAMICS OF THE VORTEX TANGLE AND
PROPAGATION OF THERMAL QUASIPARTICLE
EXCITATIONS: GOVERNING EQUATIONS AND

NUMERICAL METHODS

Since our spatial resolution scale is much larger than
the coherence length, we will model the vortex filaments
as infinitesimally thin vortex lines. At low temperatures,
T � 0.17Tc such that mutual friction can be ignored, the
superflow field v(r, t) and the dynamics of the vortex tangle
are governed by the coupled equations [22]

v(s, t) = − κ

4π

∮
L

(s − r)

|s − r|3 × dr,
ds
dt

= v(s, t), (1)

where the Biot-Savart line integral extends over the entire
vortex configuration L, with s = s(t) identifying a point on
a vortex line. In the first equation, the singularity at r = s
is removed in a standard way [23]. The second, kinematic
equation states that the vortex line moves with the local
superfluid velocity. This is valid at low temperatures where
mutual friction is absent [3]. Our numerical simulation of
Eq. (1) is made in a periodic cubic box for vortex tangles
of line densities up to L ∼ 108 m−2, see Sec. III for detail.

In Ref. [18], based on the approach developed by Greaves
and Leggett [24], we derived the following semiclassical
Hamiltonian equations governing the propagation of thermal
quasiparticle excitations in 3He-B:

dr
dt

= εp√
εp

2 + �2

p
m∗ + v,

dp
dt

= − ∂

∂r
(p · v), (2)

where r(t) represents the position of a quasiparticle excitation
taken as a compact object, p(t) is the momentum of excitation,
εp = p2/(2m∗) − εF is the “kinetic” energy of a thermal
excitation relative to the Fermi energy, m∗ ≈ 3.01m3 is the
effective mass of an excitation, with m3 being the bare mass of
a 3He atom, and � is the superfluid energy gap. Equations (2)
were derived by considering the propagation of excitations at
distances from the vortex core large compared to the coherence
length (at zero temperature and pressure the coherence length
is ξ0 ≈ 50 nm).

In principle, interactions of thermal excitations with the
vortex tangle can be analyzed by simultaneously solving
Eq. (2), governing the propagation of quasiparticles, and
Eq. (1), governing the dynamics and the superflow field of the
tangle. This is exactly how some of the authors of this paper
earlier analyzed the Andreev reflection from two-dimensional
vortex configurations [19,20] and three-dimensional quantized
vortex rings [21]. However, equations (2) are stiff, and
solving them simultaneously with Eq. (1) for saturated three-
dimensional vortex tangles requires considerable computing
time and resources. For tangles of moderate line densities
(up to L ∼ 108 m−2) considered in this work, an alternative,
much simpler method for evaluating the flux of quasiparticles
Andreev-reflected by the tangle can be developed based on the
properties [18] of solution of Eq. (2) and on the arguments
[25,26] formulated below.

The alternative method makes use of the following facts
[18]: first, that at moderate tangle densities, the Andreev-
reflected excitation practically retraces the trajectory of the
incident quasiparticle, and secondly that the time scale of
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propagation of the quasiparticle excitation within the compu-
tational box (of 1 mm size in our simulations) is much shorter
than the characteristic time scale, τf ∼ 1/(κL), of the fluid
motion in the tangle. In analyzing the quasiparticle trajectories,
these results allow us to assume a “frozen” configuration of
vortices and the associated flow field.

Assuming that the statistically uniform and isotropic vortex
tangle occupies a cubic computational box of size D, consider
the propagation of a flux of quasiparticles at normal incidence
on one side of the box in (say) the x direction. Also assume that
the quasiparticle flux is uniformly distributed over the (y, z)
plane and covers the full cross section of the computational
box.

Ignoring angular factors, the incident flux of quasiparticles,
as a function of the position (y, z), can be written as [25]

〈nvg〉i(y,z) =
∫ ∞

�

g(E)f (E)vg(E)dE, (3)

where g(E) is the density of states, and f (E) is the
Fermi distribution function, which we can approximate at
low temperatures to the Boltzmann distribution, f (E) =
exp(−E/kBT ). The average energy of a quasiparticle in this
flux is 〈E〉 = � + kBT .

Since the typical quasiparticle group velocity is large
compared to a typical superfluid flow velocity v, the integral is
simplified by noting that g(E)vg(E) = g(pF ) is the constant
density of momentum states at the Fermi surface. Equation (3)
therefore reduces to

〈nvg〉iy,z = g(pF )
∫ ∞

�

exp(−E/kBT ) dE

= g(pF )kBT exp(−�/kBT ). (4)

In the presence of a tangle, and hence regions of varying
superfluid velocity v, a quasiparticle moving into a region
where the superfluid is flowing along their momentum direc-
tion experiences a force ṗ = −∇(p · v), which decreases its
momentum towards pF and reduces its group velocity. If the
flow is sufficiently large then a quasiparticle is pushed around
the minimum, becoming a quasihole with a reversed group
velocity. Consequently, the flux of quasiparticles transmitted
through a tangle, 〈nvg〉t , is calculated by the integral (4)
in which the lower limit is replaced by � + max(p · v) ≈
� + pF vmax

x , where vmax
x is the maximum value of the x

component of superfluid velocity, found from the solution of
Eq. (1), along the quasiparticle’s rectilinear trajectory that is,
for fixed [(y, z)]:

〈nvg〉ty,z = g(pF )
∫ ∞

�+pF vmax
x

exp(−E/kBT ) dE

= g(pF )kBT exp
[−(

� + pF vmax
x

)/
kBT

]
. (5)

For the position (y, z) on the face of computational box,
the Andreev-reflected fraction of quasiparticles incident on a
tangle along the x direction is, therefore,

fy,z = 1 − 〈nvg〉ty,z

〈nvg〉iy,z

= 1 − exp

(
−pF vmax

x

kBT

)
. (6)

The total Andreev reflection fx is the average of the Andreev
reflections for all positions of the (y, z) plane. The same

calculation is repeated for the flux of quasiholes. The results
are then combined to yield the reflection coefficient for the full
beam of thermal excitations.

In our simulation, the initial positions of quasiparticle
excitations on the (y, z) plane were uniformly distributed
with spatial resolution ≈6×6 μm2. More details of numerical
simulation will be given below in Sec. III.

In the following sections, to directly compare our simula-
tions with experimental observations, we fix the temperature
at T = 0.15Tc and use parameters appropriate to 3He-B
at low pressure: Fermi energy εF = 2.27×10−23 J, Fermi
momentum pF = 8.28×10−25 kg m s−1, superfluid energy
gap �0 = 1.76kBTc, and quasiparticle effective mass m∗ ≈
3.01×m3 = 1.51×10−26 kg.

III. NUMERICAL GENERATION AND PROPERTIES
OF VORTEX TANGLES

Motivated by experimental studies [27], we numerically
simulate the evolution of a vortex tangle driven by vortex loop
injection [26]. Two rings of radius Ri = 240 μm are injected
at opposite corners of the numerical domain [see Fig. 1(a),
where the two injected vortex rings, marked in red, can be
seen entering from the left and right sides of the box repeatedly
with a frequency fi = 10 Hz]. The vortex loops injected into
the simulation box collide and reconnect to rapidly generate
a vortex tangle. The time evolution of the vortex tangle and
the superfluid velocity v(r, t) were simulated by means of the
vortex filament method, that is, by solving Eq. (1), in a cubic
box of size D = 1 mm with periodic boundary conditions [23].
[As can be seen from Eq. (6), the accuracy of simulation of
the superflow field is crucially important for the calculation
of the Andreev reflection.] To ensure good isotropy, the plane
of injection of the loops is switched at both corners with a
frequency of fs = 3.3 Hz. We integrate Eq. (1) for a period
of 380 s.
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FIG. 1. Evolution of the vortex line density of the tangle gen-
erated by injection of vortex rings. Insets (a) and (b) demonstrate
snapshots of the tangle at the moment of ring injection from the
opposite corners of the computational domain for initial and steady
state of simulation correspondingly (see text for details).
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FIG. 2. The energy spectrum [26], E(k) of the steady-state vortex
tangle vs the wave number k. The slope of the spectrum is consistent
with the k−5/3 Kolmogorov scaling (red dashed line) for small wave
numbers and k−1 scaling (blue dotted line) for large wave numbers.

For dense vortex tangles, we use the tree-method with a
critical opening angle of 0.4 rad [23]. For small line densities,
of the order of few mm−2 or less, since the tree-method loses
accuracy, calculations were performed instead by the direct
evaluation of the Biot-Savart integrals. The evolution of the
vortex line density for the first 40 s of the simulation is shown
in Fig. 1.

After an initial transient, lasting for about 5 s, the energy
injected into the box is balanced by the numerical dissipation,
which arises from the spatial resolution (≈6 μm) of the
numerical routine (small scale structures such as small vortex
loops and high frequency Kelvin waves of wavelength shorter
than this spatial resolution are therefore lost), and the tangle
saturates to reach the equilibrium state. In this statistically
steady state the vortex line density L(t) fluctuates around its
equilibrium value 〈L〉 = 9.7×107 m−2, which corresponds
to the characteristic intervortex distance of 
 ≈ 〈L〉−1/2 =
102 μm. A snapshot of this tangle is shown in the inset (B)
of Fig. 1. In Fig. 2, we show the energy spectrum, E(k) of
this tangle (here k is the wave number). The energy spectrum,
representing the distribution of kinetic energy over the length
scales, is an important property of homogeneous isotropic
turbulence. In the statistically steady state, the spectrum is
consistent, at moderately large scales (kD < k < k
, where
kD = 2π/D ≈ 6×103 m−1 and k
 = 2π/
 ≈ 6×104 m−1),
with the Kolmogorov −5/3 spectrum shown in Fig. 2 by
the red dashed line. In classical turbulence, the Kolmogorov
−5/3 scaling is the signature of a “cascade” mechanism,
which transfers energy from large length scales to small length
scales. The blue dotted line shows the k−1 power spectrum
expected for small scales (k > k
) arising from the superfluid
flow around individual vortex cores. Figure 2 also shows that
most of the energy of the turbulence is at the smallest wave
numbers (the largest length scales). This property is caused by
partial polarization of the vortex tangle: parallel vortex lines
locally come together, creating metastable vortex bundles,
whose net rotation represents relatively intense large-scale
flows which are responsible [28] for the pile-up of energy near
k ≈ kD .

IV. ANDREEV REFLECTION FROM
A QUASICLASSICAL TANGLE

A. Two-dimensional map of local Andreev reflections

We start with illustrating the numerical calculation, based
on the method described above in Sec. II, of the Andreev reflec-
tion from an isolated, rectilinear vortex shown in Fig. 3(a). The
vortex’s circulating flow velocity is v(r) = κ/(2πr), where r is
the distance from the vortex core (for theoretical analysis and
analytical calculation of Andreev reflection from the rectilinear
vortex see Refs. [18,25,29]).

The velocity field around the vortex was computed using
Biot-Savart integrals. To ensure the homogeneity of the
velocity flow profile across the simulation volume, the actual
vortex extends another four lengths above and below the cube
shown in the figure.

We calculate the Andreev reflection of a beam of excitations
which propagate in the y-direction orthogonally to the (x, z)
face of the computational cube (the black arrow shows
direction of the incoming excitation). This calculation gives
a measure of the Andreev reflection as a two-dimensional
contour map across the full cross section of the incident
quasiparticle beam. In Fig. 3, panels (b) and (c) show,
respectively, the reflection of quasiparticles (p > pF ) and
quasiholes (p < pF ) from the rectilinear, quantized vortex that
has a direction of vorticity pointing up. The darker (red/yellow)
regions corresponding to the higher reflectivity clearly show
the “Andreev shadows” and are located symmetrically on the
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FIG. 3. Representation of the reflection coefficient for excitations
incident on the flow field of an isolated, rectilinear vortex line. (a)
Velocity flow field around a rectilinear vortex. The red arrow shows
the direction of vorticity. The black arrow indicated the direction
of injection of quasiparticles and quasiholes. (b) and (c) show the
quasiparticle and quasihole reflection, respectively. (d) The total
reflection of incoming excitation flux. Darker (red/yellow) regions
correspond to the higher reflection coefficient.
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0%

100%(a) (b)

FIG. 4. Two-dimensional representation of the reflection coeffi-
cient for excitations incident on the (x, z) plane of the computational
cubic domain. The vortex cores are visible as thin dark lines.
(a) Reflection of quasiparticles (p > pF ); the extended darker and
brighter regions correspond to the large scale flow into and out of
the page, respectively. (b) Reflection of quasiholes (p < pF ); darker
and brighter regions indicate the large scale flow in the directions
opposite to those in (a).

immediate right of the vortex line for quasiparticles and on the
immediate left for quasiholes. Note also that for a ‘real’ thermal
beam consisting of excitations of both sorts the Andreev
shadow of a single vortex should be symmetric with respect
to the vortex line and can be imagined as a superposition of
panels (b) and (c). The panel (d) illustrates the total Andreev
reflection from the rectilinear vortex.

We use the same method of evaluating Andreev reflection
for our simulated tangle. The velocity field of the vortex tangle
was computed using a slightly modified tree method with a crit-
ical opening angle of 0.2, compared to the previously published
result [26] where a critical opening angle of 0.4 was used. The
modified tree-method algorithm continues propagation along
the tree when the desired critical opening angle is reached but
the local tangle polarization (defined in Refs. [30,31]) exceeds
3.8. The current simulation shows a slightly better agreement
with the direct Biot-Savart calculation, but overall results
obtained using the modified tree method replicate previous
conclusions.

Figure 4 shows a distribution of the local Andreev reflection
coefficient fx,z [calculated using Eq. (6)] on the (x, z) plane
for a tangle with the saturated equilibrium line density 〈L〉 =
9.7×107 m−2 [Fig. 1 inset (b)]. The darker (red/yellow) regions
correspond to the higher Andreev reflection; clearly visible,
very dark, thin “threads” correspond to a high/complete
Andreev reflection, which is expected in the vicinity of vortex
cores. The overall distribution of dark threads corresponding
to vortex cores is roughly uniform and indicates that our
simulated turbulent tangle is practically homogeneous. Panel
(a) illustrates the reflection of quasiparticle excitations with
p > pF , and (b) shows the reflection of quasiholes (p < pF ).
The shadows of large vortex rings instantaneously injected into
the computational domain to sustain the statistically steady
state are also visible.

The individual maps of Andreev reflection for two species
of excitations [quasiparticles in Fig. 4(a) and quasiholes in
Fig. 4(b)] show the presence of large scale flow, consistent with
the quasiclassical (Kolmogorov) character of the simulated
vortex tangle whose energy spectrum scales as k−5/3 in the
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FIG. 5. Evolution of the total Andreev reflection for the tangle
generated by injection of vortex rings (see text for details). Insets (a)
and (b) show a two-dimensional representation for the full beam of
excitations for the initial and steady state of simulation, respectively.

“inertial” range of moderately small wave numbers, see Fig. 2.
The extended darker regions in Fig. 4(a) correspond to large
scale flows whose y component of velocity is directed into
the page; the brighter regions show large scale flows directed
out of the page. For the quasiholes reflection shown in panel
(b), the meaning of darker and brighter regions is opposite
to that of the panel (a). Consequent direct calculation of the
superflow patterns within the simulation volume has confirmed
the presence of large scale flows in the corresponding regions.

We should emphasize here that in the numerical experiment
described above, the direction of the large scale flow could be
determined only because the separate simulations, for the same
tangle, were performed for two different species of excitations,
that is, for quasiparticles with p > pF and quasiholes with
p < pF . In the real physical experiment, the thermal beam
consists of excitations of both sorts whose separation is, of
course, not possible. For such a beam, the Andreev reflection
should be the same both for receding and approaching flows.
While the presence of large scale flow may still be detected by
the enhancement of the Andreev reflection, an identification
of its direction would hardly be possible. A two-dimensional
representation of the reflection coefficient for the full beam
of excitations Andreev-reflected by the simulated tangle is
illustrated below in Fig. 5 by the insets (a) and (b) for the
initial and steady state of the simulation, respectively.

B. Total Andreev reflection versus vortex line density

We now turn to the results of our calculation of the total
Andreev reflection from the vortex tangle. Our aim is to find the
total reflection coefficient, fR , that is, the fraction of incident
excitations Andreev reflected by the tangle, as a function of
the vortex line density. Here the total reflection coefficient is
defined as fR = (fx + fy + fz)/3, where fx , fy , and fz are the
total reflection coefficients of the excitation beams incident,
respectively, in the x, y, and z directions on the (y, z), (x, z),
and (x, y) planes of the cubic computational domain.

For the tangle numerically generated by injected rings
of radius Ri = 240 μm with the injection and switching
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FIG. 6. (Top) The total reflection coefficient obtained from the
numerical simulations, plotted against the line density of the vortex
tangle. (Bottom) Experimental measurements of the fraction of
Andreev scattering from vortices generated by a grid plotted vs grid’s
velocity [26]. Measurements are shown for three vibrating wires at
different distances from the grid as shown in the inset, see text.

frequencies fi = 10 Hz and fi = 3.3 Hz, respectively (see
above Sec. III for details), we monitor simultaneously the
evolution of the vortex line density (see Fig. 1) and of the
reflection coefficient calculated using the method described in
Sec. II [see Eq. (6) and the text that follows] during the transient
period [32] and for some time after the tangle has saturated
at the statistically steady-state, equilibrium value of the vortex
line density, 〈L〉 = 9.7×107 m−2, see Fig. 5. After a very short
initial period of less than 1 s, the vortex configuration becomes,
and remains during the transient and afterwards practically
homogeneous and isotropic. This enables us to reinterpret the
results shown in Figs. 1 and 5 in the form of the Andreev
reflected fraction, fR , as a function of the vortex line density.
This function [33] is shown by the top panel of Fig. 6.

As can be seen from Fig. 6, at small line densities,
L � 2×107 m−2 the reflection coefficient rises rapidly and
linearly with L. During the initial stage of the generation of
the tangle, the injected rings form a dilute gas and are virtually
noninteracting. As the computation time advances, more rings

enter the simulation box, start to interact, collide, reconnect,
and eventually form a tangle which absorbs all injected rings.
However, at small times, even after the tangle has been formed,
the vortex line density remains relatively small so that the
average distance between vortex lines is relatively large. In
this case, the flow around each vortex is practically the same as
the flow field of a single, isolated vortex [34]. In a sufficiently
dilute vortex configuration, a screening of Andreev reflection
(discussed below in Sec. VI) can also be neglected so that the
total reflection is a sum of reflections from individual vortex
lines; this explains a linear growth with L of the reflection
coefficient at low line densities.

C. Comparison with experiment

We compare the simulation with the experiment [25,27],
which has a configuration similar to that shown in the inset
of the lower panel of Fig. 6. The vorticity is produced by the
oscillating grid and surrounds the vibrating wire detectors. The
tangle’s flow field Andreev reflects ambient thermal excitations
arriving from “infinity,” shielding the wires and reducing the
damping. The reduction in damping on each wire (placed at
1.5, 2.4, and 3.5 mm from the grid) provides the measure of the
Andreev reflection by the tangle, see Refs. [25,26]. The lower
panel of Fig. 6 shows the fractional reflection of quasiparticles
incident on each wire.

The numerical and experimental data plots in Fig. 6 have
similar shapes. While the vortex line density L cannot be
obtained directly from the measurements, we expect the local
line density of the quantum turbulence to increase steadily with
increasing grid velocity. However, the onset of turbulence is
rather different in the simulations and in the experiment. In
the simulations, approaching injected vortex ring pairs are
guaranteed to collide and form a tangle, whereas the vibrating
grid emits only outward-going vortex rings, with the ring flux
increasing steadily with increasing grid velocity. At low grid
velocities, rings propagate ballistically with few collisions
[13,35]. At higher velocities, ring collisions increase giving
rise to the vortex tangle. For the data of Fig. 6, this occurs
when the grid velocity exceeds ∼3 mm/s. The data for lower
velocities correspond to reflection from ballistic vortex rings
and can be ignored for the current comparison.

At higher grid velocities/tangle densities, the fraction of
Andreev reflected excitations rises at an increasing rate, finally
reaching a plateau. The plateau region is prominent in the
experiments when the grid reaches velocities approaching a
third of the Landau critical velocity [36,37] and may be an
artifact of data analysis model that ignores a local flux of
quasiparticles produced by pair-breaking.

For the wire closest to the grid, the experimentally observed
absolute value of the reflectivity is almost identical to that
obtained from our simulation. This excellent agreement is
perhaps fortuitous given that in the experiments quasiparticles
travel through 1.5–2.5 mm of turbulence to reach the wire,
compared with 1 mm in the simulation, thus larger screening
might be expected. A better comparison will require high-
resolution experiments to separate the effects caused by
variations of tangle density from those caused by the increase
of quasiparticle emission by the grid.
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FIG. 7. Andreev scattering length b vs vortex line density L.

D. The Andreev scattering length

To compare the amount of Andreev scattering from vortex
tangles with that of isolated vortices, it might be useful to
define an Andreev scattering length. In Ref. [21], the cross
section, σ , for Andreev scattering was defined as

σ = Ṅ

〈nvg〉 , (7)

where Ṅ is the number of excitations reflected per unit time,
and 〈nvg〉 is the number flux of incident excitations. From the
cross section σ we define the Andreev scattering length, b, as

σ = bL, (8)

where L is the total length of vortex line within the com-
putational box or the experimental cell. For the simulation
box with side length D, L = LD3. From definition (7) of the
cross section, the total reflectivity of a vortex configuration is
f = σ/A, where A is the cross sectional area of the incident
excitation beam. For our simulations, the Andreev scattering
length is thus given by

b = f/(DL). (9)

The Andreev scattering length in the vortex tangles,
obtained from Eq. (9) and our numerical simulation, is plotted
in Fig. 7. For the isolated, rectilinear quantized vortex line, the
theoretical analysis and analytical calculation of the Andreev
scattering length were given in Ref. [29]. A simpler estimate
for the scale of Andreev scattering length, used for the initial
interpretation of experiments [12–14,27], can be obtained
as follows. Consider quasiparticle excitations incident on
a straight vortex line perpendicular to the excitation flux.
On one side of the vortex, an incident quasiparticle will
experience a potential barrier pF v = h̄/(2m3r), where r is the
impact parameter. The average thermal quasiparticle energy is
� + kBT . An approximate value for the Andreev scattering
length b is the impact parameter b0 at which an excitation with
the average energy is Andreev reflected. Equating the potential
barrier with kBT yields

b0 = pF h̄

2m3kBT
. (10)

For the parameters used in the simulations, appropriate to
3He-B at low pressure and T = 150 μK, estimating (10)
gives b0 = 4.2 μm. This value is in a very good agreement
with the Andreev scattering length of the vortex tangle at
the highest line densities shown in Fig. 7. This validates the
analysis previously used in Refs. [12–14,27] to interpret
the experimental data for 3He tangles. We note, however,
that while yielding the correct estimate for the scale (10)
of the Andreev scattering length, this simple model might
be somewhat misleading since, even for an isolated vortex, a
significant amount of Andreev reflection occurs at distances
larger than b0 from the vortex core, see Ref. [29] for
details.

For dilute tangles, the Andreev scattering length is con-
sistent with the value for large vortex rings, brings = 10 μm,
inferred from the results of numerical simulations of Ref. [21].
It is clear that Andreev scattering from very dilute vortex
tangles is dominated by reflection from individual vortices.

V. TOTAL REFLECTION FROM THE UNSTRUCTURED
VORTEX TANGLE

In the previous section, we investigated Andreev reflec-
tion from quasiclassical quantum turbulence whose energy
spectrum obeys the Kolmogorov −5/3 scaling law. However,
there is also evidence for the existence of a second quantum
turbulence regime, consisting of a tangle of randomly oriented
vortex lines whose velocity fields tend to cancel each other out.
This second form of turbulence, named, “ultraquantum” or
“Vinen” turbulence to distinguish it from the “quasiclassical”
or “Kolmogorov” turbulence [38,39], has been identified both
numerically [40] and experimentally (in low temperature 4He
[6,8] and in 3He-B [14]), and (only numerically) in high
temperatures 4He driven by a uniform heat current [41,42]
(thermal counterflow). Physically, ultraquantum turbulence is
a state of disorder without an energy cascade [43]. Recently,
it has been argued that ultraquantum turbulence has also been
observed in the thermal quench of a Bose gas [44], and in small
trapped atomic condensates [45].

In the ultraquantum regime, the vortex tangle is uncorre-
lated: there is no separation between scales (and hence no
large-scale motion), and the only length scale is that of the
mean intervortex distance, so that it can be expected that the
total Andreev reflectivity of the ultraquantum tangle should
differ from that of the quasiclassical quantum turbulence.
However, we will demonstrate below that this is not the
case.

To compare the Andreev reflection from two different
types of quantum turbulence, we should, in principle, have
generated numerically the ultraquantum vortex tangle whose
line density would match that of the quasiclassical tangle
described above in Secs. III and IV. However, it turns out
that a numerical generation of the ultraquantum tangle with
prescribed properties presents substantial difficulties.

To overcome these difficulties, we will use an alternative
approach. In Refs. [41–43], we numerically simulated vortex
tangles in 4He driven by a uniform normal fluid (to model
thermally driven counterflow) and by synthetic turbulence in
the normal fluid (to model mechanical driving, such as grids
and propellers). Although these calculations model quantum
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turbulence in 4He at elevated temperatures (1 K � T < Tλ),
the vortex tangle in the counterflow turbulence shares many
features with the ultraquantum tangle in the zero temperature
limit. Apart from small anisotropy in the streamwise versus
transversal directions, the counterflow tangle is practically
unstructured. The only length scale present in this tangle is the
intervortex distance. Furthermore, the energy spectrum [42,43]
of the superfluid component presented in Fig. 8 nowhere
conforms to the −5/3 scaling. Instead, it has a broad peak
at large wave numbers that is followed by the k−1 dependence
numerically observed [40] in ultraquantum turbulence.

On the other hand, the tangle simulated for the mechanically
driven turbulence [41,42] shares many features common with
the quasiclassical quantum turbulence in the zero temperature
regime. In particular, in both cases large-scale superflows are
present, and the energy spectrum obeys Kolmogorov scaling
for medium wave numbers. Ignoring the normal fluid, the
vortex tangles simulated for the thermally and mechanically
driven turbulence in 4He can be regarded as modeling, at least
qualitatively, the ultraquantum and quasiclassical regimes,
respectively, of quantum turbulence in the low temperature
3He-B [46].

In Refs. [41,42], both the counterflow turbulence and the
vortex tangle driven by the synthetic turbulence in the normal
fluid were simulated starting from an arbitrary seeding initial
condition and then letting L grow and saturate to a statistically
steady state. An important advantage is that in both cases
the vortex line density was changing within the same interval
from L = 0 until saturation at L ≈ 2.2×108 m−2. For three
realizations of the counterflow turbulence with different values
of the counterflow velocity, and for three realizations of
the mechanically driven turbulence with different values of
the rms normal fluid velocity (see Refs. [41,42] for details
and values of parameters), we calculated the Andreev reflec-
tion from the unstructured (“ultraquantum”) and structured
(“quasiclassical”) tangles. These calculations were performed
for different values of the vortex line density corresponding
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FIG. 9. Total Andreev reflection vs vortex line density. Blue
circles: 3He tangle simulation; red squares: unstructured (“ultraquan-
tum”) tangle; green diamonds: structured (“quasiclassical”) tangle.
Solid black line shows large-scale contribution to the total Andreev
reflection, see Eq. (11).

to different stages of the tangle’s evolution from L = 0 to the
saturated, statistically steady state. The coefficient of the total
Andreev reflection was then calculated by averaging Eq. (6)
with the values of parameters corresponding to T = 150 μK.

The results are shown in Fig. 9. Surprisingly, for the
same vortex line density the coefficients of the total Andreev
reflection from the unstructured (“ultraquantum”) and the
structured (“quasiclassical”) quantum turbulence appear to be
practically indistinguishable, so that the measurements of the
total Andreev reflection cannot be used to identify the regime
of quantum turbulence [47]. This result is consistent with
experimental observations of Andreev reflection as a function
of the grid velocity, see Fig. 6 and Refs. [25,27,48], which
show that the fully formed vortex tangle can be distinguished
from the “gas” of individual vortex rings either by the rate
of decay of the vortex line density or by the cross-correlation
between different detectors.

The results obtained in this and the previous sections show
that the total reflection coefficient is mainly determined by the
vortex line density, and that the large scale flows emerging
in the quasiclassical quantum turbulence have little effect
on the total Andreev reflection from the vortex tangle. This
conclusion can be further strengthened by estimating the
amount of scattering from large scale flows in the quasiclas-
sical regime as follows. We assume that the largest structures
generated by the simulations have a size comparable to the
box length D. For classical turbulence with a Kolmogorov
spectrum the characteristic velocity of the flow on a length
scale D is v(D) ≈ C

1/2
K ε1/3(D/2π )1/3, where CK ≈ 1.6 is the

Kolmogorov constant and ε is the dissipation per unit mass. For
quantum turbulence, the dissipation is normally assumed [49]
to be given by ε = ζκ3L2, where the dimensionless constant
ζ 	 0.08 is inferred from experimental data [8]. The flow
generates an energy barrier pF · v(D) for incident excitations.
Assuming that the barrier is relatively small compared to kBT ,
the corresponding total reflectivity is fl 	 pf v(D)/(4kBT )
where the factor of 1/4 arises from taking an angular average
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of the energy barrier. The fraction of quasiparticles reflected
by the large scale flow is thus estimated as

fl 	
√

CK

4

pF κ

kBT

(
ζD

2π

)1/3

L2/3. (11)

This is shown by the lower black line in Fig. 9. Even at high
line densities the contribution of the large scale flow to the total
Andreev reflection is small (only about 15% at the highest line
density, L ≈ 2.2×108 m−2; note, however, that this simple
model overestimates the value of fl).

VI. SCREENING MECHANISMS IN ANDREEV
REFLECTION FROM VORTEX TANGLES

In the numerical simulations described in previous sections,
as the vortex line density becomes larger than ∼2×107 m−2,
the growth of the total Andreev reflection with the vortex line
density becomes more gradual, see Fig. 6. The nonlinearity of
the growth of the reflection coefficient with L is due to the
screening effects which become more important as the density
of vortex configuration increases. We use the term “screening”
to identify processes which change the overall reflectivity
of the tangle for a given line density. Screening, whose
mechanisms are discussed below in this section, can occur
between different vortices, or between different segments of
the same vortex.

Analyzed in detail in Refs. [18,25,29], the Andreev reflec-
tion from the flow field of an isolated, rectilinear vortex line
is determined by the 1/r behavior of the superfluid velocity,
where r is the distance from the vortex core [50]. For dilute
vortex configurations and tangles the total Andreev reflection
is a sum of reflections from individual vortices. However, as
the line density increases the total reflection no longer remains
additive due to screening effects which may either reduce or
enhance the Andreev reflectivity of the vortex configuration.

We can identify two main mechanisms of screening. The
first, which was called “partial screening” in earlier publica-
tions [19,20], may significantly reduce the total reflectivity of
the dense vortex configuration due to a modification of the
1/r superflow field in the vicinity of the vortex line. This
type of screening may occur between different vortices in a
dense vortex configuration, or between different segments of
the same vortex. In particular, the reflectivity may be reduced
by partial cancellation of the flow produced by neighboring
vortices of opposite polarity. For example, the flow field at
some distance from two, sufficiently close, (nearly) antiparallel
vortex lines is that of a vortex dipole, v ∼ 1/r2; this, faster
decay of the superflow velocity significantly reduces the total
reflectivity of the vortex pair.

The 1/r velocity field may also be modified by the effect of
large curvature of the vortex line itself. The rôle of curvature
effects has been analyzed in Ref. [21] for a gas of vortex
rings of the same size but random positions and orientations.
It was shown that the contribution to partial screening arising
from curvature effects may lead to a noticeable reduction of
Andreev reflection only for rings whose radii are smaller than
R∗ ≈ 2.4 μm.

It can, therefore, be expected that partial screening has
another, small contribution from effects of large line curvatures
arising due to high frequency Kelvin waves propagating along

filaments. We may assume that in saturated vortex tangles
the additional contribution to partial screening will arise due
to Kelvin waves generating line curvatures, C = |d2s/dξ 2|
(where s identifies a point on the vortex line, and ξ is the
line’s arclength) larger than C∗ = 1/R∗ ≈ 4×105 m−1. From
our numerical simulation, described above in Sec. III, we
calculated the probability distribution function, F(C) of line
curvatures normalized such that

∫ ∞
0 F(C) dC = 1. Then the

fraction of contribution of high-frequency Kelvin waves to
Andreev reflection from the tangle can be estimated by∫ ∞

C∗
F(C) dC. (12)

Numerical estimates of integral (12) for the considered
saturated tangle of the density L = 9.7×107 m−2 show that
the contribution of high frequency Kelvin waves to partial
screening and hence the reduction of the total Andreev
reflection from the tangle is negligibly small (less than 1%)
[51].

The other mechanism is that of “fractional” screening (also
called “geometric” screening in Ref. [25]). This mechanism
is of particular importance for dense or/and large tangles:
vortices located closer to the source of excitations screen those
located at the rear. This screening mechanism will also be
important in the case where, in dense tangles, vortex bundles
may form [28] producing regions of high Andreev reflectivity
surrounded by those whose reflectivity is much lower. This
will generate a significant “geometric” screening since few
excitations can reach vortices at the rear of a large vortex
bundle, and adding a vortex to a region where there is already
an intense reflection will not have a noticeable effect on the
total reflectivity.

Earlier, a simple model [14] of the fractional screening
was proposed to infer a rough estimate for the vortex line
density from the experimentally measured Andreev reflection.
Assuming that all vortex lines are orthogonal to the beam of
excitations, and modeling the Andreev reflection from each
vortex as that from an isolated, rectilinear vortex line, the
total fraction of excitations, Andreev reflected by the tangle
whose thickness in the direction of quasiparticles’ beam is d,
was found to increase with d as fR = 1 − exp(−d/λ), where
λ = P −1 is the lengthscale of exponential decay of the flux
transmitted through the tangle and P = b0L is the probability
of reflection per unit distance within the tangle, with b0 given
by Eq. (10) being the scale of Andreev scattering length by a
rectilinear vortex. Then the vortex line density can be inferred
from the experimentally measured value of fR as

L = −γ ln(1 − fR), (13)

where, for the considered model [14], γ = (b0d)−1. As noted
in Ref. [17], formula (13) gives only rough estimates for L

which are correct within a factor of 2. This is not surprising
since the model [14] ignores an influence of geometry and
orientation of vortex lines on the Andreev reflection.

This model can be improved by modeling the tangle as a
collection of vortex rings of the same radius, R, but of random
orientations and positions. Andreev reflection from such vortex
configurations was analyzed in more detail in our earlier work
[21]. Following Ref. [14], consider a thin slab of superfluid,
of thickness �x and cross section S, but consisting now of
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FIG. 10. Modeling the tangle by a configuration of randomly
positioned and oriented vortex rings of the same radius. The model
is used for estimating the line density from the measurements of
Andreev reflection. Black arrows sketch the trajectories of incident
excitations.

N randomly oriented and positioned vortex rings of radius
R, see Fig. 10. The total cross section of Andreev scattering
is σtot = 〈σ 〉N , where 〈σ 〉 is the Andreev cross section of
the vortex ring, ensemble-averaged over all possible ring
orientations, and N is the total number of vortex rings within
the considered slab. In the case where the ring is not too small,
R > R∗ ≈ 2.4 μm, it was found [21] that 〈σ 〉 ≈ 2πKlR,
with Kl = 10 μm at temperature T = 100 μK. The total
number of vortex rings within the slab can be calculated as
N = �/(2πR), where � = LS�x is the total line length. The
probability that an incident excitation will be Andreev reflected
is �p = σtot/S = 〈σ 〉L�x/(2πR), so that the lengthscale
of decay the quasiparticle flux is λ = �x/�p = 1/(KlL).
Then the line density inferred from the fraction of excitations
Andreev reflected by the tangle of thickness d is given by
formula (13), where now

γ = (Kld)−1. (14)

For the considered temperature, we find b0 ≈ 6.3 μm and
Kl ≈ 10 μm, so that formula (13) with γ defined by Eq. (14)
provides a more accurate estimate yielding values of L which,
for the same value of Andreev reflection fR , are about twice
smaller than those predicted by the original model of Bradley
et al. [14] (however, note our comment in Ref. [52]).

VII. SPECTRAL PROPERTIES OF ANDREEV
REFLECTION VERSUS THOSE OF QUANTUM

TURBULENCE

In the simulation of quasiclassical turbulence using ring
injection (see Fig. 1 in Sec. III), once the tangle has reached
the statistically steady state, the vortex line density and the
Andreev reflection coefficient fluctuate around their equilib-
rium, time-averaged values, 〈L〉 = 9.7×107 m−2 and 〈fR〉 =
0.34, respectively. These fluctuations contain important infor-
mation about the quantum turbulence. In order to compare
the spectral characteristics of fluctuations of the Andreev
reflection and the vortex line density,

δfR(t) = fR(t) − 〈fR〉, δL(t) = L(t) − 〈L〉, (15)
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FIG. 11. Power spectral densities of simulated Andreev reflection
and simulated vortex line density corresponding to (from the top
to bottom): quasiclassical turbulence in 3He (light blue: vortex
line density, dark blue: Andreev reflection); synthetic turbulence
(light green: vortex line density, dark green: Andreev reflection);
counterflow turbulence (orange: vortex line density, red: Andreev
reflection). The red and black dashed lines are guides to the eye for
the f −5/3 and f −3 scaling, respectively.

respectively, we monitor a steady state of simulated tangle
for a period of approximately 380 s or 7500 snapshots.
Taking the Fourier transform δ̂fR(f ) of the time signal
δfR(t), where f is frequency, we compute the power spectral
density |δ̂fR(f )|2 (PSD) of the Andreev reflection fluctuations.
Similarly, we compute the PSD |δ̂L(f )|2 of the vortex line
density fluctuations and plot both of them in Fig. 11.

Figure 11 also shows the PSDs of Andreev reflection
fluctuations and of vortex line density fluctuations for me-
chanically driven (synthetic quasiclassical) and counterflow
(ultraquantum) tangles. For each of the simulations, the PSDs
of Andreev reflection and vortex line density fluctuations look
very similar. A difference between the PSDs for our 3He
tangle simulated using vortex ring injection is somewhat larger
and may be caused by the presence of large scale flows that
affect the spectral properties of the fluctuations, but not the
time-averaged values of the Andreev reflection and vortex line
densities.

Our observations on the similarities of the PSD of Andreev
reflection and vortex line density fluctuations are supported
by the normalized cross-correlations between the fluctuations
of the vortex line density, δL(t), and the fluctuations of the
Andreev reflection, δfR(t), which is computed as

FLR(τ ) = 〈δL(t)δfR(t + τ )〉√
〈δL2(0)〉

√〈
δf 2

R(0)
〉 , (16)

where the angle brackets indicate averaging over time, t ,
in the saturated regime, and τ is the time lag. Figure 12
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FIG. 12. Cross-correlation between the fluctuations of Andreev
reflection and vortex line density for various simulated tangles. The
value of the cross-correlation peak exceeds 0.9 and shows strong link
between the fluctuations of Andreev reflection and vortex line density.

shows the cross-correlation between the vortex line density
and the Andreev reflection for the simulated tangles. The cross-
correlation values FLR(0) for ultraquantum and synthetically
generated tangles approach unity, while for 3He tangle is
slightly lower, FLR(0) ≈ 0.9. The high values of the cross-
correlation clearly demonstrate a strong link between the
fluctuations of Andreev reflection and vortex line density.

We will now analyze the frequency dependence of the PSDs
of the vortex line density fluctuations shown in Fig. 11. At
high frequencies, the vortex line density fluctuation spectrum
for all of the simulated tangles exhibits f −5/3 scaling and
is dominated by the contribution of unpolarized, random
vortex lines [28]. In the intermediate frequency range, only
the quasiclassical 3He fluctuation spectrum shows a clear f −3

scaling, which is governed by the large scale flows indicating
polarized (that is, cooperatively correlated) vortex lines in
agreement with the recent numerical simulations [28]. If we
reasonably assume that a crossover between f −3 to the f −5/3

behavior should occur at around the frequency corresponding
to the intervortex distance, 
, then using the value of 102 μm
for 
 calculated above for the equilibrium tangle, the crossover
should occur at frequency f
 ≈ v/
 = κ/(2π
) ≈ 1 Hz. As
seen in Fig. 11, this is in a very fair agreement with the
frequency ≈2 Hz of the crossover between the two regimes.

Figure 13 shows and compares the PSDs of fluctuations of
Andreev reflection for the simulation (top, blue) and for the
experiments [26] (middle and bottom, gray). The experimental
data are shown for a fully-developed tangle (dark gray) and
ballistic vortex rings (light gray) corresponding to the grid
velocities of 6.3 and 1.9 mm s−1, respectively. (The prominent
peaks in the numerical data are artifacts of the discrete
vortex-ring injection process.) The power spectrum of δfR(t) of
the simulation and of the experimental data for the developed
tangle (reported here and in Refs. [26,27]) are in overall
agreement showing reduction of the signal with increasing
frequency.

A detailed comparison of experimental observations at high
grid velocity and simulations can be based on two alternative
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numerical simulations (top, blue) and experimental observations [26]
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For the details, see text.

approaches to the interpretation of numerical and experimental
data. Both of these approaches are viable, mostly due to a rather
noisy character of the fluctuating Andreev reflection’s spectra
for simulated tangles, but they lead to somewhat different
conclusions. In the first approach [26], we could identify
the same f −5/3 scaling behavior at intermediate frequencies.
This scaling, observed experimentally in high-temperature 4He
[53] and reproduced by numerical simulations [28], has been
interpreted [54] as that corresponding to the fluctuations of
passive (material) lines in Kolmogorov turbulence. At high fre-
quencies, the experimental data develop a much steeper scaling
(≈f −3), not seen in the numerical spectrum, probably owing
to the finite numerical resolution. However, this frequency
dependence is observed in the experiment in the case where
only microscopic vortex rings are propagating through the
active region and there are no large-scale flows or structures.
Thus we can argue that the f −3 scaling for the vortex tangles
corresponds to Andreev reflection from superflows on length
scales smaller than the intervortex distance.

In the second, alternative approach we assume that the
PSD of Andreev reflection fluctuations mimics the functional
dependence of the PSD of the vortex line density in accordance
with Fig. 13. In this case, the Andreev reflection fluctuation
spectra exhibit a f −5/3 dependence at high frequency and a
steeper (≈f −3) dependence at intermediate frequencies, which
is almost opposite to the scaling observed in the experiment.
Figure 14 shows fluctuation spectra of the vortex line density
[28] calculated for the total line density (black upper solid
line) and the polarized fraction of the quasiclassical tangle
(red lower solid line). The observed frequency dependencies
are similar, and suggest that in our experiments the vortices
probed by quasiparticles are polarized and hence the tangle
generated by the vibrating grid is much more polarized than
expected. It is feasible that vortex rings moving predominantly
in the same direction polarize the resulting tangle, and that
quasiparticles accompanying turbulence production further
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FIG. 14. Power spectral density of fluctuations of the total vortex
line density (black upper solid line) and of the polarized vortex line
density (red lower solid line) [28]. The light blue dotted and green
dashed lines are guides to the eye for the f −5/3 and f −3 scaling,
respectively. For the details, see text.

assist the polarization of the tangle in the direction of grid
motion.

VIII. DISCUSSION AND CONCLUSIONS

In this study, we combined the three-dimensional numerical
simulations of dynamics and evolution of turbulent vortex
tangles, numerical analysis of Andreev scattering of thermal
quasiparticle excitations by the simulated tangles, and ex-
perimental measurements of Andreev reflection by quantum
turbulence in 3He-B at ultralow temperatures. Our aim was
to show that a combined study is a powerful tool that might
reveal important properties of pure quantum turbulence.

We have shown that, with sufficient resolution of the An-
dreev retroreflected signal, the Andreev scattering technique
can generate a map of local reflections which reveals a structure
of the vortex tangle. Furthermore, in the numerical experiment
it is possible to separate the quasiparticle and quasihole
excitations. The individual maps of Andreev reflection for
each of these species of excitations also show the presence and
the structure of large scale flows arising in the quasiclassical
(Kolmogorov) regime of quantum turbulence. However, in
the real physical experiment, the thermal beam consists of
excitations of both sorts whose separation is impossible. We
found that, while a presence of large scale flows may still be
detected by the enhancement of local Andreev reflections, a
direct identification of the detailed large scale flow structure
would hardly be possible.

For the quasiclassical vortex tangle, we calculated the total
Andreev reflection as a function of the vortex line density. We
found that the results of our numerical simulation reproduce
rather well the experimental measurements of the total An-
dreev reflection, not only qualitatively but also quantitatively,
although this good quantitative agreement should be taken
with some caution for the reason explained in Sec. IV C.
We also found that the total reflection is strongly affected

by the screening effects. Here we use the term “screening” to
identify mechanisms which, for a given line density, change
the overall reflectivity of the tangle. In particular, screening
mechanisms are responsible for the slowing of growth of
the total reflectivity with the vortex line density when the
latter reaches, in our simulation, the value about 2×107 m−2.
We identified two main mechanisms of screening. The first,
so-called “partial screening” may significantly reduce the
total reflectivity of the dense vortex configuration due to a
modification of the 1/r superflow in the vicinity of the vortex
line. The second is the “fractional” (or “geometric”) screening
and is of importance for dense or/and large tangles: vortices
located closer to the source of excitations screen those at the
rear. We investigated screening mechanisms in some detail and
conclude that they often should be taken into consideration
in interpretation of experimental observations and numerical
simulations.

While this paper is mostly concerned with the Andreev
reflection from quasiclassical vortex tangles, there also exists
another regime of quantum turbulence of a very different spec-
tral nature in which the energy is contained in the intermediate
range of scales and the energy spectrum nowhere conforms to
the Kolmogorov −5/3 scaling. Unlike quasiclassical quantum
turbulence, this form of turbulence, named “ultraquantum” or
“Vinen” turbulence [38], is unstructured: the only length scale
in the ultraquantum tangle is the mean intervortex separation.
At very low temperatures the ultraquantum regime of quantum
turbulence has been identified experimentally in 4He [6,8] and
3He-B [14]. Considering that the Andreev reflection can reveal
the presence of the large scale flows existing in quasiclassical
turbulence, it could be expected that the ultraquantum tangle
can be easily distinguished from the quasiclassical one by their
total Andreev reflectivities. However, our modeling study in
Sec. V of Andreev reflection from the structured (Kolmogorov)
and unstructured (ultraquantum) vortex tangles for the same
vortex line density has demonstrated that this is not the case,
and that the total reflection is determined by the vortex line
density alone. This, in particular, means that the contribution
of the large scale flow to the total Andreev reflection is small
in our tangles. The latter is consistent with the experimental
observations showing an identical signal from vortex rings and
a turbulent tangle at similar grid velocities and hence vortex
line densities.

Finally, we investigated the spectral characteristics of
Andreev reflection from various tangles and compared them
with the spectral characteristics of the quantum turbulence. We
found that the fluctuations of the vortex line density and of the
Andreev reflection are very strongly correlated and also have
similar fluctuation power spectra. The Andreev reflection fluc-
tuation spectra and of the vortex line density fluctuations look
practically identical in the case of ultraquantum turbulence but
may differ for the quasiclassical tangle, that is when a large
scale flow is present. Therefore, some caution should be taken
in interpreting the f −5/3 scaling of the Andreev retroreflected
signal’s frequency spectrum, observed in the experiment of
Bradley et al. [27], as a direct representation of the spectral
properties of the vortex-line density fluctuations in turbulent
3He-B. Our results show that this scaling could be attributed to
the fluctuations of passive (material) lines in the Kolmogorov
turbulence, or to the fluctuations of the vortex line density
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of a strongly polarized tangle. The latter possibility suggests
that a turbulent tangle produced by the vibrating grid at high
velocities is more polarized than has usually been assumed
earlier. It is very clear that the Andreev reflection technique has
great potential for elucidating the properties of pure quantum
turbulence, but requires further work.

It is clear that a useful study could be made of a tangle
created from rings emitted by two grids facing each other.
Such a tangle should have a vortex line density similar to
that of the fully developed tangle studied in our work but
with a much smaller polarization. Numerically, it would be
interesting to investigate fluctuations of the Andreev reflection
and vortex line density for the shower of ballistic vortex rings
using a higher spatial resolution and to find out whether the
experimentally observed f −3 spectrum would be reproduced.
The influence of large scale flows on Andreev reflections

should also be studied in superfluid 3He under rotation since
this scenario uniquely offers a vortex line ensemble with
inherent strong polarization.

All data used in this paper are available at http://dx.doi.org/
10.17635/lancaster/researchdata/162, including descriptions
of the data sets.
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[1] C. F. Barenghi, R. J. Donnelly, and W. F. Vinen, Friction on
quantized vortices in helium II. A review, J. Low Temp. Phys.
52, 189 (1983).

[2] R. J. Donnelly, Quantised Vortices In Helium II (Cambridge
University Press, Cambridge, England, 1991).

[3] C. F. Barenghi, R. J. Donnelly, and W. F. Vinen, Quantized
Vortex Dynamics And Superfluid Turbulence (Springer, Berlin,
2001).

[4] D. I. Bradley, S. N. Fisher, A. M. Guénault, R. P. Haley, C.
J. Matthews, G. R. Pickett, J. Roberts, S. O’Sullivan, and V.
Tsepelin, Vortex rings in superfluid 3He-B at low temperatures,
J. Low Temp. Phys. 148, 235 (2007).

[5] P. M. Walmsley, A. I. Golov, A. A. Levchenko, and B. White,
Experiments on the vortex dynamics in superfluid 4He with no
normal component, J. Low Temp. Phys. 148, 317 (2007).

[6] P. M. Walmsley and A. I. Golov, Quantum and Quasiclassical
Types of Superfluid Turbulence, Phys. Rev. Lett. 100, 245301
(2008).

[7] P. M. Walmsley, P. A. Tompsett, D. E. Zmeev, and A. I.
Golov, Reconnections of Quantized Vortex Rings in Superfluid
4He at Very Low Temperatures, Phys. Rev. Lett. 113, 125302
(2014).

[8] D. E. Zmeev, P. M. Walmsley, A. I. Golov, P. V. E. McClintock,
S. N. Fisher, and W. F. Vinen, Dissipation of Quasiclassical
Turbulence in Superfluid 4He, Phys. Rev. Lett. 115, 155303
(2015).

[9] H. Yano, A. Handa, M. Nakagawa, K. Obara, O. Ishikawa, and
T. Hata, Observation of laminar and turbulent flow in superfluid
4He using a vibrating wire, J. Low Temp. Phys. 138, 561 (2005).

[10] H. A. Nichol, L. Skrbek, P. C. Hendry, and P. V. E. McClintock,
Flow of He II Due to an Oscillating Grid in the Low-Temperature
Limit, Phys. Rev. Lett. 92, 244501 (2004).

[11] D. Charalambous, L. Skrbek, P. C. Hendry, P. V. E. McClintock,
and W. F. Vinen, Experimental investigation of the dynamics of
a vibrating grid in superfluid 4He over a range of temperatures
and pressures, Phys. Rev. E 74, 036307 (2006).

[12] S. N. Fisher, A. J. Hale, A. M. Guénault, and G. R. Pickett,
Generation and Detection of Quantum Turbulence in Superfluid
3He-B, Phys. Rev. Lett. 86, 244 (2001).

[13] D. I. Bradley, D. O. Clubb, S. N. Fisher, A. M. Guénault,
R. P. Haley, C. J. Matthews, G. R. Pickett, V. Tsepelin, and
K. Zaki, Emission of Discrete Vortex Rings by a Vibrating
Grid In Superfluid 3He-B: A Precursor to Quantum Turbulence,
Phys. Rev. Lett. 95, 035302 (2005).

[14] D. I. Bradley, D. O. Clubb, S. N. Fisher, A. M. Guénault, R.
P. Haley, C. J. Matthews, G. R. Pickett, V. Tsepelin, and K.
Zaki, Decay of Pure Quantum Turbulence in Superfluid 3He-B,
Phys. Rev. Lett. 96, 035301 (2006).

[15] A. P. Finne, T. Araki, R. Blaauwgeers, V. B. Eltsov, N. B.
Kopnin, M. Krusius, L. Skrbek, M. Tsubota, and G. E. Volovik,
An intrinsic velocity-independent criterion for superfluid turbu-
lence, Nature 424, 1022 (2003).

[16] J. J. Hosio, V. B. Eltsov, R. de Graaf, M. Krusius, J. Mäkinen,
and D. Schmoranzer, Propagation of thermal excitations in a
cluster of vortices in superfluid 3He-B, Phys. Rev. B 84, 224501
(2011).

[17] S. N. Fisher, Turbulence experiments in superfluid 3He at very
low temperatures, in Vortices and Turbulence at Very Low
Temperatures, edited by C. F. Barenghi and Y. A. Sergeev, CISM
Courses and Lectures Vol. 501 (Springer, Wien-New York,
2008), p. 177.

[18] C. F. Barenghi, Y. A. Sergeev, and N. Suramlishvili, Ballistic
propagation of thermal excitations near a vortex in superfluid
3He-B, Phys. Rev. B 77, 104512 (2008).

[19] C. F. Barenghi, Y. A. Sergeev, N. Suramlishvili, and P. J.
van Dijk, Interaction of ballistic quasiparticles and vortex
configurations in superfluid 3He-B, Phys. Rev. B 79, 024508
(2009).

[20] Y. A. Sergeev, C. F. Barenghi, N. Suramlishvili, and P. J. van
Dijk, Two-dimensional model of interactions between thermal
quasiparticles and turbulent structures in 3He-B, Europhys. Lett.
90, 56003 (2010).

[21] N. Suramlishvili, A. W. Baggaley, C. F. Barenghi, and Y.
A. Sergeev, Cross-sections of Andreev scattering by quan-
tized vortex rings in 3He-B, Phys. Rev. B 85, 174526
(2012).

[22] P. G. Saffman, Vortex Dynamics (Cambridge University Press,
Cambridge, England, 1992).

054510-13

http://dx.doi.org/10.17635/lancaster/researchdata/162
https://doi.org/10.1007/BF00682247
https://doi.org/10.1007/BF00682247
https://doi.org/10.1007/BF00682247
https://doi.org/10.1007/BF00682247
https://doi.org/10.1007/s10909-007-9376-z
https://doi.org/10.1007/s10909-007-9376-z
https://doi.org/10.1007/s10909-007-9376-z
https://doi.org/10.1007/s10909-007-9376-z
https://doi.org/10.1007/s10909-007-9378-x
https://doi.org/10.1007/s10909-007-9378-x
https://doi.org/10.1007/s10909-007-9378-x
https://doi.org/10.1007/s10909-007-9378-x
https://doi.org/10.1103/PhysRevLett.100.245301
https://doi.org/10.1103/PhysRevLett.100.245301
https://doi.org/10.1103/PhysRevLett.100.245301
https://doi.org/10.1103/PhysRevLett.100.245301
https://doi.org/10.1103/PhysRevLett.113.125302
https://doi.org/10.1103/PhysRevLett.113.125302
https://doi.org/10.1103/PhysRevLett.113.125302
https://doi.org/10.1103/PhysRevLett.113.125302
https://doi.org/10.1103/PhysRevLett.115.155303
https://doi.org/10.1103/PhysRevLett.115.155303
https://doi.org/10.1103/PhysRevLett.115.155303
https://doi.org/10.1103/PhysRevLett.115.155303
https://doi.org/10.1007/s10909-005-2261-8
https://doi.org/10.1007/s10909-005-2261-8
https://doi.org/10.1007/s10909-005-2261-8
https://doi.org/10.1007/s10909-005-2261-8
https://doi.org/10.1103/PhysRevLett.92.244501
https://doi.org/10.1103/PhysRevLett.92.244501
https://doi.org/10.1103/PhysRevLett.92.244501
https://doi.org/10.1103/PhysRevLett.92.244501
https://doi.org/10.1103/PhysRevE.74.036307
https://doi.org/10.1103/PhysRevE.74.036307
https://doi.org/10.1103/PhysRevE.74.036307
https://doi.org/10.1103/PhysRevE.74.036307
https://doi.org/10.1103/PhysRevLett.86.244
https://doi.org/10.1103/PhysRevLett.86.244
https://doi.org/10.1103/PhysRevLett.86.244
https://doi.org/10.1103/PhysRevLett.86.244
https://doi.org/10.1103/PhysRevLett.95.035302
https://doi.org/10.1103/PhysRevLett.95.035302
https://doi.org/10.1103/PhysRevLett.95.035302
https://doi.org/10.1103/PhysRevLett.95.035302
https://doi.org/10.1103/PhysRevLett.96.035301
https://doi.org/10.1103/PhysRevLett.96.035301
https://doi.org/10.1103/PhysRevLett.96.035301
https://doi.org/10.1103/PhysRevLett.96.035301
https://doi.org/10.1038/nature01880
https://doi.org/10.1038/nature01880
https://doi.org/10.1038/nature01880
https://doi.org/10.1038/nature01880
https://doi.org/10.1103/PhysRevB.84.224501
https://doi.org/10.1103/PhysRevB.84.224501
https://doi.org/10.1103/PhysRevB.84.224501
https://doi.org/10.1103/PhysRevB.84.224501
https://doi.org/10.1103/PhysRevB.77.104512
https://doi.org/10.1103/PhysRevB.77.104512
https://doi.org/10.1103/PhysRevB.77.104512
https://doi.org/10.1103/PhysRevB.77.104512
https://doi.org/10.1103/PhysRevB.79.024508
https://doi.org/10.1103/PhysRevB.79.024508
https://doi.org/10.1103/PhysRevB.79.024508
https://doi.org/10.1103/PhysRevB.79.024508
https://doi.org/10.1209/0295-5075/90/56003
https://doi.org/10.1209/0295-5075/90/56003
https://doi.org/10.1209/0295-5075/90/56003
https://doi.org/10.1209/0295-5075/90/56003
https://doi.org/10.1103/PhysRevB.85.174526
https://doi.org/10.1103/PhysRevB.85.174526
https://doi.org/10.1103/PhysRevB.85.174526
https://doi.org/10.1103/PhysRevB.85.174526


V. TSEPELIN et al. PHYSICAL REVIEW B 96, 054510 (2017)

[23] A. W. Baggaley and C. F. Barenghi, Tree method for quantum
vortex dynamics, J. Low Temp. Phys. 166, 3 (2012).

[24] N. A. Greaves and A. J. Leggett, Quasiparticle ballistics, textural
Andreev reflection and low-temperature transport in 3He-A,
J. Phys. C: Solid State Phys. 16, 4383 (1983).

[25] S. N. Fisher, M. J. Jackson, Y. A. Sergeev, and V. Tsepelin,
Andreev reflection, a tool to investigate vortex dynamics and
quantum turbulence in 3He-B, Proc. Natl. Acad. Sci. USA 111,
4659 (2014).

[26] A. W. Baggaley, V. Tsepelin, C. F. Barenghi, S. N. Fisher, G. R.
Pickett, Y. A. Sergeev, and N. Suramlishvili, Visualizing Pure
Quantum Turbulence in Superfluid 3He: Andreev Reflection
and its Spectral Properties, Phys. Rev. Lett. 115, 015302
(2015).

[27] D. I. Bradley, S. N. Fisher, A. M. Guénault, R. P. Haley, S.
O’Sullivan, G. R. Pickett, and V. Tsepelin, Fluctuations and
Correlations of Pure Quantum Turbulence in Superfluid 3He-B,
Phys. Rev. Lett. 101, 065302 (2008).

[28] A. W. Baggaley, J. Laurie, and C. F. Barenghi, Vortex-Density
Fluctuations, Energy Spectra, and Vortical Regions in Superfluid
Turbulence, Phys. Rev. Lett. 109, 205304 (2012).

[29] Y. A. Sergeev, C. F. Barenghi, S. N. Fisher, V. Tsepelin,
and N. Suramlishvili, Scattering length of Andreev reflection
from quantized vortices in 3He-B, Phys. Rev. B 91, 134507
(2015).

[30] V. S. L’vov, S. V. Nazarenko, and O. Rudenko, Bottleneck
crossover between classical and quantum superfluid turbulence,
Phys. Rev. B 76, 024520 (2007).

[31] A. W. Baggaley, The importance of vortex bundles in quantum
turbulence at absolute zero, Phys. Fluids 24, 055109 (2012).

[32] Because the time scale of quasiparticle motion is much smaller
than both the time scale of the evolution of the tangle and the
time scale of the fluid motion within the tangle, τf ∼ 1/

√
κL,

calculation of the Andreev reflection at any time during the
transient were performed for the tangle frozen at this moment
of time.

[33] Changing the injection and switching frequencies, as well as
the injected ring’s size, we also generated the tangles whose
time-averaged, saturated line densities were the same as some
of the line densities during the transient. Calculations of the
fraction of Andreev reflected excitations for such tangles yielded
the results consistent with those shown in the top panel of
Fig. 6.

[34] The injected rings are relatively large so that the effects of high
curvatures on the Andreev reflection can be neglected [21].

[35] S. Fujiyama, A. Mitani, M. Tsubota, D. I. Bradley, S. N. Fisher,
A. M. Guénault, R. P. Haley, G. R. Pickett, and V. Tsepelin,
Generation, evolution, and decay of pure quantum turbulence:
A full Biot-Savart simulation, Phys. Rev. B 81, 180512
(2010).

[36] C. J. Lambert, Theory of pair breaking by vibrating macroscopic
objects in superfluid 3He, Physica B 178, 294 (1992).

[37] S. N. Fisher, A. M. Guénault, C. J. Kennedy, and G. R. Pickett,
Blackbody Source and Detector of Ballistic Quasiparticles in
3He-B: Emission Angle from a Wire Moving at Supercritical
Velocity, Phys. Rev. Lett. 69, 1073 (1992).

[38] G. E. Volovik, Classical and quantum regimes of superfluid
turbulence, JETP Lett. 78, 533 (2003).

[39] L. Skrbek, Energy spectra of quantum turbulence in He II and
3He-B: A unified view, JETP Lett. 83, 127 (2006).

[40] A. W. Baggaley, C. F. Barenghi, and Y. A. Sergeev, Qua-
siclassical and ultraquantum decay of superfluid turbulence,
Phys. Rev. B 85, 060501(R) (2012).

[41] A. W. Baggaley, L. K. Sherwin, C. F. Barenghi, and Y. A.
Sergeev, Thermally and mechanically driven quantum turbu-
lence in helium II, Phys. Rev. B 86, 104501 (2012).

[42] L. K. Sherwin-Robson, C. F. Barenghi, and A. W. Bagga-
ley, Local and nonlocal dynamics in superfluid turbulence,
Phys. Rev. B 91, 104517 (2015).

[43] C. F. Barenghi, Y. A. Sergeev, and A. W. Baggaley, Regimes
of turbulence without an energy cascade, Sci. Rep. 6, 35701
(2016).

[44] G. W. Stagg, N. G. Parker, and C. F. Barenghi, Ultraquantum
turbulence in a quenched homogeneous Bose gas, Phys. Rev. A
94, 053632 (2016).

[45] A. Cidrim, A. J. Allen, A. C. White, V. S. Bagnato, and
C. F. Barenghi, Vinen turbulence via the decay of multi-
charged vortices in trapped atomic Bose-Einstein condensates,
Phys. Rev. A (to be published), arXiv:1704.06759.

[46] Some dissimilarity between these tangles and the tangles
simulated for the truly zero-temperature limit is that at el-
evated temperatures the Kelvin waves are damped by the
mutual friction. However, as will be noted in Sec. VI,
Kelvin waves have a negligible effect on the total Andreev
reflection.

[47] The question whether the regime of quantum turbulence, quasi-
classical or ultraquantum, can be identified by spectral properties
of Andreev reflection, still remains open. For quasiclassical
regime a correspondence between the spectral properties of An-
dreev reflection and those of quantum turbulence are discussed
in Ref. [26] and in Sec. VII of this paper.

[48] M. J. Jackson, D. I. Bradley, A. M. Guénault, R. P. Haley, G. R.
Pickett, and V. Tsepelin, Observation of quantum turbulence in
superfluid 3He-B using reflection and transmission of ballistic
thermal excitations, Phys. Rev. B 95, 094518 (2017).

[49] W. F. Vinen and J. J. Niemela, Quantum turbulence, J. Low
Temp. Phys. 128, 167 (2002).

[50] In the cited papers, the analysis of Andreev reflection was given
for the case where the beam of incident excitations is orthogonal
to the vortex line. In the general case, the dependence of Andreev
reflection on the angle θ between the direction of the incident
beam and the vortex line should be accounted for by a factor sin θ

in the formulas for a fraction of Andreev reflected excitations
and the corresponding scattering length.

[51] It should be noted that although Kelvin waves of wavelength
smaller that R∗ do not contribute significantly to the Andreev
reflection, they may add to the total line density of the tangle.

[52] The values of the vortex line density found from formula (13)
with γ defined by Eq. (14) may be underestimated for very
dense tangles or configurations of rings such that overlapping
of rings’ flow fields (and hence partial screening) can no longer
be neglected. For a more detailed analysis of Andreev reflection
from dense configurations of interacting vortex rings, see our
earlier paper [21].

[53] P.-E. Roche, P. Diribarne, T. Didelot, O. Francais, L. Rousseau,
and H. Willaime, Vortex density spectrum of quantum
turbulence, Europhys. Lett. 77, 66002 (2007).

[54] P.-E. Roche and C. F. Barenghi, Vortex spectrum in superfluid
turbulence: Interpretation of a recent experiment, Europhys.
Lett. 81, 36002 (2008).

054510-14

https://doi.org/10.1007/s10909-011-0405-6
https://doi.org/10.1007/s10909-011-0405-6
https://doi.org/10.1007/s10909-011-0405-6
https://doi.org/10.1007/s10909-011-0405-6
https://doi.org/10.1088/0022-3719/16/22/014
https://doi.org/10.1088/0022-3719/16/22/014
https://doi.org/10.1088/0022-3719/16/22/014
https://doi.org/10.1088/0022-3719/16/22/014
https://doi.org/10.1073/pnas.1312543110
https://doi.org/10.1073/pnas.1312543110
https://doi.org/10.1073/pnas.1312543110
https://doi.org/10.1073/pnas.1312543110
https://doi.org/10.1103/PhysRevLett.115.015302
https://doi.org/10.1103/PhysRevLett.115.015302
https://doi.org/10.1103/PhysRevLett.115.015302
https://doi.org/10.1103/PhysRevLett.115.015302
https://doi.org/10.1103/PhysRevLett.101.065302
https://doi.org/10.1103/PhysRevLett.101.065302
https://doi.org/10.1103/PhysRevLett.101.065302
https://doi.org/10.1103/PhysRevLett.101.065302
https://doi.org/10.1103/PhysRevLett.109.205304
https://doi.org/10.1103/PhysRevLett.109.205304
https://doi.org/10.1103/PhysRevLett.109.205304
https://doi.org/10.1103/PhysRevLett.109.205304
https://doi.org/10.1103/PhysRevB.91.134507
https://doi.org/10.1103/PhysRevB.91.134507
https://doi.org/10.1103/PhysRevB.91.134507
https://doi.org/10.1103/PhysRevB.91.134507
https://doi.org/10.1103/PhysRevB.76.024520
https://doi.org/10.1103/PhysRevB.76.024520
https://doi.org/10.1103/PhysRevB.76.024520
https://doi.org/10.1103/PhysRevB.76.024520
https://doi.org/10.1063/1.4719158
https://doi.org/10.1063/1.4719158
https://doi.org/10.1063/1.4719158
https://doi.org/10.1063/1.4719158
https://doi.org/10.1103/PhysRevB.81.180512
https://doi.org/10.1103/PhysRevB.81.180512
https://doi.org/10.1103/PhysRevB.81.180512
https://doi.org/10.1103/PhysRevB.81.180512
https://doi.org/10.1016/0921-4526(92)90208-A
https://doi.org/10.1016/0921-4526(92)90208-A
https://doi.org/10.1016/0921-4526(92)90208-A
https://doi.org/10.1016/0921-4526(92)90208-A
https://doi.org/10.1103/PhysRevLett.69.1073
https://doi.org/10.1103/PhysRevLett.69.1073
https://doi.org/10.1103/PhysRevLett.69.1073
https://doi.org/10.1103/PhysRevLett.69.1073
https://doi.org/10.1134/1.1641478
https://doi.org/10.1134/1.1641478
https://doi.org/10.1134/1.1641478
https://doi.org/10.1134/1.1641478
https://doi.org/10.1134/S0021364006030106
https://doi.org/10.1134/S0021364006030106
https://doi.org/10.1134/S0021364006030106
https://doi.org/10.1134/S0021364006030106
https://doi.org/10.1103/PhysRevB.85.060501
https://doi.org/10.1103/PhysRevB.85.060501
https://doi.org/10.1103/PhysRevB.85.060501
https://doi.org/10.1103/PhysRevB.85.060501
https://doi.org/10.1103/PhysRevB.86.104501
https://doi.org/10.1103/PhysRevB.86.104501
https://doi.org/10.1103/PhysRevB.86.104501
https://doi.org/10.1103/PhysRevB.86.104501
https://doi.org/10.1103/PhysRevB.91.104517
https://doi.org/10.1103/PhysRevB.91.104517
https://doi.org/10.1103/PhysRevB.91.104517
https://doi.org/10.1103/PhysRevB.91.104517
https://doi.org/10.1038/srep35701
https://doi.org/10.1038/srep35701
https://doi.org/10.1038/srep35701
https://doi.org/10.1038/srep35701
https://doi.org/10.1103/PhysRevA.94.053632
https://doi.org/10.1103/PhysRevA.94.053632
https://doi.org/10.1103/PhysRevA.94.053632
https://doi.org/10.1103/PhysRevA.94.053632
http://arxiv.org/abs/arXiv:1704.06759
https://doi.org/10.1103/PhysRevB.95.094518
https://doi.org/10.1103/PhysRevB.95.094518
https://doi.org/10.1103/PhysRevB.95.094518
https://doi.org/10.1103/PhysRevB.95.094518
https://doi.org/10.1023/A:1019695418590
https://doi.org/10.1023/A:1019695418590
https://doi.org/10.1023/A:1019695418590
https://doi.org/10.1023/A:1019695418590
https://doi.org/10.1209/0295-5075/77/66002
https://doi.org/10.1209/0295-5075/77/66002
https://doi.org/10.1209/0295-5075/77/66002
https://doi.org/10.1209/0295-5075/77/66002
https://doi.org/10.1209/0295-5075/81/36002
https://doi.org/10.1209/0295-5075/81/36002
https://doi.org/10.1209/0295-5075/81/36002
https://doi.org/10.1209/0295-5075/81/36002



