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Spin precession and spin waves in a chiral electron gas: Beyond Larmor’s theorem
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Larmor’s theorem holds for magnetic systems that are invariant under spin rotation. In the presence of spin-orbit
coupling this invariance is lost and Larmor’s theorem is broken: for systems of interacting electrons, this gives
rise to a subtle interplay between the spin-orbit coupling acting on individual single-particle states and Coulomb
many-body effects. We consider a quasi-two-dimensional, partially spin-polarized electron gas in a semiconductor
quantum well in the presence of Rashba and Dresselhaus spin-orbit coupling. Using a linear-response approach
based on time-dependent density-functional theory, we calculate the dispersions of spin-flip waves. We obtain
analytic results for small wave vectors and up to second order in the Rashba and Dresselhaus coupling strengths
o and B. Comparison with experimental data from inelastic light scattering allows us to extract « and 8 as well
as the spin-wave stiffness very accurately. We find significant deviations from the local density approximation

for spin-dependent electron systems.
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I. INTRODUCTION

Larmor’s theorem [ 1,2] states that in a system of charges, all
with the same charge-mass ratio g /m, moving in a centrally
symmetric electrostatic potential and in a sufficiently weak
magnetic field B, the charges precess about the direction of
the magnetic field with the frequency

qB
QL =g— ey
2m
(in SI units), where g is the gyromagnetic ratio or g factor.

In condensed-matter physics, Larmor’s theorem applies
to the long-wavelength limit of spin-wave excitations in
magnetic systems which are invariant under spin rotation [3].
In particular, the electrons in a two-dimensional electron gas
(2DEQG) in the presence of a constant uniform magnetic field
carry out a precessional motion at the single-particle Larmor
frequency, despite the presence of Coulomb interactions.

If spin-rotational invariance is broken—for instance, in the
presence of spin-orbit coupling (SOC)—Larmor’s theorem is
no longer guaranteed to hold, and there will be corrections
to Q. This was experimentally observed over three decades
ago for a 2DEG in a GaAs/AlGaAs heterostructure, using
electron spin resonance (ESR) [4]. Subsequently, several
theoretical studies addressed Larmor’s theorem in collec-
tive spin excitations in 2DEGs [5-13]. The corrections to
Q2 are caused by a subtle interplay between SOC and
Coulomb many-body effects, which poses significant for-
mal and computational challenges; on the other hand, this
offers interesting opportunities for the experimental deter-
mination of SOC parameters and the study of many-body
interactions.

In this paper, we present a joint experimental and theoretical
study of the spin-wave dispersions of a partially spin-polarized
2DEG in a semiconductor quantum well. The influence
of Rashba and Dresselhaus SOC on collective electronic
modes in quantum wells was first theoretically predicted to
cause an angular modulation of the intersubband plasmon
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dispersion [14,15]. The effect was later experimen-
tally confirmed [16] and then extended to spin-wave
dispersions [17-20].

In the absence of SOC, the real part of the spin-wave
dispersion of a paramagnetic 2DEG has the following form
for small wave vectors [21]:

how(Q) = Z + $Sswq’. 2)

where Z is the bare Zeeman energy and Sy, is the spin-wave
stiffness, which depends on Coulomb many-body effects
(explicit expressions for Z and S, will be given in Sec. II).
Note that for a partially spin-polarized 2DEG the spin-wave
stiffness Sgy is negative; by contrast, for ferromagnetic systems
one finds Sg > 0 [3].

We recently discovered [20] that, to first order in the
Rashba and Dresselhaus SOC strengths « and 8, the spin-wave
dispersion is unchanged apart from a chiral shift by a constant
wave vector qo (defined in Sec. III) which depends on «, S,
and the angle ¢ between the magnetization direction and the
[010] crystalline axis (see Fig. 1). In other words, to quadratic
order in the wave vector, we find

hoS(Q) = Z + 3Swla + qo* + 0@*.8%).  (3)

The spin-wave stiffness Ss, remains unchanged, to leading
order in «,B. The physical interpretation is that the spin
wave behaves as if it were transformed into a spin-orbit
twisted reference frame. This opens up new possibilities for
manipulating spin waves, which may lead to new applications
in spintronics.

To account for higher-order SOC effects in the spin-wave
dispersion, it is sensible to rewrite Eq. (3) in a more general
manner:

@30(q) = Eo(@) + Ei(9)g + Ea(9)q?, &)

where the coefficients Ey, £, and E;, depend on the propaga-
tion direction ¢ (see Fig. 1). From Eq. (3), the linear coefficient
is given to leading order in SOC by E(¢) = Sswq - q0/9,
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FIG. 1. Reference frames R’ (black) and R (red) used to describe
the electronic states in a quantum well with in-plane magnetic field
B and spin-wave propagation direction q.

which can be expressed as [20]

E _ 2
1(p) = Lz -2

(o + B sin2¢), 5)
where ¢ is the spin polarization of the 2DEG, and Z*
is the renormalized Zeeman splitting, to be defined below
in Sec. II B.

We will present a linear-response approach based on time-
dependent density-functional theory (TDDFT) which allows
us to obtain analytical results for Ey, to second order in «, 3,
and numerical results for Ey, E;, and E, to all orders in
SOC. The breaking of Larmor’s theorem is expressed in the
coefficient E, which has ¢-dependent corrections to Z. In
Sec. IV we will obtain the following result to leading order in
SOC:

27 N5, )
Eyp) =Z+ —— (" +B7)3fr +2)
Z* fr

+ 2aB sin(e)(fr + 2)], 6)

where fr =(Z — Z*)/Z*.

Our analytical and numerical results will be compared with
experimental results, obtained via inelastic light scattering in
a CdMnTe quantum well sample. By fitting Ey, E;, and E;
we are able to extract values for Z*, o, and § and present
evidence for the ¢ dependence of Ey and E,, which had not
been considered in our earlier work [20]. Comparison to theory
shows significant deviations from the standard approximation
in TDDFT, the adiabatic local-density approximation (ALDA).
This provides new incentives to search for better exchange-
correlation functionals for transverse spin excitations of
electronic systems.

This paper is organized as follows. In Sec. I we discuss
Larmor’s theorem without SOC: first, for completeness, we
present a general proof for interacting many-body systems, and
then we discuss Larmor’s theorem from a TDDFT perspective.
This will lead to a new constraint for the exchange-correlation
kernel of linear-response TDDFT. In Sec. III we consider
the electronic states in a quantum well with SOC and an
in-plane magnetic field. Section IV contains the derivation
of the spin-wave dispersions from linear-response TDDFT, in
the presence of SOC. In Sec. V we compare our theory with
experimental results and discuss our findings. Section VI gives
our conclusions.
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II. LARMOR’S THEOREM

In this section we consider Larmor’s theorem in a 2DEG,
from a general many-body perspective (the proof given in
Sec. IT A is not new [2] but included here to keep the paper
self-contained), and from the perspective of TDDFT. This will
set the stage for the discussions in the following sections where
the effects of SOC are included.

A. Long-wavelength limit of spin waves in a 2DEG

Let us consider a 2DEG in the presence of a uniform
magnetic field B = Bé,, where é; is a unit vector lying in
the plane of the 2DEG. The Hamiltonian is

A f)i2 Z e’ 1
H_Xi:[zm - 2%] + 5 X]: e @
Here, m and e are the electron mass and charge, Z = gupB
is the Zeeman energy (the splitting between the spin-up and
spin-down bands), and up = |e|h/2m is the Bohr magneton.
For a 2DEG embedded in a semiconductor, m, e, and g are
replaced by the effective mass, charge, and g factor, m*, e*,
and g*, where g* could be a positive or negative number.
Since the magnetic field is applied in the plane of the 2DEG
(in this section, we assume for simplicity that the 2DEG has
zero thickness), its only effect is on the electron spin and there
is no Landau level quantization. Later on, when we discuss
quantum wells of finite width, we will exclude situations where
the magnetic length Ig = /i/|eB]| is smaller than the well
width, and hence continue to disregard any orbital angular
momentum contributions.
Let us define the spin-wave operator [2,22-24]

A 1 A _igr
Stq= 5 ZUJr,ie o, 3)

where 6, = 6, + i6,. This operator satisfies the Heisenberg
equation of motion

d .,

1 . N ~
E +.q = E[Sﬁqu] = iwsw(q)s+,qs &)

where wgw(q) is the spin-wave frequency dispersion of the
2DEG. We are interested in the special case q = 0, and ab-
breviate wgy(q = 0) = wsw, 0. The operator S’Jr,o = % Zi 61
commutes with the kinetic and electron-electron interaction
parts of H, and we obtain

. A Z o .
[$10.H1= 5 Z[m.i,oz,i] =—Z8, o,

where we used the standard commutation relations between
the Pauli matrices 6y, 6, and 6,. Together with Eq. (9), this
yields

d Si0= izS‘ (10)
dt +,0 — P +,0»

and hence
howwo = Z. (11)

Larmor’s theorem thus says that the long-wavelength limit
of the spin-wave dispersion of a 2DEG is given by the
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bare Zeeman energy, regardless of the presence of Coulomb
interactions. By comparison with Eq. (1) we have Q; = Z/h.

B. TDDFT perspective

TDDFT is a formally exact approach to calculate excitations
in electronic systems [25,26]. In the most general case of a
magnetic system, TDDFT can be formulated using the spin-
density matrix n as basic variable, whose elements are defined
as

Moo (r.0) = (WO (0P (0]W(0)), 12)

where W(¢) is the time-dependent many-body wave function,

and lﬁa(l’),lﬁ;,(l‘) are fermionic field operators for spins o
and o', respectively. The spin-density matrix is diagonal for
spatially uniform magnetic fields if the spin quantization
axis is along the direction of the field. However, spin-flip
excitations involve the transverse (off-diagonal) spin-density
matrix response.

The frequency- and momentum-dependent linear-response
equation for a 2DEG has the following form:

nto (@)=Y XM (qopq.o), (13)

where v

‘ ++(q,) is a spin-dependent perturbation, and
xf,";,,”,(q,a)) is the spin-density matrix response function of
the interacting many-body system.

The TDDFT counterpart of Eq. (13) is
oo Qo) = Y Xoo.co (@ (qo),  (14)

(24

where xqo/ :v(q,®) is the response function of the corre-
sponding noninteracting 2DEG, and the effective perturbation
is

(q,0) = v')(q,0)

2
+y [7 + f::/mq,w)]n;l;/(q,w).

AN

Suem

s)

Here, £ ,,/(q,w) is the exchange-correlation (xc) kernel for
the spin-density matrix response of the 2DEG.

Let us now consider a noninteracting spin-polarized 2DEG
with the Kohn-Sham Hamiltonian

A2 *
A p; VAR
hzg L+ —6.,, 16
- |:2m+20“:| (16)

which produces two parabolic, spin-split energy bands
B2 ) 2m + &4, (spin-up and spin-down are taken with respect
to the z axis). In the following let us assume that &4 — g > 0,
s0 ¢ < 0. The renormalized Zeeman energy is therefore given
by

Z* =gy — &, = Z 4 Vyer — Uxey.- (17)

From the xc energy per particle of a spin-polarized 2DEG
[27] exc(n,¢) (where n and ¢ are the density and spin polari-
zation, respectively), the spin-dependent xc potentials are
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obtained as

dexc dexc
Uxct =exc+nm+(l_§)¥a (18)
dexc deyc
vxcL:exc_"n an _(1+§) 8;‘ P (19)
so the renormalized Zeeman energy is [23,28]
% dexc
Z"=7Z+ 2¥. (20)

Now let us calculate the collective spin-flip excitations using
linear response theory. Since the ground state of the 2DEG
has no transverse spin polarization, the spin-density-matrix
response decouples into longitudinal and transverse channels,
and we can write the associated noninteracting response
functions as

—_ (Xt X

(q.0) = < ) 2D
X, XLt XUl
Y 0 €% N € R

X (q,0) = ( ) (22)
=T Xitd o Xundt

and similarly for the interacting case. The transverse part of the
interacting response function is diagonal, and can be expressed
via TDDFT as

Xty 0

) = o
K}n(q#)) _ ( Xw.gfww Lorn ) (23)
T=xyrar 501

We now consider the case q = 0, where the spin-flip Lindhard
functions have the simple form

ng
0,0) = ————, 24
X 0w) = ————= 24)
0,0) ne (25)
,C() =
X441 orZ

(for a comprehensive discussion of the Lindhard function—the
response function of the noninteracting electron gas—see
Ref. [29]). We get a collective excitation at that frequency
where x™ is singular. We substitute Egs. (24) and (25) into
Eq. (23) and set the determinant of the 2 x 2 transverse
response matrix x’ i}“ to zero. Furthermore, because the system
has no transverse spin polarization in the ground state, we have

. %‘f,m(q,w) =. f?u(‘]vw) = fr'(q, ). (26)

This yields the q = 0 limit of the spin-flip wave of the 2DEG
as

Wsw,0 = VAR n(f}(c((),wsw,o)- 27)

This expression is formally exact. Comparing with the many-
body result (11), and using Eq. (20), gives
_ 2 Jdexe

g 9
Equation (28) is an exact constraint on the transverse Xc
kernel of the 2DEG, based on Larmor’s theorem. It is not
difficult to show that it is satisfied by the adiabatic local-density

approximation (ALDA), where the xc kernel is frequency- and
momentum-independent [23,30].

70,2) (28)
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Larmor’s theorem in the 2DEG can be understood from
rather simple physical arguments [23]. A collective excitation
of the spin-polarized ground state by coherently flipping all
spins does not change the overall exchange energy of the
2DEG; hence, the q = 0 spin-wave mode has no Coulomb
contributions, and w0 = Z. By contrast, flipping the spin
of a single electron with respect to all other spins causes
an exchange energy penalty; the energy difference between
collective and single-particle excitation is Z* — Z > 0.

For small but finite wave vectors, one obtains the long-
wavelength spin-flip wave dispersion [23]:

z 1z n , 29)
Wsw,q = T U e A9

. i1z~ Z2m?

which yields the spin-wave stiffness Sgy, = _\;{_I#%; see

Eq. (2). Interestingly, and in contrast with magnon dispersions
in ferromagnetic systems, Sy is negative, except for very low
densities (ry; = 25). To understand this, we use the expression
eo = mn(1 + ¢2)/2 for the noninteracting kinetic energy per
particle of a spin-polarized 2DEG [29] and recast the spin-
wave stiffness as g = (e}, + ¢()/|¢ |ey., where the prime is a
shorthand for 9/9¢. Ssy thus has kinetic and xc contributions,
which have opposite signs, except for the low-density limit in
which the 2DEG becomes ferromagnetic. The xc contribution
tends to increase the Coulomb energy as ¢ increases, since
more spins become antiparallel; however, the kinetic energy
contribution becomes more negative, and turns out to be
the dominant one. Therefore, the spin-wave energy decreases
with g.

III. QUANTUM WELL WITH IN-PLANE
MAGNETIC FIELD AND SOC

In this section we will consider the electronic ground state
of an n-doped semiconductor quantum well with in-plane
magnetic field and Rashba and Dresselhaus SOC, using
DFT and the effective-mass approximation. The problem of
interacting 2D electrons in the presence of SOC and external
fields has been well studied [11-13,31-37]; however, to our
knowledge the results derived in this section have not been
given in the literature before.

The setup is illustrated in Fig. 1, which defines two
reference frames. The reference frame R’ is fixed with respect
to the quantum well: the quasi-2DEG lies in the x’-y’ plane,
where the x’ axis points along the crystallographic [100]
direction and the y’ axis points along the [010] direction. The
7' axis is along the direction of quantum confinement of the
well.

The coordinate system R is oriented such that its x-z
plane lies in the quantum well plane, and the z axis points
along the in-plane magnetic field B. In the inelastic light
scattering experiments that we will discuss below, B is always
perpendicular to the wave vector q of the spin waves. Here, q
is along the x axis, which is at an angle ¢ with respect to the
x" axis.

The single-particle states in the reference frame R’ can be
written as

W) = Ty (). (30)
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Here, k = (k,/,k,,0) is the in-plane wave vector and j is the
subband index; in the following, we are only interested in
the lowest spin-split subband, so the subband index j will be
replaced by the index p = +1. The two-component spinors
¥ x(2) are obtained from the following Kohn-Sham equation:

(7060 + hw &y + hy Gy 1Y, () = Epcip (D), 3D

where ¢ is the 2 x 2 unit matrix. The spin-independent,
diagonal part of the single-particle Hamiltonian is

2 2

o Bl

2 2dz?

Here, veone(z’) is the quantum well confining potential (an

asymmetric square well), vy(z’) is the Hartree potential, and
we define v (2) = [vyet (2) & vxey (2)1/2.

The off-diagonal parts in Eq. (31) contain the Zeeman

energy Z plus xc and SOC contributions:

+ Veont(Z) + vn() + v (2).  (32)

Z
hy = —(E + vx‘c(z/)> sing + aky + Bk,  (33)

2

where o and g are the standard Rashba and Dresselhaus
coupling parameters.

To find the solutions of the Kohn-Sham system, it is
convenient to transform into the reference system R of Fig. 1,
whose z axis is along the magnetic field direction. We introduce
two in-plane vectors, o and q;, whose components (in the
frame R') are

Z
S LR I

qor = 2(a cos @ + B sin @), (35)
Goy = 2(asing + B cos ¢), 36)
and
g1 = 2(—asing + B cosyp), 37
g1y = 2(acos ¢ — Bsing). (38)

With this, Eq. (31) transforms into

. Z—-k-q _\,.  k-q,
|:h0(70 + (T + UXC)(TZ + ) Oy I/ka = Epk‘ﬁpk

(39)

(the scalar products k - qp and k - q; are invariant under this
coordinate transformation). The solutions of Eq. (39) can be
written as follows:

k> ey te
Epk=_+g

p 2
+ =4/ (Z* — k- + k- q)?
> > 2\/( q0)” + (k- qp)°,

(40)

where Z* = g4 — ¢, and p = £1. The associated eigenfunc-
tions are

1

Va0 = s (ll,)qu), (1)
1 _

Yoa() = ﬁ( 1”)¢(y), “2)
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FIG. 2. Spin-splitlowest subband, Eq. (40), of an asymmetrically
doped 20 nm CdTe quantum well with B =4.18 T, with « =
2.2meV Aand 8 = 3.9 meV A, taken at an angle ¢ = 45° (i.e., along
[110]). The inset shows the quantum well profile and the electronic
density distribution.

and

1
b= — Z*
k.qlm

—k-qo)?+&k-q)>—Z"+Kk-ql.

(43)

The solutions (40)—(43) have been expressed in terms of the
solutions in the absence of SOC, ¢4 ; and ¢(y), which follow
from

k2 z _
[ho -5 (5 + vxc>}¢¢,¢ =éeradr. (44

The spin-up and spin-down envelope functions ¢, and ¢, are
practically identical for the systems considered here, which
allowed us to use ¢y ~ ¢, = ¢ to express the solutions
(41) and (42) in a relatively compact form. This implies
that the dependence of v (z') on z’ can be neglected in
Eq. (44).

Finally, let us expand the solutions (40)—(43) in powers of
the SOC coefficients o and 8. We obtain to second order in
SOC

K ep+4e k- qp)?
Epk=—+u+£(z*—k~q0+( q”) (45)

2 2 2 2Z*

and

_ kq)?

v =, T
+ ka |y (kqo)eq)

27Z* 27%2

_k'_‘li _ (k'QO)(:(Z‘QI)
1/f—<y)=< 221 “ )¢<y>. @7)

(k-q1)’
8Z*2

)¢(y), (46)

We illustrate the energy dispersion (40) of the lowest spin-
split subband in Fig. 2. Here, we consider an asymmetrically
doped CdTe quantum well of width 20 nm and electron density
2.6 x 10'' cm™'. An applied magnetic field of B =4.18 T
leads to the bare and renormalized Zeeman energies
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Z =0.40 meV and Z* = 0.573 meV, respectively, using
the LDA. Here, we use the effective-mass parameters m* =
0.105m, e* = 1/4/10, and g* = —1.64 for CdTe.

We choose the Rashba and Dresselhaus parameters o =
2.2meV A and B =3.9meV A (see below), which causes the
two subbands to be slightly displaced horizontally with respect
to one another (in Fig. 2, we plot k along the [110] direction,
i.e., for ¢ = 45°).

IV. SPIN-FLIP WAVE DISPERSION
A. Linear-response formalism

In the following, we are interested in the collective
spin-flip modes in a quantum well with in-plane magnetic
field and SOC. Based on the translational symmetry in the
x-z plane, one can Fourier transform with respect to the
in-plane position vector r = (x,z); this introduces the in-plane
wave vector q. The TDDFT linear-response equation (14) then
becomes

g (4,7,0) = Z / Y Xoo'.ev (@3, @V (@,Y @),

(48)
where the noninteracting response function is given by

Xua',n'(q,y,y,,w)

_Z/ d*k
Q2r)? w—

X Kﬁpa(k,)’)lﬂ;(,/(k - qu)w;r(kay/)w;)’r’(k - (lay/)

N i/ d’k 0(Er — Ep)
pp’ (2”)2 o+ Epk -

(EF - pk)
pk + Ep’k—q + ”7

Ep’k+q + ”I

(k + q, y,)l/fpr’(k’y/)
(49

X wp a(k + qu)w* (k’y)l//;’f

The energy eigenvalues E; and the single-particle states
VYo (K,y) are defined in Egs. (45)—(47). 0 is the step function,
and the Fermi energy is given by Ep = N, — (a® + B?),
where N; is the electronic sheet density (the number of
electrons per unit area). We assume here that both spin-split
subbands are occupied, which is different from the situation
considered in Refs. [35-37].

In the response function (49) we only consider spin-
flip excitations within the lowest spin-split subband of
the quantum well; contributions from higher subbands are
ignored, because they will be irrelevant as long as the
Zeeman splitting is small compared to the separation between
the lowest and higher subbands, which is safely the case
here.

An interesting property of the response equation (48) is
that it is invariant under the simultaneous sign changes o —
—a, B — —B, and q — —q, as can easily be seen from the
form of the response function (49). From this we conclude
that an expansion of the coefficients Ey and E, in Eq. (4)
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only has even orders of «,B, while only odd orders of «,f
contribute to E;.

The 4 x 4 matrix response equation (48) can be solved nu-
merically, within the ALDA, to yield the spin-wave dispersions
[14,15]. However, much physical insight can be gained by an
analytic treatment, which can be done for small wave vectors
q: the spin-wave dispersion then takes on the form of Eq. (4),
and our goal is to determine the coefficients Ey and E, and
compare them to experiment. We have done this analytically
for Ey and numerically for E;, as discussed below.

Instead of the spin-density-matrix response (48), it is
convenient to work with the density-magnetization response
(especially for the calculations carried out in the Appendix,
where we obtain corrections to second order in SOC): we
replace the spin-density matrix n,,, defined in Eq. (12),
with the total density n = mg and the three components of
the magnetization my , . as basic variables. In the following,
we replace the labels (x,y,z) with (1,2,3) to streamline the
notation.

The connection between the two sets of variables is made
via the Pauli matrices:

m;i(r) = tr{é;n(r)}, i=0,...3. (50)
We can also express this through a4 x 4 transformation matrix

T, connecting the elements m; and n,, arranged as column
vectors: m = T#. In detail,

m _ 0 1 1 0 nyy
my| |0 @ —i 0lnyy I 6D
ms 1 0 0 -1 nyy

In a similar way, one can transform the spin-density-matrix
response equation (48) into the response equation for the
density magnetization:

3
m(q,y,0) =) / dy' Ti(q, .y @)V (@, @), (52)
k=0

where I=2T x T ~! is the noninteracting density-

magnetization response function, and VO = Ly
is the effective perturbing potential. o

We are only interested in the spin-flip excitations, which
are eigenmodes of the system: hence, no external perturbation
is necessary. Furthermore, the Hartree contributions drop out
in the spin channel, so the effective potential only consists of
the xc part:

3
Vi (@.y.0) = Z/dy’hif(q,y,y’,w)m§l)(q,y’,w). (53)
=0

In the ALDA, the xc kernels i}; do not depend on frequency
and wave vector [14]. Once we have the density-magnetization
response, we can multiply it with the xc matrix. The xc matrix
has a simple form, because in this reference frame the spin

PHYSICAL REVIEW B 96, 045301 (2017)

polarization direction is along z:
hy, 0 0 hy
0 ny O 0

XC __
H =149 RS0 | o
g 0 0 A3
where
s = 220 4, Pl Ve | 8 e (55)
0= "% an> andc  n on?’
82exc e a2exc
hXC :hXC: —_——— 56
65 ="0= 50 " w2 (56)
1 Jdexe
B = pe = — 28¢ (57)
11 2 ¢ oc
e 1 3%,
B=- 7 (58)

All quantities are evaluated at the local density n(y) and spin
polarization ¢(y) and multiplied with §(y — y’). Here, ey is
the xc energy per particle of the 3D electron gas [38].

To find the collective modes, we can recast the response
equation (52) in such a way that the y dependence goes away;
the xc kernels A;; are then replaced by their averages over
¢*(y). We need to determine those frequencies where the
matrix

M(q.0) = H(q.)[1(q.0) (59)

has the eigenvalue 1. In other words, we solve the 4 x 4
eigenvalue problem

M(q,0)xX = A(q,0)% (60)

and find the mode frequencies by solving A(q,w) = 1 for w,
where q is fixed. In general there will be 4 solutions. This is
in principle exact, provided we know the exact H* matrix,
which, in general, depends on (q,w). In ALDA, it is a constant
(for given density and spin polarization).

B. Beyond Larmor’s theorem: Leading SOC corrections

In the presence of SOC, the spin-wave dispersions are
modified in an interesting and subtle manner. For small values
of q, the spin-wave dispersion has the quadratic form given in
Eq. (4). Our goal is now to obtain the coefficient £\ to leading
order in the Rashba and Dresselhaus coupling strengths o
and B. To do this, we carry out a perturbative expansion of
the eigenvalue problem (60) in orders of SOC. At g = 0, the
matrix can be written as

MO.0) =M +M®+ ... (61)

where superscripts indicate the order of SOC (the linear order
vanishes at g = 0).
We first solve the zero-order eigenvalue problem M©x© =

AOX© The zero-order spin-flip response function is

, s 0 O 0 0
Z*o* (M=) [0 Z* —iw O
(] / _
g O0.y,y @) = 7'[((1)2 _ Z*Z) 0 iw z* 0
0 O 0 0
(62)
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Defining
4
0
fr Z/dy¢—(y) G ; (63)
Tn(y)s(y) 9¢ n(),e(y)
where fr < 0, we obtain
0 O 0 0
Z*fT 0 z* —iw 0
O _
M=="—72l0 io z¢= 0 ©4)
0 O 0 0
This matrix has eigenvalue 1 for
w=Z"+Z"fr=2 (65)

(we discard the negative-frequency solution) in accor-
dance with Larmor’s theorem. The associated eigenvector is
O =2-120, —i,1,0).

To obtain the change of the collective spin precession
caused by the presence of SOC, we need to determine
A3, Using perturbation theory we obtain the second-order
correction of the eigenvalue as

2@ = [)‘C’(O)]Tga))‘é(o). (66)

To construct M® we need [1®(0,w), the spin-flip response
matrix expanded to second order in & and 8, which requires a
rather lengthy calculation (see the Appendix). We end up with

50 — ﬂ[(oﬂ + BB fr +2) + 2aB sinQRe)(fr + 2)]
e ' s

(67)

The condition 1 = A + A gives the final result for Ep;
see Eq. (6).

Let us now turn to the other two coefficients in Eq. (4). The
leading contribution to the linear coefficient E| is in first order
in o and B, see Eq. (5), and was already obtained in Ref. [20].
The quadratic coefficient E, describes the renormalization of
the spin-wave stiffness Ssy due to SOC. We did not attempt to
derive an analytical expression for E», as it was done without
SOC in Eq. (29), although this could in principle (and with
much effort) be done along the same lines as for Ey. Instead,
we extract £, from a fully numerical solution of the linear-
response equation for the spin waves, which includes all orders
of o and B.

V. RESULTS AND DISCUSSION

According to the theory presented above, the spin-flip
excitations in a 2DEG in the presence of SOC depend on the
direction of the applied magnetic field (direction z in Fig. 1).
Figure 3 depicts the spin-excitation spectra for ¢ = 45° and
¢ = 135°, calculated using ALDA, for the same quantum
well as in Fig. 2. Clearly, the spin-wave dispersions and
single-particle spin-flip continua differ drastically, depending
on the direction of the in-plane momentum. In the following,
we will compare our theory with experiment.

A. Electronic Raman scattering

We use electronic Raman scattering, whereby a well-
controlled in-plane momentum q is transferred to the spin
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FIG. 3. Spin-flip excitation spectra with SOC for ¢ = 45° and
¢ = 135°, calculated using the ALDA for the same quantum well as
in Fig. 2. Solid black lines: boundaries of the single-particle spin-flip
continuum. Blue dashed lines: spin-wave dispersions.

excitations of the 2DEG. Under the quasiscattering geometry
shown in Fig. 4(a), the transferred momentum is given by
q=Ki| —Ks| = 47” sinf e,, where k; and Kk, are the wave
vectors of the linearly cross-polarized incoming and scattered
photons, and A >~ 769.0 nm is the incoming wavelength. Our
setup allows us to vary q both in magnitude (with 6) and
in-plane orientation (with ¢), while the magnetic field B¢y, is
applied in the plane of the well and always kept perpendicular
to q.

Cross-polarized Raman scattering measurements have been
successful in showing SOC effects on single-particle exci-
tations in the absence of external magnetic fields, like in
Ref. [39] for a 2DEG confined in highly doped GaAs quantum
wells, or in the more recent Ref. [40], where the specific
case o = f has been addressed. Here, by contrast, we focus
on the collective spin-precession mode, the spin-flip wave,
appearing when the 2DEG is spin-polarized with negligible
Landau quantization [17-20,23]. This possibility is offered in
quantum wells polarized by a magnetic field applied in the
plane [23,41].

Our sample is an asymmetrically modulation-doped,
20-nm-thick Cd;_Mn, Te (x =~ 0.13%) quantum well, grown
along the [001] direction by molecular beam epitaxy, and
immersed in a superfluid helium bath at temperature 2 K. The
density of the electron gas is Ny = 2.6 x 10" cm™2 and the
mobility is 1.7 x 103 cm? V! s=!. The small concentration of
Mn introduces localized magnetic moments into the quantum
well, which are polarized by the external B field, and act to
amplify it [28,42].
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FIG. 4. (a) Electronic Raman scattering geometry: k; and k are
the incoming and scattered light wave vectors, respectively; q is the
transferred momentum, of in-plane orientation measured by the angle
¢ from [100]. An external magnetic field By, is applied in the 2DEG’s
plane and is always perpendicular to q. (b) Raman spectra of the spin
wave, obtained at By, = 2 T and ¢ = 0, for a series of in-plane angles
@. (c) Momentum dispersion of the spin wave for different in-plane
angles.

In Refs. [41,43] we measured the dispersion of the spin-
flip wave in samples of the same type. In Refs. [17,18],
we evidenced Rashba and Dresselhaus SOC effects on this
collective mode. In these earlier works, we described these
effects by the action of an effective collective spin-orbit field
driving the spin precession, and found it to be enhanced
by interactions. In Ref. [20], we examined the microscopic
behavior of the spin wave in the presence of SOC more closely
and found that the SOC acts as a dynamical twisting of the
spins resulting in a simple momentum shift of the spin waves.

Here we focus on the zone-center spin-wave mode,
which is the one subject to Larmor’s theorem. Figure 4(b)
shows a series of spin-wave Raman lines obtained at fixed
Byt =2 T and g =0, and for various in-plane angles ¢.
We observe a clear modulation of the spin-wave energy with
¢, evidencing the above predicted breakdown of Larmor’s
theorem. A simultaneous strong modulation of the peak height
and linewidth is also observed. Both are related to the damping
of the zone-center spin-wave mode and are beyond the scope
of this paper.

To better understand the zone-center energy modulation,
we measured the full spin-wave dispersion by varying the
transferred momentum q. Figure 4(c) shows the dispersions for
three different values of ¢: they exhibit a quadratic dependence
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with ¢, with a maximum shifted away from the zone center.
This shift from the zone center is well understood in the frame
of the spin-orbit twist model [20]: SOC produces a rigid shift
of the spin-wave dispersion by a momentum —qq, see Eq. (35),
which depends on ¢. This produces the linear term in ¢ in the
energy dispersion of Eq. (4).

We have systematically measured the spin-wave disper-
sions for angles ¢ between zero and 360°; for each angle, the
data are fitted to a parabola [as in Fig. 4(c)], which allows us
to extract the coefficients Ep | 2(¢). The experimental results
are shown in both Figs. 5 and 6 (dots), clearly exhibiting the
predicted sinusoidal modulations.

The modulation of Ej, with a relative amplitude of about
6%, demonstrates the breakdown of Larmor’s theorem. This
effect is of second order in the SOC. By contrast, the
modulation of E| is a first-order SOC effect. Another second-
order SOC effect is the modulation of the curvature of the
spin-wave dispersion, i.e., the spin-wave stiffness Sgy. The
bottom panels of Figs. 5 and 6 show the curvature E, = Sg, /2
as a function of the in-plane angle ¢. Again, a sinusoidal
variation is observed, with a relative amplitude of about 10%;
the phase of the modulation is opposite to that of Ej and E;.

B. Comparison with theory

In Figs. 5 and 6, the experimental data for Ey(¢), E;(¢), and
E>(p) are compared with theory (lines). In our calculations,
we consider, as before, a CdTe quantum well of width 20 nm
and density Ny = 2.6 x 10'"' ¢cm™2. The value of the bare
Zeeman splitting Z is extracted from the data as follows.
According to Eq. (6), Eq can be written in the form Ey(¢) =
Z — a — bsin(2¢). For the range of input parameters «, 8, Z,
and Z* under consideration (see below), the ratio b/a ~ 1.5
is almost constant. We temporarily fix this ratio, and a fit with
the data from the top panel of Fig. 5 then yields Z = 0.40 meV
and » = 0.024 meV to within about 3 ueV. We can then
calculate Z* using the ALDA xc kernel [see Eq. (65)], where
Ziipa = Z/(1 + fr)=0.573 meV. Now fixing Z, Z* and
letting b/a = 1.5, we fit  and B from Ey(p) and E|(p). An
optimal agreement with the experimental results for £, and
E; is achieved with = 1.6 meV A and g = 3.1 meV A [44].

Having determined the set of parameters Z, Z*, o, and 8, we
run the fully numerical solution of the linear-response equation
(60) for the spin-flip waves, and fit the small-g dispersion to
a parabola for a given angle ¢ to extract Ey, E;, and E,. As
shown in Fig. 5, both the analytical formulas of Egs. (5) and
(6) and the numerical solutions (the dashed blue and solid
red lines, respectively) are in very good agreement with the
experimental data for Ey and E|, apart from a small shift in
the phase of the experimental modulation of E(, which is not
accounted for by the theory.

An additional observation from Fig. 5 is that the analytical
formulas and the numerical results for E and E| are extremely
close to each other. This is not surprising, since the next higher-
order corrections to Eq and E; are of fourth and third order
in «, B, respectively (as we showed in Sec. IV A), and hence
negligible.

On the other hand, the bottom panel of Fig. 5 shows that
the calculation dramatically fails to reproduce E,. Therefore,
we repeated the calculations, but now using a renormalized
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FIG. 5. Coefficients Ey, E|, and E, of the spin-wave dispersion, Eq. (4), as a function of angle ¢. Dots: experimental data. Lines: theoretical
results using Z* = 0.573 meV obtained with ALDA, and « = 1.6 meV A and 8 = 3.1 meV A obtained by fitting £, and E,. The red lines
follow from the fully numerical solution of Eq. (60), the dashed blue lines follow from the analytical formulas (6) and (5).
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FIG. 6. Same as Fig. 5, but using Z* = 0.63 meV, o = 2.2 meV A, and B = 3.9 meV A obtained from a best fit to the experimental data.
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Zeeman energy Z* that does not follow from the ALDA, but
from a numerical fit. We fit the numerical solutions with Z*,
o, and B and find that using @ = 2.2 meV A, B =3.9 meV A,
and Z§, = 0.63 meV we obtain an excellent agreement with
the experimental results for all three modulation parameters,
Ey, Eq, and E;, as shown in Fig. 6.

The comparison between theory and experiment of the
spin-wave modulation parameters thus demonstrates that the
ALDA underestimates Z* by about 10%, which seems to
be a relatively minor deviation. However, Ey, E;, and E;
depend very sensitively on Z*, which suggests a need for
a more accurate description of dynamical xc effects beyond
the ALDA.

We finally mention that additional contributions to the
angular modulation of the spin-wave dispersion could arise
from an in-plane anisotropy of the g factor of the form
8xy sin(2¢), where g, is the off-diagonal component of the
g tensor [45-47]. However, by slightly varying the applied
magnetic field around 2 T, we have found that this effect
contributes less than 15% of the modulation amplitude of E),
and leads only to ~7% changes of the parameters « and 8
used to fit the data in Figs. 5 and 6; details are given in the
Supplemental Material [48].

C. Density dependence of E,

To further test our theoretical prediction for the breakdown
of Larmor’s theorem [Eq. (6)], we will now explore the
density dependence of the parameter Ej. In order to vary
the electronic density in our sample, we shine an additional
continuous-wave green laser beam (514.5 nm) on the quantum
well. This illumination is above the band gap and generates
electron-hole pairs in the barrier layer: the electrons neutralize
some donor elements of the doping plane, while the holes
migrate to the quantum well where they capture free electrons.
This leads to a depopulation of the electron gas, which
can be precisely controlled by the power of the above-gap
illumination [18]. Using this technique, the density in our
sample can be reproducibly reduced by up to a factor 2.
We measured Ey(p) for different values of Ny, and plot in
Fig. 7 the amplitude of the ¢ = 0 modulation (solid circles),
AEy = (MaxEy — MinEy)/2, as a function of the electron
density.

Again, the data are well reproduced by the analytical result
of Eq. (6) (blue line). The red circle represents the amplitude of
Ey for the reference density N = 2.6 x 10'! cm~2, obtained
from our numerical fit in the top panel of Fig. 6. To generate
the blue line, we need Z* as a function of N;, which we
approximate as

Zoa(Ny)

Z*(Ny) ~ Z* (N™f
) m( ’ )ZZLDA(Nsmf)

= 1.10 Z% pa(Ny); (68)

i.e., we approximate the density scaling using the ALDA. We
also need the density dependence of the Rashba and Dressel-
haus parameters «, 8. We approximate their density scaling
using the k - p results of Ref. [18]. Both approximations are
well justified by the excellent agreement between theory and
experiment in Fig. 7.
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FIG. 7. Amplitude of the modulation of the ¢ = 0 spin-wave
energy, AE, = (MaxE, — MinEy)/2, as a function of the sheet
density N, of the electron gas in the quantum well. Black dots:
experimental data. Blue line: analytical results using Eq. (6).

VI. CONCLUSIONS

In this paper, we presented a detailed theoretical and
experimental study of spin-wave dispersions in a 2DEG in
the presence of Rashba and Dresselhaus SOC. In earlier work
[20] we had limited ourselves to the leading (first-order) SOC
effects, which causes a momentum-dependent shift of the
spin-wave dispersions, but leaves the spin-wave stiffness as
well as Larmor’s theorem intact. We have now discovered some
subtle corrections which arise when second-order SOC effects
are taken into account: Larmor’s theorem is broken, and the
spin-wave stiffness is modified. Both corrections are relatively
small (of order 10% or less) but experimentally detectable.

We presented a linear-response theory, based on TDDFT,
to fully account for SOC effects to first, second, and higher
orders in SOC. A detailed comparison with experimental
data, obtained using inelastic light scattering, confirmed the
accuracy of the theory and allowed us to extract the SOC
parameters « and B, as well as the renormalized Zeeman
splitting Z*.

A major outcome of our study is that we discovered that the
ALDA does not lead to a quantitatively satisfactory description
of the second-order SOC modulation effects of the spin waves.
At present, there are only a few approaches in ground-state
DFT for noncollinear magnetism that go beyond the LDA,
such as the optimized effective potential (OEP) [49] or gradient
corrections [50-52]. This provides motivation for the search
for better xc functionals in TDDFT for noncollinear spins.
In particular, any such new xc functional should be well
behaved in the crossover between three- and two-dimensional
systems [53].

The study of spin waves in electron gases confined in
semiconductor quantum wells under the presence of SOC
is also of practical interest. Manipulation of the Rashba
and Dresselhaus coupling strengths can be used to control
the spin-wave group velocity [20]. Since spin waves can be
used as carriers of spin-based information, this may lead to
applications in spintronics. Here we have provided a suitable
theoretical framework to describe these effects.
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APPENDIX: DERIVATION OF EQ. (6)

In this appendix we provide the derivation of Eq. (6), using
the linear-response formalism described in Sec. I'V.

The spin-flip response function, Eq. (49), is given by

Yoo r0(@.),Y @) = Foo eo(@a)’(MP* (V). (AD)

where

Focf’,rr’(qsw)

[ 4% FE )
r (27)* © — Epk + Epk—q +i7

X [0 9"+ 80 U T[S0 il + 8oy 0
x [Sery + 5r¢¢f¢][5m¢|f,fq +680y wlf}q]

N i / d*k FEp)
Iy 2n)? o+ Epk — Epirq +in

x [So1 Vs + 8o Uitral (o vl + 80,0l

X [‘STT I/flerTq + 87y wlqu][(ST,“//]fT + 5f’¢¢lfl]' (A2)

To second order in SOC, the energy eigenvalues (40) are
given by

K ey +te
K u+£(z*_k.q0+

Ex =

2 2 2 2Z*

(k- ql)z)
(A3)

where qg and q; are defined in Egs. (35)—(38), which leads to

K- qo = 2k[a cos(p — @) + Bsin(p + )], (A4)

k- q = —2k[asin(p — ¢;) — Bcos(p + ¢r)].  (AS5)

The single-particle states (46) and (47) are given to second
order in SOC by

1— (k-q1)
87Z*2
vy = ¢ (¥). (A6)
ka y Geqikq)
2Z* 27Z*2
_ka _ kq)kq)
2Z* 27*2
v = e (A7)
1 — ka)
87Z*2

In the following, we use the abbreviation h1x =k - q;/Z*.
We are interested in the spin-flip waves for small q.
The response function (A2) at ¢ = 0 can be written in the
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following way:

FO.0) = — d’k f(E+x) Rt
= 2n)? w— Ex+E_x+in=
d%k f(Eqk) R
Q2r)Y o+ Eixx—E_x+in=
/ d’k J(E_x) R-
Q27)? w—E_x+ Exx+in=
d’k E_
f( ) R+, (A8)

Q2 w+ E_x— Exx+in=

where the matrices Rt and R~ are given by

h%k —hix 0 —h%k
—h 1 —2K? —h? h
A= " e TR TR (Ag)
= 0 —h2 0 0
—h%k hik 0 h%k
h%k 0 —hik —h%k
0 0 —n2, 0
R = ) ) . (A10)
- —hix _hlk 1-— Zhlk hik
—h%k 0 hik h%k

Now let us calculate the energy in the denominator and drop
the in. We have

d’k f(Eyx) — f(E_x) R
QryYw—Z7Z*+g —g1—

" / d*k f(Eix) — f(Efk)E_
Q)Y w+2Z*—go+g1—

R* d*k f(E_x) — f(E4)

FO.0) =

w-2z") @up 1+ Es
R d’k f(Eq) — f(Ex)
+ ; > —ara o (A1D
where we abbreviate
2k - q;)?
0= 2K-q. g =1~ (A12)

Next, we expand the integrands of F,, (0,w) up to second
order in SOC, and carry out the integration over k for each
element of the 4 x 4 matrices R™ and R~. We use a notation

where Foi, Fli, and in come from those terms containing
zeroth, first, and second order in Ak, respectively. After a
lengthy calculation, the result is

F(0.0)
B +F —F —F -B -
—F"  Ff-2F" -F'—-F  Ff
| -F —F —F Fy —2F,  Fy ’
—-F—F  F Fy Ff+F;
(A13)
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where
e EZ Ny(a—b)  2Ny(a+b)
O T o2rwF Z%) T ZH @ F Z¥) (0 F Z%)?
Ns(a — b 2N, Z* b
(@ —b) (a+b) (AL4)
(o F Z*)? (w F Z*)?
1
F* = F¢N, . (Al5
P=Fe ‘[Z*(wﬂFZ*) (w:FZ*)z} (A1)
j: —
pr o N =b) (A16)

2 T 2725w F Z%)
and a = o? + B2, b = 2aB sin 2¢, and ¢ = 2a8 cos(2p).
Instead of the spin-density-matrix response, we will work
with density-magnetization response, Eq. (52). Further details
of the transformation can be found in the Appendix of
Ref. [14]. It follows that all contributions to the density
channel vanish, and the remaining nonvanishing terms of the
density-magnetization response function are
i = Xt + X0+ Xeens + Xers
Mo = =100 ury = Xrubt + Xt = Xutin)s
i3 = Xpu1t = Xpbid T X0t = Xl
Mo =i(Xtt + X100 = Xottd = Xirin)s
Mo = X110 = Xabit = Xorty + Xeuns
Mos = i(Xrurt = Xrube = Xurtr + X4n0d),
a1 = Xart X000t = Xout = X4t
M = =i0ry = Xavir = X4etd + X000t)s
33 = X411 = Xpted — Xuarr + X4bdds

and H()():H()l=H02=H03=H10=H20=H30 =0. Therefore,
the total response function is a 4 x 4 matrix whose elements
are defined as follows:

My =F+F, —4F, +F)),
My, = —i(F — F; —2F, +2F,),
;= —2(F," + F,),
My =i(F — Fy —2F, +2F,),
My = F + F,,
M = 2i(F — F}),
M3 = —2(F," + F,),
M3 = —2i(F;, — F"),
M3 = 4F + Fy),
where each element is multiplied with ¢?(y)¢>(y’). In order

to find the collective modes, we need to determine those
frequencies where the matrix

M(q.0) = H*(q.0)11(q.0) (A17)

has the eigenvalue 1, where the xc matrix H*® is given by
Eq. (54). In other words, we solve the 4 x 4 eigenvalue
problem

M(q.0)X = Mq,»)X (A18)
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and find the mode frequencies by solving A(q,®) = 1 for w,
where q is fixed. Since here our goal is to obtain the coefficient
E, to second order in the Rashba and Dresselhaus coupling
strengths « and S, we carry out a perturbative expansion of
the eigenvalue problem (A18) in orders of SOC. At g =0,
the matrix can be written as

MO.0) =M+ M ..., (A19)

where superscripts indicate the order of SOC (the linear order
vanishes at g = 0).

We now write IT = [T + 1®, where I1¥) and II® are in
zero and second order in SOC, respectively. Let us first work
out the zero-order case and solve the zero-order eigenvalue
problem M©@x©® = 3@ 5O The zero-order response function
matrix is

0 0 0

0
qo _ ZeWe’en |0 2 —ie 0 (A20)
= 1@ -2 10 iw Zz* 0}
0O O 0 0

Now we need to do the multiplication with the xc kernel matrix,
see Eq. (59):

hoo 00 hy

zim |0 RS 0 0
= o=zl 0 0 s 0
ms 00 R

0O O 0 0
0 Z¥ —iw O
X (A21)
0 iw Z* O
0O 0 0 0

The elements of the xc matrix, hﬁ{c, are given in Egs. (55)—(58),
averaged over ¢*(y). In particular, we find nS =h3 =nfr,
see Eq. (63). When we work this out, we find

0 0 0 0
Z* fr 0 Z* —iw O
=720 iw Z* 0

0 0 0 0

MO = (A22)

The spin-flip wave at g = O 1is at that frequency where the 4 x 4
matrix M© has eigenvalue 1. Working out the determinant
leads to the following result:

wy = z* + Z*fT =7 (A23)

(there is also a solution with a negative frequency, which we
discard). We substitute wy back into Eq. (A22), and end up
with

0 0 0 0
1 _ I+
M(O) — 0 2+ fr ! 2+ fr 0 (A24)
— 0 i I+ fr 1 0
2+fr 2+ fr
0 0 0 0
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The normalized eigenvector which makes the eigenvalue of
M© equal to 1 is

0
55“”:% _f ) (A25)
0

To obtain the change of the eigenmodes caused by the presence
of SOC, we need to determine A?. In perturbation theory,
we obtain the second-order correction of the eigenvalues
as

22 — [}(W]Tg@))‘é(o)’ (A26)
where we can construct M® by using 0®:
0 0 0 0
?2) (2) 2
IS L T R
= 0 kX l—[(2) hxe H(z) hxe 1—1(2) (A27)
nily  plly hpll

@ @ @
0 RSl ASITG,  hasTlss

With the substitution of the terms in second order in « and 8
in the spin-flip response matrix, A?) in Eq. (A26) becomes
TIT (O L @ @ @
2 = T(Hll + Iy 4+l — lnzl)
= nfr(2QFy —4F,;))
4N, fr(a +b)
(@ —Z)?
4n N frZ*(a + b)
(w — Z*)?

27w Ny fr(a — b)
(w — Z*)?

(A28)
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To remain within second order of SOC, we substitute wq in
Eq. (A23) back into A¥, and get

1@ — 6w Nya 2nNb 4w N,Z*(a + b)
= Z*ZfT Z*sz Z*3f72,
2Ny 5 .
T 7752 [(a” + BB fr +2) + 2B sinQe)( fr + 2)].
T

(A29)

The condition for the spin wave at ¢ = 0 is that the eigenvalue
is equal to 1, so to second-order perturbation theory we have

1 =19 4@, (A30)
where A© is known, so
1= 2 + 22, (A31)
w—7Z*
which gives
w—2"=Z7"fr + \P(w — Z%). (A32)

To lowest order in SOC, we replace w on the right-hand side
with wg:

w=Z"+Z" fr + \P(wy — Z%), (A33)

and using wy = Z* + Z* fr we obtain
o=w)+1PZ"fr. (A34)
Using expression (A29), we obtain the final result
By =2+ (e + B3 +2)

+ 20 sin(2)(fr + 2)],

which is given as Eq. (6).

(A35)
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