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We investigate Klein tunneling for the α-T3 model, which interpolates between graphene and the dice lattice
via parameter α. We study transmission across two types of electrostatic interfaces: sharp potential steps and
sharp potential barriers. We find both interfaces to be perfectly transparent for normal incidence for the full range
of the parameter α for both interfaces. For other angles of incidence, we find that transmission is enhanced with
increasing α. For the dice lattice, we find perfect, all-angle transmission across a potential step for incoming
electrons with energy equal to half of the height of the potential step. This is analogous to the “super”, all-angle
transmission reported for the dice lattice for Klein tunneling across a potential barrier.
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I. INTRODUCTION

According to the Klein paradox [1–4], relativistic particles
can readily penetrate large electrostatic potential barriers—
a phenomenon that is actually enhanced by increasing
the size and width of the potential barrier. In relativistic
quantum tunneling, or Klein tunneling, a large potential
barrier that is repulsive for incoming particles is attractive
for holes, resulting in hole states inside the barrier, and
particle states beyond the barrier, connected via particle-hole
symmetry. In contrast, nonrelativistic quantum tunneling is
exponentially damped with increasing barrier height and
the tunneling is facilitated via evanescent waves inside the
barrier [5].

Although it was first described by Klein in 1929 [1],
experimental realization of relativistic tunneling (akin to Klein
tunneling) has only recently become possible [6–9] following
the isolation of graphene in 2004 [10]. Graphene, a single-
atom thick layer of carbon atoms arranged on a honeycomb
lattice (HCL), exhibits low-energy excitations that are well
described by the two-dimensional massless Dirac equation, or
the Dirac-Weyl equation with pseudospin S = 1/2. This has
made graphene an ideal playground for directly testing ideas
of relativistic physics, including Klein tunneling [6–9] and
Zitterbewegung [11,12].

Altering the honeycomb lattice of graphene to include an
additional atom at the center of the hexagons of the HCL—
coupled only to one of the two indistinguishable sites of the
bipartite HCL—results in the T3 or dice lattice [13–16]. Low-
energy excitations of the dice lattice are described by the Dirac-
Weyl equation with pseudospin S = 1.

The α-T3 model interpolates between the honeycomb lattice
of graphene and the dice lattice by allowing the coupling
strength between the HCL and the central site to vary from
0 to 1 with parameter α. The lattice for the model is shown in
Fig. 1, along with the limiting cases of the HCL (α = 0) and the
dice lattice (α = 1). The α-T3 model was originally introduced
for cold atoms confined to an optical lattice to highlight a
dia- to paramagnetic transition in the orbital susceptibility
[17] and has been extended to include additional terms or
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variations [18]. Likewise, a model for three-dimensional (3D)
Hg1−xCdxTe has been shown to map onto the α-T3 model in
the 2D limit for an intermediate value of the parameter α [19].
Magnetotransport properties [20–22], the Hofstadter butterfly
[20], and the effects of the variable Berry phase [23] of the
α-T3 model have been detailed in the literature.

Klein tunneling has been investigated for both of the two
limiting cases of the α-T3 model, i.e., graphene (α = 0) and
the dice (α = 1) lattice. The chiral nature of graphene results
in highly anisotropic transmission across barriers for both
single and bilayer graphene [24–26]. For a pedagogical review
of Klein tunneling across both sharp and smooth barriers
in graphene, see Ref. [26]. For the dice lattice, all-angle or
“super” transmission across electrostatic barriers has been
described for particular values of the incident electron energy
[27,28]. The robustness of these results for smoothed potentials
was verified via a numerical calculation using a tight-binding
model [27]. The confining properties of magnetic barriers have
been examined for the dice lattice [27]. Klein tunneling into
the flat band across a potential step for generalized pseudospin
has been discussed in Ref. [15].

Here, we examine Klein tunneling in the α-T3 lattice with a
focus on the intermediate α regime. We calculate transmission
across a sharp potential step and a sharp potential barrier for the
lattice. We find perfect transmission for normal incidence for
both interfaces for all values of the parameter α. For other
angles of incidence, we find a general trend of enhanced
transmission with increasing α. Additionally, we investigate
transmission across a potential step for the pseudospin S = 1
(dice lattice) case. We highlight perfect, all-angle transmission
across a potential step for incident electrons with energy
equal to half the height of the potential step—akin to the
all-angle transmission across potential barriers for the dice
lattice [27,28].

The remainder of the paper is laid out as follows. In
Sec. II, we introduce the α-T3 Hamiltonian and develop
the required α-dependent matching conditions for connecting
wave functions of the α-T3 lattice across interfaces with sharp
changes in potential. In Sec. III, we examine transmission
across a sharp potential step for the pseudospin-1 case and the
intermediate α regime. In Sec. IV, we investigate transmission
across a potential barrier. Conclusions can be found in
Sec. V.
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FIG. 1. The α-T3 lattice is shown in the center with the HCL,
its α → 0 limit, on the left and the dice lattice, its α = 1 limit, on
the right. For the HCL, there are two atoms per unit cell at sites A

and B, connected via hopping t . For the other two lattices, there is an
additional site C at the center of the hexagons. Site C is connected via
hopping parameter t for the dice lattice, and via a variable hopping
parameter αt for the α-T3 model.

II. THEORY AND MODEL

The low-energy Hamiltonian for the α-T3 model can be
written about one K point in the hexagonal Brillouin zone as

Ĥ = Ĥkin + V (x)Î , (1)

where Ĥkin is the kinetic energy, V (x) is a potential, and I is a
3 × 3 identity matrix. The kinetic part of the Hamiltonian [17]
is given by

Ĥkin =
⎛
⎝ 0 fk cos ϕ 0

f ∗
k cos ϕ 0 fk sin ϕ

0 f ∗
k sin ϕ 0

⎞
⎠, (2)

where α = tan ϕ parametrizes the hopping parameter αt ,
and fk = vF (ξkx − iky), with vF the Fermi velocity and
k = (kx,ky) the wave vector. Here, ξ = ± is the valley index
for the K and K ′ valleys, respectively, and the Hamiltonian
has been rescaled by cos ϕ for convenience. For V (x) = 0, the
wave functions are given by

|�s〉 = 1√
2

⎛
⎝ cos ϕ eiφ

s

sin ϕ e−iφ

⎞
⎠, (3)

with energy εk,s = svF |k| and s = ± the band index for the
conduction and valence band, respectively. The angle φ is
defined by fk = |fk|eiφ . For the flat band, we have

|�0〉 =
⎛
⎝ sin ϕ eiφ

0
− cos ϕ e−iφ

⎞
⎠, (4)

with energy εk,0 = 0.
In Secs. III and IV, we will examine transmission across a

sharp potential step and a barrier, respectively, by defining a
particular potential, V (x) [as in Eq. (1)]. Throughout this work,
we will consider potential steps that are smooth on the atomic
scale, but sharp on the length scale of the Fermi wavelength
[25–27]. Consequently, we will require matching conditions

for the wave functions across such interfaces. To determine
the relationship between the wave functions on either side
of a sharp potential step, we integrate the eigenvalue equation
Ĥ� = E� over a small interval x = [−ε,ε] [15,27] and allow
the interval to approach zero. Upon writing our wave function
in the general form �(x) = [ψA(x),ψB(x),ψC(x)], we obtain
the following matching conditions:

ψB(−ε) = ψB(ε), (5)

cos ϕ ψA(−ε)+ sin ϕ ψC(−ε) = cos ϕ ψA(ε)+ sin ϕ ψC(ε),

(6)

for nondiverging potentials, V (x).
Our matching conditions differ from those of the two

limiting cases of the α-T3 model: pseudospin S = 1/2
graphene (α = 0) and pseudospin S = 1 dice lattice (α = 1).
For graphene, the matching conditions simply require the
continuity of each component of the two-component wave
function. In contrast, the matching conditions of the dice
lattice [27] include a sum of the first and last component of
the wave function as in Eq. (6), and can be obtained from
Eqs. (5) and (6) by setting sin ϕ = cos ϕ = 1/

√
2. For the α-T3

model, the matching conditions are of the same form as those of
the dice lattice ones, but generalized to account for a variable α.

To better understand the matching conditions for the α-T3

model, we can calculate the probability current using the
wave equation −i∂tψ = Ĥψ and the probability conservation
equation ∂t |ψ |2 = ∇ · j. We find

j =
(

jx

jy

)
= vF

(
Re[ψ∗

B(cos ϕψA + sin ϕψC)]
Im[ψ∗

B(cos ϕψA − sin ϕψC)]

)
. (7)

We see that for the α-T3 model (as for the dice lattice [27]),
the boundary conditions in Eqs. (5) and (6) correspond to the
conservation of the probability current traveling perpendicular
to the barrier. Note that setting cos ϕ = sin ϕ = 1/

√
2 (or,

equivalently, α = 1) in the above equation recovers the dice
lattice probability current, as we would expect.

III. SHARP POTENTIAL STEP

In this section, we will examine the case of transmission
across a sharp potential step where the Hamiltonian is given
by Eq. (1) with potential V (x) given by

V (x) =
{

0, x � 0
V0, 0 < x.

(8)

We show an example of this setup in Fig. 2, where we have
chosen the potential such that the incident electron is in the
conduction band and the transmitted electron is in the valence
band (i.e., s = 1 and s ′ = −1) resulting in an np junction. On
both sides of the potential step, the Fermi level is indicated
by a blue circle and the blue arrows indicate the direction of
the wave vector in each region. Note that in region II , the
direction of propagation is opposite to that of the wave vector.

We can write down a wave function for each of the
two regions of interest. Region I contains the incident and
reflected wave, while region II contains the transmitted wave.
The incident electron wave has wave vector k = (kx,ky) and
propagates at angle φ with respect to the kx axis given by

235432-2



KLEIN TUNNELING IN THE α-T3 MODEL PHYSICAL REVIEW B 95, 235432 (2017)

‘

FIG. 2. Schematic depicting a sharp potential step at x = 0 with
V0 > 0. We have chosen 0 < E < V0 for the incoming electron,
for which s = 1 and s ′ = −1 for the conduction and valence band,
respectively. The angles associated with the wave vectors are depicted
in the bottom of the figure for each region.

tan φ = ky/kx , while the reflected wave has wave vector
kr = (−kx,ky) and propagates at angle φr given by tan φr =
ky/(−kx).

The wave functions in region I can be written

|�I 〉 = 1√
2

⎛
⎝ cos ϕ eiφ

s

sin ϕ e−iφ

⎞
⎠eikxxeikyy

+ r√
2

⎛
⎝− cos ϕ e−iφ

s

− sin ϕ eiφ

⎞
⎠e−ikxxeikyy, (9)

for E �= 0, where we have used φr = π − φ for the reflected
wave, resulting in eiφr = −e−iφ . In region II , we find the
transmitted wave with wave vector q and angle θ given by
tan θ = qy/qx with qy = ky from conservation of momentum
in the y direction. The wave function in region II is given as

|�II 〉 = t√
2

⎛
⎝ cos ϕ eiθ

s ′

sin ϕ e−iθ

⎞
⎠eiqxxeiqyy (10)

for E �= 0. We can directly relate the angle θ to the angle of
incidence φ using conservation of momentum in the y direction
to obtain the relationship

sin θ = E

|E − V0| sin φ, (11)

using ky = E sin φ for region I and ky = |E − V0| sin θ for
region II .

Applying the matching conditions in Eqs. (5) and (6) at
x = 0, we obtain a system of two equations,

s + rs = ts ′, (12)

A(φ) − rB(φ) = tA(θ ), (13)

having enforced continuity of ψB(x) and continuity of
cos ϕ ψA(x) + sin ϕ ψC(x), respectively. We have defined
A(x) = cos2 ϕeix + sin2 ϕe−ix and B(x) = cos2 ϕe−ix +
sin2 ϕeix for convenience. The coefficientsr and t can now

be calculated as

t = A(φ) + B(φ)

A(θ ) + ss ′B(φ)
, (14)

r = A(φ) − ss ′A(θ )

B(φ) + ss ′A(θ )
. (15)

Transmission is not, in general, given by |t |2. We must use
the conservation of the 1D current in the x direction to obtain

|r|2 + |t |2 s ′ cos θ

s cos φ
= 1, (16)

where the current was calculated using j = ψ†Sψ . For the
α-T3 model, the relevant pseudospin matrices are given by

Sx =
⎛
⎝ 0 cos ϕ 0

cos ϕ 0 sin ϕ

0 sin ϕ 0

⎞
⎠, (17)

Sy = −i

⎛
⎝ 0 cos ϕ 0

− cos ϕ 0 sin ϕ

0 − sin ϕ 0

⎞
⎠ (18)

in the K valley. We can compare Eq. (16) to R + T = 1, where
R and T are the reflection and transmission probabilities,
respectively. This allows us to identify the transmission
probability as

T = s ′ cos θ

s cos φ
|t |2, (19)

resulting in

T = 4ss ′ cos θ cos φ

2 + 2ss ′ cos(θ + φ) − sin2 2ϕ(s sin θ − s ′ sin φ)2
.

(20)

We will now proceed to examine the limiting cases and
comment on a few special values of the incoming energy E
and angle of incidence φ.

For normal incidence, Eq. (20) simplifies to T (φ = 0) =
1 for all values of α. This complete transmission is a
consequence of the absence of backscattering that results from
pseudospin conservation and has already been noted for the
two limiting cases of graphene [26] and the dice lattice [27].

For α = 0 (or, equivalently, cos ϕ = 1 and sin ϕ = 0),
Eq. (20) reduces to the transmission probability of graphene,

Tgraphene = 2ss ′ cos θ cos φ

1 + ss ′ cos(θ + φ)
. (21)

See Ref. [26] for a detailed discussion of this case.
For the other limiting case of α = 1, i.e., the dice lattice, we

have sin ϕ = cos ϕ = 1/
√

2 which results in a transmission of

Tα=1 = 8ss ′ cos θ cos φ

2 + 4ss ′ cos θ cos φ + cos 2θ + cos 2φ
. (22)

In Fig. 3 we present polar plots of the dice lattice
transmission probability for a range of E/V0 ratios where
0 < E < V0. For this range, we have ss ′ = −1 (see Fig. 2). For
normal incidence, we observe a transmission of T (φ = 0) = 1,
as previously noted. For other angles, we observe an increase
in the transmission probability as the ratio of E/V0 increases
from 0 to 0.5 and the range of angles about φ = 0 with nearly
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FIG. 3. Transmission across a potential step for the dice lattice
(α = 1). Transmission curves are plotted as a function of incoming
angle φ with 0 < E < V0 for a range of E/V0 values.

perfect transmission grows. This is followed by a decrease
in transmission probability as E/V0 increases from 0.5 and
approaches 1 as the range of angles approaching nearly perfect
transmission narrows.

For the special case of E/V0 = 0.5, we see a complete
transmission of T (φ) = 1 for all incidence angles. This is
similar to the “super”, all-angle transmission described for the
dice lattice for transmission across a potential barrier [27]. In
contrast, for graphene, the transmission probability decreases
with increasing E for the full range of 0 < E < V0, as shown
in Ref. [26]. Therefore, the fully transparent potential step, for
electrons incident with E/V0 = 0.5 that we noted for the dice
lattice (α = 1), is absent for graphene.

In Fig. 3, we see that for E/V0 > 0.5, there is a critical
angle above which we observe no transmission. This critical
angle is given by sin φc = V0−E

E
and does not depend on the

variable hopping parameter α. Indeed, in Fig. 4(a), we see the
same critical angle for the full range of α values for E/V0 =
0.75. For angles of incidence larger than the critical angle,
the wave is completely reflected and an evanescent wave with
imaginary wave vector q is found in region II . The presence
of this critical angle is analogous to the phenomenon of total
internal reflection typically discussed in optics.

Examining the special case of E/V0 = 0.5, for general α,
we find θ = −φ + π for the full range of the α-T3 model.
Thus, the step potential with E/V0 = 0.5 can be described
as an interface with a negative index of refraction [27,29] of
−1, owing to the above relationship between the transmission
angle and the angle of incidence. We find the transmission
probability governed by

T(E/V0=0.5) = cos2 φ

1 − sin2 2ϕ sin2 φ
. (23)

Equation (23) is an analytic equation that describes the
evolution of the transmission probability from T = cos2 φ

of graphene to the T = 1 of the dice lattice across this
interface. In particular, when α = 1 and therefore sin 2ϕ = 1,
the transmission is uniformly 1, while for all other values of
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FIG. 4. Transmission across a potential step for a range of α

values. Transmission curves are plotted as a function of incoming
angle φ for (a) E/V0 = 0.25 (outer curves) and E/V0 = 0.75 (inner
curves) and (b) E/V0 = 0.5.

α the transmission probability retains its angular dependence.
Therefore, though the step potential exhibits properties akin
to an interface with a negative index of refraction [27,29]
for the full range of α, there is an angular dependence in the
transmission probability for all but the limiting case of the dice
lattice—where we observe the super, all-angle transmission.
In Fig. 4(b), we plot the transmission in Eq. (23) for a range of
α values and observe increasing transmission with increasing
α, resulting in a transmission of 1 for the special case of α = 1.

Finally, in Fig. 4(a), we show transmission curves for an
additional value of the ratio E/V0 < 0.5 and observe a similar
enhancement of the transmission probability with increasing
α. This trend holds true for the full range of 0 < E/V0 < 1.

IV. SHARP POTENTIAL BARRIER

In this section, we will discuss tunneling through a sharp
potential barrier of finite width d where the Hamiltonian is
given by Eq. (1), with potential V (x) given by

V (x) =
⎧⎨
⎩

0, x � 0
V0, 0 < x < d

0, d � x,

(24)

as shown in Fig. 5. We can write the wave functions
�I ,�II ,�III for the three different regions, namely before
the barrier, inside the barrier, and after the barrier, respectively.

In region I , we have the incident and reflected wave, with
wave function

|�I 〉 = 1√
2

⎛
⎝ cos ϕ eiφ

s

sin ϕ e−iφ

⎞
⎠eikxxeikyy

+ r√
2

⎛
⎝− cos ϕ e−iφ

s

− sin ϕ eiφ

⎞
⎠e−ikxxeikyy, (25)

where r is the amplitude of the reflected wave. Note that
we have once again used φr = π − φ for the reflected wave,
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FIG. 5. Schematic for tunneling through a potential barrier that
begins at x = 0 and has height V0 and length d . The blue circle
represents the Fermi level and the blue arrow indicates the direction
of the wave vector. We have chosen 0 < E < V0 and s = 1 and
s ′ = −1 resulting in an npn junction. The angles associated with the
wave vectors are depicted in the bottom of the figure for each region.

resulting in eiφr = −e−iφ . In region II , we have

|�II 〉 = a√
2

⎛
⎝ cos ϕ eiθ

s ′

sin ϕ e−iθ

⎞
⎠eiqxxeikyy

+ b√
2

⎛
⎝− cos ϕ e−iθ

s ′

− sin ϕ eiθ

⎞
⎠e−iqxxeikyy, (26)

where we have two waves traveling in opposite directions with
amplitudes a and b. The angle θ is given by tan θ = qy

qx
, and

conservation of momentum in the ŷ direction gives qy = ky .
We can once again relate the angle θ to the incident angle φ

using Eq. (11).
Finally, in region III , we have the transmitted wave,

|�III 〉 = t√
2

⎛
⎝ cos ϕ eiφ

s

sin ϕ e−iφ

⎞
⎠eikxxeikyy, (27)

with amplitude t .
Upon applying the boundary conditions found in Eqs. (5)

and (6) at the onset of the barrier x = 0 and at the end of
the barrier x = d, we obtain the following expressions for the
unknowns a,b,r,t :

1 + r = ss ′(a + b), (28)

A(φ) − rB(φ) = aA(θ ) − bB(θ ), (29)

as ′eiqxd + bs ′e−iqxd = tseikxd , (30)

aA(θ )eiqxd − bB(θ )e−iqxd = tA(φ)eikxd , (31)

where we have once again defined A(x) = cos2 ϕeix +
sin2 ϕe−ix and B(x) = cos2 ϕe−ix + sin2 ϕeix for conve-
nience.

In this work, we are primarily concerned with the trans-
mission probability across the barrier, so we only require a

solution for t . After some involved algebra, we find

t = 4ss ′e−id(qx+kx ) cos θ cos φ

e−2iqxdf+ − f−
, (32)

where

f± = 2 ± 2ss ′ cos(θ ± φ) − sin2 2ϕ(s sin θ − s ′ sin φ)2.

(33)

Finally, we obtain the transmission probability using T =
|t |2, after verifying that T + R = 1 with R = |r|2. It is given
by

T = 16 cos2 θ cos2 φ

f 2+ + f 2− − 2f+f− cos(2qxd)
. (34)

Equation (34) simplifies to the transmission probability across
a barrier for graphene [26] and the dice lattice [27] upon
substitution of α = 0 and α = 1, respectively. These cases
are discussed in the literature; for example, see Refs. [26] and
[27], respectively.

For normal incidence, we find T (φ = 0) = 1 for the full
range of α values. This implies complete transmission for an
electron incident perpendicular to the barrier, regardless of the
size of the barrier or the incoming electron’s energy relative to
the barrier. This is analogous to what we observed for a sharp
potential step in Sec. III.

Similarly to the sharp potential step in Sec. III, we once
again find a critical angle φc for E/V0 > 0.5. Electrons
arriving at the interface at an angle exceeding the critical
angle can be transmitted through region II in the form of
an evanescent wave with imaginary wave vector q.

We now specialize to an intermediate value of the hopping
parameter of α = 0.5 in order to observe the effect of changing
the barrier height relative to the energy of the incident electron
in the intermediate regime. In particular, we examine the
probability of transmission across a barrier where V0 > 0 and
0 < E < V0 (this is the case depicted in Fig. 5). Transmission
probabilities for a number of representative E/V0 ratios and a
barrier of length d = 40V0 are shown in Fig. 6.

For small E/V0, we see a single maximum of T = 1
in the transmission probability at φ = 0. As the energy is
increased relative to the barrier height, the wave function is
able to interfere with itself inside the barrier, akin to being
inside a Fabry-Pérot interferometer, resulting in additional
resonances marked by T = 1 maxima. These resonances occur
for qxd equal to integer multiples of π (qxd = nπ with n an
integer). Notably, the angle at which the resonances occur is
independent of the variable hopping parameter α, which will
be further demonstrated in Fig. 7 [see Fig. 7(c)].

Recall that a model for 3D Hg1−xCdxTe maps onto the
α-T3 model in the 2D limit for α = 1/

√
3 and α-T3 behavior

has been identified in magneto-optics experiments [19]. The
chosen value of α = 0.5 in Fig. 6 is close to this α value,
perhaps providing some insight for models of Hg1−xCdxTe in
some limits.

We now examine the dependence of the transmission
probability on the variable hopping parameter α. In Fig. 7, we
plot the transmission probability for a number of representative
E/V0 ratios for a range of α values, including the special
case of E/V0 = 0.5. In general, we see enhanced transmission
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FIG. 6. Polar plot of the transmission probability for α = 0.5
for (a) smaller E/V0 = 0.1,0.25,0.45 and (b) larger E/V0 =
0.5,0.75,0.95. The E/V0 values are shown in the legend. The barrier
width is d = 40V0.
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FIG. 7. Polar plot of the transmission probability for a range of α

values with (a) E/V0 = 0.1, (b) E/V0 = 0.25, (c) E/V0 = 0.5, and
(d) E/V0 = 0.75. The barrier width is d = 40V0.

with increasing α, for all angles where the transmission is not
already T = 1. As we noted for α = 0.5, we again observe
Fabry-Pérot resonances for qxd equal to integer multiples of
π . As α is increased from 0 to 1, the sharp resonances of
graphene become softer and less pronounced with increasing
α. The broadening of the resonance peaks results in increased
transmission for angles close to the resonance condition,
contributing to the overall trend of enhanced transmission for
larger values of α. This is especially dramatic in Fig. 7(c),
where E/V0 = 0.5, as the sharp resonances of graphene
transform to full transmission of T (φ) = 1 in the α = 1
limit. As previously noted in Sec. IV, an np junction with
E/V0 = 0.5 acts like a negative index interface with an index
of −1 for the full range of α. This holds true for both of the
interfaces of the potential barrier, in this case an np and a pn

junction. As for transmission across a single potential step, the
transmission probability across the barrier retains an angular
dependence for all but the limiting case of α = 1, where we
see the super all-angle transmission.

V. CONCLUSIONS

We have investigated transmission across a sharp potential
step and a sharp potential barrier for the α-T3 lattice.

For electrons incident perpendicular to the interface, we
found perfect transmission for the full range of α for both
types of interfaces we considered, regardless of the incoming
energy of the electron. In general, other angles of incidence
enjoyed an enhanced transmission with increasing α, with the
exception of those that already had a perfect transmission of
T = 1.

The potential step was found to be fully transparent for
incident electrons with incoming energy equal to half the
height of the potential step for the dice lattice, regardless
of the angle of incidence. This is analogous to the super
transmission across a potential barrier previously reported for
the dice lattice [27,28]. For the special case of E/V0 = 0.5, we
derived an analytical formula to describe the evolution of the
transmission probability from the T = cos2 φ of graphene to
the T = 1 perfect transmission of the dice lattice (as a function
of the parameter α).

With regard to transmission across a potential barrier, we
found a general trend of enhanced transmission with increasing
α. Fabry-Pérot-like resonances were found in the intermediate
α regime, as in graphene and the dice lattice. We found the
angles at which resonances resulted in perfect transmission of
T = 1 to be independent of the parameter α. However, the
sharp resonances of graphene were broadened with increasing
α, but less so for large incidence angles. This manifested as
an expanding range of angles with nearly perfect transmission
about the resonant angles.

Investigations of tunneling across smooth potential steps in
graphene demonstrated that the transmission remains quali-
tatively unchanged. A reduction of transmission is expected
across smooth interfaces, the effects of which are most
pronounced for larger angles of incidence [26]. Numerical
investigations of tunneling across slightly smoothed potentials
for the dice lattice using a tight-binding model have demon-
strated the robustness of the super all-angle transmission to
scattering between the K and K ′ valleys for low energies [27].
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Thus, in the intermediate regime, we expect our results to
also be qualitatively robust to slightly smoothed potentials,
and expect a general decrease in transmission with smoothing.
Specific calculations with smooth potentials are beyond the
scope of this work.

The interpolation between the limiting case of α = 0 and
α = 1 is fairly smooth with regard to transmission across
potential steps and barriers. However, this is not necessarily
an expected result. There are numerous examples of α-
dependent behavior including a dia- to paramagnetic transition
in the orbital magnetic susceptibility [17]. Signatures of the
intermediate regime can be found in the magneto-optics and
the Hofstadter butterfly [20], and the Hall conductivity has
additional steps that are only present in the intermediate regime
[23]. So, while a smooth interpolation is observed for the case
of tunneling, it is not necessarily obvious that this would be
the case based on previous work on the model.

We analyzed unconventional transmission properties of the
α-T3 model which interpolates between graphene and the dice
lattice. We detailed improved transparency with increasing

α for a number of situations. For example, the potential
step with E/V0 = 0.5 acted like an interface with a negative
index of refraction of −1 for the full range of α and was
increasingly transparent with increasing α, culminating in
complete transparency for all incident angles for α = 1, as
noted above. The unconventional transparency experienced
by Dirac materials across interfaces such as np and npn

junctions, which act like negative index interfaces, presents
possibilities for electron focusing akin to the focusing of light
in optics. For example, the idea of a Veselago lens in graphene
has been analyzed [29] and is now becoming experimentally
feasible [30]. Understanding models of other Dirac-like
materials, for example the discussed α-T3 model, may present
additional possibilities for electron focusing and electron
optics.
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