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Steady-state preparation of long-lived nuclear spin singlet pairs at room temperature
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The coherent high-fidelity generation of nuclear spins in long-lived singlet states, which may find application
as quantum memory or sensor, represents a considerable experimental challenge. Here, we propose a dissipative
scheme that achieves the preparation of pairs of nuclear spins in long-lived singlet states by a protocol that
combines the interaction between the nuclei and a periodically reset electron spin of an nirogen-vacancy center
with local radio-frequency control of the nuclear spins. The final state of this protocol is independent of the initial
preparation of the nuclei, is robust to external field fluctuations, and can be operated at room temperature. We
show that a high-fidelity singlet pair of a 13C dimer in a nuclear bath in diamond can be generated under realistic
experimental conditions.
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I. INTRODUCTION

The preparation of nuclear spins in singlet states is attract-
ing increasing attention due to their weak coupling to several
environmental relaxation processes, especially for closely
spaced nuclei when their interaction with their environment
is symmetric to a very good approximation and transitions
between the singlet and triplet states are suppressed. As a
consequence, singlet states exhibit superior stability, which
makes them promising candidates for storing nuclear hyperpo-
larization even beyond their relaxation time T1 [1,2]. Nuclear
spin-singlet states offer a broad range of applications in
medicine, materials science, biology, and chemistry. They are
used as a resource for spectroscopic interrogation of couplings
within many-spin system [3,4], the monitoring of protein
conformational changes [5], the probing of slow diffusion
of biomolecules [6], or as quantum memories [7]. However,
the key strength of nuclear singlets, namely their weak
interaction with their environment due to the antisymmetry
of the singlet state, is also their weakness, as it makes the
high-fidelity singlet-state preparation and their manipulation a
challenge [8,9].

The nitrogen-vacancy (NV) defect center in diamond which
has been studied extensively over the past decade for precision
sensing and quantum information processes (QIP) offers new
perspectives here [10]. The NV center with its surrounding
nuclei forms a natural hybrid quantum register [11,12] in
which electron spins are used for fast high-fidelity control
and readout, and proximal nuclear spins can be controlled
and used as memories due to their ultralong coherence
time. Furthermore, NV centers are excellent hyperpolarization
agents to polarize nearby nuclear spins at ambient condition
[13–15], which gives rise to several orders of enhancement of
nuclear magnetic resonance (NMR) signals.

In these room-temperature applications of the NV center,
however, relaxation processes of the NV center, which induce
decoherence on both the NV and the surrounding nuclear
spins, are a major obstacle for the high-fidelity preparation of
entangled target states [16]. However, it has been recognized
early that dissipation can also be a resource that enables
entangled state preparation [17,18]. In recent years, theoretical
protocols that design dissipative processes has been focused
on the creation of entanglement between atoms, ions, and
spins [19–24], the stabilization of quantum gates [25,26]

and dissipative entanglement generation have been realized
experimentally in atomic ensembles [27], ion traps [28], and
superconducting qubits [29]. We stress that these results have
been obtained in systems that are operating under cryogenic
conditions and/or vacuum conditions.

The subject of this work is a proposal for a solid-state-based
system that can achieve singlet-state generation under ambient
conditions in a spin bath in which all spins are coupled
to an NV electron spin in diamond. Our method includes
two important features. First, the frequent resets of the NV
stabilizes it in a particular state and provides a tunable artificial
reservoir. Second, the coherent local control of nuclear spins
by radio-frequency (rf) fields with imbalanced detunings to
the two nuclear Larmor frequencies, ensures that the steady
singlet state of the nuclei is unique. An important merit
of dissipative state preparation is its resilience to errors
due to imperfect state initialization and fluctuation of the
driving fields. Our method can be applied to interacting or
non-interacting nuclear spins which have similar magnitude
couplings to the NV. Additionally, high-fidelity singlet pairs
of a 13C dimer in a nuclear bath in diamond can be generated
with the realistic parameters. The so generated spin singlet
state exhibits a lifetime that extends well beyond the T1-limit
of the electron spins.

II. THE MODEL

We consider an NV center and two nearby 13C spins with
gyromagnetic ratio γn, as shown in Fig. 1. Their interaction
can be described by the dipole-dipole term Hint = Sz · �Ai · �Ii ,
where �A = (a‖i

,a⊥i
) is the hyperfine vector, with a‖i

and a⊥i

denoting the related coupling components parallel and perpen-
dicular to the nuclear spin quantization axes (see more details
in Appendix A), and nonsecular terms are neglected due to the
energy mismatch of the two spins. In an external magnetic field
B0 (i.e., |B0| = 100G), the effective Lamor frequency of nu-
clear spin is γn|Beff| = |γnB0 + a‖i

2 |. A microwave (MW) field
(Rabi frequency �mw and frequency ωmw) and a rf field (Rabi
frequency �rf and frequency ωrf) are applied to the NV and
the nuclear spins, respectively. In a suitable interaction picture
we can rewrite the effective Hamiltonian of the NV spin as
HNV = �mwσz, where the microwave is resonant with the
|ms = 0〉 ↔ |ms = −1〉 transition, and the microwave dressed
states {|+x〉 = 1√

2
(|0〉 + |−1〉),|−x〉 = 1√

2
(|0〉 − |−1〉)}
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FIG. 1. A nuclear singlet pair (blue circles) is generated by using
frequent resets of the NV spin and local radio-frequency (rf) control
of nuclear spins. The NV spin is initialized to the ms = 0 state by
green laser illumination and transferred to state |−x〉 = (|ms = 0〉 −
|ms = −1〉)/√2 by using a microwave-π/2 pulse. The electron spin
is reinitialized every tre and MW field is applied continuously. A
unique steady state of the system is obtained by suitably chosen rf
driving on the nuclear spins.

define σz = 1
2 (|+x〉〈+x | − |−x〉〈−x |). Working in a rotating

frame with respect to H0 = �mwσz + ∑2
i=1 ωrfI

z
i and by

using a rotating wave approximation, we find the simplified
Hamiltonian (details are included in Appendix A),

H ′′
tot =

∑
i=1,2

�iI
z
i + �rfI

x
i + a⊥i

4
(σ+I−

i + H.c.), (1)

with �i = γnB0 + a‖i
2 − ωrf and ωrf = �mw.

We follow the basic cooling cycles for nuclear spin
polarization [30,31], namely an iteration between evolution
according to Hamiltonian Eq. (1) followed by reinitialization
of the electron spin to |−x〉. The nuclei effectively “see” a large
polarization reservoir of the periodically reset of electron spin,
and the density matrix of the system evolves according to

ρn → · · · UtTre[Ut (ρn ⊗ |−x〉〈−x |)U †
t ] ⊗ |−x〉〈−x |U †

t · · ·
in which Ut = exp(−iH ′′

tott) is the time evolution operator,
Tre presents the trace over the electron and ρn is the density
matrix of nuclear spins in the system. In order to allow for a
perturbative treatment, we consider short times between the
NV resets (t = tre < 1/

√∑
i a

2
⊥i) we can expand the time

evolution operators to second order and eliminate electronic
degrees of freedom by a partial trace. The periodic resets
introduce an effective relaxation mechanism and the effective
relaxation of the NV spin is given by the life time T1ρ and
the reset time tre (	N = 1/T1ρ + 1/tre). Additionally, frequent
resets with tre � T1ρ ensures that the electron spin stays close
to the reset state |−x〉 and 	N ≈ 1/tre.

By adiabatic elimination of the NV spin (see Appendix B),
the reduced density operator of the nuclear spin subsystem is
governed by the master equation,

d

dt
ρn = −i[HT ,ρn] +

∑
i=1,2

D[Mi]ρn + D[L]ρn, (2)

in which D[c]ρ = cρc† − 1
2 {c†c,ρ}, Mi = √

	iI
−
i with 	i the

dephasing rate of the nuclear spins and L = ∑
i αiI

−
i with

αj =
√

	N a⊥j /4
−�j +i	N /2 . Here, the effective dissipation itemD[L]ρn is

due to the dissipation induced by the NV resets in combination
with the interaction between the electron and nuclear spins [last
term in Eq. (1)], leaving the local nuclear dynamics described
by the Hamiltonian

HT =
∑
i=1,2

�rfI
x
i + �iI

z
i . (3)

Without the applied rf field �rf = 0 and �1 = �2, the readily
obtained master equation represents the basic cooling scheme
for nuclear spin polarization. This scheme has two decoupled
nuclear spin states, the fully polarized state | ↓1↓2〉, as well
as, for equally strong coupled spins, the dark state |S〉 =

1√
2
(| ↑1↓2〉 − | ↓1↑2〉). As a result, the stationary state of the

nuclear spins will be a mixture of these two states, which is
neither fully polarized nor fully entangled. Our goal is the
preparation of a maximally entangled singlet state. In the
following, we show how local rf control can remove the fully
polarization state of the nuclear spins from the manifold of
stationary states such that the dynamics of the nuclear spins
then converges to a singlet state.

III. SINGLET PAIR GENERATION FOR
NONINTERACTING SPINS

For two nuclei that couple equally to the NV, i.e., a⊥1 =
a⊥2 , and the choice �1 = −�2 for the rf field, the unique
steady state of the system is given by the Hamiltonian HT and
dissipation part L,

|ψss〉 = Nc(
√

2�1| ↓1↓2〉 − �rf|S〉), (4)

with the normalization coefficient Nc = 1√
2�2

1+�2
rf

. It is an

eigenstate to eigenvalue 0 of both, the effective Hamiltonian
HT and the Lindblad operator L. Notice that when there is
no detuning, i.e., �1 = �2, the system is decomposable and
the steady state is not unique. However, a small imbalance in
the detuning between the two nuclear spins, i.e., �1 = −�2,
breaks the symmetry and leads to |ψss〉 being the unique
steady state. We use the logarithmic negativity (LN) [32,33] to

measure the entanglement, LN(ρss) = log2(1 + �rf

√
2�2

1+�2
rf

2�2
1+�2

rf
).

Therefore, in the limit �rf � |�| (� = |�1 − �2|/2), one can
have LN → 1, which shows that the steady state of the system
will achieve the singlet state |S〉 independent of the initial state.

Figure 2(a) shows the result of a numerical simulation using
the original full Hamiltonian Eq. (1) and periodic NV resets.
The results which show near perfect singlet generation are
well approximated by the effective master equation Eq. (2).
Even for imperfect matched detuning (δ� = �1 + �2 �= 0)
and an asymmetry of the couplings (δa = a⊥1 − a⊥2 �= 0) high
fidelity is maintained with �rf = 8� [see Fig. 2(b)]. Further-
more, our simulations show that the singlet pair generation
is also robust to imperfections in the reinitialization of the
NV. A reset fidelity of 96% polarization for the electron spin
(achieved by current experimental technology [34]) suffices to
provide a singlet state with LN = 0.97.
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FIG. 2. (a) The population evolutions of the singlet and three triplet states {|S〉 = 1√
2
(|↑1↓2〉 − |↓1↑2〉),|↑1↑2〉,|↓1↓2〉,|T 〉 = 1√

2
(|↑1↓2〉 +

|↓1↑2〉)} as a function of time for a fully mixture state ρn = I/4 initially. The NV spin is reset every 40 μs (T1ρ = 2 ms) providing the tunable
artificial reservoir. The two nuclei are coupled to the NV center (distance ∼1.2 nm) as (a‖1 ,a⊥1 ) = (2π )(2,16) kHz and (a‖2 ,a⊥2 ) = (2π )(4,16)
kHz, which results in � = (2π )0.5 kHz, �rf = 8�. Exponential detuning accelerates the convergence time (red dotted line) and imperfect reset
of NV center also gives high LN ∼ 0.96 of singlet state generation (red dashed line). Take the parameters as shown by the red solid line in (a)
as an example to demonstrate the effect of imperfections: (b) the LN is given due to imperfections of the detunings and couplings with the same
� and evolution time t = 20 ms. (c) The convergence time TCv for achieving LN = 0.97 vs. the ratio |α|2j /�mw for different perpendicular
couplings (Here we adjust tre as an example and |α|2j ≈ a2

⊥j tre/4). (d) Optimized singlet state generation of different detunings with �rf = 8�

and |α|2j /�rf = 2. As a comparison, we consider a small nuclear bath (red triangles), in which coupling strengths of three different nuclear spins

are (a‖3 ,a⊥3 ) = (2π )(13,8) kHz, (a‖4 ,a⊥4 ) = (2π )(−11,3) kHz and (a‖5 ,a⊥5 ) = (2π )(20,4) kHz. And (e) with �/�rf = √
kj /2, the optimized

fidelity as a function of T2 of nuclear spins.

Another important factor for dissipative entanglement
generation is the convergence time TCv of the scheme. TCv

is limited by the effective dissipation rate |αi |2 (|α1| ≈ |α2|)
and the strength of �rf of the local rf control and the
detuning � via the ratios �/�rf and |αi |2/�rf. Notice that
�/�rf also controls the singlet generation fidelity and we use
�/�rf = 1/8 to ensure high fidelity, which in turn induces
a relatively long TCv. For a given �, we find that the optimal
convergence time is achieved for |α|2/�rf = 2; [see Fig. 2(c)].
Additionally, the convergence may be accelerated by using an
adiabatic change of the imbalance of the detuning � over time.
The choice � = (2π )4e−2.5t kHz yields the dotted red line in
Fig. 2(a), which favors rapid approach to the target.

The singlet state preparation can be controlled by using the
weak external magnetic field (i.e., |B0| = 100G). Choosing
two nuclei with similar couplings to the NV we can adjust
the external magnetic field direction to obtain the same
perpendicular coupling components and a difference between
parallel components. As the detuning � is induced by the
parallel components, choosing the NV reset time tre and Rabi
frequency �rf appropriately achieves high fidelity of singlet
pair generation and relatively short convergence time. As
shown in Fig. 2(d), a singlet pair is generated with high
fidelity for a large range (2π )0.125 kHz < � < (2π )4 kHz.
Additionally, � is also tunable via a magnetic field gradient
[35], which makes the adiabatic change of the detuning
imbalance � possible [35]. Therefore, it is not difficult to find
two nuclear spins matching the requirements for high-fidelity
generation of a nuclear singlet pair.

So far we have not considered the effect of environmental
noise on the nuclei. In order to model a more realistic
situation, we include a small nuclear spin bath surrounding
our nuclear spins pair. In Fig. 2(d), we see the impact of
such a spin bath by comparing the red curve (noise free)

and the red triangles (with spin bath). Notice that the other
spins are unaffected by our singlet generation protocol because
|�i − �| � 0 and |a‖i

− a‖1 | � 0 and tre is chosen such that
the perturbative treatment is valid. The intrinsic decoherence
of nuclear spins can be neglected when the coherence time
(T2 > 500 ms [36] for 13C spins in diamond under ambient
conditions) exceeds TCv. For a very noisy environment, e.g.,
nuclear spins in a molecule on the NV surface the singlet
fidelity will be adversely affected. One way to eliminate
the influence of intrinsic dissipation is by increasing the
engineered correlated decay αj , which is limited by the small
coupling between the NV and nuclear spins. In order to get the
steady state of a two-qubit system, one can solve the system
of d2 − 1 = 15 differential equations for the elements of the
stabilized density matrix or equivalent Bloch vector [37]. The
solution is an eighth-order polynomial in which the LN can
be maximized. Therefore, one can optimize the dynamics
by using the first-order perturbation in the small parameter
kj = √

	j/αj , and the LN is maximized by �/�rf = √
kj/2.

We show the optimized LN in Fig. 2(e). Additionally, the rate
of convergence can be accelerated by starting with a large
initial detuning and decrease it to the optimal value.

IV. SINGLET PAIR GENERATION FOR INTERACTING
SPINS IN A DIMER

If one intends to generate a singlet state of two interacting
spins in a dimer, the dipole-dipole interaction is not negligible
and the local dynamics is given by

H ′
T =

∑
i=1,2

�rfI
x
i + �iI

z
i + g12

[
I z

1 I z
2 − 1

2

(
I x

1 I x
2 + I

y

1 I
y

2

)]
,
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FIG. 3. Dissipative dynamic of the singlet state in a nuclear
dimer (interacting with each other g12 = (2π )4.2 kHz) coupled to
the NV spin (a‖1 ,a⊥1 ) = (2π )(−6.39,12.54) kHz and (a‖2 ,a⊥2 ) =
(2π )(−2.77,12.67) kHz, which is governed by the original master
equation and NV reset procedure. The initial state of nuclear pair is in
a completely mixed state ρn = I/4 and NV spin is reinitialized to state
|−x〉 every 50 μs (T1ρ = 2 ms). Adjusting the MW Rabi frequency
allows us to have �1 = (2π )(−0.10) kHz and �2 = (2π )1.91 kHz,
with �rf = (2π )20 kHz, and the singlet state is generated as
shown by the blue line. As a comparison, we consider a small
nuclear bath (the dashed red line), in which coupling strengths of
three different nuclear spins are (a‖3 ,a⊥3 ) = (2π )(−22.1,20.0) kHz,
(a‖4 ,a⊥4 ) = (2π )(14.2,6.4) kHz and (a‖5 ,a⊥5 ) = (2π )(−17.8,1.2)
kHz. The inset shows the LN vs. �rf and δ� with the evolution time
30 ms.

where g12 = μ0

4π

h̄γ 2
n

r3
ij

(1–3 cos2 θij ) is the coupling strength

between nuclear spins, θij is the angle between the nuclear
spin position vector �rij and the magnetic field. It is easy to see
that |S〉 is an eigenstate of the last term in H ′

T . Therefore, one
can proceed analogously to the case of noninteracting nuclear
spins and adjust the detunings and the Rabi frequency of the rf
field to ensure that the singlet state is unique. Then the singlet
state of the pair of interacting nuclear spins in a dimer is again
generated as the steady state (see the simulation in Fig. 3). In
this simulation we consider a 13C dimer (∼1.3 nm from NV
center) in diamond, the NV position [0,0,0] nm and NV axis is
parallel to the crystal axis [111]. The magnetic field is applied
along NV axis. dcc = 0.154 nm is the C-C bond length. A
value of g12 = (2π )4.2 kHz (or 1.37 kHz) indicates the dimer
is either aligned along the direction of the external field B (or
tilted from the magnetic field by 109.5◦), which tends to have
comparable perpendicular coupling components and small
imbalanced parallel components. Suppose g12 = (2π )4.2 kHz,
and nuclear spins positions as [0.625,−0.624,−0.803] nm and
[0.536,−0.714,−0.893] nm, as shown in Fig. 3, a singlet pair
with high LN 0.98 is generated. The scheme is robust to the
fluctuation of the detunings and Rabi frequency of rf field; see
Fig. 3. In general, there are many 13C nuclear spins surrounding
the NV spin. Therefore, we also performed simulations which
consider the dimer in a small nuclear bath (three additional
nuclear spins coupled to the NV spin). For 0.55% of 13C
spins abundance, the probability of finding the dimer along

the NV axis within 1–1.5 nm of the NV center is ∼2.4%
(see Appendix D).

V. CONCLUSIONS

Before concluding, we stress that the generation of a singlet
state of nuclear spins in experiments by using unitary prepara-
tion is extremely difficult at room temperature. First, unitary
preparation depends on the selective quantum operations be-
tween each nuclei and the NV center. If two nuclei have similar
couplings to the NV center, no matter if they interact with
each other or not, individually addressing one of them without
affecting the other is quite challenging. Second, the NV center
lifetime being several orders shorter than in Ref. [16], limits
high fidelity quantum operations. Additionally, at least four
two-qubit quantum gates are necessary for unitary preparation,
each fidelity is smaller than 0.9 [11], which gives the fidelity
0.66 of a singlet state.

In summary, we propose a dissipative approach to generate
long-lived singlet pair in both noninteracting and interacting
nuclear spins which are dipole coupled to the electron spin of a
nearby NV center in diamond at room temperature and ambient
conditions. The key idea of our protocol is the combination of
periodic resets of the electron spin which generates tunable
dissipation and coherent radio-frequency control of the target
nuclear spins. This combination stabilises the protocol against
the impact of T1 processes of the NV center and we show that
dissipative entanglement is generated for any initial state of the
spins and is robust in the presence of external field fluctuations
and other imperfections. High-fidelity nuclear singlet states
provide a resource for a host of applications.
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APPENDIX A: EFFECTIVE HAMILTONIAN
OF THE SYSTEM

The Hamiltonian of the whole system is given by Htot =
He + Hn + Hdriv + Hint, in which He, Hn, and Hdriv are the
Hamiltonian of the NV center in diamond, of nuclear spins,
and of the driving MW and rf field, respectively. And we have

He = DS2
z + γe

�B0 �S,

Hn =
∑
i=1,2

γn
�B0 �Ii,

Hdriv =
√

2�mw cos ωmwtSx +
∑
i=1,2

2�rf cos ωrf tI
x
i ,

Hint =
∑
i=1,2

(
μ0

4π

h̄γeγn

r3
i

)[�S �Ii − 3
(�S · �eri

)( �Ii · �eri

)]
. (A1)

Herein D denotes zero-field splitting of the electronic
ground state, γe = (2π )28 GHz/T, γn the gyromagnetic ratio
of the electron spin and nuclear spins, �S the electron spin-1
vector operator, and �B0 the magnetic field vector. �mw (�rf) is
the Rabi frequency of the MW (rf) field with frequency ωmw
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(ωrf). ri is the distance between the electron spin and nuclear
spin and �eri

presents unit direction vector connecting the two
coupled spins involved.

Working in a frame that is rotating with the microwave
frequency that is resonant with the electronic transition ms = 0
and ms = −1. Within the ground state, ms = 0 and ms = −1
manifold form a two-level system, for which the Hamiltonian
is

Hintf =
∑
i=1,2

(
σ e

z + 1/2
) �Ai · �Ii, (A2)

where

�Ai = g0

r3
i

[
3ez

rie
x
ri
,3ez

rie
y
ri
,
(
3
(
ez
ri

)2 − 1
)]

is the hyperfine coupling vector with g0 = −μ0h̄γeγni

4π
. The

direction of �Ii is determined by the magnetic field unit vec-
tor �b = [θ,φ] = [sin θ cos φ, sin θ sin φ, cos θ ] = [bx,by,bz].
σ e

z = 1
2 (|−1〉〈−1| − |0〉〈0|). �A = (a‖i

,a⊥i
) with a‖i

and a⊥i

denotes the related coupling components parallel and per-
pendicular to the nuclear spin quantization axes a‖i = �Ai · �b
and a⊥i =

√
| �Ai |2 − a2

⊥i . The coupling vector �A = (a‖i
,a⊥i

)
is adjustable by the magnetic field direction. One can shift
the magnetic field direction to have a⊥i = a⊥j for these two
nuclear spins and a‖i �= a‖j , which satisfies the requirement
for singlet generation of two noninteracting nuclear spins near
the NV center.

We can rewrite the effective Hamiltonian of the NV
spin as HNV = �mwσz, with eigenstates {|+x〉 = 1√

2
(|0〉 +

|−1〉),|−x〉 = 1√
2
(|0〉 − |−1〉)} microwave dressed states and

σz = 1
2 (|+x〉〈+x | − |−x〉〈−x |. Consider the simplified Hamil-

tonian of system as

H ′
tot = �mwσz +

∑
i=1,2

2�rf cos ωrftI
x
i

+
(

γnB0 + a‖i
2

)
I z
i + σx

(
a‖i

I z
i + a⊥iI

x̂
i

)
. (A3)

Working in a rotating frame with H0 = �mwσz + ∑2
i=0 ωrfI

z
i

and a‖i
,a⊥i

� �mw,ωrf, rotation wave approximation gives

H ′′
tot =

∑
i=1,2

�rfI
x
i + �iI

z
i + a⊥i

4
(σ−I+

i + σ+I−
i ), (A4)

in which �i = (γnB0 + a‖i
2 ) − ωrf and ωrf = �mw.

We employ the Lindblad master equation to investigate the
dynamics of the whole system described by density matrix ρ.
This is described by

d

dt
ρ = −i[H ′′

tot,ρ] + De[L]ρ, (A5)

in which De[c]ρ = cρc† − 1
2 {c†c,ρ} and L = √

	N |−x〉〈+x |
with the effective dissipation of the electron spin 	N . Here
the reset of the NV to the state |−x〉 every tre introduces
an effective interaction time in each cycle, which results
in another effective relaxation mechanism of the electron.
Therefore, the effective relaxation of the NV spin includes
two parts: the lifetime and the reset of the electron spin
	N = 1/T1ρ + 1/tre. Additionally, in our scheme frequent

resets of NV spin into the state |−x〉 with tre � T1ρ ensures
electron spin state stays in state |−x〉 and 	N ≈ 1/tre.

APPENDIX B: ADIABATIC ELIMINATION OF
ELECTRONIC DEGREES OF FREEDOM

Because the coupling strengths between the electron spin
and nuclear spins are small compared to the energy scales
of electron and nuclear spins, perturbation theory allows us
to derive the effective master equation for the nuclear spin
subspace. When electron spin state stays in state |−x〉, the flip-
flop of transition |↑ −x ↓〉 ↔ |↓ −x ↑〉 is mediated by |m〉 =
|↓ +x ↓〉. Adiabatic elimination of the state |m〉 we reduce
the dynamics to an effective master equation involving ground
{|g1〉,|g2〉} = {|↑ −x ↓〉,|↓ −x ↑〉} manifold [38],

d

dt
ρeff = −[HT ,ρeff] + D[Leff]ρeff, (B1)

in which effective Hamilton and Lindblad operators

HT = V †[H−1
0 + (

H−1
0

)†]
V + Hg,

Leff = LiH
−1
0 V, (B2)

connecting only ground states in {| ↑ −x ↓〉,| ↓ −x ↑〉}. Here,
V are the perturbative excitations from the ground states in to
the mediate state | ↓ +x ↓〉. Hg is the Hamiltonian for ground
states, and

H0 = Hm −
∑

i

i

2
LiL

†
i ,

with Hm for the mediate state. Therefore, one has Linblad
operators as

L1 =
√

	N |g1〉〈m|,
L2 =

√
	N |g2〉〈m|. (B3)

The non-Hermitian Hamiltonian can be divided into two parts,
denoted by the initial state of the exciting field

H
(1)
0 = �1 − i	N

2
|m〉〈m|,

H
(2)
0 = �2 − i	N

2
|m〉〈m|. (B4)

And V is determined by the interaction Hamiltonian
a⊥i

4 (σ−I+
i + σ+I−

i ).
Because the NV is kept in state |−x〉, the dynamic of the

NV is eliminated and we have effective master equation

d

dt
ρn = −i[HT ,ρn] +

∑
i=1,2

D[Mi]ρn + D[L]ρn, (B5)

in which the intrinsic dissipations of nuclear spins are included
as the second item, Mi = √

	iI
−
i with 	i the dephasing rate of

the nuclear spins. Effective dissipation induced by the electron

reset is given as L = ∑
i αiI

−
i with αj =

√
	N a⊥j /4

−�j +i	N /2 . And the
effective Hamiltonian is

HT =
∑
i=1,2

�rfI
x
i + �iI

z
i . (B6)
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APPENDIX C: NUCLEAR COHERENCE AND
DEPOLARIZATION INDUCED BY LASER ILLUMINATION

In this part, we will use the spin-fluctuator model [36] to
obtain the dephasing and depolarization rates of the nuclear
spin under green illumination which leads to the NV reset.
Consider the nuclear spin and the NV spin environment under
green illumination, we have the Hamiltonian as

Hni = γniB0I
z
i + Sz

(
a‖i

I z
i + a⊥i

2
I+
i + H.c.

)
. (C1)

In the simple model we assume that under strong green
illumination the NV spin projection fluctuates by ± 1

2 about
its average so that we can rewrite the Hamiltonian as

H ′
ni = γniB0I

z
i + fopt(t)

(
a‖i

I z
i + a⊥i

2
I+
i + H.c.

)
, (C2)

in which fopt(t) = {− 1
2 , 1

2 } described a Bernoulli pro-
cess, assuming 〈fopt(t)〉 = 0 and correlation function
〈fopt(t)fopt(0)〉 = 〈f 2

opt(0)〉e−2	illum|t | = 1
4e−2	illum|t |. 	illum is the

forward and backward effective transition rate controlled by
the laser intensity.

The nuclear spin dephasing rate is induced by the term
fopt(t)a‖i

I z
i , while the depolarization rate is related to the

term fopt(t)(
a⊥i

2 I+
i + H.c.). Therefore, dephasing and de-

polarization of the nuclear spin are given by
a2

‖i
8	illum

and
a2

⊥i

(γniB/2)2+	illum

	illum
8 , respectively. Consider the NV initialization

requires time τ = 1 μs, and every tre = 40 μs we reset
NV spin, the dephasing and depolarization of the nuclear
spin caused by green illumination are given as 1/Topt1 =

a2
⊥i

(γniB/2)2+	illum

	illumτ

8tre
, and 1/Topt2 = a2

‖i
	illum

τ
8tre

, respectively. Sup-
pose a‖i

< 10 kHz and 	illum ∼ 400 kHz [36], τ � tre and
a⊥i

� γniB induce the effect from the green illumination
negligible.

APPENDIX D: INHOMOGENEITIES INTRODUCED
BY THE DRIVING FIELDS

In order to account for inhomogeneities introduced by the
driving fields during the cycles, we have the fluctuating terms
in the stochastic Hamiltonian as

HT =
∑
i=1,2

�rfI
x
i + �iI

z
i + B�(t)I x

i + B�(t)I z
i , (D1)

where B�(t) and B�(t) are the random processes describing
the fluctuating frequencies. After each consecutive cycle, we
include random B�(mtre) = B�n and B�(mtre) = B�n with

B =2kHz

B =2kHz

Nofluctuation

0 10 20 30 40
0.2

0.4

0.6

0.8

1.0

t (ms)

S

FIG. 4. The population evolutions of the singlet and three triplet
states |S〉 = 1√

2
(| ↑1↓2〉 − | ↓1↑2〉) as a function of time for a fully

mixture state ρn = I/4 initially. The two nuclei are coupled to the NV
center and � = (2π )4 kHz, �rf = (2π )16 kHz, the parameters of the
purple dashed line in Fig. 2(d) is the same in Fig. 2(d). The presence
of frequencies noise are given and it is shown that our scheme is
robust to the fluctuations of the driving field, B� = B� = 2 kHz.

m natural number and n is a zero-mean unit-variance gaussian
random variable, which is time uncorrelated. By considering
the particular time-dependence of these stochastic processes,
we numerically integrate the noisy dynamics. This allows
us to study the effects of inhomogeneities introduced by
the driving fields on the singlet generation. The presence
of frequencies noise is given and it is shown that our
scheme is robust to the fluctuations of the driving field;
see Fig. 4.

APPENDIX E: PROBABILITY FOR FINDING A 13C DIMER

Here we calculate the probability to find a dimer appearing
within 1–1.5 nm of the NV center. Natural abundance 13C
spins Cc = 1.1% gives a probability of a site at distance R

from NV spin PC = exp(−CcNR) with NR = 16 4πR3

3Vc
the total

carbon sites and Vc = 0.0454 nm3 is the volume of a unit cell.
Therefore, one can have the probability of the first dimer on the
shell (thickness �R) from NV spin as �P = exp(−C2

c NR) −
exp(−C2

c NR+�R). In diamond of natural abundance, there is
∼29% probability to have at least one nuclear dimer appearing
within 1–1.5 nm (the possible range) from the NV center. The
probability of finding the dimer parallel the NV axis is about
7.3%. Also a half natural abundance gives a probability of
finding the dimer along the NV axis ∼2.4%.
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