
RAPID COMMUNICATIONS

PHYSICAL REVIEW B 95, 241115(R) (2017)

Interface symmetry and spin control in topological-insulator–semiconductor heterostructures

Mahmoud M. Asmar, Daniel E. Sheehy, and Ilya Vekhter
Department of Physics and Astronomy, Louisiana State University, Baton Rouge, Louisiana 70803-4001, USA

(Received 14 November 2016; published 29 June 2017)

Heterostructures combining topological and nontopological materials constitute the next frontier in the effort
to incorporate topological insulators (TIs) into electronic devices. We show that the properties of the interface
states appearing at the boundary between a topologically trivial semiconductor (SE) and a TI are controlled by
the lowering of the interface symmetry due to the presence of the SE. For the [111]-grown heterostructure, SE-TI
interface states exhibit elliptical contours of constant energy and complex spin textures with broken helicity, in
contrast to the well-studied helical Dirac surface states. We derive a general effective Hamiltonian for SE-TI
junctions, and propose experimental signatures such as an out of plane spin accumulation under a transport
current and the opening of a spectral gap that depends on the direction of an applied in-plane magnetic field.
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Introduction. The control of topologically protected
metallic interface states [1–3] in heterostructures containing
topological insulators (TIs) along with materials such as
semiconductors (SE) [4–6], superconductors [7–9], or magnets
[10,11], yields new functionalities ranging from spintronics
[12–14] to thermoelectrics [15], to quantum computing [16].
It is often assumed that the main low-energy features of the
interface states are identical to those of the surface states at a
vacuum termination of a TI. For the [111] crystal orientation
of Bi2Se3, the characteristic isotropic Dirac dispersion and
helical spin-momentum locking of the states at the surface
[1,2,17–20], are commonly ascribed to the interface states.

We show that these features of the TI surface states
require protection by spatial symmetries that can be broken
at interfaces. We consider all time-reversal (TR) invariant
interface potentials, and derive the most general low-energy
Hamiltonian for SE-TI interfaces. We find that, in contrast to
the surface states of TIs [21,22], the interface states exhibit
broken helicity, with spins rotating out of the plane of the
interface, and broken in-plane rotational symmetry leading
to an elliptical Dirac-like energy spectrum, as summarized
in Fig. 1. As a result, an in-plane Zeeman field may open a
field-orientation-dependent gap in the spectrum, in contrast to
its effect on the surface [23]. In addition, under an in-plane
transport current, the spin accumulation at interfaces can have
an out-of-plane component.

Symmetries of a SE-TI junction. We consider a flat planar
[111]-oriented interface, z = 0, between a semi-infinite three-
dimensional TI and a topologically trivial SE, see Fig. 1 (inset).

For a vacuum termination, the two-dimensional states near
z = 0 [24–26] are described by a Dirac Hamiltonian in spin
space,

HD = v(σ × p)z , (1)

where p = (px,py) is the in-plane momentum, v is the
effective velocity (h̄ = 1) and σ is a vector of the Pauli
matrices. The eigenstates of HD have an isotropic linear
dispersion, E( p) = ±v| p|, with rotational symmetry around
the ẑ axis, C∞. Since HD commutes with the helicity operator,
ĥ = (σ × p)z/p, the eigenstates are helical, with the spin
expectation value in the plane and perpendicular to p. These
are the symmetries of bulk TI materials, such as Bi2Se3 [24],
in the low-energy limit for the appropriate crystal face [19,20].

Thus Eq. (1) assumes that no additional symmetries are broken
by the interface [27–29].

Real SE-TI interfaces are likely to have lower symmetry
than the bulk [30,31], strongly modifying electronic properties.
The most general (topologically equivalent to HD) linear in p
Hamiltonian that is invariant under TR,

HI = σ0� +
∑

m=x,y,z

∑
n=x,y

cmnσmpn , (2)

is characterized by seven real parameters: an overall energy
shift �, and the coefficients cmn. Here, σ0 ≡ 12×2. HI has
a much lower symmetry than HD . Continuous rotational
symmetry around the ẑ axis, C∞, is absent. The helicity is also
broken. However, HI is particle-hole symmetric (relative to
the shift �) since the anticommutator {σ · m,HI − σ0�} = 0
for the vector m = (cyxczy − cyyczx,cxyczx − cxxczy,cxxcyy −
cxycyx). Moreover, the spins of all the eigenstates of HI are in
the plane normal to m [32].

FIG. 1. Energy dispersion and spin texture (arrows) of the
topological state at an SE-TI interface [38]. The interface potentials
are u3 = u4 = 0.71A1 and u5 = 0.1A2. For all numerical work, A1 =
2.26 eV Å, A2 = 3.33 eV Å, B1 = −6.86 eV Å

2
, B2 = −44.5 eV Å

2
,

and M = −m = 0.28 eV [26]. Note the ellipticity of the constant
energy contours, and the out-of-plane tilt of the spins. (Inset)
Geometry of the SE-TI junction.
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TABLE I. Character table of the irreducible representations of
C2v . Here, E is the identity operation, C2 is twofold rotation, and σ̂e

and σ̂ē are mirror reflections with respect to the e-ẑ and ē-ẑ planes,
respectively. The third and fourth columns classify the symmetries
of the interface Hamiltonian, Eq. (3), and the interface potential Û ,
Eq. (6), respectively.

Irrep E C2 σ̂e σ̂ē Term in HI Term in Û

A1 1 1 1 1 �,v1,v4 u0,u1,u2

A2 1 1 −1 −1 v2,v6 u5

B1 1 −1 1 −1 v5 none
B2 1 −1 −1 1 v3 u3,u4

For a [111] surface termination, m‖ ẑ, maintaining the C∞
symmetry. When m points away from the z axis, the symmetry
group is reduced, and depends on the spin-orbit structure of
the interface potential. We now introduce e, a vector in the
x-y plane (defined below by the interface potentials), and ē =
ẑ × e, with which we can rewrite Eq. (2) as [32]

HI = �σ0 + v1(σ × p)z + v2σ · p + v3σz p · e

+ v4(σ · ē)( p · e) + v5σz( p · ē) + v6(σ · e)( p · e). (3)

The advantage of Eq. (3) is that each term belongs to a
particular irreducible representation (irrep) of the C2v group,
as listed in Table I. The spin structure of the eigenstates of HI

depends on the parameters vi , which we now compute within
a specific model.

Model of a SE-TI junction. We model the interface by the
Hamiltonian

H = HTI�(−z) + HSE�(z) + Ûδ(z) . (4)

Here, HTI (HSE) describes a bulk topological insulator (semi-
conductor) at z < 0 (z > 0), and �(z) is the step function.
The last term describes the interface potential, with the delta-
function simplifying calculations without loss of generality.

We take HTI in the form suggested for Bi2Se3 [26],
written as a 4 × 4 matrix in the basis of column vectors
ψ = (ψ+↑,ψ−↑,ψ+↓,ψ−↓)T , where the subscripts ± (↑,↓)
refer to parity (spin),

HTI = σ0 ⊗ [
τz

(
M − B1p

2
z − B2p

2
) + A1τypz

]
+A2(σ × p)z ⊗ τx. (5)

Here, Ai,Bi , (i = 1,2) are material-dependent constants, M >

0 determines the TI bulk band gap, τi is the Pauli matrix
in the parity space, and ⊗ denotes a direct product. Since
the relative sign of M and Bi determines the topological
properties, we take HSE to differ from HTI only by the sign of
mass parameter (M → −m < 0). Note that both HTI and HSE

have particle-hole symmetry since, for P = σz ⊗ τx , we have
{P,HTI/SE} = 0.

The symmetry of the matrix Û controls the nature of the
interface states, while the strength of the symmetry-breaking
terms depends on the microscopic parameters of H . Requiring
TR invariance dictates

Û = σ0 ⊗ [u0τ0+u1τz+u2τx]+[u3σx +u4σy + u5σz] ⊗ τy.

(6)
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FIG. 2. Numerical (solid lines) and approximate analytical
(dashed lines) dispersion curves along the py = 0 (a) and px = 0
(b) directions [38]. The interface potentials are u0 = 0.6A2, u2 =
−0.3A2, u1 = 0.1A2, u5 = 0.15A2, q = 0.9A2, and φ = 0.

This formalism generally captures the physics of semiconduct-
ing interfaces in the k · p methods [33–37]. For Bi2Se3 the
even (odd) parity wave functions, ψ±,↑/↓, originate from Bi
(Se) pz orbitals [26]. Hence u0 ± u1 describe charging on the
Bi and Se sites, respectively, while parity mixing u2 may arise
from interdiffusion on Se sites. The interface spin-orbit term
u5 (respecting rotations) may come from a staggered potential
involving heavy ions on TI or SE side, such as buckling, while
u3,4 appear from the incommensurability or strain (intrinsic or
extrinsic) at the interface. Due to spin-orbit coupling, lowering
spin symmetry breaks real-space rotations as well, and u3,4

define the vector e according to

u3σx + u4σy = qe · σ , q =
√

u2
3 + u2

4 . (7)

Notably, as seen in Table I, the terms in Û can also be classified
according to the C2v point group. We now derive Eq. (3) from
the Hamiltonian, Eq. (4).

Effective interface Hamiltonian. Using Eq. (4) we de-
termine the energies, Ei , and normalized eigenfunctions,
|	i〉, of the states localized at the interface, and form the
matrix representation of the interface Hamiltonian HI =∑

i Ei |	i〉〈	i |. The wave functions on each side are the linear
combinations of the solutions of HSE and HTI, respectively,
chosen to decay away from the interface. The boundary
conditions for the continuity of the wave function and the
discontinuity of its derivative at z = 0 give a set of eight
equations for the coefficients of this linear combination [32],
Bx = 0 where B is given by the parameters of H . The roots of
detB = 0 give E( p), while the eigenvectors xE( p) determine
the eigenfunctions [49].

To derive an analytic form of the interface Hamiltonian
valid at low energies, we evaluate detB to second order in
E and p. The resulting lengthy expressions directly give the
coefficients � and vi of Eq. (3) in terms of the parameters of
both the bulk Hamiltonian and the interface potential Û [32].
Figure 2 shows excellent agreement of the dispersion obtained
in this linearized approximation with the numerical solution,
and clearly demonstrates broken rotational symmetry of the
spectrum.

Only two of the four components of the eigenstates 	

are linearly independent (corresponding to different spin
eigenstates, but mixed parity) [32]. As a result, the Hamiltonian
has only four nonvanishing components and takes the 2 × 2
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form of Eq. (3). According to Table I no part of the interface
potential in our model belongs to the B1 irrep, and hence
v5 = 0.

Representative results. Since the interface is characterized
by six coefficients, ui in Eq. (6), there is a large parameter
space to explore, and we focus on conceptually important
cases. First, if either ui → ∞ or |m| → ∞ (an impenetrable
interface), we recover the Dirac Hamiltonian of the [111] face
termination [32]. However, the asymptotic approach to these
limits is very slow [32], so that the results below are relevant
to all real heterostructures.

The A1 terms u0, u1, and u2 do not lower the symmetry of
the crystal interface, so that for our [111] choice [39]

HI = �σ0 + v1(σ × p)z . (8)

Since {u1σ0 ⊗ τz,P} = 0, the shift � is induced by u0 and
u2, with coefficients, and v1 renormalization, that depend on
microscopic details [32].

Remarkable differences appear for other cases. Perfect
helicity is broken for TR-invariant, but spin-dependent, Û .
Consider Û = u5σz ⊗ τy in the A2 irrep, with all other ui = 0.
Since {P,H } = 0, there is no energy shift, � = 0. As C∞ is
preserved, v4 = v6 = 0 also, yielding

HI = v1(σ × p)z + v2σ · p = v′(σ × p)ze
iσzβ . (9)

The two terms together lead to the Dirac Hamiltonian with
the renormalized velocity, v′ =

√
v2

1 + v2
2 , and a global spin

rotation by β = tan−1(v2/v1) around the z axis. The spins of
the eigenstates stay in the plane, but are no longer normal to
p, see Fig. 3(b). The coefficient v2 (and tan β) is proportional
to u5.

The breaking of rotational symmetry requires u3,4 
= 0, and
we now consider this case, with all other ui = 0. Then the C2

and one of the mirror symmetries are broken, see Table I,
implying

HI = v1(σ × p)z + v3σz p · e + v4(σ · ē)( p · e), (10)

where v1, v3, and v4 depend on ui [32]. The powers of e in
this expression correspond to the powers of q from Eq. (7), so
that v3 ∝ q, while v4 ∝ q2. The former induces a spin rotation
around the e axis, see Fig. 3(c), tilting the spins out of the plane
of the interface. At the same time the constant energy contours
stretch along the direction of the (Û -dependent) vector e, and
become elliptical, see Fig. 3(a).

Power counting, confirmed by detailed calculations, shows
that v6 ∝ u5q

2 only appears in the presence of both A2 and
B2 irrep terms of Û . While the expressions for vi become
complex when all ui 
= 0, we confirmed that our conclusions
remain valid over a wide parameter range [32].

Experimental consequences. We now contrast the experi-
mental consequences of the anisotropic dispersion and unusual
spin textures of the SE-TI interface states with the expected
behavior of the Dirac surface states. First, for perfectly helical
states, the application of a magnetic field parallel to the
interface shifts the Dirac cone in momentum space, but does
not change the spectrum or the helicity [23]. In contrast, if
the spin of the interface state has an out-of plane component,

FIG. 3. Constant energy surface and spin texture of the interface
states. (a) shows the remaining twofold symmetry with the vectors
e and ē along the semiaxes of the ellipse, see text. Color indicates
the z component of the spin, h̄Ŝz/2 = 〈σz〉 with E = 2 meV and
other parameters the same as in Fig. 1. (b) Effect of broken helical
symmetry due to the A2 irrep potential u5 = A2. (c) All the spins for
E = 2 meV, for q = 0.45A2 and φ = π/4 (u3 = u4 = 0.32A2) are
normal to a vector m described in text. Here, p̂ = A2p/E.

as for the SE-TI interfaces with the B2 potential, Eq. (7), an
in-plane field, B, opens a spectral gap, δ(B).

If B is at an angle θ to the x axis, δ(B) = 2|h · m̂|, where
h = gμBB, m̂ = m/|m|, and m is the vector normal to the
spins at the interface, given above. The gap is maximal for
the field along (or opposite to) the in-plane projection of m,
and vanishes when B is normal to that direction, see Fig. 4(a).

FIG. 4. Experimental consequences of the broken helicity and
anisotropy of the Dirac cone. (a) Polar plot of the gap generated by
an in plane magnetic field as a function of the field direction. m‖ is
the in-plane projection of m. (b) Spin accumulation under transport
current along the x axis as a function of the in-plane helicity deviation
angle, β, and the angle between the major semiaxis of the elliptical
dispersion, e, and the y axis, φ. Arrows and color indicate the spin
orientation, and the out of plane component of spin, respectively. The
full z-axis polarization is achieved for current along e, while for the
current along ē the magnetic moment is entirely in the plane. For (b),
q = 0.9A2.
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The spectrum remains gapless only for m‖ ẑ, not for a generic
interface.

Second, from Eq. (3), the components ji of the current
operator are proportional to the spin density [14] along a
direction that depends on the coefficients of HI . Therefore
a transport current generates net spin magnetic moment.

For the usual helical surface states, the direction of this
moment is in the plane and normal to the current [12,13].
Such an accumulation was observed experimentally [40–42].
We find that the spin structure depends on the interface. As
discussed above, the u5 potential leads to an in-plane spin
rotation (hence the net magnetic moment acquires a component
along the current), while the u3 and u4 potentials rotate the
spins out of the interface plane, leading to an accumulation
of the z component of the spin. This behavior is shown in
Fig. 4(b). A transport current parallel to the vector e (ē)
yields a spin polarization normal (parallel) to the interface.
Importantly, accumulation of the spin component parallel
to m never occurs. An externally imposed strain [43,44]
breaks rotational symmetry, and is expected to induce the u3

and u4 terms, allowing control of the direction of the spin
polarization.

Discussion and concluding remarks. We derived the most
general low-energy Hamiltonian, Eq. (3), that describes robust
SE-TI interface states. While it is topologically equiva-
lent to the Dirac Hamiltonian, it reflects lowering of the

symmetry of the crystal face by the interface potentials, made
relevant by the presence of a semiconductor (rather than
vacuum).

Even for the most symmetric [111] heterostructure growth
direction, only under special conditions are the interface states
described by the helical Dirac Hamiltonian. In general, such
SE-TI interfaces exhibit an anisotropic energy dispersion,
with the electron spin locked at an interface-dependent angle
relative to the momentum, see Eq. (3). This result suggests
that some of the properties of topological heterostructures may
need to be reanalyzed [7,45–47].

First-principles calculations are required to determine the
values of the ui for specific interfaces. In conventional semi-
conductor heterostructures the relaxation of atomic positions
always leads to a lowering of the crystal symmetry to C2v

at the interface [30,31]. Our analysis is consistent with this
picture. Any dependence of the interface potential on the
in-plane coordinates, x and y (e.g., due to buckling) gives
higher-order terms in px,y , relevant only at higher energies
(similar to trigonal lattice potentials [48]). In general, our
results imply functional control of the spin polarization and
the spectral gap by experimental design of the interface
properties, enriching and enhancing the range of applications
of topological insulators.
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