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Nonlinear spin current generation in noncentrosymmetric spin-orbit coupled systems

Keita Hamamoto,' Motohiko Ezawa,! Kun Woo Kim,? Takahiro Morimoto,* and Naoto Nagaosa'-*
' Department of Applied Physics, The University of Tokyo, Tokyo 113-8656, Japan
2School of Physics, Korea Institute for Advanced Study, Seoul 02455, Korea
3Department of Physics, University of California, Berkeley, California 94720, USA
4RIKEN Center for Emergent Matter Science, Wako, Saitama 351-0198, Japan
(Received 12 January 2017; revised manuscript received 30 May 2017; published 26 June 2017)

Spin current plays a central role in spintronics. In particular, finding more efficient ways to generate spin current
has been an important issue and has been studied actively. For example, representative methods of spin-current
generation include spin-polarized current injections from ferromagnetic metals, the spin Hall effect, and the spin
battery. Here, we theoretically propose a mechanism of spin-current generation based on nonlinear phenomena.
By using Boltzmann transport theory, we show that a simple application of the electric field E induces spin current
proportional to E? in noncentrosymmetric spin-orbit coupled systems. We demonstrate that the nonlinear spin
current of the proposed mechanism is supported in the surface state of three-dimensional topological insulators and
two-dimensional semiconductors with the Rashba and/or Dresselhaus interaction. In the latter case, the angular
dependence of the nonlinear spin current can be manipulated by the direction of the electric field and by the ratio
of the Rashba and Dresselhaus interactions. We find that the magnitude of the spin current largely exceeds those
in the previous methods for a reasonable magnitude of the electric field. Furthermore, we show that application
of ac electric fields (e.g., terahertz light) leads to the rectifying effect of the spin current, where dc spin current
is generated. These findings will pave a route to manipulate the spin current in noncentrosymmetric crystals.
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I. INTRODUCTION

Spins and their flow in solids have attracted recent intense
attention from the viewpoints of both fundamental physics
and spintronics applications. The conventional and direct
way to generate spins or spin current in solids is to inject
the spin-polarized current from metallic ferromagnets [1-4].
Meanwhile, recent research has focused on the electric manip-
ulation of spin and spin current without using magnets, where
the relativistic spin-orbit interaction (SOI) plays an essential
role. For such an example, the spin Hall effect supports the
conversion of the charge current to the spin current [5—16].
In the presence of the SOI, the spin Hall conductivity o},
becomes nonzero due to an extrinsic mechanism such as skew
scattering [5—7] or the intrinsic mechanism of the Berry phase
of the Bloch wave functions [8—12]. These two mechanisms
induce o}, proportional to O(t) and O(1), respectively, in
terms of the transport lifetime 7. Spin battery is another
method to produce the spin current, where the precession of the
ferromagnetic moment is excited by the magnetic resonance
absorption, and the damping of this collective mode results
in the flow of the spin current to the neighboring system
through the interface [17-21]. Interband spin-selective optical
transition under irradiation of the circularly polarized light
also induces the spin-polarized current, which is known as
the circular photogalvanic effect [22,23]. These methods have
been successfully applied to study a variety of phenomena, but
the experimental signals associated with the spin current are
quite small, and the device structure to detect them is limited. A
more efficient way to create the spin current based on another
physical origin has been desired for the purpose of spintronics
application.

In this paper, we theoretically propose that a simple
application of the electric field produces a nonlinear spin
current proportional to the square of the electric field E? and
also the square of the transport lifetime 72 due to an interplay
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of the SOI and broken inversion symmetry. Therefore, it
can produce larger spin current compared with previous
methods. This effect is supported by nontrivial spin texture in
energy bands that appears in broken inversion systems with
the SOI, e.g., the surface Weyl state of three-dimensional
(3D) topological insulators (TIs) and two-dimensional (2D)
semiconductors with the Rashba and/or Dresselhaus SOI. This
mechanism also offers the rectification of the spin current, i.e.,
the generation of the dc spin current from ac electric fields.
These proposed mechanisms are based on the nonlinear current
responses in noncentrosymmetric systems which is captured
in the semiclassical treatment using the Boltzmann equation
as follows.

Noncentrosymmetric systems support nonlinear charge
current proportional to E2. The canonical example is a
p-n junction, where the difference of /-V characteristics
between the right and left directions leads to a charge current
proportional to E?. However, for periodic systems with
conserved crystal momentum k, the situation is less trivial.
This is because the time-reversal symmetry 7 imposes a
condition on the energy dispersion, i.e., &,(k) = £5(—k), with
a being the spin opposite «. Therefore, even with the broken
inversion symmetry Z, there remains a certain symmetry
between k and —k as long as one is concerned about the
charge degrees of freedom. Thus, in Boltzmann transport
phenomena where the charge current is determined by only
the energy dispersion, it is necessary to further break the
time-reversal symmetry in addition to Z, e.g., by the external
magnetic field B or the spontaneous magnetization M, in
order to realize the nonreciprocal charge responses [24-29].
Exceptions necessarily require that the information of the wave
functions enters into the transport properties through, e.g., the
Berry phase [30,31]. However, it should be noted that these
Berry phase contributions are not the leading-order effect in
semiclassics. Namely, the dominant one, which is proportional
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to (r E)? in the clean limit, is the contribution captured by the
Boltzmann equation.

On the other hand, the situation is dramatically different
for the spin current. In this case, one needs to distinguish the
spin components of the energy bands. The spin-split bands in
noncentrosymmetric systems with the SOI could produce a
spin current proportional to (z E)? even without breaking the
T symmetry. The difference in the required symmetry for the
charge current and the spin current is discussed in detail in
Sec. III. Since this effect arises from the Boltzmann transport,
the generated nonlinear spin current becomes very large (with
o1?) compared with that of the previous methods mentioned
above.

We note that the nonlinear spin current in transition-metal
dichalcogenides (TMDs) was also studied theoretically [32].
While Ref. [32] is focused on the band structure with Ising-type
spin splitting along the fixed (z) direction, our theory is appli-
cable to cases with general SOIs that lack the S, conservation.
Especially, the Rashba system, which is intensively studied in
the context of spintronics, is a typical example that breaks S,
conservation. Considering the ubiquitousness of the Rashba
system which emerges universally at interfaces and even in
the bulk [33,34], the applicability to such a system is a great
advantage of the present study for future spintronics studies.
Furthermore, the nonlinear spin current in the present study
is 2 or 3 orders of magnitude larger compared than that in
Ref. [32] since the latter is proportional to a small higher-order
coefficient, namely, trigonal warping. A detailed comparison
to Ref. [32] is discussed in Sec. VI. The present nonlinear spin
current also ensures controllability of the spin polarization of
the flowing spin current through the direction of the electric
field and/or the Rashba-Dresselhaus ratio.

II. THEORETICAL METHODS

A. Boltzmann equation

First, we derive the general formula for nonlinear spin
current in the semiclassical regime by using the Boltzmann
equation. We consider a system with the electric field E applied
in the x direction. The Boltzmann equation for the distribution
function f is given by

of _ = o

ok, T

ey

in the relaxation-time approximation (with 7 being the
relaxation time of the electron), where f; is the original
distribution function in the absence of E. (We have set 7 = 1
and adopt the convention e > 0 throughout this paper.) In order
to study the (nonlinear) current response in each order in £, we
expand the distribution function as f = fo + f1 + f> +
where f, o« E". The iterative substitution in the Boltzmann
equation yields f, = (etE %)n fo [29-32]. In particular, the
distribution function of the first order in E is given by

3 fo de 3 fo
= =e1E —, 2
h ke 0k, de @
and that of the second order in E is [30,32]
] ,0?
fr=erB _ (er By h. 3)
ok, ”
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(b)

FIG. 1. Second-order distribution function and resultant spin
current in a 3D TI. (a) Spin texture along the Fermi surface of the
surface state of the 3D TI. The shading shows the schematic image of
the distribution function of the second order in E, which is along the x
direction. We note that this is a schematic picture to clarify the Fermi
surface distortion, and the realistic situation for a TI with t ~ 1 ps,
E ~1kV/m, vp ~ 10° m/s, and p ~ 10 meV leads to a distortion
of the order of 10~* of the Fermi wave number. (b) Spin directions of
the spin current on the surface of the TI with a parabolic dispersion.
The blue curve indicates the magnitude, while the arrows show the

spin polarization direction of the spin current at each direction of
flow. The angle 6 corresponds to the one in Eq. (15).

The second-order term f5 typically shows modulation of elec-
tron occupation with the quadrupole structure, as illustrated
in Fig. 1(a).

B. Definition of spin current

The conventional definition of the spin- current operator is

given by the anticommutator of the velocity (oc ) and the

spin (x0,), Jus, = 4 3k ,o'v} [9-11]. Hence, the spin current
of the nth order in E is given by

=X [k umians. @

where w is the direction of flow, v is the direction of the
spin polarization, / is the band index, and f; is the nth-order
distribution function of the /th band. In the following, we focus
on the second-order nonlinear spin current j; (2) that appears in
noncentrosymmetric systems. Intuitively, an mterplay of the
quadrupole modulation of f, and nontrivial spin texture due to
the SOI [as illustrated in Fig. 1(a)] leads to the nonlinear spin
current ](2) such as that shown in Fig. 1(b), as we will see in
detail in Sec Iv.

III. SYMMETRY ARGUMENT

The nonlinear charge and spin currents (j, s and j,,,
respectively) are constrained by the time-reversal symmetry
7. To see this, we suppose that the Hamiltonian satisfies
H(k o) =H(— k —0), and hence, every eigenstate has a time-
reversal-symmetry partner that carries opposite momentum
and opposite spin. First, the charge current v, = % is odd
under 7 (7 :v, — —v,) while the spin current is even

(T ¢ jus, = Jus,)- Next the distribution function f, is even for

even n and odd for odd n because f, = (eTE)" %kfo ~ (v )"
w

Therefore, it follows that all odd orders of the spin current are
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zero and that all even orders of the charge current are zero in
the presence of the time-reversal symmetry:

o _ [ Lk f. 0 (with 7)), ®)
‘]ﬂ Sy (27_[)2 ]/.L?v odd —

even d’k -
Jiwso (27_[)2 ];Lsofeven =0 (Wlt ). (6)

In particular, we find that the second-order charge current
vanishes, while the second-order spin current can be nonva-
nishing. Finally, a similar argument applies when a system
has inversion symmetry Z with H(I;,(}) = H(—I;,c?). Since
the spin direction is not flipped by the inversion operator
(and hence 7 : j,s; — —jus,), all charge and spin nonlinear
currents in the even order are zero:

JCVCI’I — d2k
v ) @

even d2k
jo / S efom =0 D, ®)

A ],us\ feven =0 (withl), @)

These symmetry analyses indicate that the nonlinear spin
current o< E2 in the Boltzmann transport requires broken inver-
sion, but it does not require broken time-reversal-symmetric
systems. In the following sections, we study a few examples
of noncentrosymmetric systems with SOI that support the
nonlinear spin current.

IV. SURFACE STATE OF THE 3D TI

We start with the surface of a 3D TIL. It is described
by the Hamiltonian ﬂn = v(kco, — k,0,), where v is the
velocity of the Weyl cone. The energy dispersion is ¢/ = vk,
with [ = 4, and the spin polarization for each branch in
the k space is (&,k|o|%,k) = +(—sin¢, cos¢,0), where
ky = kcos¢,k, = ksin¢. We show the Fermi surface (FS)
and the spin direction for the upper branch together with the
second-order distribution function in Fig. 1(a). By using spin-
current operators, jy,, = fys, = 0 and jy;, = —Jjy5, = %v, we

&k I
Qn)? ok

can show that j{") o [

currents are zero.
However, nonzero spin currents are generated in the

presence of the parabolic term k*/(2m) in the Hamiltonian

HTll

= 0. Namely, all the spin

N k?
Hr=—+ v(kxgy

m — kyoy). C))

The emergence of the parabolic dispersion is expected in
general when the system has band asymmetry between the
electron and hole bands. The energy dispersion is given by

k2
et k) = — — & vk, (10)

and the Fermi surface is formed by one of these two branches
depending on the sign of the chemical potential . The Fermi

momentum is determined as kf = Fmv £ /2mu + m2v?,
with =+ corresponding to the sign of . The velocity operators
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in this case are given as

IH ke IH  k,
ok, = - voy, % = P VOy. (1)
The spin-current operators are given by
. k. . ky 1
Jxse = %Oﬁu Jxsy, = %O—y + Ev’
ky 1 R ky

Jyse = %Ux - EU, Jysy = %Uy, (12)
which are summarized as j,,, = %Uv up to irrelevant constant
terms. Their expectation values for each branch of the Weyl
cone are

1k
(:tvkljstisk) = F-— sinqbcosqb,
2m

k 1
(£,k| fes, |1 £, k) = £=—cos’ ¢ + =,
2m 2

k 1
(o e s, | Ke) = F o sin® ¢ — v

(E£.kljys, |1 £.k) = :i:lﬁ sin ¢ cos ¢. (13)
2m

As expected from the symmetry argument, all the linear spin
currents vanish after the ¢ integration; j{) = ;) = ;) =
J$1 = 0. This result can be shown explicitly as follows. All
the expectatlon values of the spin currents are zeroth or second
order in cos ¢ or sin ¢, while f; o cos ¢. The product of these
two terms is first or third order in cos ¢ or sin ¢, which vanishes
through the ¢ integration.

Second-order spin currents are calculated by integration by
part at zero temperature as

2
o _ [4d k
TSy 2r)?

_ [ kT ko
G

+ +
X ezr2E2i8i%
ok, ok, de

(K fus, 1K) £

2,22
F / d’k [cos® ¢ + 2sin® ¢ cos )]
8m2m

k 3 fif
X |:<— + v) cosq)ﬂ}
m d
50272 E2
= :Fﬂjkdk afo
32nm m ae

B 5¢%12E?
T 32mm

50272 B2
= :I:L[—mv—i—\ﬂmu—i—mzvz]. 14)
32am

By similar calculations shown in the Appendix, we have
]fzzx =1j& and j& = ](2) = 0. Note that the signs of the
spin currents depend on the 51gn of the chemical potential x.
Nonzero spin-current generation is naturally understood in
terms of the spin direction at the FS and the second-order

/ kdk 8(k — ki)
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distribution function possessing a quadrupole structure [see
Fig. 1(a)]. Namely, the distribution function is positive toward
the +x direction, and hence, both the 4y spin flowing in the
+x direction and the —y spin flowing in the —x direction are
accelerated by the application of E parallel to the x direction.
In total, ](2) becomes positive. Similarly, since f, is negative
toward the :I:y directions, both the —x spin flowing in the
+y direction and the +x spin flowing in the —y direction are
negatively accelerated, thus resulting in the positive j{2) .

In order to clarify the real-space texture of the generated
spin current, we define the spin current toward the 6 direction

as
2 ) cos6 + j§7 sin6
22) _ -]95) _ ]xs .] (15)
Jor = J2 ) \if) coso + ](2) sin@
5y

We show the polar plot of ];(f) in Fig. 1(b), where the blue line
shows the amplitude of the spin current |]79(§)|, while the black

arrows show the direction of the spin polarization 193) /| ](52)|
Using the fact ]g) =5/ and j& = j{? = 0, the magnitude

of the spin current is given by |](2)| 1/(];2)2 + (](2))2 =

]}(? [v/25 cos2 0 + sin? 6, which well describes the blue curve
in Fig. 1(b).

V. RASHBA-DRESSELHAUS SYSTEM

Rashba- and Dresselhaus-type SOIs are present in wide
classes of materials without inversion symmetry. The Hamil-
tonian including the Rashba-type and linear Dresselhaus-type
SOIs is

2

ﬂRD = % + Ot(kay - kyax) + ﬁ(kxax - kyay)a (16)
where m is the electron effective mass, « is the Rashba SOI
strength, and B is the Dresselhaus SOI strength. There are two

bands indexed by I = =,

et (k) = k— + ko2 + B — 2af sin2¢. a17)
The spin polarization in the k space is (&,k|o|%,k) =
E(cos ¢, —sinp,0), where ¢ = arg[(Bk, — ak,) +i(Bk, —
ak,)]. We show FSs and the spin textures for various values
of tan~!(B/) in Fig. 2 while keeping a*> + % = 1. FSs are
anisotropic for the general Rashba-Dresselhaus system. In this
case there are two FSs, in contrast to the case of the surface
state of TIs.

(@) (b) (c) (d)
+ + +

FIG. 2. Spin textures of the Fermi surfaces of the Rashba-
Dresselhaus system. (a) For tan~!(8/a) =0 (Rashba system).
(b) For 7 /6. (c) For m/3. (d) For /2 (Dresselhaus system). The
shading shows the schematic image of the distribution function of
the second order in E. Here, we have set © =0.2,m = 1, and
a’+p2=1.
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The anisotropic Fermi momentum for the upper band

is k;+ = —mA + /m?2A% + 2mu, while those for lower
bands are k;c_ = +mA £+ /m?2A% + 2mu, with A(p) =

Va2 + B —2aBsin2¢. For i > 0, kj, and k}_ form Fermi
surfaces, while k}’_ and k_ do for u < 0. Note that the Fermi
surface for u < 0 vanishes for ¢ such that m>A(¢)*>+2mu <0.
Velocity operators are given as

A

OH ke oH K,
o = + aoy + Boy, @ = E‘ —ao, — Boy. (18)

From these, we have spin-current operators as

2 1 kx ~ 1 kx
Jxs, = 5 ZO'X +B8). Jxs, = 3 Zo'y +a),

. 1/k, n 1/(k,
Jvs. = = 2o —a), Jy. == =20, —B8), (19)
IS 2\ m o 2\m "’

which are again summarized as j,,, =
expectation values for each band are

k .
350y + const. Their

1 k
(o ] o 5, ) = —<i— cos dcosg + ,3),
2 m
. 1/ k .
(k| fs, | k) = = | F—cospsing + « |,
’ 2 m
. 1/ k .
(E£,k| fys |1 £, K) = —<j:— sin ¢ cos ¢ — a),
2 m

L k. .
(£, Kkl jys, | £, k) = E(q:n_q sing sing — ,8). (20)

Using these results, we numerically calculated the second-
order spin current for some values of tan~!(8/a) and
the direction of the applied electric field 6z, where E =
E(cos6g, sinfg). The polar plot of the spin current is
summarized in Fig. 3. Note that the distribution function under
the application of the electric field in the general direction
is obtained with a simple substitution, E — E - ak’
Egs. (2) and (3). We have numerically conﬁrmed that all
the first-order spin currents are zero, which is consistent
with the symmetry requirement. We have also confirmed
the chemical potential dependence is negligible when © > 0.
Detailed arguments for the Rashba system [tan™'(8/a) = 0,
the leftmost column in Fig. 3] and the Dresselhaus system
[tan~!(B/a) = m/2, the rightmost column in Fig. 3] are given
below.

A. Rashba system

We first investigate the pure Rashba system, for
which « #0,8 =0, and 6 =0. The eigenstates and
the spin polarization are the same as those in the sur-
face state of 3D TIs; (+,k|6| & ,k) = F(cos¢,—sing,0) =
+(—sin¢, cos ¢,0). We show the spin textures of the FSs
in the pure Rashba system in Fig. 2(a). The spin texture
forms vortex structures, whose directions are opposite between
the inner and outer FSs. All the first-order spin currents are

analytically shown to vanish by the ¢ integration; ](I)R
])((13)‘12 = jiOR = ]}(IA)R = 0, where the superscript R indicates
the Rashba system. This is consistent with the symmetry

224430-4



NONLINEAR SPIN CURRENT GENERATION IN ...

i
S E
e &
siecis eis slact

FIG. 3. Spin-polarization directions of the spin current in the
Rashba-Dresselhaus system with general interaction strength and
the electric-field direction. The blue curves show the magnitude of
the spin current, while the vectors show the direction of the spin
polarization. The horizontal axis is the Rashba-Dresselhaus ratio
tan~'(B/a), and the vertical axis is the electric-field direction 6,
where E = (E cos O, E sinfg). Here, we have set u = 0.2, m =1,
ando? 4+ B> = 1.

argument. Furthermore, second-order spin currents are cal-
culated as

JOF = Z f 5 (k] |2K) f5F
' (2m)
—Z/ @k [l< ﬁcosqu—i-oz)]
()
+
X [ezrzEzi(E :I:a) cos ¢%]
ok, \m oe

2,22
= Zq:e i /dzk [cos3¢ +2sin2¢cos¢)]
+

8nZm

(o)

5e2T2E? afo
= Z F——— | kdk LI
32nm m ae

_ e 2r2E? ki —kj_ (n > 0)
32mrm —kf_+kp. (u<0)
5e212E? mo (n > 0)
=- 202 2D
16mm \/Zm/L + mca®  (u < 0).
Similarly, we have jf =1 ])(CZQR and j&OR = j@}R 0

This relation is the same as that in the case of the TL. We
note that the sign of the spin currents is opposite that in the TIL.
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The polar plot of the second-order spin current in the
Rashba system is shown in Fig. 3 in the panel corresponding
to tan~!(B/a) = 0 and Oz = 0. The shape of the pattern is
exactly the same as that in 3D TIs [Fig. 1(b)] but the spin
polarization is opposite.

B. Dresselhaus system

We next investigate the Dresselhaus system, for which
B#0,0a=0, and 0g = 0. We show the spin direction of
the FSs in the pure Dresselhaus system in Fig. 2(d). The
spin texture forms hedgehog structures, whose directions are
opposite between the inner and outer FSs; (+,k|o|+,k) =
F(cos ¢,— sin ¢,0) = (cos ¢,— sin¢,0). The eigenenergy
and the distribution functions between the Rashba Hamil-
tonian and the Dresselhaus Hamiltonian are the same. The
only difference is the expectation value of the spin-current
operators. We find the relation between the expectation values
of the spin-current operators of the Rashba and the Dresselhaus
systems as

(k| | £ KDl pa = (EKITE £ KR (22)
(k| 1K) Dl pa = (KT £ KR (23)
(k| 1K) Dl pa = (KT | KR, (24)
(k| 1K) Dl g = (KT | KR, (25)

where superscript and subscript R and D denote the Rashba
and Dresselhaus systems, respectively. These relations and the
equivalence of the band dispersion guarantee all the linear spin
currents are zero, as expected. Furthermore, the second-order

spin currents are given by j3P =520 = jOR = 52K

and ](2)D ](Z)D = 0, where the superscript D indicates the
Dresselhaus system. The polar plot of the second-order spin
current in the Dresselhaus system is shown in Fig. 3; see the
panel corresponding to tan~'(8/a) = 7/2 and Oz = 0. The
peanutlike shape is exactly the same as those in 3D TIs and the
Rashba system, but the spin polarization reflects the hedgehog
structure at FSs.

C. Carrier density and temperature dependences

Now we consider the dependence of the spin current
on the carrier density n and temperature 7. We show the

carrier density and temperature dependence of jR (= jP =

5/ R =5 j(z)D) in Fig. 4. We take the Rashba system as
an example here, but the generic features are common for
other cases also. Equation (21) and Fig. 4(a) indicate that the
magnitude of the spin current at the zero temperature increases
with the increase in carrier density n and becomes constant
for n > np, with np = m?a?/m being the carrier density
corresponding to the Dirac point. According to Eq. (21), the
magnitude of the spin current is proportional to the difference
in the Fermi momentum defined for each FS, which is constant
above the Dirac point. The constant spin current above the
Dirac point indicates that the effect of finite temperature is
tiny, as shown in Fig. 4(b).
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FIG. 4. The carrier density and the temperature dependence of the
second-order spin current in the Rashba system jA%. np = m’a’/m
is the carrier density corresponding to the Dirac pornt at the zero
temperature. Here, we have setm = o = 1.

VI. DISCUSSION

We have demonstrated that the spin current of the second
order in E is generated in noncentrosymmetric systems with
nontrivial spin textures in the momentum space. We also
note that the amplitude of the spin current is 2 or 3 orders
of magnitude larger than the previous proposal on TMDs
[32], indicating that our mechanism can generate nonlinear
spin current more efficiently. In TMDs, the anisotropic Fermi
surface due to the trigonal warping plays a crucial role in the
spin-current generation. The authors of Ref. [32] claimed that
the generated nonlinear spin current normalized by the linear
charge current is

jOC/R) _ 3yetE
i le ho

(26)

where y is the coefficient of the trigonal warping, which
has the dimension of the length. [See Egs. (3) and (5) in
Ref. [32]. We have replaced the coefficient 8 in Ref. [32]
by y to avoid confusion.] The y values are summarized in
Table 1 in Ref. [32], which is of the order of 0.1-1 A for
MoS; and GaSe. To show that our proposed method is a more
efficient mechanism to generate spin current, we calculated the
same ratio for our system and define y parameter by Eq. (26).
For a Rashba system with p > 0, for example, the linear
charge current jV = esz (2 + ma?), and the second-order
spin current is given 1n Eq. (21). The y value is calculated
as y = 51‘;’ m < m The maximum value of this ratio
is achieved by setting u = 0. In this case the y value is
630 A for GaAs by substituting @ ~ 0.1 eV A [35] and
m =~ 0.3m, [36]. For the bulk Rashba semiconductor BiTel,
the y parameter is found to be 8.1 Aby assuming o ~ 3.9eV A
[33]and m ~ 0.15m, [34]. Here, m,, is the electron mass in the
vacuum. For the surface of the TI, the linear charge current is
i =< ’nf[ mv 4 /2mu + m?v2]y/2mu + m2v?, and the
second- order spin current 1s glven in Eq (14). The y parameter
isfoundtobey = 3 by assuming 2mu <

12 m 12mv
m*v?. This value is about 17 A for the 3D TI Bi,Se; using
v~6.2x 10° m/s [37] and m = 0.53m, [38]. These three
values are much larger than that discussed in Ref. [32]. Thus,
we can conclude that our proposed method is a more efficient
mechanism to generate the nonlinear spin current.
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Generation of spin current proportional to E? indicates
that the dc spin current is induced by the ac electric field
E(t) = Ee'“". The time-dependent Boltzmann equation yields
the second-order distribution function, which is composed of
two terms: the time-independent term and the one with 2w
frequency [30]. The latter one vanishes with time averaging,
while the former gives us a finite rectified spin current, which
is calculable with a procedure equivalent to that in the present
study. This rectified spin current can be induced, for example,
by shining a terahertz light.

Under irradiation of the light on systems with spin-split
bands, the circular photogalvanic effect also contributes to
the spin current associated with the charge current. The
interband transition with the optical selection rule gives
us an unbalanced distribution of the positive and negative
momenta on the spin-split band, resulting in the spin-polarized
photocurrent [22,23]. Similarly, photocurrent is also generated
by the spin galvanic effect. The optical spin accumulation
by the absorption of the circularly polarized light results in the
photocurrent induction in the asymmetric spin-flip scattering
processes [39,40]. However, these phenomena can be excluded
by using linearly polarized terahertz light, which does not
selectively excite electrons with lifted spin degeneracy.

We next estimate the magnitude of the spin current for
various systems. We define the 3D spin conductivity as
J&) JIER/(2ec)], where ¢ is the lattice constant for the
thickness direction and we assume a reasonable value for
the magnitude of the electric field E ~ 10> V/m. The
spin conductivity is of the order of 2 x 10>° Q~'m~! for
GaAs when substituting T >~ 2.5 ps and ¢ = 5.7 A It is of
the order of 7 x 10%3 Q= 'm™! for BiTe,l with T ~ 0.072
ps [41] and ¢ = 6.9 A. As for 3D TIs, it is of the order of
1.3 x 10> Q= ! m~! for Bi,Se; when substituting T ~ 3.1 ps
[42], ¢ =29 A, and y = 0.1 eV. These values are larger than
the typical value of the spin Hall conductivity, 10°* Q~! m~!
[16]. The effect of finite temperature summarized in Fig. 4 has
a peculiar feature. For a typical sheet carrier density of the
order of ~10'3 cm~2, the carrier density n/np is of the order
of 10* for GaAs and 1 for BiTel. Room temperature in Fig. 4,
300 K/(ma?/kg), is about 400 for GaAs and 0.1 for BiTel.
As seen in Fig. 4, we may conclude that the spin current never
decreases, even at room temperature.

Finally, we discuss the validity of the present work. Our
derivation of the second-order distribution function is based
on the expansion with respectto Te £ 57— h T~ TeE/ (hko), where

ko ~ ma/R? is the typical momentum of, for instance, the
Rashba system. For the convergence of the expansion, the
electric field E must satisfy E <« ma/(ehit). This condition
has two physical interpretations. One is that the energy due
to the electric field eE/ky must be much smaller than the
disorder broadening % /t, and the other is the distance between
two FSs ma/h? must be much larger than the shift of the
distribution function in the momentum space teE /h to avoid
the level mixing by the applied electric field. The upper limit
of the electric field is of the order of 103 V/m for GaAs,
1057 V/m for BiTel, and 10°-° V/m for Bi,Se;; the latter two
values are sufficiently large for the usual terahertz experiments
(~10° V/m). Note that two FSs come very close when « ~ B.
In this case, the distance between two FSs in the momentum
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space becomes m|o — B /l‘i2 ~ 0, and hence, our results are
not valid near the persistent helix phase, @ = 8.
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APPENDIX: DERIVATION OF SECOND-ORDER
SPIN CURRENT

In this Appendix, we show the derivation of the spin

currents, ])Ezs) , ]‘(,22 , ]y(zs) , for the surface of 3D TIs and the

Rashba system, which is skipped in the main text.

1. Surface of 3D TI

For surface states of 3D TIs, the spin currents are given by

d’k [ 1k 3 (k dfy
,Ezfx f(2 7 (£, Kl Jes, | £, k)f2 = oy |::F——sm¢cos¢i||: 2E2£(Z:I:v) COS¢3_§:|
2E2
::l:egt 3 /dzk sin ¢|:< iU)COS¢ f() ] :0, (Al)
T m m
2 / <k EN A NEN ¥ <k 1 Lk sin® ¢ 2252 9 (K —— cosgbafoi
L Jys 175, =[] —=|zlx—st —v e — ==+ —Jo
P @my ? @en? [2\"m oky de
2 2E2 1 k 9 + 2 2E2 9
=&t /dzk —cosgsin®g || [ — £ v )cosg fo = /kdk 3fy
82 m m e R2am m de
e 2 »
[ mv—i-\/m]— -]xs‘ (AZ)
and
(2) d’k 2 + i(2)
Jy.s, /(2 )2 (£ k|]\s\|2|2 k) fz = /(27[)2 (:Iz7k|]x3);|:|:1k>f2 = —Jyy =0. (A3)
2. Rashba system
For Rashba systems, the spin currents are given by
QR — Z/ (K| Fr | J) £ Z/ d’k lfsm(pcos(p 222 d (K COS¢E
o @n)* fr ? @) i ok, \m de
2E2 9 +
_Z / sm ¢l k., COS¢A —0, (A4)
8m2 m m de
d’k [1 k 9 [k fE
QR _ -2 2272 0
Jys = Z/ n 7 (k| fys |2 K) 5 = Z/ ) |:—< — sin d)—a)iH:e T°E @(Z :l:oz)cos¢> ]
2E2 k 9 2022 k 9 +
=Z:|: fdzk [—cosq)sm qb][(—:ta)comp fo i|=Z:{:er /kdk <—ia>—f0
m ae n 32nm m ae
e212E? mo (n > 0) 1
__ _ LR
16rm x {\/m (n < 0) 5755, (A5)
and
IR @k j + &’k QR
o = | Gny (E.kljys, | £ ) f57 = — o (k| fs, 1K) f57 = —jOF = 0. (A6)
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3. The 1/m expansion in the surface of TIs

In this section, we investigate the effect of the parabola term in the Hamiltonian of the surface of a 3D TI. When we expand

the second-order spin current with respect to 1/m, we obtain

((2) _ 5;(2)
]x sy T ]> Sy

5¢272E? 1 2 3 4
ST I (. NI A N1 Y =
32 mv? 2\ mv? 2 \ mv? muv?

5¢212E?
=4+——[-mv+V/m2v2 4+ 2mu]
32nm

50272 E? 2
iL +0 M . (A7)
32mrmv mu?

The leading term is the expression for ji? which is obtained only by considering the correction to the current operator due to
the k2 dispersion. Namely, when we evaluate the expectation value (/,k|j,s, 11,k), we use H = k? /@2m) + v(kco, — k,0,) for

the Hamiltonian but &+

= vk for the distribution function. In this situation, for example, ](2) is given by

d’k d*k 1k f
i = 4,k fus, | K) / +-_— + 0
I, /(2 7 (£,kl jus, |£.k) fo = o | F2m cos’ ¢ + v ( v)cos¢>
2 2E2 9 + 5 2 2E2 P 5 2 2E2
= —&/dzk[cos3¢+2sin2¢cos¢] cos ¢ fo _ et /kdk fo _ et /kdkS(:l:vk D)
8mTm de 32mm de 32mm
5 2 2E2
—gReT (A8)
32mrmv

This indicates that the spin current at the TI surface arises from the interplay between the surface Weyl state exhibiting a nontrivial
spin texture and the effect of the k* dispersion introducing the k linear term in the current operator.

4. Numerical calculation in the Rashba-Dresselhaus system

The second-order spin current in the coexistence of the Rashba and Dresselhaus terms ](2) is calculated as

jO = Z/ (k| s, |2, ) £ Zf Lk [l(i
(21 )2 e (ry’

kdkde (E

de 1
—k>5(s - M)(E

k 5 5 9 deT\ f5
Zcos¢cos<p~|—,3>:||:e T (Eﬁ><EW>¥i|

0
ﬁ) [k cos ¢ cos ¢]. (A9)

The analytical integration over k is possible for given values of ¢ with the use of the relations

8t — ) {0

Al sk~ )
3™ —w)=
0

&+ A8k — k)

— ATk — k) + | -

(> 0),

(A10)
(n <0,
(u > 0),
A8 —kp)  (u < 0,m2A% +2mu > 0), (Al1)

(n < 0,m?A% +2mp < 0).

Then, the integral over ¢ is evaluated numerically. Similar calculations are carried out for the other components of the second-order

spin current. This expression is used in the Fig. 3 in the main text.
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