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Second-harmonic generation in noncentrosymmetric phosphates
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Motivated by the discovery of more and more phosphates with relatively strong nonlinear optic effect, we
studied the mechanism of the second-harmonic generation (SHG) effect in several phosphates by band model
and first-principles calculations. When the energy of an incident photon is much smaller than the band gap of
material, the SHG is almost frequency independent and determined by the combination of Berry connection and
a symmetric tensor. The SHG effect in phosphates can be enhanced by the enhancement of orbital hybridization
or the reduction of charge-transfer energy, which results in widened bandwidth of occupied state and reduced
band gap in the electronic structure, respectively. By the first-principles calculation on the electronic structures
of several phosphates—BPO4, LiCs2PO4, β-Li3VO4, and β-Li3PO4—we interpreted the relatively strong SHG
effect in LiCs2PO4 and β-Li3VO4 as the consequence of the reduced charge-transfer energy compared to their
parent β-Li3PO4, while the enhanced SHG in BPO4 is resulting from enhanced orbital hybridization.
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I. INTRODUCTION

Nonlinear optical (NLO) effects including second harmonic
generation (SHG), photovoltaic effect, and nonlinear Kerr
rotations have wide applications for the frequency conversion
of laser light, solar cells, and optical devices, respectively [1,2].
NLO crystals for the SHG should have large band gap for high
laser-induced damage threshold and moderate birefringence
for phase matching. Currently, borate crystal KBe2BO3F2

(KBBF) is widely used as NLO crystal because of its short
ultraviolet (UV) cutoff wavelength ∼150 nm, a moderate
birefringence 0.077, and a relatively large SHG coefficient
d11 ∼ 0.47 pm/V [3]. However, the layered structure of
KBBF reins its fabrication of single crystal with large size.
Exploration for better NLO crystals is still an ongoing research
topic in the material community.

NLO effect in phosphates with the PO4 tetrahedron also
has attracted research interest, with the exception of borates.
As a typical phosphate, at low temperature Li3PO4 crystalizes
into β structure with space group Pmn21, in which spatial
inversion symmetry is absent [4]. Above 770 K, the β phase
of Li3PO4 transforms into orthogonal structure with spatial
inversion symmetry in which SHG is vanished. The SHG
effect in β-Li3PO4 is very weak [5]. However, the SHG effect
is observed in several materials as the derivatives of β-Li3PO4,
such as β-Li3VO4, which has the same space group with
β-Li3PO4 and presents very strong SHG d24 = 10.2 pm/V
[6]. By [KH2]3+ substitution, KH2PO4 crystalizes into I-42d
space group, and the SHG d36 of KH2PO4 is about 0.39
pm/V. Recently, two groups reported the relatively strong SHG
d15=d31 =-0.65 pm/V in the phosphate LiCs2PO4, which
crystalizes into Cmc21 space group and has an optic band
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gap ∼7.0 eV [7,8]. Although LiCs2PO4 and β-Li3PO4 have
different space groups, they do share the same point group
C2v(mm2). The difference between space groups Cmc21 and
Pmn21 is that the former has an additional lattice translation
T:(x,y,z) −→ (x + 1

2 ,y + 1
2 ,z), i.e., the latter is the subgroup

of the former. Alternatively, the three Li atoms in the β phase
of Li3PO4 can be substituted by one B atom, the synthesized
BPO4 crystalizes into tetragonal structure with I4 (S4) space
(point) group. BPO4 has a short UV cutoff wavelength
∼134 nm and a relatively large SHG d36 = 0.76 pm/V [9,10].
It is natural to ask what is the origin of relatively strong SHG in
LiCs2PO4, β-Li3VO4, and BPO4, which have the same valence
number as β-Li3PO4, while the SHG in their parent β-Li3PO4

is very weak.
In the frame of single-particle physics, the NLO sus-

ceptibility can be calculated by the first-principles with the
sum-over states (SOS) approximation [11–15]. However, it is
difficult to identify the main contribution to NLO susceptibility
because of many matrix elements and energy denominators.
In the modern polarization theory, the charge polarization
in periodic crystal is essentially connected with the Berry
phase of Bloch wavefunctions [16–18]. Many interesting
phenomena in condensed-matter physics, such as (anomalous)
quantum Hall effect [19–24], are interpreted by the concepts of
Berry connection and curvature within linear response theory.
However, the interpretation of SHG in the view of Berry
connection and curvature is still not fledged. The SHG is
usually interpreted in the view of electric dipole (magnetic
dipole) for nonmagnetic (magnetic) materials [25–30]. There
are few works that attempt to understand SHG in the concept
of Berry connection or curvature.

The Berry connection and curvature in momentum space
read

anm(k) = i〈un(k)|∇k|um(k)〉, (1)
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and

�nm = ∇ × anm, (2)

respectively, where un(k) is a periodic part of the Bloch wave
function, and n is the band index. Recently, from Boltzmann
equation, Sodemann and Fu pointed out the nonlinear Hall
effect in metallic system is related to the Berry curvature dipole
(BCD) tensor D defined as [31]

Dab = 1

(2π )3

∫
d3kf0(∂ka

�b), (3)

in single band (omitting band indexes n and m) for the b com-
ponent of the Berry curvature �b, where f0 is the electronic
distribution at equilibrium (no perturbation). By the Floquet
perturbation theory, Morimoto et al. proofed that the NLO
conductivity tensor σyxx is also dependent on the BCD term
(2π )−3

∫
d3k∂kx

(�z)vv [32,33],

(�z)vv = −2� (vx)vc(vy)cv
(εv − εc)2

, (4)

where (vx)vc = 〈uvk|∂kx
h(k)|uck〉, with band index v (c) of

occupied (unoccupied) states, and h(k) is the unperturbed
Hamiltonian in momentum space. Additionally, NLO response
can also be adopted to measure the dynamical Berry curvature
of metallic materials with time-reversal invariance (TRI)
[34–37].

In this work, we started from a simple two-band model
with weak orbital hybridization and large band gap. We proved
that the Berry connection is increasing (decreasing) with the
increasing orbital hybridization (charge-transfer energy). At
the limit of low frequency, the transverse SHG is independent
with frequency, which is completely different from the SHG
at high frequency [38]. By first-principles calculation on the
electronic structures of LiCs2PO4, β-Li3PO4, β-Li3VO4, and
BPO4, it reveals that the relatively strong SHG effect in
BPO4 is resulting from the enhanced sp orbital hybridization
exclusively, while the relatively strong SHG in β-Li3VO4 and
LiCs2PO4 results mainly from reduced charge-transfer energy.
The calculated SHG by SOS approximation is consistent
with experimental results qualitatively, and the flat part at
low frequency also supports our results from band model
calculation.

II. BAND MODEL

To interpret the role of the sp or dp orbital hybridization
and charge-transfer energy, we construct an abstract model
here. For a clear physics picture, we adopt a simple two-band
model which has a general expression:

h(k) =
(

d3(k) d1(k) − id2(k)
d1(k) + id2(k) −d3(k)

)
. (5)

Here, d3(k) is always positive, and off-diagonal term d1(k) ±
id2(k) is the hybridization between the two atomic orbitals.
Vector k takes value in whole Brillouin zone (BZ). We drop
term d0(k), because it just shifts the band energy globally and
does not change the eigenvectors of the Hamiltonian h(k). With
regard to the nonmagnetic NLO crystals, the TRI is preserved
while the spatial inversion symmetry is broken. The time-

reversal symmetry T = K (conjugate operator) requires

h(−k) = T h(k)T †, (6)

i.e., both d1(k) and d3(k) are even functions of k, while d2(k)
is an odd function of momentum k = (kx,ky,kz) in Brillouin
zone. Without spin degree of freedom, the two atomic orbitals
(bases) should have an angular momentum difference �m =
±h̄, since the photon has momentum h̄. If we chose the p

orbitals as basis vector (0,1)T , the basis vector (1,0)T should
be s orbitals or d orbitals. The spatial inversion symmetry
P = σz (standard Pauli matrix) will further force d1(k) = 0.
The eigenvalues of the Hamiltonian h(k) read

ε1,2(k) = ±d(k) = ±
√

d2
1 (k) + d2

2 (k) + d2
3 (k), (7)

and the eigenvectors read

u1(k) = ( cos α(k), sin α(k) exp(iβ(k)))T , (8)

u2(k) = (− sin α(k) exp(−iβ(k)), cos α(k))T , (9)

with

cos α(k) = d(k) + d3(k)√
2d(k)[d(k) + d3(k)]

, (10)

tan β(k) = d2(k)

d1(k)
. (11)

We should keep in mind that α(k) and β(k) are even
and odd functions of momentum k, respectively. Because
of cos α(k) � 1/

√
2, −π

4 � α(k) � π
4 . The β(k) satisfies

β(k + 2π ) − β(k) = λ2π , and λ is an integer, because of the
periodicity of eigenvectors.

With the periodic part of Bloch wave functions u1(k) and
u2(k), the Berry connections a(k) read

a11(k) = − sin2 α(k)∇kβ(k), (12)

a12(k) = −(i∇kα(k) + s(α)c(β)∇kβ(k))e−iβ(k), (13)

a21(k) = a∗
12(k), (14)

a22(k) = −a11(k). (15)

Here, a11(k) (a12(k)) is intraband (interband) Berry con-
nection. The real and imaginary parts of interband Berry
connection a12 are even and odd functions of k, respectively.

Starting from the SHG in the approximation of the electric
dipole [1,2], we derived the SHG in periodic crystal with the
conception of a Berry connection and position operator r =
ih̄∇k in periodic crystal [39]. Since we are interested with
the off-resonant response, the complicated scattering terms
are ignored [40]. Under a linear polarized optic field E =
Ex exp(−iωt) + c.c., the transverse SHG effect χ (2) along i

direction of charge polarization reads (in atomic unit)

χ
(2)
ijj (2ω) = 1

(2π )3

∫ π

−π

∫ π

−π

∫ π

−π

d3k
{ (

4ω2 + 2ω2
ng

)
aj�ij(

4ω2 − ω2
ng

)(
ω2 − ω2

ng

)
+ ai�jj

ω2 − ω2
ng

+ 3ωωngaj�ij(
4ω2 − ω2

ng

)(
ω2 − ω2

ng

)}
, (16)
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FIG. 1. Calculated band structures of two-band model with
different hopping parameters.

where ai(k) = i〈g|∂ig〉 = −i〈n|∂in〉 is an intraband Berry
connection that is an even function of k with ∂i = ∂ki

and |g〉
(|n〉) being the periodic parts of Bloch functions for occupied
(unoccupied) band indices, and

�ij (k) = 〈g|∂in〉〈n|∂jg〉 + 〈g|∂jn〉〈n|∂ig〉, (17)

�ij (k) = 〈g|∂in〉〈n|∂jg〉 − 〈g|∂jn〉〈n|∂ig〉. (18)

The detailed derivation of Eq. (16) is presented in the
Appendix. With TRI, the symmetric (antisymmetric) tensor
�ij (�ij ) is an even (odd) function of momentum k, which
is similar to the symmetric (antisymmetric) metric (curvature)
tensor of two quantum states [41]. Since ai(k) is an even
function of momentum k, the terms including �ij will vanish
and not contribute to SHG. However, the term with �ij is
not vanished in system without TRI, even though the spatial
inversion is preserved, i.e., magnetic material. In Eq. (16),
the BCD term is absent since there is no correction on the
position operator under external field, which is included in
the Floquet band theory. The BCD term ∇k�, obtained from
the Floquet band theory, is also an even function of momentum
k, and also can contribute to SHG in principles. However, large
Berry curvature is usually associated with the band crossing
or band inversion [42]. In our phosphates, there is no band
crossing or inversion at all. This term should be very weak
in our studied phosphates, though it is almost impossible to
calculate it accurately because of lots of bands around Fermi
level in the real material. However, if we further assume α(k)

is constant, i.e.,
√

d2
1 (k) + d2

2 (k) is constant in case of flat
band, there is only one momentum k dependent function β(k).
In such a case, the Berry curvature dipole vanishes, while
the symmetric metric-tensor-related terms still contribute to
SHG. Additionally, since χ (2) = σ (2)

2iε0ω
and BCD contributed

σ (2) ∝ 1
ω

, χ (2) will diverge with 1
ω2 at low frequency [32,33],

it is obviously not reasonable in NLO materials studied here.

FIG. 2. The calculated �zx on ky = 0 plane with parameters tx =
ty = tz = 0.8 eV (a), and tx = ty = tz = 1.0 eV (b).

With d1 = tx cos kx + ty cos ky + tz cos kz, d2 = δ sin kz,
and d3 = 4.0 eV, the two-band model Hamiltonian preserves
the mm2 point group of β-Li3PO4 and β-Li3VO4, and the
spatial inversion symmetry is broken by nonzero parameter δ.
In real materials, the parameter δ is dependent on the orbital
hybridization and deviation from centered position, and we
adopt δ = 0.5 eV in all studied materials here for simpli-
fication. Parameters ti={x,y,z} are dependent on the hopping
parameter, i.e, two-center integral of atomic orbitals (spσ ) or
(dpσ ) [43], and all ti={x,y,z} are larger than δ. The bandwidth,
defined as the difference of maximal and minimal eigenvalues
of occupied state, is

√
d2

3 +(tx+ty+tz)2 − d3. With the increase of
parameters tx , ty , and tz, the bandwidth of occupied state is
increasing, as shown in Fig. 1. The energy difference 2d(k)
between the occupied and unoccupied bands also is increasing,
except some momentum points on which d1(k) = 0.

At each momentum point k, because of sin2 α(k) =
d(k)−d3(k)

2d(k) and −π
4 � α(k) � π

4 , all intraband Berry con-
nections |α(k)| and | sin α(k)| are monotonically increas-
ing with the enhancement of orbital hybridization strength√

d1(k) + d2(k), which is increasing with the increase of any
parameter tx,ty , or tz. We calculated the �zx tensor on ky = 0
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FIG. 3. The calculated photon energy dependent SHG χ2(2ω)zxx

with tx = ty = tz = t .

plane with parameters tx = ty = tz = t = 1.0 and 0.8 eV. With
these parameters, in fact, the Hamiltonian preserves a slightly
higher point group, 4mm. As shown in Fig. 2, the calculated
�zx are even functions of momentum k. The amplitude of �zx

is increasing with the increase of parameter t . The unit of
�zx is not specified, though it should be the square of length
unit. The enhanced amplitude of �zx can be interpreted by the
enhancement of interband Berry connection resulting from
increasing parameters ti={x,y,z}. Additionally, the amplitude of
curvature tensor �zx(k) is also increasing with the increase of
parameter ti={x,y,z}, though it is an odd function of k and does
not contribute to SHG here.

The calculated frequency dependent SHG from Eq. (16) is
shown in Fig. 3, which indicated that SHG is also increasing
with the increase of ti={x,y,z}.

Experimentally, we are interested in SHG at low frequency
(say, 1064 nm wavelength), i.e., far before the double-photons
resonance. From Eq. (16), we drop terms proportional to
( ω
ωng

)n(n � 2), then the static SHG reads

χ
(2)
ijj = 1

(2π )3

∫ π

−π

∫ π

−π

∫ π

−π

d3k

(
ai�jj

ω2
ng

+ 2�ijaj

ω2
ng

)
. (19)

With the concept of Berry connection and the help of TRS,
the SHG formula in Eq. (16) is very concise. It indicates that
the SHG is independent of the energy of the incident photon at
static limit and only determined by the electronic structure of
ground state. Compared to previous SHG formulas, including
many position matrices [1,2,14], the different contributions to
SHG here are classified by the parity of the tensor field asso-
ciated with wave functions of ground state. The generalization
of tensor field to many bands (or high dimension) is trivial.

We also note that all of the studied materials have very
large band gap. The calculated band structure of β-Li3PO4 by

FIG. 4. Calculated band structure of β-Li3PO4 by first-principles
calculation.

first-principles calculation is shown in Fig. 4, which reveals
that the band gap is about 6.0 eV and the band dispersion
is minute. This band character indicates that d3 should be
much larger than hybridization parameters ti={x,y,z}. With

ti={x,y,z} � d3, the bandwidth of occupied state is (tx+ty+tz)2

2d3
,

which indicates that bandwidth will be widened with the
increase of hybridization parameters ti={x,y,z}. The band gap is
∼2d3, which is the same as the charge-transfer energy between
the atomic orbitals. With further approximation tx = ty = tz =
t , and making use of

sin2 α(k) ∼ α2(k) ∼ t2(cos kx + cos ky + cos kz)2

(2d3)2
, (20)

both 〈g|∂in〉 and �ij are proportional to t2 and

χ
(2)
ijj ∝ t4

(2d3)6
. (21)

The significance of this expression is dual. On one hand, it
indicates there are two approaches to enhance SHG, i.e., lower
the charge-transfer energy or enhance the orbital hybridization.
In real materials, we expect high SHG, while the large band
gap is still preserved, so we have to reduce bond length to
enhance the orbital hybridization, which can be realized by
external pressure. On the other hand, band gap in our studied
materials here is ∼2d3 and the bandwidth of occupied state

is (tx+ty+tz)2

2d3
. There are some corresponding features in the

electronic structure for enhanced SHG resulting from reduced
charge-transfer energy or enhanced orbital hybridization.
For reduced charge-transfer energy, the band gap should be
reduced, while the bandwidth of valence band will be widened
if the strong SHG is resulting from orbital hybridization.
The bandwidth of valence band offers a simple method to
estimate the SHG in NLO materials with large band gap (i.e.,
large charge-transfer energy). In real materials, parameters
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ti={x,y,z} are also different from each other. However, the main
conclusion is still valid, except Eq. (21) is spoiled because
of the combination of ti={x,y,z} cos ki . Our conclusion, i.e.,
strong Berry connection and SHG can be enhanced by orbital
hybridization, is also valid even in NLO materials with any
point group, only if the band characters of large band gap and
minute dispersion are preserved.

III. ELECTRONIC STRUCTURES

In the previous section, we concluded that strong SHG
is associated with the wide bandwidth of valence band or
the reduction of band gap. In this section, we studied the
electronic structures of β-Li3PO4, β-Li3VO4, LiCs2PO4, and
BPO4. Since Cs is a heavy element, the ion polarization is not
responsible for the enhancement of SHG in LiCs2PO4 relative
to its parent β-Li3PO4. We also calculated the ion polarization
of BPO4 under external field, and our calculated result reveals
that the ion contribution is minute [44]. The studied phosphates
here are also nonmagnetic, and spin polarization will not
contribute to SHG. Since we also have no localized orbitals
such as 3d and 4f , which have strong electronic correlation,
single-particle picture is enough here and, thus, SHG of
phosphates should be related to their electronic structures. We
calculated the electronic structures of β-Li3PO4, β-Li3VO4,
LiCs2PO4, and BPO4 by the first-principles calculation to elab-
orate the relatively strong SHG in LiCs2PO4, and β-Li3VO4,
and BPO4. The first-principles calculations based on density
functional theory implemented in VASP were carried out
within a primitive cell with 12 × 12 × 10 (16 × 16 × 16)
k-point grid for β-Li3PO4, β-Li3VO4, and LiCs2PO4 (BPO4)
[45]. The projector augmented wave pseudopotentials with
Perdew, Burke, and Ernzerhof (PBE) exchange-correlation and
500 eV energy cutoff is used in our calculation [46,47]. The
experimental lattice parameters from single crystal XRD are
adopted.

The calculated partial density of state (DOS) of total s

orbitals and p orbitals is shown in Figs. 5(a) and 5(b),
respectively. It reveals that BPO4 has the largest band gap,
and LiCs2PO4 has the smallest band gap. In all the materials,
the conduction bands and valence bands are mainly from the
s orbitals and the p orbitals, respectively. Below the Fermi
level, the partial DOS is mainly from the p orbitals of O.
However, the partial DOS of s orbitals has some difference.
The β-Li3PO4 has very low partial DOS from s orbitals of Li,
while LiCs2PO4 has relatively high partial DOS from s orbitals
of Li and Cs. We also note that the partial DOS from p orbitals
distributes in a smaller energy range below Fermi level, while
the partial DOS of p orbitals in β-Li3PO4 distributes in a larger
energy range [−3.0,0.0] eV. The shortest P-O bond lengths in
LiCs2PO4 and β-Li3PO4 1.55 Å and 1.54 Å, respectively. The
sp hybridization between P and O is weakened in LiCs2PO4

because of larger P-O bond length. The smaller band gap in
LiCs2PO4 can be interpreted by the smaller charge-transfer
energy between O 2p orbitals and Cs 6s orbitals. In contrast to
the 2s orbitals of Li, the 6s orbitals of Cs is much more spatial
extended. The sp hybridization between Cs 6s orbitals and
O 2p orbitals (i.e., virtual p-s transition between O and Cs)
can also contribute to SHG effect. By these facts in β-Li3PO4

and LiCsPO4, the enhanced SHG effect should be related to

FIG. 5. The calculated partial DOS of (a)s orbitals and (b) p

orbitals in β-Li3PO4, LiCs2PO4, and BPO4.

reduction of charge-transfer energy between O 2p orbitals and
Cs 6s orbitals, i.e, band gap.

Although BPO4 also has low partial DOS from s orbitals of
B, it has a similar SHG as large as that of LiCs2PO4. In these
materials, the P-O bond length in BPO4 is 1.53 Å, which is
shorter than the P-O bond lengths in β-Li3PO4 and LiCs2PO4.
In BPO4, both the s orbitals from B and P contribute to the
partial DOS above the Fermi level. With reduced P-O bond
length, the sp hybridization between 3s of P and 2p orbitals
of O will be enhanced. Strong sp hybridization will widen
the bandwidth of valence bands. In the β-Li3PO4 parent, the
sp is hybridized in the energy range [−3.0,0.0] eV, while
the bandwidth of BPO4 is about 4.0 eV. The relatively large
SHG effect can be interpreted by the strong sp hybridization
exclusively.

Since the angular momentum difference between p orbitals
and d orbitals is also h̄, the P atom can be substituted by
transition metals, such as V. The SHG effect of β-Li3VO4

is much stronger than those of BPO4 and LiCs2PO4. The
calculated DOS of β-Li3VO4 is shown in Fig. 6. It is obvious
that the band gap of β-Li3VO4 is reduced seriously. The p

orbitals of O and d orbitals of V also hybridize strongly
in energy range [−3.3,0.0] eV. The strong SHG effect can
be interpreted by the combination of reduced charge-transfer
energy and strong dp hybridization.

Overall, the characters in calculated DOS of studied
materials here support our conclusion from the band model
calculation, i.e., materials with relatively strong SHG effect
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FIG. 6. Calculated partial DOS of Li (a), O (b), and V (c) in
β-Li3VO4.

should have the electronic character of small charge-transfer
energy between s orbitals (d orbitals) and p orbitals, or
strong sp (dp) hybridization. In the DOS of electronic
structure, BPO4 has the largest band gap and bandwidth of
p orbital dominating valence band resulting from strong sp

hybridization, while the relatively strong SHG in β-Li3VO4

and LiCs2PO4 are mainly contributed by the reduction of
charge-transfer energy. In the view of virtual transition, both
strong orbital hybridization and relatively small charge transfer
can enhance the electronic transition between s orbitals and
p orbitals. In the studied phosphates here, the p-s transition
between O-Cs compared to O-Li is stronger because of reduced
charge-transfer energy, while the p-s transition between O-p
in BPO4 is enhanced by orbital hybridization resulting from
shorter bond length, i.e., both O-P and O-Cs(Li) can contribute
to SHG, and their weights to SHG are tunable by element
substitution.

We also calculated the maximal SHG coefficients of
β-Li3PO4, LiCs2PO4, and BPO4 by the SOS approximation
implemented in the ABINIT code [48,49]. In all studied
materials here, the calculated band gap by modified Becke
and Johnson local density approximation is larger than that
calculated by PBE approximation by ∼3.0 eV [44]. Because of
the underestimated band gap by PBE approximation, a scissor
operator 3.0 eV is used to enlarge band gap artificially in
all calculations [50]. Since only hybridized bands contribute
to SHG from our previous discussion, we only include the
same number of conducting bands as valence bands in our
calculation, i.e., total band number is the same as the electronic

FIG. 7. Calculated SHG of β-Li3PO4, LiCs2PO4, and BPO4 with
SOS approximation.

number in primitive cell. The calculated results shown in
Fig. 7 are consistent with experimental results qualitatively.
The experimental SHG of BPO4 (LiCs2PO4) under laser light
with 1064 nm (i.e.,1.21 eV) are 0.76 pm/V (0.68 pm/V). For
BPO4 which has the largest band gap, the low frequency part of
SHG within 0 ∼ 2.0 eV is flat. For β-Li3PO4 and LiCs2PO4,
the SHG is also very flat below 1.0 eV. This character of SHG
at low frequency is consistent with our qualitative analysis in
band model section, i.e., the low frequency part of SHG is
mainly determined by the Berry connection and symmetric
tensor of electronic structure. In the calculated SHG shown
in Fig. 3, the low frequency part is also very flat. This
consistency indicates the physics at low frequency is captured
in the two-band model. However, near the double-photon
resonance, the difference between model calculation and SOS
approximation becomes obvious. Since only two bands are
used, while the real materials have many bands, multiband
effect becomes important near the double-photon resonance.

IV. SUMMARY

In summary, we studied the SHG of several typical
phosphates by band model analysis in the view of Berry
connection and first-principles calculation. By band model
analysis, we concluded that the low frequency part of SHG
should be determined by the Berry connection and a symmetric
metric tensor. The SHG effect can be enhanced by the
enhancement of orbital hybridization or the reduction of
charge-transfer energy, which results in widened bandwidth
of occupied state and reduced band gap in the electronic
structure, respectively. By the first-principles calculation
on the electronic structures of several phosphates—BPO4,
β-Li3VO4, LiCs2PO4, and β-Li3PO4—the relatively strong
SHG effect in LiCs2PO4 and BPO4 can be interpreted by
the reduction of charge-transfer energy and the enhancement
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of orbital hybridization, respectively, compared with their
parent β-Li3PO4. The strong SHG in β-Li3VO4 is resulting
from the combination of small charge-transfer energy and
orbital hybridization. The calculated SHG effect by the SOS
approximation is also consistent with the experimental results
and the analysis from band model. The fundamental physics
of SHG at low frequency limit is captured in the simple band
model conclusion.
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APPENDIX: SHG FORMULA IN LANGUAGE OF BERRY
CONNECTIONS

In this appendix, we present the derivation of SHG formula
in the language of Berry connection. Because of the large band
gap and nearly flat band structures of our studied materials, we
start the conventional SHG formula with dipole approximation
[1,2]. The position operator r in insulator is i∂k, and the
charge polarization is the integral of a Berry connection of
occupied band over the whole BZ. Because we are interested
in the nonresonant response, we also ignore the relaxation
from scattering. The SHG under external optic field with low
frequency limit reads (in atomic unit).

χ
(2)
ijj (2ω) = 1

8π3

∑
n,m,g

∫ π

−π

∫ π

−π

∫ π

−π

d3k
[ 〈g|xi |n〉〈n|xj |m〉〈m|xj |g〉

(2ω − ωng)(ω − ωng)
+ 〈g|xj |n〉〈n|xj |m〉〈m|xi |g〉

(2ω + ωng)(ω + ωng)
− 〈g|xj |n〉〈n|xi |m〉〈m|xj |g〉

(ω + ωng)(ω − ωng)

]
.

(A1)

With n = m 
= g, the SHG reads

χ
(2)
ijj (2ω) = 1

8π3

∑
n,g

∫ π

−π

∫ π

−π

∫ π

−π

d3k
[
〈n|xi |n〉[ A + iB

(2ω − ωng)(ω − ωng)
+ A − iB

(2ω + ωng)(ω + ωng)
] − 〈n|xi |n〉〈g|xj |n〉〈n|xj |g〉

ω2 − ω2
nm

]
.

(A2)

where

2A = 〈g|xj |n〉〈n|xi |g〉 + 〈g|xi |n〉〈n|xj |g〉, (A3)

2iB = 〈g|xj |n〉〈n|xi |g〉 − 〈g|xi |n〉〈n|xj |g〉. (A4)

We sum all contributions from n = m 
= g, n = g 
= m, and m = g 
= n, by lengthy but straightforward calculation, the SHG
reads

χ
(2)
ijj (2ω) = 1

8π3

∑
n,g

∫ π

−π

∫ π

−π

∫ π

−π

d3k
[

− 2A〈g|xj |g〉 4ω2 + 2ω2
ng(

4ω2 − ω2
ng

)(
ω2 − ω2

ng

)
+〈g|xi |g〉2〈g|xj |n〉〈n|xj |g〉(

ω2 − ω2
ng

) − 2iB〈g|xj |g〉 3ωωng(
4ω2 − ω2

ng

)(
ω2 − ω2

ng

)]
. (A5)

Here, both valence band |g〉 and conducting band |n〉 are momentum k dependent. We redefine −2A = �ij and −2iB = �ij ,
then we get the Eq. (16) in main text.
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