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Static and dynamic properties of Josephson weak links with singlet and triplet coupling
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We theoretically study static and dynamic properties of short Josephson junctions (JJs) with singlet and triplet
Josephson coupling. In singlet Josephson weak links, two singlet superconductors S are connected with each
other by a normal film (N) or wire. Triplet JJs, which we denote S;,-N(F)-S,;, are formed by two singlet BCS
superconductors covered by a thin layer of a weak ferromagnet F,,. These superconductors S, are separated
from the N (or F) layer by spin filters, which pass electrons with only one spin orientation. The triplet Cooper
pairs propagating from the left (right) superconductors S,, differ from each other not only in polarizations, but
also in chiralities. The latter is determined by the magnetization orientation in weak ferromagnets F,,. We obtain
analytical formulas for the critical Josephson current in both types of JJs. If the chiralities of the triplet Cooper
pairs penetrating into the N film in S;,-N(F)-S,, JJs from the left and right S,, are different, the Josephson
current is not 0 in the absence of the phase difference (spontaneous Josephson current). We also calculate the
admittance Y (2) for arbitrary frequencies €2 in the case of singlet JJs and for low frequencies in the case of
triplet JJs. At low temperatures T, the real part of the admittance Y’(£2) in singlet JJs starts to increase from 0 at
hQ > Ag, butat T > Ay, it has a peak at low frequencies the magnitude of which is determined by inelastic
processes. The subgap A, depends on the transparencies of the S/N interfaces and on the phase difference 2 xo.
The low-frequency peak in Y'(£2) in triplet JJs disappears.
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I. INTRODUCTION

The frequency dependence of the admittance Y (2) for
uniform superconductors has been calculated long ago in the
well-known papers by Mattis and Bardeen and by Abrikosov,
Gor’kov, and Khalatnikov [1-3]. It has been shown that the real
part of the admittance Y’(R2) at zero temperature is O unless
the frequency 2 does not exceed 2A /h. This natural result
has been confirmed experimentally [4-6]. The admittance
of weakly inhomogeneous superconductors has been deter-
mined by Larkin and Ovchinnikov [7]. Those authors have
also calculated the admittance of a strongly inhomogeneous
superconductor with a sufficiently strong Zeeman interaction
in the so-called Fulde-Ferrel-Larkin-Ovchinnikov state [8].

Strongly inhomogeneous superconductivity is realized also
in S/N structures or in Josephson weak links of different
kinds, S/N/S, S/c/S, etc., where N represents a normal film
and c indicates a constriction. Superconducting correlations
are induced in the N region due to the proximity effect so that
a subgap Ay, (Age < A) may arise in the N film [9,10]. The
admittance Y (€2) for the S/N/N,.s structure was calculated in
Ref. [11], where N, represents a bulk normal metal (reservoir)
or a thick normal film attached to a thinner N film or wire. A
peak in Y'(€2) was shown to exist at a frequency corresponding
to a subgap A, in the N film.

More attention was paid to the study of ac properties of
superconducting weak links (see reviews in Refs. [12-14]).
The interest in this study increased in recent years due to
the rapid progress in experimental techniques and possible
applications of Josephson junctions (JJs) [15—18]. The formula
for the admittance of a short S/c/S (or S/N/S) weak link was
derived in Ref. [19] and analyzed in more detail in our recent
paper, [20] (see also Ref. [21], where another approach to
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calculations is used). The admittance of long S/N/S junctions
has been calculated in Refs. [22] and [23]. In all these papers,
an anomalous enhancement of the real part of the admittance
Y'(Q2) at low frequencies €2 has been obtained [19-23]. The
enhancement is caused by quasiparticles with energies in the
interval A, < € < A, where the subgap Ay, depends on the
dc phase difference 2.

Interestingly, collective modes may lead to peculiarities in
the admittance Y'(2) of a uniform superconductor or weak
links under certain conditions. For example, the amplitude
mode results in a peak at 2 >~ 2A in the admittance of a
current-carrying superconductor [24], and the phase mode, or
the so-called Carlson-Goldman mode [25-30], leads to some
features in the /—V characteristics and in the dependence of
Y (£2)[29,30].

On the other hand, in the last decade a great deal of
attention has been paid to the study of triplet odd-frequency
superconductivity [31], which arises in singlet superconductor
(S)/ferromagnet (F) structures (see reviews, Refs. [32-38],
and references therein). It was shown [39] that the proximity
effect induces triplet Cooper pairs in S/F structures with
an inhomogeneous magnetization M(x) in the ferromagnet
F [40]. These pairs penetrate into the ferromagnet over a
relatively large distance Iy, which may be of the order
Ir ~ «/D/T, that is, much larger than the length [, ~ /D/h
of the condensate penetration into a homogeneous ferromagnet
with an exchange field /& (D is the diffusion coefficient and
T the temperature). The long penetration of the condensate is
caused by the triplet Cooper pairs with the total spin orientation
parallel to the magnetization vector M in the ferromagnet. In
the case of a magnetically homogeneous F triplet, Cooper pairs
penetrating into the F from a singlet superconductor have the
total spin oriented perpendicular to the vector M and penetrate
the ferromagnet over a rather short distance, ~/;,.

The long-range triplet superconducting correlations may
provide, in particular, the Josephson coupling in S/F/S
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junctions with a relatively thick ferromagnetic film. The
appearance of these long-range triplet components has been
proved mainly by observing the dc Josephson effect in JJs
of different kinds with a ferromagnetic layer(s) [41-53].
Different aspects of the stationary Josephson effect in Joseph-
son junctions of various types have been analyzed in many
theoretical papers (see Refs. [54-74] as well as the references
in recent review articles, Refs. [36—38]. On the other hand, the
dynamics of the triplet component was studied only in uniform
superconductors [75,76], and not in Josephson junctions.

In this paper, we calculate and analyze the admittance
Y (2) of JJs of two types, S/N/S and S;,/N/Sy, (or S, /F/Sw),
where S, represents a magnetic superconductor. In the latter
case it does not matter whether the superconductors S;, are
connected by a normal or a ferromagnetic wire. It is merely
important that the magnetization vector M is parallel to the
filter’s axis, i.e., M||e,. The Josephson coupling is provided
by the singlet component in JJs of the first type and by the
triplet odd-frequency component in JJs of the second type. We
consider the case of short JJs, with the distance between the
superconducting reservoirs shorter than the coherence length
& ~ {/D/T,/D/A}. Unlike the case studied in Refs. [19]
and [20], where the S/N interface resistance R;; was assumed
to be negligible compared with the resistance Ry in the N
region, we consider here the opposite case, i.e., Ry > R\.
As in the case considered in Refs. [19] and [20], the real
part of the admittance Y'(£2) in singlet JJs has a maximum
at low € if the temperature is not too low, T 2 Ag. The
low-frequency behavior of Y'(2) is described approximately
by the expression Y'(2) ~ [2)/1\1/(4)/N2 + Q)] exp(—Ag/T).
Although the general formulas for the current obtained in this
paper for the singlet weak links, Egs. (31), (32), and (34), look
similar to those in our previous publication, Ref. [20], they
differ essentially because the integrands in the corresponding
equations are different [77]. In the case of triplet coupling, a
slight enhancement of Y’(£2) remains only if the characteristic
exchange field & is small compared with the subgap Ag,.
Otherwise no enhancement of Y'(€2) appears.

The paper is organized as follows. In Sec. II, we present the
main equations. In Sec. III, we calculate the critical Josephson
current I, for an S/N/S Josephson weak link with a coupling
via the singlet component. We find also a response of this JJ
to a small ac phase variation and present an expression for
the admittance of the junction Y (2). In Sec. IV, we obtain
and analyze the current /. and the admittance Y (£2) in JJs
of the S,,/N/Sn or Si,/F/Snh type, where Sy, is a magnetic
superconductor serving as a source of fully polarized triplet
Cooper pairs [see Fig. 1(b)]. In Sec. V, the results obtained are
discussed.

II. BASIC EQUATIONS

We consider JJs of the two types shown in Fig. 1. The
JJ or weak links in Fig. 1(a) consist of two bulk BCS
superconductors S connected by a normal wire (or film). The
JJ depicted in Fig. 1(b) consists of two bulk agnetic supercon-
ductors S, connected by a normal (or ferromagnetic) wire.
The superconductors S, are formed by a BCS superconductor
covered with a thin film of a weak ferromagnet F,, with an
exchange field h. We assume that at the S,,/N interfaces
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FIG. 1. Schematic of the Josephson junctions (JJs) under con-
sideration. (a) JJ with singlet coupling; (b) JJ with triplet coupling.
The magnetic superconductors S,, consist of conventional singlet
superconductors covered with thin layers of weak ferromagnets F,,
so that triplet Cooper pairs with spin polarizations in the x—z or
y—z plane penetrate into the F,, layer due to the proximity effect.
The filters Fl let pass Cooper pairs with spins parallel or antiparallel
to the z axis. If the exchange fields hg ) at the right and at the left
have different directions, a spontaneous current arises which can flow
through the loop shown.

[—

there are spin filters which let pass electrons with only one
spin direction (s||z). The exchange field h is supposed to be
perpendicular to the z axis so that triplet Cooper pairs, which
appear in the F film, have a component along the z axis and
therefore penetrate through the filters. The singlet Cooper pairs
do not pass through the filters. We consider the diffusive case
assuming that the mean free path is shorter than the coherence
length & >~ /D/T..

In order to find the current / through the system, we need
to determine the quasiclassical Green’s functions. We employ
the same basic equations for the quasiclassical matrix Green’s
functions ¢ as in Ref. [20]. In the considered one-dimensional
geometry and in the diffusive limit they obey a generalized
Usadel equation of the form [30,78-81]

—iD3,(80:8) +i(¥:0,8 + 8 8%) + [2,8]
=V@)g —gV(), (1)

where D is the diffusion coefficient, the matrix > describes
damping, and V is the electric potential. Equation (1) describes
the Green’s function in the N film and is complemented by the
boundary condition [82-84]

80,8 = o r[g, 1 - GI']|ur, 2

where ». g = 1/RoLro, Rour is the interface resistance of
the left (right) interface per unit area, and o is the conductivity
of the N metal. Note that this boundary condition ensures the
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continuity of the current across the S, /N or Sy, /F interfaces.
The matrix I" = diag{I",I"} describes the action of the filters.
If the filters allow the passage of only electrons with spins
aligned parallel to the z axis, then = (Ti +U5(33)/«/§
with 7 = 4+ and Xij =1 -6; fori,j =0,1,2,3, where
and o; are Pauli matrices operating in the Gor’kov-Nambu,
respectively, spin spaces (7o and oy are 2 x 2 unity matrices).
The probability that an electron with spin up (down) will
pass into the N wire is 7; | o« 7 £ U. We set U = s7T with
s = %1 and the coefficients 7 and U are normalized so
that 7 = || = 1. The sign of the factor s determines the
orientation of the spins of electrons (parallel or antiparallel
to the vector e;) passing through the filters. In the case of
spin-inactive interfaces, I' = 1. We have to solve the Usadel
equation, Eq. (1), for the Green’s function g in the N film with
the boundary condition, Eq. (2), that connects the Green’s
function g in the N film with the known Green’s functions G
in the reservoirs (please note the use of lowercase and capital
letters to denote the Green’s functions in different systems).
We neglect the inverse proximity effect on the superconducting
reservoirs (see Appendix C).

The matrix Green’s function ¢ consists of the retarded
(advanced) Green’s functions g*4 (diagonal elements) and
the Keldysh function g (the off-diagonal g, element) and
obeys the normalization condition

g-8=1 3)

The Thouless energy Et, = D/L? is assumed to be much

larger than A and V. This assumption means that the function

£(x) is almost constant in space. Integrating Eq. (1) over x and

taking into account the boundary condition, Eq. (2), we obtain
for the Fourier component g(e,€")

€X30 - § — & - Xaoe' =i Eolg,Gl, )

where G = (GR + GL)/Z, 5(30 = diag{)A(3O,)A(3Q}, and
Ey = Dx/L. For simplicity we assume that the interface
resistances are equal, xg = »;. = x». The matrices G describe
electrons passing through the filter,

G=I-GTI. (5)
Matrices G and G consist of the retarded (advanced) (GX“)
and Keldysh (G) Green’s functions in the reservoirs,

« (GR G
G=<0 GA)' ©6)

The retarded (advanced) Green’s functions G *) are given by
GFM(t,t") = SOIG(t — 1) K30 + F(t — )X10] " VST,

@)
where S(z) = exp(f(mi x(t)/2) with the phase of the or-
der parameter in the right or left reservoir, respectively,
XRL() = £[x0 + xo®]g 1. We set xr(1) = —xL(1) = x (1)
If the reservoirs are BCS singlet superconductors, the Fourier
components of the functions G (¢t —¢') and FRA(t — 1)
are

GEM(e) = (e £ iy)/cRW, (8)

Fy' (€)= AJ¢FY, ©)
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with ¢RA) = /(e £ iy)? — A? and the damping rate in the
superconducting reservoirs y.

In the case of S, superconductors, the Green’s func-
tions G(w) have a more complicated structure [85]. In the
static case (x = xo = const), in the Matsubara representation
[e =iw = inT(2n + 1)] they have the form

G (@) = SolGun(Xz0 + sXK03) + Fur X118, (10)

Here, §o = exp(X3oi Xo0/2) and
Gon = %(w;:h * wc:h> - Re(w;h>’ (an
F,, = %(i — i) = iAIm(i), (12)

with ¢,+ = /(w £ ih)? + A2, The factor s = &1 character-

izes the direction of the triplet Cooper pairs with respect to the
z axis. The form of the matrix X depends on the direction of
the exchange field h (h||e, or h||e,):

1 {)A(u - S)A(zz,

. hile,;
X1 =—F1. N
X2 + s1.Xo1,

hile,.

7 13)
We clarify the origin of matrices in this equation. If the
exchange field 4 is parallel to the z axis (%]|e;), then the part
of the triplet condensate Green’s function is ﬁwh = thf( 13,
where the function F,, is defined in Eq. (12). Rotation
around the x or y axis, respectively, with the aid of the
rotation matrix U = cos oz/Z + 1X01(2) sino/2, witho = n/2
transforms the function F,, — F, X1 or F,, — Fou X1
The action of the spin filter transforms these functions into
U Fonl' = Fon(X12 + 5 X21) or T'Fopl” — Fop(X11 — sX22).
We need to find the current / given by the expression (this
equation is written in more detailed form in Appendix D)

I = (16cRge)” / de {(30:8) 1o

= (16Rge)™! / de{[g,1'GI'% )5 (14)

as a response to a small periodic variation of the phase
xa(t) = xqcos(2t) in the presence of a constant phase
difference xo. Here, € = (¢ 4+ €¢’)/2 and we have introduced
the notation {(gaxg)K}ij = Tr{f(i,-(gaxg)K}M. Therefore, we
have to solve Eq. (4) and to find the function g. First, we
consider the case of singlet superconductors.

Unlike a similar system with perfectly penetrable interfaces
considered in Refs. [19] and [20], in our case there are
barriers at the S/N interfaces so that the interfaces have a finite
resistance Rjs = Rg. Moreover, we assume that the interface
resistance is much higher than the resistance of the N layer,
R; =2L /o, ie., the inequality

Ro > R as)
is fulfilled.

III. SINGLET COUPLING

In this section, we consider an S/N/S junction in the absence
of spin filters at the interfaces, i.e., we set I' = 1. This means
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that the matrices G and G coincide. Therefore, the Josephson
coupling is realized through singlet Cooper pairs penetrating
the N region due to the proximity effect. First, we analyze the
stationary case.

A. Stationary case

In this case, it is convenient to use the Matsubara represen-

PN

tation of the Green’s functions. The matrices [Gulr read

[GulrL = [GoXs0 + Foexp(Ei xoXs0) - Xiolr L. (16)

The function G,, is equal to G, at h = 0 [see Eq. (11)] and
F, = (A/w)G,.

From Eq. (4) we obtain an equation for the stationary
Green’s function g,. One can write this equation in the form

[M,,8,] =0, (17)

where Mw = @5(30 + AwXIO and @ =ow(+ Ey/Ly,),
Ay, = [EA/Cu]c0s X0, Lo = Va2 + A%, §, = Va? + A2,

A solution satisfying the normalization condition, Eq. (3), is
. M
8o = = (18)
o

The retarded function g% (¢) = g®Xs30 + ££X,o, which is
equalto g, atw = —ie€, determines the density of states (DOS)
v(e) = Re(ge). One can easily obtain a transparent formula for
v(€) in the limiting cases of large and small Ej.

For large Eo (Eop> A) we have €&~ eo/;‘OR and
A~ (g“(f)_le cos xo with ¢ = V(e +iyn)* — A2 cos? xo.
We obtain the standard formula for a BCS superconductor
v(e) = Re(e/+/€2 — (A cos xo)?) with a gap in the quasipar-
ticle spectrum A]cos xo|. In the opposite limit of small E
(Ey < A), we obtain v(e) = Re(e//€2 — (E cos xo)?), that
is, the energy gap or subgap Ay, = Ej cos xo is much smaller
than A [9].

One can easily calculate the dc Josephson current Iy using
Egs. (14) and (18). In the considered static case, the expression
for the current can be written in the form

inT

= vaéw . 19

1= R %{[g r1}30 (19)

Here, we have used the form of the Keldysh
function g = (g% — gMtanh(ef) [in  this  case,
€e=¢ == (c+¢)/2] and transformed the integral

in Eq. (14) into the sum over poles of tanh(ef). Substituting
Egs. (16) and (18) into this equation, we find a standard
relation for the Josephson current [12—-14],

Iy = 1. sin(2xo), (20)
where the critical current of the considered JJ with the
Josephson coupling through the singlet condensate equals

2rT 1
Is = EoA?Y  ——. 21
s = g Lo ZQUC(% 2y

>0

Now we turn to the response of the singlet JJ to an ac
voltage Vq,.
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B. Nonstationary case

We have to find the response 3¢ to a phase variation

xo() = xo(t)r = —xq(t)L or to an ac voltage Vq(¢) applied
to the considered JJ and coupled to xq(¢) via the Josephson
relation

2eVq(t) = hd xa(t)/dt. (22)

In order to determine a variation of the Green’s function
in the N region §gR“, we linearize Eq. (4) and take into
account that in the case of harmonic variation of the phase,
xa(t) = xq exp(—iQt), the functions 6% (e,e’) can be rep-
resented in the form 8% (e,e’) = §5%N2n8(e — €' — Q).
For the functions § 3% we obtain

[M(ey)- 88 — 88 - M(e )™
= iEp{8oy - 6G — 8G - §o_ 1R, (23)
where MED(e) = [eX30 + i EgGo]*™ and eR=e+ Q2+

iyn (we take into account a damping rate yy in the normal
metal N). One can represent the left-hand side in the form

[Z+804 - 88 — 88 - o_L_1* WY
= iEo{goy - 8G — 3G - g}, (24)
where the functions gor = 80(€ £ £2/2) and §GR@ are de-

fined in Eqs. (A4)—-(A6) (see Appendix A). The normalization
condition, Eq. (3), yields

(8o - Gor)*™ =1, (25)
[Z0+ - 82 + 68 - 20-1"" = 0. (26)
Using these equations, we obtain a solution of Eq. (24):

iEg e
seRA _ |:~ _[6G — 804 - 8G - 8 _]i| . @7
¢ T

The Keldysh matrix ¢ is represented as the sum of regular
and anomalous parts, §2™¢ and §g*" [30,86],

88 = 88" +n(©)8™, (28)
where n(€,2) = [ tanh(e, 8) — tanh(e_ )] and
§g™8 = 53" tanh(e_p) — tanh(e, B)55%. (29)

The anomalous function can be found by using the same simple
procedure as in Refs. [20] and [30]. We find

K
S

Aan

[6G™ —gf - 8G™ - 50 ] (30)

The expression for G* is provided in Appendix A, Eq. (A10).

Knowing the variations of the Green’s functions, §g%*
and g%, we determine the variation of the current
81 = Ig exp(—i2t), the Fourier component of which we
write as the sum of the regular, /5*, and anomalous, /3", parts.
The amplitude I can be written as the sum of the regular, . ;f €

and anomalous, /3", parts,

Ig = 15° + 13 31
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Here,

1% = (16Re) ! [ de (j* anhie_p) — * anhe, ),

(32)
with
J*Y = (X30l(8040Gr — 8Gro-)
—(Grot88 — 88Gro- )iy ", (33)
and
I3 = (16Rme) ™! /dé n(é) ™, (34)
where the “anomalous current” j* coincides with j® if the

functions gé{, 8@{5, and G(I)i in Eq. (33) are replaced with
83, 8G¥, and G{_, respectively.

Using Eqgs. (29) and (30) for the matrices in Egs. (33), we
can write j X and j*" in terms of the known Green’s functions
in the reservoirs. We write j*" as the sum of two currents,

=R+ R (35)

where ", correspond to the first (second) term in Eq. (33),
respectively. They can be written as follows (see Appendix A):

it == (e, — & )6t - 6t

— (Ff+ FY(E + 7% cos xo], (36)
an _ 1 5A FR FA
j" XQ§++§_[ +go+80,+f+f7]

x (FR + F*)? sin? xo. 37

The currents j®@) are given by the same formulas if all the
functions of the form F# (F¥) are replaced with F® (F2).

One can show that the anomalous current leads to an
enhancement in the conductance Yq at low frequencies, as
it occurs in S/c/S junctions without barriers [19] and in long
S/N/S junctions [22,23]. Consider the case of low frequencies
(2 < Ag). The main contribution to the current is due to the
first term in Eq. (36) for ji" and due to the “current” ji". We
obtain

Va
I3'=—C ", 38
Q 2R o+ 2 ( )
where the temperature-dependent function Cq is
o= [ aiepy ——= (39)
o= € = .
A £(€)¢ (€) cosh®(ep)

The first term determines the admittance of the system,
1/(2Rp), in the normal state. The second term in Eq. (38)
is given by

. hQE, 1+3gR a8 + fRf4
7 OXQ/ ¥ 0450 +

27 16R [R 424
FR4+ F4
x [ ———=) sin? xo. (40)
cosh(ep)
We take into account that in the interval A

sg =

Eglcos xo| < € < A the functions F{f=F*~—i and
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FIG. 2. Frequency dependence of the real part of the admittance
in the case of an S/N/S Josephson junction (scaled to its value in the
normal state). Here, ¢ = cos o and the values of ¢ are incremented
by 0.1 starting with 0.0, at the bottom right, and ending with 1.0, at the
top left. Note that at small values of ¢ the admittance is a monotonous
function, whereas for larger ¢ a maximum emerges.

~ —fA > fRsothat] +g¢, & + FFfA = —2(fF) =
—2A2/¢2, and  [R4+7A >~ (Q+2iw)E/l  with

¢ = /& — A2. Thus, we obtain

Eg sin?(2x0) 2y +iQ2
8T cos xol (2yn)*+ Q2
where the integral J (o) is

eROL}" = J(x0)s 41)

o dx
J(xo0) =/ ~
’ 1 cosh?(xB)x+/x2 — 12
LT Ay < 2T,
22T | Agexp(—Ag/T), 2T K Ay K A,

(42)

where B = Ay/2T and Ay, = Eo| cos xol.

This means that the real part of the admittance reaches
a maximum at 2 = 0 and the magnitude of this maximum is
determined by the damping in the spectrum yy and temperature
T. At temperatures T below the subgap Ay, the contribution
of the anomalous current is exponentially small. In Fig. 2
we depict the frequency dependence of the real part of the
admittance Y, = Re{lq/Vq} at different values of xo.

IV. TRIPLET COUPLING

In this section, we consider a system with magnetic
superconductors S, as reservoirs. As noted above, these
superconductors may be bulk superconductors S covered with
a thin layer of a weak ferromagnet F with an exchange field
h oriented in the x or y direction [see Fig. 1(b)]. The triplet
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Cooper pairs that penetrate into the ferromagnetic layers have
the total spin lying in the y—z or the x—z plane. The chosen
form of the matrix element of tunneling through the filters F1
[see Eq. (2)], I", implies that only triplet Cooper pairs fully
polarized in the z direction can pass through the filters. Triplet
Cooper pairs penetrating into the N film from the left and from
the right differ not only in their spin polarization, but also in
their chiralities. The chiralities are not equal if the h vectors in
the left and right reservoirs have different orientations, h||e,
or h||e,. Again, we consider first a stationary case.

A. Stationary case

We take the element {11} of Eq (4), that is, the equation for
the retarded Green’s function g®. First, we write this equation
for a stationary case in the Matsubara representation, i.e., we
set € = iw and obtain

o[X30,80] = Eol8s,G1, 43)
where G = GH + GJ_ with GH = Gwh(f@o + S)A((B),
s = (sr + s.)/2, and the condensate Green’s function
G =2""Ful(Xir + Xi1) cos xo

+iXa0(X g — X11)sin xol. (44)

The functions G, and F,;, are defined as G, = G,+ and
F,, = F,_ in Egs. (11) and (12). . A

In the case of equal chiralities we have X g = X . If

the chiralities of the left and right Sy, are different, we have
X iR #* X |, where the form of the matrices X 1r.L 1S given by
Eq. (13).

First, we consider the case of identical chiralities, i.e.,
Xir =X, and polarizations (sg = sL).

1. Identical chiralities

In this case, the second term in Eq. (44) vanishes. If the
polarizations on the left and on the right are opposite, the
Josephson current is 0 [85]. A solution of Eq. (43) is searched
in the form

8w = a3Xs0 + apsXos + b1 X k. (45)
From Eq. (43) we find
(0 +2EqGun)bL = EoFyp(az + sag)cos xo.  (46)

The normalization condition g, - 8, = 1 yields

al, +al+b2 =1, (47)
261306103 + Sbj_ =0. (48)
We find from Egs. (46)—(48)
b, = R (49)
T 12k
and
azo = 1+ saps, (50
R2
= 51
40 = U A D
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FIG. 3. The energy dependence of the DOS v(¢) = Re(g.) for

(a) Si/N/Sp, and (b) S/N/S Josephson junctions. One can see that the
correction to the DOS of the normal state is small. We set the value
of the cosine to ¢ = 0.8. (a) The case of an S,,/N/S,, contact; the
curves correspond to 2 = 0.5A (red), h = 1.0A (blue),and & = 3.0A
(green). (b) The case of an S;,,/N/S;, contact; we vary the parameter
E and the curves correspond to Ey = 0.8A (red), Ey = 1.0A (blue),
and Ey = 5.0A (green).

where =+/1+2R*> and
(Eo Fon) €OS Xo.

The parameter sagps; determines a correction to the DOS
of the N region §v(e) [§v(€) = sap(w) at w = —i€] due to
the proximity effect. In Fig. 3 we plot the DOS for Eq/A = 1,
cos yo = 0.8, and different / values. We see that the correction
to the DOS of the normal metal [vy(e) = 1] is small, and

= (0 +2EoGyp)~!
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consequently, there is no gap in the spectrum [33,87]. For

comparison, we plot also the DOS of the considered singlet JJ

where there is a gap A, in the excitation spectrum.
Expression (49) allows us to find the Josephson current /j,

T oA
L =i—— {[8Gurl}n0, (52)
eRn =

where

Gur = Gun(Xzo + sXo3) + Fun(cos xo + i X0 sin x0)X .

(53)
We find
Iya = It q8in(2x0), (54)
nT it F?
Irg = Eyy. wh .
2eR0 =5 /(@ + 2E0Gun)? + 2(EgF o cos x0)?
(55)

When the total spins of triplet Cooper pairs stemming from
the right (left) reservoirs are oriented in the same direction,
Eq. (55) determines the critical currents of a w Josephson
junction since F,y, is an imaginary quantity so that F, jh < 0.
In Fig. 4 we plot the temperature and / dependence of the
critical current I7 ,. We see that the temperature dependence
of the critical current I.(T') is not monotonous for some values
of the exchange field / [62,63]. As a function of 4, the absolute
value of the critical current |I7| increases with & from 0 and
reaches a maximum at a finite value of 4, [Fig. 4(b)].

2. Different chiralities

In the case of different chiralities but equal polarizations
the solution is found in a similar way. We look for the matrix
8., in the form

80 = a30X30 + asXos + BirXur + B Xy,  (56)
We find B,g = B, = B, with

R(cos xo — s sin xp)

| = - . 57
V14 4R2(cos o — s sin xg)?
The current is determined by Eq. (52) and we find
Iyp = Ity cos(2xo), (58)
T —
Ity =s
T 2e RO g
X Fon .
V(@+2EoG on)? + (Eo Fo ) (c0s 2 X0 — s 5in 2x0)
(59

In this case, the Josephson current appears even in the
absence of a phase difference (the so-called anomalous
current) and on the polarization of triplet Cooper pairs
[58,63,72,85,88-93]. One can easily prove that the Josephson
current is O if the triplet components injected from the right
and left S, have opposite spin orientations (sg = —sp, = £1)
[85,91]. It is interesting that at a given phase difference

PHYSICAL REVIEW B 96, 024517 (2017)

(a)

0.00

R

-0.02

-0.04

(b)

ATl
h
0.0 T T T T I
1 2 3 4 5
_0.1 -
_0.2_

FIG. 4. The Josephson critical current It, for JJs with triplet
coupling as a function of (a) the temperature t =7/A and
(b) the exchange field h. The temperature dependence of It, is
not monotonous at some values of the exchange field 4 [62,63].
In plotting the temperature dependence in (a) we set Ey = 0.5A,
¢ = 0.5, and the curves correspond to & = 0.5A (red), h = 1.0A
(blue), and & = 3.0A (green). Note that the blue curve, corresponding
to h = 1.0A, is scaled by the factor of 0.3 and the unscaled curve
is shown in the inset. Plotting the & dependence we set Ey = 0.5A,
c=0.5,and T =0.1A.

20, the direction of the Josephson current depends on the
spin polarization direction of triplet Cooper pairs, i.e., it is
determined by the sign of s. This situation is analogous to
the case of superconductors with a special type of spin-orbit
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interaction where the direction of electron motion depends on
the spin polarization [94,95].

As obtained in Ref. [91] (see also Ref. [93]), the qua-
siclassical approach leads to this correct result if the spin
selection is realized through filters. If the filters are replaced
by strong ferromagnets, the triplet Cooper pairs described in
the quasiclassical approximation penetrate into the N region
independently of the spin direction and the current It is not 0
for either spin direction.

Consider now a linear response of the system to an applied
low ac voltage 6V (¢).

B. Nonstationary case

In the case of triplet coupling considered in this section
we are interested in the low-frequency range where only the
anomalous Green’s function g°" are essential. We assume also
that the chiralities of the triplet components penetrating the N
region are identical, i.e., )A(lR = )A(LL = XU — s)A(zz.

The anomalous Green’s function " obeys the linearized
Eq. (6),

cfgRem —gmgict

=iEo[gfG™ — G"gf — GRg™ + g™ G*], (60)
where the matrices ¥4 = +X;3y are the matrix Green’s
functions in the N region in the absence of the proximity effect,
;R(A)(E) = € i yN, that is, we take into account the damping
YN, €2 =€ £ Q/2, and Q is the frequency of the phase
variation xq(t) = xq cos(£2t). The matrices g(f “4) describe the
N (F) wire in the stationary state. The obtained results for the
N region remain valid also for the F region if the magnetization
vector M is oriented along the z axis.

The method of finding a solution for a nonstationary
equation used in Sec. III, is not applicable directly to the case
of triplet coupling. We employ here a perturbation method
regarding E, as a small parameter and representing " as a
series in the powers of Eo, i.e., 8" = gi" + 85" + 85"+ - --
The anomalous current /&' is determined by the third-order
Green’s function g5" [see Eqs. (B19)—(B21) in Appendix B].
We calculate the “spectral current” ji" with the aid of g5". It
has the form

Jém = _{G§+ é’%‘l - §§rj_ : Gl/gf}so
xa Ej(cos xosin x0)* ¢ A2
= — F F. B(e s 61
e Y (FE. + F{L) B(e),  (61)

where the functions FTRj(EA) are defined in Eq. (B2) and the
function B in Eq. (B21). The anomalous part of the current is

1 o

We consider limiting cases of large and small exchange
field A.
(a) h > A.In this case,

FR(A) _ AI: 1 1 ]R(A) - Ae (63)

T T 2lge+h)  ¢e—h) ~ T
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Therefore, we have Ff, + Fft ~ —AQ/h*. Calculating the

integral in Eq. (62) at {T,Ey} < A, we find for the admittance

Eosin®2x0 [ Eo\ [(H\ [/ A\
YO(QR = — 0o A0 (20 (R (264
LR = Sar o\ a A ) %) ©

We see that there is no singularity in the admittance at small €2.
Since the condensate functions FTR /™) are small in this case,
the anomalous contribution makes a small contribution to the
admittance in the normal state (1/2R).

(b) h <« A. In this case, the admittance is

2E0 sir12 2)(0 EQ 2/TN2/ h\4
iciatn(a) (3) (3) e @
A—iQ+y)\A/J \AJ \A
where ¢; = ;7 dx (x/ coshx)? ~ 0.82.

A singularity exists in this case, but the amplitude of the

maximum of Y'(2) at @ — 0is rather small, as the parameters
(h/A) and (Eo/A) are small.

Y(Q)Rg = —

V. CONCLUSIONS

In this paper, we have analyzed the static and dynamic
properties of S/N/S and S;,,/N(F)/S,, Josephson weak links.
In particular, the dc Josephson current I; was calculated
as a function of the temperature and of the parameter
Eo/AO) = [Emn/AO)[RL/R), where Em, = D/QL)* is
the Thouless energy and R; /R is the ratio of the resistance
R, of the N film (or wire) with dimension L to the interface
resistance (per unit area) Rg. The factor Ry /Rp is assumed
to be small, but E1,/A(0) large, so that their product can be
arbitrary. The coupling in the S/N/S and S,,/N/S, junctions is
realized through the singlet and fully polarized triplet Cooper
pairs, respectively. In this case, the term in the Hamiltonian
hy, X 33, which describes the action of an exchange field h.
on the spins of electrons, commutes with matrices in Eq. (13)
related to the triplet Cooper pairs. Therefore, for these Cooper
pairs (long-range component) it doe not matter whether the
bridge consists of a normal metal or of a ferromagnet.

The superconducting magnetic reservoirs Sy, consist of
conventional BCS superconductors covered with a thin F layer
with exchange field h. Spin filters at S, /N interfaces let pass
only Cooper pairs with the spin oriented along the z axis.
The Josephson current I; is O if Cooper pairs penetrating
the N (or F) region from the left and right reservoirs have
opposite polarizations. The form of the dependence of I; on
the phase difference 2y is determined not only by the relative
polarization of triplet Cooper pairs, but also by the so-called
chiralities, that is, by the mutual directions of the vectors hgy,
in the right and left S,, reservoirs. In the case of identical
chiralities (hghy /hghy = 1), the Josephson current has the
standard form Iy = It , sin(2 ), whereas in the case of differ-
ent chiralities (hghy = 0), the phase difference dependence,
Iy = It cos(2)p), is rather unusual. This means that in the
second case the Josephson current flows in the absence of a
phase difference [58,63,72,85,89-91,93].

Interestingly, the current It ; changes sign by inversion of
the polarization direction, i.e., the direction of the Josephson
current at a given phase difference (2xo) is determined by
the polarization of the triplet Cooper pairs. This means that
one can change the direction of the Josephson current by
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reversing the polarization of the spin filters. This phenomenon,
to some extent, is similar to the spin-orbit interaction when the
direction of electron motion depends on its spin polarization
[94,95]. On the other hand, by changing the direction of the
hg 1, vectors at xo = 0, one can switch the current I; on or
off since the chirality is changed. Therefore, one can control
the charge current by switching the polarization of the weak
ferromagnet Fy,.

We have also calculated the admittance Y (€2) for both
singlet and triplet JJs in the presence of a dc Josephson current.
The dependence of Y (2) for the singlet JJs has been found at
all frequencies. At low temperatures 7, the real part of the
admittance Y'(Q) starts to increase at Q > A, but shows
a sharp peak at low frequencies if 7 is not too low. The
anomalous behavior of Y’(2) is related to the presence of
a gap and to the contribution of quasiparticles in the energy
interval Ay, < € < A. Such anomalous behavior of Y/(£2) was
shown to be absent in triplet JJs with fully polarized Cooper
pairs because there is no gap in these JJs. Thus, measuring
the real part of the admittance Y'(2) at low frequencies, one
can extract useful information about the odd-frequency triplet
component in Sy, /N/S;;, Josephson weak links.

APPENDIX A: SINGLET JOSEPHSON JUNCTION

The Green’s functions in the right (left) reservoirs, GR,L, in

the stationary case read
GRY = [GoXso + i Fo(cos xo £ iXzosin xo)IX {3, (Al

where 2y is the phase difference between superconducting

reservoirs. The Green’s function in Eq. (23) is defined as
follows:

G = (1/2)(Gr + G, (A2)

With the help of Eq. (A1) this equation can be written as

GRA = [GoX30 + i Fy cos xoXi0]FA. (A3)

The variations of the Green’s functions § G{iff ! due to the
ac phase xgq are

8GR =8{exp(i xaXa0/2)[GoX30 + i Fo(cos xo

+ i X3 sin x0)X 0] exp(—i xoX30/2)}  (A4)
or
PN lX . ’
X (),\(3() COS Xo + li sin X())Xl()]R(A), (AS)
so that
5 iX . A
8GN = _TQ[(FN + Fo )X gin x01X10.  (A6)

The anomalous Green’s function g*" is determined by

Eq. (30), where the functions g(f ) can be easily obtained

from Eq. (17),
AR(A) _r= S . & R(A)
8y () =18(e)X30 + i f(€)X10]™,

where g =¢&/2(8), f=A%&)/L(), [(&) =& — A @),
E=¢€[l+iEy/¢(e)], A(e)=[iEyA/¢(e)]cosyy with

(AT)
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{(€) = +/€2 — A2, The anomalous Green’s function in
reservoirs G*" is defined according to

(T, — T)G™ =6G — §GRT_+ T, 8G*,  (A8)

where T, = tanh(e, ), and the matrices §G and 8GR
are variations of the Keldysh and retarded (advanced)
Green’s functions in the presence of the ac phase variation
xo = (xo)rR = —(xo)L. The matrix G*}QL(G,E/) can be repre-

sented in the form G‘}e‘fL(e,e’) =Gy, 218(e — € — Q). For

the function Ga}{f ;, We obtain
G, = £ 22 (%[GR — GMT. — GRT 1+ T, 67
R,L — 2 30 _ _ — Y +G_

—[(GR - GHT, — GRT_ + T.GA)- Xs0). (A9)

Here, the matrices Gf;(A) = G{f (A)(ei) are given in Egs. (9)

and (A2). For the matrix G* = (Gi’{‘ + Gi“) /2 we get from
Eq. (A9)

A

6" = —ZE(FE + FH%sinyo.  (A10)

The functions F* = Ff(e1) and F(¢) are defined in Eq. (9).
Using Egs. (A7) and (A10), we obtain for the anomalous
Green’s function g"

san _ xeEo
28+
x[14g+8- + fi fo1Xiosinxo.  (AlD)

Using Egs. (Al), (A7), and (A11), we obtain expression (34)
for the current, with ji" and ji" defined in Egs. (36) and (37).

(FR+F%

APPENDIX B: TRIPLET JOSEPHSON JUNCTION.
PERTURBATIVE APPROACH

1. Stationary case

We consider the case of a low energy Ej (Eyp < A) and
obtain corrections § g§ @ to the stationary Green’s functions
g(’f“‘) = +X5 as well as the anomalous function §* in a
nonstationary case. Consider first the stationary case and
represent the matrix g:f“” in the form of an expansion in
powers of Ey, i.e., gjf“‘) =[80+ 818 + 68 +--- 1%,

Equation (43) can be written for gjf“” in the form [for
brevity we drop the indices R(A)]

€[X30,8] = i Eol s Gol, (BD)
where the matrix G is
Go = G1Xao + i Fr(cos xo + i sin xoXz0)X1,  (B2)

with Gt = 2_1[G0(E + h)+ Go(e — h)], Fr= 2_1[F0(€ +
h) — Fy(e — h)], and the functions Gg 4 and FOR(A) are defined
in Eq. (9). The first-order correction obeys the equation

€[X30,8181 = i Eol 80, Gol, (B3)
and the solution is
A Fr\ .
818 = —Epcos xo % X1, (B4)
0
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with {f W= Je+i y). The second-order correction 8,8
satisfies the equation

€[X30.8281 = i Eo[818.Gol. (B5)
The normalization conditione yields
80828 + 528 - 80 + (5:18)° = 0. (B6)

The solution satisfying Eqs. (B5) and (B6) is represented
in the form

88 = aXao + bX1, (B7)
with
E 2/ F\?
4 — _ (Eocos xo) ( > (BS)
2 Zola
A FY
b=iE; C_ COS X0, (B9)
0

where £5 = +/€2 — A2,

2. Nonstationary case

Consider now the nonstationary case. In order to find the
anomalous Green’s function g*", we use Eqs. (B4)—-(B7). This
function obeys Eq. (60), where the matrix G*" looks similar to
that provided in Eq. (A9),

A

G — _”‘TQ[Ff + FAX sin xo. (B10)

The first-order correction gi" obeys the equation

€4 X350 - 8 — - Xsoe_ = i Eolgor - G™ — G™ - go_1,

(B11)
where 8o = g& and go_ = g{' . Taking into account that
Sor = —8o_ = X350 and Eq. (A10), we obtain that

gi"=0. (B12)

The second-order correction 23" satisfies the equation

Cr8or - 85" — 83" Go-C_ = iEo[8184 - G™ — G™ - 818_].

(B13)
We use the normalization condition
S0t - 8"+ 8" 8- =0, (B14)
so that the solution of Eq. (B13) is
83" = &5"Ka, (BI5)
where g3" is
g = 2 Gnsg. — 816, (B16)

Gt
We need to find the third-order correction g5" which obeys
the equations
T80t - 85" — 85" - Bo-C-
= iE0[52§+ . é«an — Gan “628 -+ é’;m ’ GO* - GO+ ggn]
(B17)
Sor -8 + 83" 8-+ 818+ 8" + 85" 618-=0. (BIY)
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The contribution to the current is given merely by the part
851 of g5" which is proportional to the matrix X, . We obtain

for g5

g = 831Xy, (B19)
where g5 is given by

w X2 E3(cos xo)? sin xo
! o+ ¢

(Fry + Fr-)B,  (B20)

and the function B is

B= (Ey - 2(FT+FT‘) - (EY (B21)
&y (e e
In obtaining Eqs. (B19)-(B21) we used expressions for the
corrections 8; g4 and 8,85 to the Green’s functions ™)
in the static case. Note that this formula is applicable both
for the triplet and for the singlet JJ, S/N/S, because the only
property we used is that the matrix

. Xy — sXy, triplet JJ,
X, = A11 22 p (B22)
X0, singlet JJ,

anticommutes with the matrix Xgo.
Using Egs. (B19)-(B21), we obtain Eqs. (61)-(62).

APPENDIX C: INVERSE PROXIMITY EFFECT

Consider, for simplicity, the contact between a singlet
superconductor S and a normal metal N shown in Fig. 1(a). The
Green’s functions in the superconductor G,s(z)ina stationary
case obeys the equation

— Dsd.(Gus - 3:Gus) + 0[X30,Gus] + AlX10,G sl = 0.
(C1)
The boundary condition for Gws is
Gus - 0:Gus = x5[Gus.8un], (€2)

where xg = (ROos)~!. We integrate Eq. (C1) over the thick-
ness ds of the S film assuming that the function Gos(2) is
almost constant (later, we check this assumption) and taking
into account the boundary condition, Eq. (C2).

‘We obtain the equation

[Ms,G,s] =0, (C3)

which looks similar to Eq. (17). Here, MS = @)230 + A)A(lo,
@ >~ w + Dgxg/ds. The quantity y = Dsxs/ds is a damping
in the superconductor S which is induced due to inverse
proximity effect. This factor is small compared to A if the
condition Dsxs/ds >~ {1 — R)s/A /ts < Aisfulfilled, where
(1 —R) is an average transmission coefficient of electron
passage through the S/N interface, which is supposed to be
small (see Ref. [11]), and R is the reflection coefficient. We
assumed that dg >~ &g, where &g is the correlation length in
the superconductor S and tg is the momentum relaxation time
there. However, even if the condition above is not fulfilled,
but the thickness ds is larger than &g, the results obtained
remain valid with a reduced value of A at the S/N interface
[A(0) < A(ds)].
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APPENDIX D: FORMULA FOR AN ac CURRENT

We write Eq. (14) for the ac current §1(¢) (for brevity we set I" = 1 so that there is no difference between matrix G and matrix

G) in the form

81(t) = (16K Re) ™ f dty {[88(t,11),Go(t; — DX + [Zo(t — 11),6G (11,015 }30.

Consider the first term in Eq. (D1) (the second term can be recast in the same way):

811 (t)(16k Roe) ={[88(t,11) - Go(ty — 1) — Go(t — t1) - 8 (1,115 }30

2

— Gole) - 88(er,€2) expl—ie(t — t1) —iert) +iext]¥ 30

Taking into account that §g(€,€;) = 2w (e — €; — Q)5 ¢, we obtain

81(t) = (16x Roe) ! exp[—iQr]lg,

where

(DD
(D2)
dEl dEz . v . . .
= /dn/de/ E/—{[8g(6,61)~Go(Ez)CXp[—lGl+l€1t1 —ie(t; — 1)]
d . N

= /dG/ 2—:{[557(6,61) - Goler) — Gole) - 8g(e,€1)]* }z0 exp[—i(e — €1)t].
(D3)
(D4)

I = (16K Re)™ f de([83 - Gole~) — Goley) - 881X + [8(e1) - 8G — 8G - §(€-)1% }s0.

The current I, is related to the admittance according to the standard expression I = Y (2)Vq,.
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