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We study Floquet topological phases in periodically driven systems that are protected by “time glide symmetry”,
a combination of reflection and half time period translation. Time glide symmetry is an analog of glide symmetry
with partial time translation replacing the partial space translation and, hence, is an intrinsically dynamical
symmetry which may be engineered in periodically driven systems by exploiting the controllability of driving.
We present lattice models of time glide symmetric Floquet topological insulators in two and three dimensions.
The topological numbers characterizing those Floquet topological phases are derived from the half-period time-
evolution operator along with time glide operator. Moreover, we classify Floquet topological phases protected by
time glide symmetry in general dimensions using a Clifford algebra approach. The obtained classification table is
similar to that for topological crystalline insulators protected by static reflection symmetry, but shows nontrivial
entries in different combination of symmetries, which clarifies that time glide symmetric Floquet topological
phases are a distinct set of topological phases from topological crystalline insulators. We also classify Floquet
topological phases with “time screw symmetry”, defined as a twofold spatial rotation accompanied by half-period

time translation.
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I. INTRODUCTION

The discovery of topological insulators has revived the
prominence of topology in the frontier studies of electronic
systems [1,2]. A major driving force behind this new wave
of development is the realization that symmetries can lead
to new topologies. For instance, although a two-dimensional
time-reversal-symmetric band insulator necessarily carries a
vanishing Chern number, they can still carry a nontrivial
Z,-valued topological invariant and exhibit the quantum spin
Hall effect. As these novel topological distinctions are only
well defined in the presence of certain symmetries, they
are generally referred to as “symmetry-protected topological
phases” (SPTs), and are now known to exist for both fermionic
and bosonic systems with a variety of different symmetries
[3-5].

Recently, it has been realized that such topological ideas
can also be applied to the study of strongly out-of-equilibrium
dynamics. In particular, much focus has been placed on Floquet
systems, quantum systems coupled to time-periodic classical
drives, as their phases, defined as classes of long-time behavior,
can be systematically studied through the single-period system
evolution [6-9]. General classification results for Floquet
systems of noninteracting fermions with onsite symmetry
groups have been obtained in Ref. [10]. They are found to
be generally classified in the same way as the corresponding
equilibrium systems in the same symmetry class (so-called
tenfold-way classification [11-13]), but with a generalization
that takes into account the absence of the notion of ground
states in a Floquet system.

At a first glance, such similarity between Floquet and
static problems may not be unexpected, as in the presence
of a Floquet band gap one can define an effective Floquet
Hamiltonian and classify it using equilibrium techniques. Yet,
such interpretation does not accurately describe the obtained
Floquet classification, as intrinsically dynamical phases, which
showcase robust topological properties despite a topologically
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trivial Floquet Hamiltonian, have been discovered. This is
exemplified by the “anomalous Floquet Anderson insulators”,
which are (2+1)-dimensional [(2+1)D] systems that, despite
vanishing bulk Chern numbers, host protected chiral edge
modes [8,9]. More recently, it has also been realized that
analogous chiral Floquet phases exist for bosonic spin systems,
and their classification is distinct from any previously known
equilibrium phases [14]. Furthermore, periodically driven
systems with strong interactions constrained by symmetries
were shown to host a new class of “Floquet” SPTs. These
Floquet SPTs are characterized by pumping of equilibrium
SPT phases to the surface in each cycle, which were studied
in one dimension [15-18] and also in higher dimensions
[19,20]. These discoveries demonstrate that Floquet systems
are capable of hosting novel topological phases with no
equilibrium counterparts.

So far, studies on topological Floquet phases have focused
on how conventional symmetry classes, which have played a
key role in the classification of equilibrium phases, can lead
to novel topological dynamics. A natural next step forward is
to turn our focus from topology to symmetry: What are the
symmetries that are unique to Floquet systems, and what are
the new phases, if any, that they lead to?

The goal of this work is to initiate the analysis of this
problem. We will focus exclusively on “dynamical symme-
tries” which are unique to Floquet systems [21-23]. Such
symmetries are defined using the discrete time-translation
invariance Floquet systems, and can be understood as the
space-time analogs of nonsymmorphic spatial symmetries. For
instance, we say the system possesses a “time glide” symmetry
if the instantaneous Hamiltonian H (r) satisfies RH(1)R™! =
H( + T/2), where Ris a spatial reflection and T denotes
the Floquet period. It is compatible with a Floquet system as
acting it twice gives A (1) = H (t + T), the defining relation of
Floquet problems. Similarly, one can define the “time screw”
symmetry via C.H (t)@,,‘ '—H¢+T /n), where C, denotes
the n-fold spatial rotation. Generally, a Floquet system will
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be symmetric under a space-time symmetry group featuring
nontrivial combination of spatial and temporal operations,
similar to how crystals are classified by space groups.

Here, we will take a first step towards understanding the
topological consequences of dynamical symmetries in Floquet
systems. Specifically, we will focus on free-fermion problems
symmetric under either a time glide or a time screw squaring to
adiscrete time translation. Such systems represent the simplest
setting which demonstrates the existence of new phases arising
from dynamical symmetries. We find that their topological
characterization cannot be readily interpreted as analogs of
equilibrium phases. In particular, Floquet topological phases
with time glide are shown to be distinct from conventional
topological crystalline insulators protected by static reflection
symmetry [24-26].

This paper is organized as follows: In Sec. II, we will first
develop intuition for the definition and consequences of dy-
namical symmetries by studying explicit (2+1)D and (3+1)D
lattice models, where we also present explicit derivation of the
topological invariants characterizing their phases. In Sec. I[II C,
we will extend the discussions to (d+1)D dimensions, and
obtain the general classification results analogous to the
tenfold-way classification. We will conclude in Sec. IV by
discussing various directions for future works.

II. TIME GLIDE SYMMETRIC FLOQUET
TOPOLOGICAL PHASES

We study noninteracting periodically driven systems with
“time glide symmetry”. The time glide symmetry is an
intrinsically dynamical symmetry which is a combination of
a reflection symmetry and half time period translation, and is
written as

My H(k,H)M). = H(R,»(k),t + %) (1

Here, R; denotes a reflection along the ith direction. Due
to the dynamical nature of the time glide symmetry, the
presence or absence of time glide symmetry can be controlled
by designing suitable drivings. In the following, we show
examples of Floquet topological phases protected by the time
glide symmetry.

A. 2D model of Floquet topological phase with chiral symmetry
and time glide symmetry

First, we consider a two-dimensional (2D) periodically
driven system with chiral symmetry and time glide symmetry
defined on a stack of one-dimensional (1D) chains as follows.
The Hamiltonian is given by

H(t) = Hipya + Hingers (2)

where Hia and Hper denote intrachain and interchain
couplings, respectively, and are given by

Hinga =1 Z C,T,ch,-,, + H.c. 3)

iJ
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FIG. 1. Schematic picture of the 2D model with chiral symmetry
and time glide symmetry. The model consists of a two-step drive,
denoted by A and B. Solid and dotted lines represent static hoppings
with ¢ and ', respectively. Blue arrows represent alternating hoppings
with the amplitude it (—it) along (opposite to) the direction of the
arrow.
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Here, c¢; ; denotes the annihilation operator of an electron
at the jth site in the ith chain. In the momentum-space
representation, this Hamiltonian reads as

k, k
H(k,t) = 2to, cos E’ + 2tn(t)oy Ty sin Ey

+ 1’7, cosky + 1Ty sink,, (6)

where Pauli matrices o;,7; act on the sublattice within the
chain and two chains in the unit cell, respectively. Note that
the lattice constant along the y direction is 2. This two-step
drive is schematically illustrated in Fig. 1.

The above Hamiltonian H (¢) preserves the chiral symmetry
as

TH(T = —H(—1), T =o,1., 7

where sites with I' = +1 and —1 are illustrated with white and
black dots in Fig. 1. In particular, the driving at a time slice does
not satisfy the chiral symmetry because I'Hy/pI" # —Hyp,
where we write Hy = H(t) for0 <t < T/2 and Hg = H(t)
for T/2 < t < T.Nonetheless, it satisfies the chiral symmetry
as a whole function of t as I’ H,I' = — Hp. In addition to the
chiral symmetry, H(t) preserves the time glide symmetry as

T
MTH(kkayat)MJ[ = H<_kkayvt + 3)1 MT = Tx. (8)
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FIG. 2. Quasienergy spectrum of the 2D model with chiral
symmetry and time glide symmetry. The spectrum is obtained for a
cylinder geometry with the open boundary along the y direction with
L, = 20 sites and the periodic boundary along the x direction. We
used the parameters t = 1, t' = 0.5, Q = 2. Note that quasienergies
in the “first Brillouin zone” are £/ Q2 € [—0.5,0.5].

In particular, M7 Hy M} = Hp holds.

Periodically driven systems with time-dependent Hamil-
tonian H(#) with a period T are described by Floquet
Hamiltonians Hp obtained by Fourier transformation along
the time direction as

1 T .
(Hp = / At V@) = m Qs (9)
0

where Q2 = 2 /T and m,n are Floquet indices. The eigenval-
ues of Floquet Hamiltonian are called quasienergy and allow us
to capture the dynamics of periodically driven system in terms
of a band picture. The chiral symmetry constrains that the
quasienergy spectrum €(k, ) shows chiral partners at €(k, ) and
—é€(ky). In particular, states at ¢ = 0,€2/2 are special because
they can be chiral partners of themselves, which we call chiral
zero/r modes. Similarly, the time glide symmetry constrains
the spectrum as €(k,) = e(—ky).

Figure 2 shows the quasienergy spectrum of the 2D model
H(t), where we adopted periodic boundary condition along
the x direction and the open boundary condition along the y
direction. The spectrum in Fig. 2 shows a bulk band around
€ = 0 and a bulk gap around € = €2/2, where nontrivial edge
states appear. This should be contrasted with equilibrium
topological phases, which have bulk gap with protected edge
states at € = 0, and therefore it suggests that the system is in
an intrinsically dynamical phase. Moreover, the edges state
appearing in the gap around € = 2/2 is protected by the
combination of chiral symmetry and time glide symmetry
since two-dimensional gapped phases with chiral symmetry
alone (2D systems in class AIIl in the tenfold way) do not
support nontrivial phases [10,11]. We describe the topological
property of these edge states characterized by chiral symmetry
and time glide symmetry in the following.

B. Topological characterization of 2D Floquet phase with chiral
symmetry and time glide symmetry

Before we discuss topological invariant with chiral symme-
try and time glide symmetry, we first review the topological
characterization of 1D Floquet topological phases with chiral
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symmetry (1D systems in class AIIl) [27]. In order to
characterize Floquet topological phases, we study the time-
evolution operator given by

ty
U(k,t,'—>tf)=Texp|:—i/ dt’H(k,t/)] (10)
ti

since the characterization needs the information of micro-
motion during the cycle. By definition, the eigenvalues of
the evolution operator U(k,0 — T) are e~'“®T where e(k)
is the quasienergy. (We choose 7' = 1 for simplicity in the
following discussion.) The chiral symmetry indicates that the
time-evolution operator satisfies

TU®k,0— T/2)T = U'(k,T/2 — T). (11)

When we focus on topological characterization for chiral
m modes, we can deform the bulk Floquet bands to the
quasienergy zero [e(k) =0]. In this case, the evolution
operator over the cycle becomes trivial U(k,0 — T) = 1 and,
in particular, the equation UT(k,T/2 — T) = U(k,0 — T/2)
holds. If we write the half-period evolution as

U0 — T/2) = (j 2) (12)

(P 0 13
_<0 —1)’ (13)

this indicates b = ¢ = 0. Now, we define the winding number
v for one parameter family of unitary operators g(k) by

1 d
Vlg(k)] = %/dktr(gfﬁ), (14)

where tr denotes a trace over the internal degrees of freedom.
Since v[U (k,0 — t)] = v[U(k,0 — 0)] = 0 holds due to the
continuous deformation ¢ — 0, the two winding numbers
of a(k) and d(k) satisfy v[a] + v[d] = 0, and are not inde-
pendent. Thus, we can choose the winding number v[d] as
the topological invariant that characterizes chiral = modes
in 1D class AIIl Floquet systems. In general cases with
U(k,0 — T) # 1, the topological invariant for chiral 7 modes
v is still given by the winding number as [27]

vy = v[d]. (15)

in the basis

Now, we proceed to the topological characterization of 2D
Floquet phases with chiral symmetry and time glide symmetry.
Since 2D systems in class AIIl have no topological number,
we can see that the time glide symmetry plays a crucial role in
characterizing them. In the presence of time glide symmetry
along the x direction, 1D subsystems at k, = 0,7 are regarded
as 1D class AIIl system with an additional Z, symmetry
induced by the time glide symmetry. This Z, symmetry (which
we also denote by Mr) is a global Z, symmetry combined with
time translation by the half-period, and acts on the Hamiltonian
restricted to the 1D subsystem at k, = 0 as

T
MrHO,ky,, )M, = H(O,ky,t + 3>. (16)

We assume that this subsystem does not have nontrivial
winding number v[d] in order to exclude the possibility
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of weak topological insulators of class AIIl, where the flat
band of chiral m mode appears in the quasienergy spectrum.
Instead, we consider topological invariant similar to the
winding number by taking into account the Z, symmetry
M7y . Specifically, under the combination of I and M7, the
Hamiltonian is transformed as

T My H(O,ky,0)TMp)™ = —H(©0.k,, T/2—1),  (17)

which looks similar to the action of I" in Eq. (7) except that
the center of time reversal is at t = T/4 instead of r = 0.
This indicates that the time-evolution operator satisfies the
condition

T T 1 i T T
FMTU 0,—— - — (FMT) = U O’—— — — ).
4 4 4 4
(18)

Therefore, if we write
ulo T T a b (19)
_— s — —
T4 4 ¢ d

I'M; = bo 20
(%) @

in the basis

in a similar way to Eq. (12), we can define the winding
number v[d’] for the 1D subsystem at k, = 0. Similarly, we can
define the winding number v[d’] at k, = 7. Nonzero winding
numbers v[d'] result in the presence of chiral 7 modes at glide
symmetric points (k, = 0,7). While the presence of chiral &
mode is not protected away from the glide symmetric points,
the continuity of quasienergy spectrum with k, ensures the
presence of an edge state within the bulk gap. Thus, nonzero
winding numbers v[d’] at time glide planes characterize the
nontrivial edge states in the & gap.

The above topological number v[d'] characterizing 2D
Floquet topological phases with I' and M7 requires an-
ticommutation relation between I' and My. To see this,
we show that if [I",M7r] = 0, the winding number vanishes
identically (v[d'] = 0): If ' My and M7 commute, they can be
simultaneously diagonalized as

1 0 M; 0
'M; = , Mr = ). 21
0 -1 0 My

By combining this equation and Eq. (18), we obtain
Mde/(MTf)’1 =d'". Since the winding number satisfies the
relationships v[g] = v[g’gg’~'] and v[g] = —v[g'], these
lead to v[d'] = —v[d'] =0 when [[",M7] =0. Thus, the
nonzero winding number requires the anticommutation re-
lation {I"',M7} = 0. These structures are concisely captured
through a Clifford algebra analysis, which will be detailed in
Sec. ITIIC.

The anticommutation relationship between the chiral sym-
metry and the time glide symmetry shows that the time
glide symmetric Floquet topological phase is distinct from
conventional topological crystalline insulators (TCIs). It is
known that nontrivial TCIs exist in 2D class AIII with (static)
reflection symmetry [24-26]. A natural question is whether
the time glide symmetric Floquet topological insulators can be
obtained by deforming a conventional TCI with a time glide
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symmetric perturbation. The condition {I",M7} =0 shows
that this is not the case because nontrivial TCIs require the
commutation relationship [I',R,] = 0 (R, being a reflection
symmetry along the x direction). Thus, perturbing a TCI by
relaxing static R, into dynamical My cannot result in a time
glide symmetric Floquet topological phase, which clarifies
these two phases are distinct sets of topological phases.

Finally, we explicitly calculate the winding number v[d']
for the 2D model given by Eq. (2). We focus on the mirror
invariant subspaces at k, = 0, or k, = m (which give the same
topological numbers as we will see below). Since we can
deform the interlayer hopping ¢’ to zero without closing the
bulk gap, we can focus on two chains coupled with complex
hoppings described by

k k,
H(ky,t) = o, cos TV + n(t)oy Ty sin 7) (22)

where we also set 2r = 1 for simplicity. In this case, the
time-evolution operator U(—T /4 — T /4) can be obtained by
setting T = 27 as

U-17/4—-1T/4)

T k, Ky
= exXp _IZ O'XCOS?—O'),'L’},SIII?

. T ky . ky
X exp | —i 7 Oy COS > + 0y Ty sin 5

= —cos(k,) — i sin(ky)o,T,. (23)

Since I'Mr = 0,1y, the topological number for the mirror
invariant subspace is given by

v[d'] =v[—e* @ 1] = -2, (24)

where 1, denotes a 2 x 2 identity matrix in the 0,7, = —1
sector. This nonzero topological number defined with time
glide symmetry protects the twofold degeneracy at E = /2
in the mirror invariant subspace and, hence, the gap closings
at k, = 0,7 shown in Fig. 2.

C. 3D model of class A and time glide

Next, we present a 3D model that supports a Floquet
topological phase protected by the time glide symmetry. We
focus on an insulating phase with charge U(1) symmetry which
belongs to the symmetry class A in the AZ classification. The
3D model we study is defined on a stack of the honeycomb
lattice and is described by the time-dependent Hamiltonian
H(t) = Hinga(t) + Hiner(t) which is given as follows. First,
the intralayer part of the Hamiltonian Hjyy, is given by the
four-step driving by the Haldane model [28] and staggered
potential for honeycomb lattice as

Hy (0<r<1?),
H T <<y,
Ha) =1 " (; b §T) (25)
c (3<r<7%)
Hp ((<t<T)
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with

A= Z lech+t0 Z ( ])m ld)ljcmlcm Jo (26)

m,(i,j) m.,((i,]))
=~ Z Cm lch +t0 Z ( 1)"1 ld)ljcmlcm Js
m,(i,j) m,{(i,]))
27
Hp = Hp = AZﬁiCLﬁicm,i, (28)
m,i

where c,, ; is the annihilation operator of an electron with the
layer index m and the site index ith within the honeycomb
lattice, (i,j) denotes the nearest-neighbor sites i and j,
((7, j)) denotes the next-nearest-neighbor sites, the phase factor
¢'®i = +i according to the direction of arrows in Fig. 3, and
n; = %1 for two distinct sublattices of the honeycomb lattice.
Next, the interlayer part of the Hamiltonian is given by

Hinter
. Zm,i[tint + (_l)igtint]cjn+1,icm,i +H.c. (O <t < %)7
Zm,l‘[tim - (_l)i(gtint]cjn_kl,icm.i +H.c. (% <t < T)-
(29)

In the momentum space (where k, and k, are measured along
the directions specified in Fig. 3), the Hamiltonian is written
in the 4 x 4 form as

todH'O’ (0<l‘<%),
Ao, (% <t< %),
Hipa = (30)
e tOUZ(dH . O')Gz (% <t %)»
Ao, (3TT <t < T)

with dy = (1 + cosk, + cosky, sink, + sink,,[—2sink, +
2sink, + 2 sin(k, — ky)]t;), and
k. -k,
. {tim oS ZTy + Sfipcsin F1y a1

k. .k
fin €OS T, — St sin 57, (

where o; and t; are Pauli matrices acting on sublattice and layer
degrees of freedom. This model has a time glide symmetry
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FIG. 3. Schematic picture of the 3D model with time glide
symmetry. The model consists of a four-step drive, denoted by A,
B, C, and D. Solid and dotted lines represent static hoppings with ¢
and ¢, respectively. Blue arrows represent alternating hoppings with
the amplitude it (—ir) along (opposite to) the direction of the arrow.

with x—y plane as the mirror plane. More explicitly, one finds
My H(t)MT_1 = H(t 4+ T/2), with the time glide operator
given in this 4 x 4 representation by

My = oo i0-k/2, (32)

The quasienergy spectrum for the above 3D model is shown
in Fig. 4. We consider the system with the open boundary
condition along the y direction and the periodic boundary
condition along the x and z directions. The quasienergy
spectrum shows the bulk gap around +£2 /2 and there appears a
surface state. The inset of Fig. 4 shows a blowup of the surface
state and shows that a Dirac fermion with linear dispersion is

05

10

1.0 kZ/TE - B k/TE

FIG. 4. Quasienergy spectrum of the 3D model with time glide symmetry. We consider a slab model which has periodic boundaries along
the x and z directions and open boundary along the y direction. (a) Quasienergy spectrum at k, = 0 which is time glide symmetric plane.
(b) Energy dispersion of the surface state that appears within the 7 gap. We used the parameters 7y = 0.25, t;, = 0.04, 6ty = 0.02, A =

1,2=1,and L, = 30.
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realized at the surface around (k, ,k,) = (7,7). We note that the
gapless point is located at one of the mirror invariant planes
with My at k, = 0,m. While 3D systems in the symmetry
class A do not possess any topological number according to
the tenfold-way classification [11-13], this Dirac surface state
is protected by the time glide symmetry, as we now explain.

The topological number for the 3D systems with time
glide symmetry is defined by focusing on the mirror invariant
plane. In the case of time glide along the z direction in the
above, we focus on the mirror invariant plane at k? =0,
and the restricted 2D Hamiltonian having global Z, symmetry
combined with half time translation

M H (ky ky k0,0)(MT)™" = H (ky ky k0t +T/2).  (33)

Topological numbers are defined for this effective 2D system
as follows.

We define a topological number of a 2D system with global
Z, symmetry g7 combined with half time translation. First, we
notice that the time evolution for the full period is described
by that for the half-period as

U(kkayao_) T) =gTUhgTUha (34)

T
Up(ky,ky) = U(kx,ky,O — E) (3%)

Here, we used a representation for a order-two unitary sym-
metry gr such that gr = g, !, Since the Floquet Hamiltonian
is obtained from the time-evolution operator, the quasienergy
spectrum is determined by eigenvalues of U, as

i i
Hp(ky ky) = - InU(k,,ky,0 — T) = ?ln[(gTUh)z]. (36)

(For simplicity, we choose T = 1 hereafter.) Now, we assume
that the bulk quasienergy spectrum has a gap at £ = 7. In this
case, we can continuously deform the quasienergy to E = 0
for the entire BZ. This means the eigenvalues of grU), are
adiabatically connected to =1 without closing the gap at E =
7. For trivial time evolution U;, = 1, eigenvalues of gy U, are
given by those of g7. Let us focus on two-band system and the
time-evolution operators belong to U(2) [where we may drop
the U(1) part for simplicity, without loss of generality, and
focus on the SU(2) part]. Suppose that g7 has two eigenvalues
+1and —1 (e.g., gr = 0;). If the eigenvalues of g7 U}, are both
+1 or both —1, the system is topologically distinct from trivial
time evolution. This is because deforming U}, to 1 requires that
one of the eigenvalues of gy U, continuously changes from
—1to +1 (or from +1 to —1) as a U(1) variable, and in this
process the eigenvalue of g7 U, passes £i where the bulk = gap
of U(ky,ky,0 — T) is closed. Thus, the system is nontrivial
if passing the points U, = £igr cannot be avoided in the
deformation into the trivial evolution U, = 1. This situation
is achieved when U, as an SU(2) operator wraps around the
points either igy or —igr. This prevents trivialization of Up
into 1. In the case of general number of bands, this obstruction
is described by the Chern number for g7 U, as follows. First,
we consider time-evolution operators after spectral flattening
U(ky,ky,0 — T) = 1. This is possible because we can find
gr symmetric deformation of U(t) to U(T) = (grU;)* = 1.
In this case, Eq. (35) indicates that the half time evolution
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exp(—iHAT/4)

FIG. 5. Schematic picture of the topological number at the mirror
invariant plane. Time-evolution operators for Hj,. for each layer
belong to SU(2) which is described by S3. The sphere S is illustrated
by two solid balls whose surfaces are identified. Nontrivial topological
phase is characterized by the wrapping of +igy by the half time
evolution operator U,,. Since closing of the gap at E = m takes place at
U, = tigr, the topological number is defined as a wrapping number
around these points. After spectral flattening, U, is deformed within
a disk (S?) containing 1, — 1 and the blue dotted circle, and this
wrapping number coincides with the Chern number defined for gr Uj,.

satisfies

grUn = (grUp)', (37

and the operator g7 U;, becomes Hermitian. Since the Hermi-
tian operator g7 Uj,(k, ,k,) has two parameters in the 2D system
and eigenvalues of g7 Uy, (ky,k,) are £1 (having a spectral gap),
we can define a Chern number for g7 Uj,. This Chern number
coincides with the wrapping number defined in the above for
the two-band system since the Chern number of gy U; means
a nontrivial wrapping around the identity operator and, hence,
nontrivial wrapping of Uy, (ky,k,) around gr. (We note that igr
is replaced with g7 here because the energy gap is located at
E = O rather than £ = x.)

Finally, we show that the 3D model with time glide
symmetry has a nontrivial topological number defined in the
above. We focus on the mirror invariant plane at k? =0,x.
Since we can deform the interlayer coupling Hjper to zero
without closing the bulk gap, we consider the case of no
interlayer coupling fj, = 8tjpy = 0. In this case, the Chern
number of g7 U}, in the mirror invariant plane can be obtained
by computing those for two kinds of decoupled layers t, = +1.
Let us focus on the layer 1 with t, = 41, where we have a
two-band system and we can deduce the topological number
from wrapping number of igy by U, within U(2). Since the
intralayer Hamiltonian Hiyy, is traceless (i.e., consisting of
sums of three Pauli matrices), the half time evolution U,
belongs to the SU(2) part (which can be visualized by S3 as in
Fig. 5), and we can reduce the topological characterization of
U, to whether U, winds around the point io, = igr in SU(2).
The half time evolution for Eq. (25) is written as

Uy = exp(—i Hy T /4) exp(—i HoT/4). (38)

The first step of the driving exp(—i H4T /4) wraps around
the identity element 1. This is because Hy = dpy - ¢ is the
Hamiltonian of the Haldane model which has a nonzero Chern
number; the vector d y wraps around the origin and, hence,
its exponential map exp(—i H4 T /4) winds around the identity
element 1 when the magnitude 777 /4 is small which is the case
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for the parameters in Fig. 4. By setting AT /4 = 7 /2, the next
step leads to the factor exp(—i HgT /4) = —io, which maps
the identity element 1 to the point —io,. Thus, exp(—i Hs T /4)
wrapping around 1 is mapped to U, wrapping around —io;,
which ensures a topologically nontrivial configuration with
global Z, symmetry gr with half time translation. Once we
perform the spectral flattening for the Floquet operator U(T),
the Chern number of o, U, is nonzero, say 1 in this case. In
a similar way, the layer 2 (r, = —1) gives the Chern number
—1 for o,U;,. At the mirror invariant plane k, = 0, these two
contributions add up because of M1 = o, and give zero Chern
number. In contrast, at the mirror invariant plane k, = 7, the
difference of these two contributions is the topological number
because of My = o,1,, which gives the nonzero Chern number
2. This is consistent with the band structure in Fig. 4 where
the gapless surface state appears at k, = m where the bulk
topological number with the glide symmetry becomes nonzero.

III. CLASSIFICATION OF FLOQUET
TOPOLOGICAL PHASES

Having provided concrete examples for time-protected
Floquet topological phases in 2D and 3D, we now classify
noninteracting Floquet topological phases with time glide
symmetry in all symmetry classes in arbitrary dimensions. To
this end, we use classification theory of topological insulators
based on Clifford algebras [25] and apply it to Floquet
topological phases. We also consider topological phases
realized with a “time screw” symmetry, which corresponds
to a twofold rotation together with a half-period translation.

A. Tenfold-way classification of Floquet topological phases

Before proceeding to the classification theory of Floquet
topological phases with time glide symmetry, we review
the tenfold-way classification theory for Floquet topological
phases [10], which serves as a basis for studying the cases with
time glide symmetry. Topological characterization of Floquet
topological phases involves data of time-evolution operators
for whole period, i.e., U(t) with ¢t € [0,T), rather than just
Floquet operator U(t = T) (or, equivalently, the Floquet
Hamiltonian Hp). In order to study topological properties
of the family of unitary operators U(¢), we instead study an
effective Hamiltonian that is made of U(¢) which enables us
to apply classification techniques developed for equilibrium
topological phases [11-13,25], as we will explain below.

We consider the symmetrized time-evolution operator

T+t

Uste,t) = T exp |:—i / ’ dt’H(k,t’)}

2

N 1t T —t nt
= | 1—-i—H|k, — 11, (39
Jim |: iy ( 3 + N>] (39)

where 7 denotes the time ordering. This family of uni-
tary operator Ug(k,t) encodes topological data of Floquet
topological phases [and has topological data equivalent to
usual time-evolution operators U (k,t)]. This unitary operator
satisfies Ug(k, — 1) = U;(k,t). In addition, we assume that
the operator Ug(k,t) satisfies Ug(k,0) = Us(k,T) =1 for
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the Floquet period 7 by an appropriate deformation of the
time-dependent Hamiltonian. This condition is equivalent to
considering spectral-flattened Floquet Hamiltonian Hrp = O,
and it is satisfied if we require the existence of a gap in the
quasienergy spectrum around €2/2.

Instead of studying the unitary operator Us(k,?) itself, we
consider a Hamiltonian given by

(40)

0 Us(k,1)
Ultk,1) o )

HS(k’t) = (

which satisfies H. Sz = 1. This Hamiltonian is smoothly defined
for (k,t) € T¢ x S' and encodes the topological nature of the
periodically driven system.

The symmetry constraints for the original time-dependent
Hamiltonian H(k,t) result in those for Hg(k,t). We consider
time-reversal, particle-hole, and chiral symmetries (denoted
by T,C,TI", respectively) according to the tenfold-way classifi-
cation of topological insulators:

THk,OT™' = H(—k,—1), 41)
CH(k,H)C™' = —H(—k,1), (42)
CHk,OI ™ = —H(k,—1), (43)

where T,C are antiunitary ({7,i} ={C,i} =0) and T" is
unitary ([I",i] = 0). Weassume that 7', C,and [ commute with
each other, if they are present, without loss of generality. Note
that the chiral symmetry changes the sign of ¢ (to —¢) because
it is given by 7C when both T and C exist. Accordingly, the
time-evolution operator satisfies

N
t T—t nt
TUsk,NT ' =T l—i—H(k,—+—)|T!
s(k,t) 1_[[ lN < 5 +N>:|

n=0
N
=T] [1 +ziH<—k,_T L ”—t)]
b N 2 N
N
- 1_[ |:1 - i__tH(_kvm + __m)j|
i N 2 N
= Us(—k, — 1) = Ul(=k,1), (44)

N T —t nt
CUstk.)C = C 1:[[1—:— <,T+ﬁ)}cl
N T —1t nt
[]-gr(w 5"+ %)

= US(_kvt)v (45)
N t T —t nt
TUgk,HnI~ ' =T 1—i—H(k — ) r!
s(k.1) ]1[ 1N<,2 +N>]

N
t T t t
[1+i—H(k, + —”—)}
0 N 2 N

n=
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TABLE 1. The tenfold-way classification for noninteracting Floquet topological phases. Two complex and eight real symmetry classes
are characterized by the presence or the absence of time-reversal symmetry (7'), particle-hole symmetry (C), and chiral symmetry (I"). Their
presence is complemented by the sign multiplying the identity in 72 = £1 or C?> = #1, and by 1 for I'. Their absence is indicated by 0. For
each spatial dimension d, nontrivial topological phases are characterized by Z, Z, topological numbers. For symmetry classes without PHS or
chiral symmetry, n denotes the number of gaps in the quasienergy spectrum.

Class T c r d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=1
A 0 0 0 z 0 z 0 A 0 z 0
ATIT 0 0 1 0 72 0 z? 0 72 0 z?
Al +1 0 0 z 0 0 0 z" 0 z 7
BDI +1 +1 1 VA 72 0 0 0 72 0 72
D 0 +1 0 72 72 72 0 0 0 z? 0
DIII -1 +1 1 0 72 72 7? 0 0 0 72
ATl -1 0 0 z 0 7 7 A 0 0 0
cI —1 ~1 1 0 72 0 72 72 72 0 0
C 0 ~1 0 0 0 z? 0 72 72 72 0
I +1 ~1 1 0 0 0 72 0 72 72 72

N ot T—t (N-—n)
=g|:1+zNH(k, Tt )}

= Ultk.1), (46)

These relations lead to symmetry constraints for Hg given by

T'Hg(k,t)T'™' = Hy(—k,1), T'=TQo, 47)
C'Hg(k,t)C'™" = Hy(—k,1), C'=CQoy (48)
I"Hg(k,)['~' = Hg(k,1), I'=TQ®o, (49)

where o; are Pauli matrices acting on 2 x 2 matrix degrees
of freedom of Hy. In addition, Hy satisfies an inherent chiral
symmetry as

[Hg(k,)I' ™' = —Hg(k,1), =1®o.. (50)
Classification of Floquet topological phases is obtained
by studying topological characters of Hg(k,t). The effective
Hamiltonian Hg(k,t) can be classified in a similar manner
to equilibrium topological phases. Specifically, we can map
the classification problem of Hg(k,t) to that for (d 4+ 1)D TIs
or line defects in dD systems as detailed in Appendix. The
obtained classification table is shown in Table I. It shows that
Floquet topological phases share the same topological classi-
fication with equilibrium topological phases. One remarkable
feature is that topological numbers can be defined for each
energy gap in the quasienergy spectrum. When particle-hole
symmetry (PHS) or chiral symmetry is present, we focus on
gaps including quasienergy 0 and m which are particle-hole
symmetric, hence, we can define two topological numbers.

B. Classification with Clifford algebras

The above tenfold-way classification of noninteracting
Floquet topological phases can be derived systematically by
using the Clifford algebras, which we rederive below. This will
then serve as a starting point for the incorporation of the time
glide and time screw symmetries.

We again consider the effective Hamiltonians Hg(k,?) in
Eq. (40) and topologically characterize them by considering
representative Dirac Hamiltonians (which can be achieved by
a suitable deformation) [12,25,29]. In this approach, we study
how many distinct sets of gapped Dirac Hamiltonians exist that
cannot be adiabatically deformed with each other under the
symmetry constraints. Specifically, we study the Hamiltonian
Hg(k,t) in the Dirac form written as

Hg(ky, ... .ka,t) =kiyy + -+ kava + 1ty + 0, (S1)
where y; are gamma matrices anticommuting with each other,
in particular, y, denotes the Dirac mass term. The symmetry
constraints are written as

{ri.T} =0, [y:,I'] =0, (52)
Vi, Tiz1,..a = 0, Vi T lize0 =0,  (53)
{vi,CYiz1...a =0, [Vi,C'liz0 =0, (54

and
{(T'.T}=[C'.T]={I",T}=0, (55)

with
(T",i}={C,i}=[I",i]=0, [T'.C'1=0. (56)

These symmetry constraints are concisely described in terms
of Clifford algebras in Table II. Clifford algebra is an algebra
generated by generators anticommuting with each other.
Specifically, complex Clifford algebra C/, is generated over
complex numbers C by ¢ anticommuting generators {e;} that
satisfy

{e,-,ej} = 281‘]‘. (57)
These are essentially algebras formed by gamma ma-
trices. Real Clifford algebra CI,, is generated over
real numbers R by p+ ¢ anticommuting generators
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TABLE II. Clifford algebras characterizing the Floquet topological phases. Clifford algebras consist of mass and kinetic gamma matrices
and symmetry operators. The space of possible Dirac masses V is obtained from the extension problem of the Clifford algebra with respect to
the mass term y,. The zeroth homotopy group of V gives the Abelian group that characterizes Floquet topological phases. In the last column,
we show Abelian groups my(V') for the cases of zero-dimensional systems. The periodic structure with the dimensions follows from the shift

in the space of Dirac masses V with d.

Class Clifford algebras Extension problem Space of masses V 7o(V)a=o
A {)’o,Vl,---aJ/d,Vl,lf} Clgyr — Clyys Cy 7
Alll vo.vis o vas v, T, ITY) Clays = Clypy Cin 0
Al {ivoivi: T,iT "y, ... 7Vdaf}~ Cligyz = Clhys R_4 7
BDI {ivo.iy . LT TiT  y1, .. va T Clygys = Clyays Ri_q Z,
D {iyo,iy:,il'; C"iC'\y, .. - Ya) Clygyo — Cla g4 Ry 4 Zs
DIIT {ivo, iy, T iT ;15 .., va, T, TTY} Clgy2 —> Clyaya Ry 4 0
All {ivo.ive. T'iT" 1, .- vas T} Clz 441 —> Cly g4 R4y Z
CH {i]/o,i)/,,FFi,T’,iT,;j/l, ...,yd,I‘} Cl4.d+1 e Cl5,d+1 R5,d 0
C {i)’o,iJ/r,ir,C/,iC/§)/1,~.-,J~/d} Clyg — Clsq Re—y 0
CI {ivo,iv; T"iT yy, ...,vq,T,T'T"} Cligya — Clygya R_i_4 0

{er,....epsepi1, ..., €p4q) that satisfy C. Classification of time glide symmetric Floquet
topological phases

{esej} =0 G # j), (58) . In thi.s section, we classify.Floque.t topological phases with

time glide symmetry by using Clifford algebra approach.

P {_1 (1<i<p), 59) Repall the time z‘ilide iq tfhe", x; direction is represented by a

i +1 (p+1<i<p+9q). unitary operator M7 satistying

Real Clifford algebras are considered to be algebras formed by
gamma matrices in a similar way to complex Clifford algebras,
but they can also accommodate symmetry operators such as T
and C that involve complex conjugation.

Now, the Clifford algebra is used to deduce topological
classification as follows. First, we fix the representation of
kinetic terms yy, ...,y; and symmetry operators 7,C,I". In
this case, distinct gapped Dirac Hamiltonians have one-to-one
correspondence to distinct Dirac mass terms y;; disconnected
components of the space of possible Dirac mass terms
correspond to distinct topological phases [13,25]. This space of
Dirac mass term can be obtained from “the extension problem”
of Clifford algebras which is summarized in Table II. Namely,
we fix representations of the Clifford algebras CI, and Ci, ,
that is generated by kinetic terms and symmetry operators, and
extends it by adding the generator involving the mass term yy.
All possible extensions form a space V as

Cl, — Clyy1, V=c, (60)

Clyy — Clpgirs V=R, (61)

Cl,; = Clptiq, V =Rp_442, (62)
where C, and R, are symmetric spaces that appear in complex
and real K theory (for details, see Ref. [25]). Thus, the zeroth
homotopy groups for spaces C,, R, associated with extension
problems give the Abelian groups that characterize topological
phases. The relevant extension problems and spaces of Dirac
masses are shown in Table II. This reproduces the classification
of Floquet topological phases in tenfold way as shown in
Table 1.

T
My Hky ko, ... ,kd,l)M;l = H(—kl,kz, kgt + 5)
(63)

We assume M3 = 1 without loss of generality. This constrains
the symmetrized time-evolution operator U (k,?) as

T+t
MrU(k,0)M7" = My T exp |:—i/ ) dt’H(k,t’):|MT1

T—t
2

+t
2

=T exp |:—i/ i dt’H(Iék,t'):|

2

27— T
= (Texp |:—i/ dt’H(Iék,t’)j|>

=U"(RK,T — 1) (64)

with R(ki,ka, ... kg) = (—ky,ka, ... kg), where we used

T exp[—i f? dt'H(Rk,t')] = 1 (triviality of the full period

evolution). Thus, we have an additional symmetry constraint

onto the effective Hamiltonian Hg(k,t) given by

kg, M = Hs(—ki ko, . . . kg, —1),
M; = My ® o,. (65)

M Hg(ky ko, ..

Inclusion of the time glide symmetry modifies the Clif-
ford algebras characterizing Floquet topological phases as
summarized in Table III. First, Eq. (65) indicates commu-
tation/anticommutation relationships between the time glide
operator M7 and gamma matrices as

[0, M71 = [y;,M71 =0 (66)
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TABLE III. Clifford algebras characterizing the Floquet topological phases with time glide symmetry. Commutation/anticommutation
relationships between time glide operator and generic symmetry operators are specified by nr for complex classes and (7, nc¢) for real classes,
where the entry O indicates the absence of such symmetry in the symmetry class. Addition of time glide operator modifies the Clifford algebras

as shown in the third column. (Here, y; is the shorthand notation for kinetic gamma matrices y, . . .

,v4-) The extension problem of the Clifford

algebra with respect to the mass term y, gives the space of Dirac masses V shown in the last column.

Class nr or (Nr,Nc) Clifford algebras Extension problem Space of masses V

A 0 {Vosygyi,i)’l)/zf‘M’T} Clyys — Clyyg Cit

AIll + {]/0,)/,-,]/,,1—‘,[‘11,} ® {)/n{,F’M;w} Cld+3 ® Cll d Cld+4 ® Cll Cd+1 X Cd+1

Alll - vo,vi, v, T.TT vy, T M7} Clyrs — Clyys Cy

Al (+,0) {iJ/o,i)’x,i)’l)/[f‘M’TiT/,iT/L)’i,l:} Clygys = Clyays Ri_4

Al (=,0) {ivo,iy; T'iT ,y;,Tiviy, ' M7} Cligys = Clygys R_i_q

BDI (+,+) {ivo,iy,, LT TiT v, [} ® iy I'M;) Clay3 @ Clyy — Clz 443 @ Cly Ri_a x Ri_4

BDI (+,-) {iJ/o,i)/z,r:T/,i)’lVII;M’T;~T/71'T/7)’[‘,1:} Clyqy3 = Clyays Ry

BDI (—,+) {l')/o,l']{,,rl_”; T’,iT’,):,-,F,yly,F’M’T} Chgra = Cl3 444 R_,4

BDI (=,—) {i)/o,iyt,FF’;7:’,iT’,y,-,F}®{J/1~)/,F’M/T;} Clha3 @ Clig— Cl3 g3 @ Cly Cita

D 0,+) {iv0,iy i1 CLiClyi iy My ) Clygys = Clyays Ri_4

D ©0,-) {ivo,ive il iyiy ' M CLiC'y;} Cly g2 = Clygsn R;_4

DI (+,+) {ivo,ive, T iT";y;, [, IT"} ® {in v "M} Cl3.442 @ Clyjg = Clygir @ Cly Cita

DIII (+,—) {ivo,ive, T iT iyiy, T My v, [,TT} Clygyo — Cls 40 Riy

DIIT (=,+) {ivo.ive, TiT"; v, 0. TT iy T/ M} Cl3 g4z = Clyays Ry 4

DIII (=) {ivo,ive, T'iT"; v, 0,TT} @ Gyiyi DMy} Clyg42 ® Cloy = Clyaa ® Clyy Rsa X Rsg

All (+,0) {ivo, iy, T',iT' iy, )::I;M/T;]’i,l:} Clygp1 —> Cls g4 Rs_4

All (=,0) {ivo,iv,,T",iT";y;,Uiyiy, ' M7} Cl3 g2 — Clyaqo R34

CII (+,+) {iv0,iy:, TiT . TT; T} ® iy I'M5) Clya41 ® Cly,y — Cls g41 @ Cly Rs_q x Rs_4

ClI (+,-) {ivo.ive, TiT . TT iy, T My v, T} Cls 441 —> Cls a1 Rs—q

ClI (=,+) {iyo,iyt,T’,ﬂ:’,f‘F’;):,-,f‘,yly,l"’M’T} Clygyr — Clsgp R4y

c (=—) {l')/o,i)’nT/,iT/,FF@J@F} ® {J/L)/rF/M/T;} Clyay1 ® Clig — Cls 441 ® Cly g Ciia

C O,+) {iVOsinsC/viC/siF;VivVl}’rFM/T} Clygp1 — Cls g4y Rs_4

C (O,—) {iyo,iy,,C’,iC’,il",iyly,I‘M’T;y,-} Cl5.d —> Clﬁ’d R7,d

CI (+,+) {iy07i)/t;yiaT/aiT/vfafF/}®{iy1th/M§";} Clig4a ®Clig = Clyyya @ Cly Cita

CI (+,-) {il/o,l')/zJ)’lJ/xf‘M/T;]/iLT/,iT/,1:,1:1_”} Clygya — Clz g4 R_4

CI (=,+) {ivo,ive;y:, T,iT" . I\ I'T" ,y1 s T" M} } Clyays = Clygys R 54

CI (=,—) {i)/o,iy,;)/,-,T’,iT/,l:',l:‘l'”}®{;)/]]/,F/M’T} Clig44a ® Clyy = Cly 444 @ Cly R4 xR_i_4

fori =2,...,d and indicates that the energy eigenstates of the effective Dirac

, , Hamiltonian are simultaneously eigenstates of y;y,I"’ M} and,

{vi-Mz} = {yi. Mz} =0. (67)  hence, are decomposed into two sectors with y, y, I'" M} = £1.

In addition, M /T anticommutes with the intrinsic chiral operator
[' = o,. Therefore, the operator y;y,[' M/ anticommutes with
the gamma matrices and ' and gives a candidate of an
additional generator in the Clifford algebras. Indeed, in the case
of class A, this is the additional generator. Namely, in class A,
the time glide symmetry reserves one additional gamma matrix
for the operator y;y,[" M} which is equivalent to raising the
spatial dimension by one. Thus, time glide symmetric Floquet
topological phases in class A possess integer topological
numbers in odd dimensions, and are trivial otherwise. Next, the
form of the additional generator including Mt in the Clifford
algebras depends on commutation/anticommutation relation
between the time glide operator M} and other symmetry
operators if present. Specifically, in the case of class AllI,
the relationship between I' and M is given by

M7l = nrI"'Mr, (68)

where nr = 1 denotes commutation and anticommutation
relations, respectively. In the case of nr = +1, the operator
yiv:I'M} commutes with every original generator. This

Thus, time glide symmetric Floquet topological phases in
class AIII with np = 41 are characterized by two topological
numbers of class AIIl for each sector. In the case of
nr = —1, the operator y, )/,f‘M/T anticommutes with every
original generator. Thus, the time glide symmetry requires
one additional gamma matrix for y, y,f’M’T which is equiv-
alent to raising the spatial dimension by one for original
Floquet topological phases in class AIIl. Namely, time glide
symmetric Floquet topological phases in class AIIl with
nr = —1 possess integer and trivial topological numbers in
even and odd spatial dimensions, respectively. We note that this
classification theory with Clifford algebras is indeed consistent
with discussions in Sec. II; the Clifford algebra analysis gives
integer topological numbers for 2D class AIll (yr = —1) and
3D class A systems with time glide symmetry as expected from
explicit constructions of integer topological numbers presented
in Sec. II.

In a similar way, we can classify Floquet topological phases
with time glide symmetry in the real classes. The forms
of relevant Clifford algebras are determined by commuta-
tion/anticommutation relationships between T, C, and My
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TABLE IV. Classification of Floquet topological phases with time glide symmetry. The time glide operator My is characterized by
commutation/anticommutation relations with other symmetry operators as My T = nyT My, My C = ncCMr, and MrT" = nrI'M7y.

Nraner Class C,orR, d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=7
A Cuys 0 Z 0 Z 0 7 0 Z
Nnr = + AlIl Cd+3 X Cd+3 0 ZZ 0 Zz 0 Zz 0 ZZ
= — AT Cuia z 0 z 0 z 0 Z 0
Al Ri_y4 Zy Z 0 0 0 Z 0 Zn
BDI Ry_4 Zn Zin Z 0 0 0 Z 0
nr = + (ALAII) D Ry4 0 7, 7, Z 0 0 0 Z
Ne = — (D,C) DIIT R4_d Z 0 Zz Zz Z 0 0 0
(7.1¢) = (+,—) (BDLDIILCILCI) All Rs_y 0 z 0 Z, Z, z 0 0
el Re_y 0 0 Z 0 7, Z, Z 0
C Ri_y 0 0 0 Z 0 Zy Zy Z
CI R_, Z 0 0 0 Z 0 Zs Zy
Al Ry 0 0 0 Z 0 Z, 7, Z
BDI R_, Z 0 0 0 Z 0 Zy Zn
nr = — (ALAII) D Ri_y Z, Z 0 0 0 z 0 Z,
ne = + (D,C) DIII Ry 4 7, 7, Z 0 0 0 Z 0
(1r.1¢) = (—,+) (BDLDIILCILCI) Al Ry 4 0 Z, Z, 7 0 0 0 Z
CII Ry g Z 0 7y 7y Z 0 0 0
C Rs_4 0 Z 0 7, Z, z 0 0
CI Re_q 0 0 Z 0 Zy Zy Z 0
r.ne) = (+,+) BDI Ri_g X Ri_4 73 VA 0 0 0 72 0 73
) = (—,—) DIII Ry 4 X Ry_y 0 Z2 72 72 0 0 0 72
Mr.nc) = (+,+) CII Rs_4 X Rs_y4 0 7? 0 Z% Z% 7?2 0 0
mr,ne) =(—,-) CI Ri_qa x Ry 0 0 0 z? 0 VA V4 z?
r.ne) = (—,—) BDLCI Cy_yxCiy 0 72 0 72 0 72 0 72
(nr,nc) = (+,+) DHI, CI Cl—d X Cl—d 0 Zz 0 Zz 0 Zz 0 Zz
described by (n7,1¢) as TCIs. This suggests that the time glide symmetric Floquet
topological phases are intrinsically nonequilibrium topological
MyT = 9y T My, McC = neCMe.  (69) pologica’ p ynoneq PoI02

In this case, depending on the combination (7,7¢), either one
of yivi\I' My, ivivi T My, iy, T' M}, iy1y,T' M}, commute or
anticommute with all the original generators and gives the
additional generator of the Clifford algebras. The explicit
forms of the Clifford algebras are summarized in Table III.
Finally, we present the result of classification of Floquet
topological phases with time glide symmetry in Table IV. This
is obtained by taking zeroth homotopy group of the space
of Dirac masses V shown in Table III. The classification
table shows a periodic structure with respect to the spatial
dimensions. There are four types of changes from original
classification table for tenfold way. i.e., (i) shift of the spatial
dimensions by +1, (ii) shift of the spatial dimension by
—1, (iii) doubling of topological numbers due to the block
diagonalization, and (iv) reduction of real symmetry classes to
complex symmetry classes due to the block diagonalization.
These phenomena are also found in classification theory of
topological crystalline insulators (TCIs) in the equilibrium,
and indeed the obtained classification table for time glide
symmetry resembles that for TCIs [24-26]. However, the clas-
sification result for time glide symmetric Floquet topological
phases is different from that for TCIs. For example, if we
look at class AIIl, the doubling of topological number and
the shift of the spatial dimension take place for nr = +1 and
—1, respectively, which are opposite for the classification of

phases and are not adiabatically connected to equilibrium
topological phases.

D. Classification of time screw symmetric
Floquet topological phases

In a similar manner to the time glide symmetry, we can
define “time screw symmetry” which is a combination of the
C, rotation and the half-period time translation. In this section,
we classify time screw symmetric Floquet topological phases
by using Clifford algebras. The classification is performed in
a similar way to that for time glide symmetry.

The time screw symmetry in the (x1,x;) plane is represented
by a unitary operator C,7 that satisfies

Cor H(k1,ka ks, . .. .ka,t)Csp

T
:H(—kl,—kz,k3,...,kd,t+5). (70)

Accordingly, the time screw symmetry constrains the sym-
metrized time-evolution operator U (k,?) as

CorU(ky ko k3, . . . ka,t)Cop

= U'(—=ky,—ka,k3, ... kg, T —1) (71)
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TABLE V. Clifford algebras characterizing the Floquet topological phases with time screw symmetry. Commutation/anticommutation
relationships between time screw operator and generic symmetry operators are specified by nr for complex classes and (n7,n¢) for real classes,
where the entry 0 indicates the absence of such symmetry in the symmetry class. Addition of time screw operator modifies the Clifford algebras
as shown in the third column. (Here, y; is the shorthand notation for kinetic gamma matrices y, . . .,¥,.) The extension problem of the Clifford
algebra with respect to the mass term y, gives the space of Dirac masses V shown in the last column.

Class nr or (Nr,nc) Clifford algebras Extension problem Space of masses V
A 0 0. vi. 7. LY @ (riyay T Chp} Clyyr» ® Cly — Clgy3 ® Cl4y CqyxCqy
Alll + {10,707, 0. CT i ya i T Cop ) Clyys — Clyys Ca
Alll - V0.7 v, T FT} @ (a1 Chy) Clixz®ClL — Clys ® CL Cap1 X Cyq
Al (+,0) {ivo.iy; T',iT’ J’i,li} ® {iyi yzy!lj'CZT;} Cligy3®Clig— Chy3®Clig Cq

Al (=,0) {iJ/O,in;~T/,iT',)/i,F} ®{ Vlyz)’zrcét} Cliar3s ®Clyy — Cly a3 ® Clyy R_4 x R_4
BDI (+,+) {ivo,ivi, T iyiyayi U Cop; T',0 Ty, T} Clays —> Clyays Ry 4
BDI (+.-) {ivo,iy . LT T Ty, DY @ (i VzV:FCZT,} Chapz®Clig—> Cl3 413 Clig Cita
BDI (—,+) {zyo,zy,,FI‘ T’ lT’ y,,I‘} ® {ylygy,f‘CzT,} Clz’d+3 X Clo.l — Cl3,d+3 ® Cl(),l Rl—d X Rl*d
BDI (=) {l)’o,lJ/mliF T',iT’ 7)’1,F7V1V2%F~C27} Chays —> Clgya R_4

D 0,+) {iv0,iy i1 CLIC i} @ L viyan P Cor) Cly g2 ® Clyy — Clz 410 ® Cly Ry g X Ryy
D (0,—) {iyo,iy,,iF;C’,iC’,y,-}®{iyl)/zy,FCQT;} Clz’d+2®cll.0 — Cl3,d+2®C11,0 Cd
DIII (+.+) {iyo,iye, T'iT"; i, U.CT iy yayi T Chp ) Clyays = Claays Ry y
DI (+,—) {ivo,iy,, TiT;y;, T ITT} ® {iylyzyzfczr,} Cl3 442 @ Clig— Clygir ® Cly Cita
DIIT (—,+) {l)/o,l)/,,T lT y,,F FF } ® {yl)/zl/trczrs} Cl3’d+2 ® Clo.l e Cl414+2 ® Cl(),l R3,d X R3,d
DIII (=.-) {iv0,ive. T iT . y1y2 0 I Chp i, T, IT) Clyayr — Cls gy R4
All (+,0) {iv0,iy, T iT"; v, T} ® {iyy yzy,FCZT,} Cl3 441 ®Clijg — Cly g1 @ Cly Cq

All (—,0) {l]/(),l)/,,T lT y,,F} ®{ VIVZVtFCQT} Cl3’d+1 24 Clo.l — Cl41,1+1 [ Cl(),l R4,d X R4,,1
Cl (+,+) {ivo.iy. T iT T iyiyay, I Chyi 11T} Clsqy1 — Clgayq Rs—a
CII (+,—) {l}/(),l)/,,T lT, FF 5 )/,,F} ® {l)/l)/z}/,FCZT,} Cl4yd+1 ® Cllyo — Cl5‘d+1 [0 Clly() Cl+d
CH (—,—|—) {l)/o,l)/t,T lT FF, y,,I‘} ® {ylyzl/trczrs} Cl4,d+1 ® Clo.l e Cl51,1+1 ® Cl(),l R5,d X R5,d
CII (=) {ivo.ive, TiT . TT v, Ty T Chp) Clygir = Cls gy Ry

C O,+) {ivo,iy:,C,iC’ lF?Vl} ®in VzV:FCzT} Clya ®Cly, — Cls 4 ® Cly, Re—q X Ro—q
C 0,-) {iyo,iy,,C’,iC’,il";l/,-}~® {iyiyayi D Chps} Clys®Cliyg— Cls4®Cly Cy

CI (+,+) {i]/(),i]/,,)/,,T lT F FF l)/l ]/2]/,1—‘ C2T} Cl]_d+5 — C121d+5 R—2—d
CI (+,—) {ivo,ive; v, TiT' T IT} ® {l)’l)’zytrczra} Cligta®Clig— Clara®Clip Cita

CI (—,+) {l)/o,l)/t, )/,,T, lT’ F FF } ® {ylyzl/,l"CzT,} Cll,d+4 ® Clo.l e C121d+4 ® Cl(),l R,],d X R—l—d
CI (=) {ivo.ive.1y2ni I Cops v, TiT' T, IT'} Chays —> Clgya R_y

and, hence, the effective Hamiltonian Hg(k,7) made of the
time-evolution operator in Eq. (40) is constrained as

ChyHs(ky ko ks, ... kg ,t)(Chp) ™"
= Hg(—ky, — k.ks, ... kg, — 1), (72)
with
Chy = Cor ® 0. (73)

We obtain Clifford algebras associated with time screw
symmetric Floquet topological phases by assuming that the
effective Hamiltonian Hg has a Dirac form. In this case,
Eq. (72) gives commutation/anticommutation relationships
between the time screw operator and gamma matrices as

[v0.Cor] = [¥:.Co71 =0 (74)
fori =3,...,d,and
{VlaCéT} = {Vz,CéT} = {ytvcéT} =0. (75)

In addition, C%;, anticommutes with the intrinsic chiral opera-
tor I' = 0. First, the Clifford algebras for complex symmetry
classes are obtained as follows. In the symmetry class A, the
operator y|y» y,lz‘CéT commutes with every original generator
of the Clifford algebra. Thus, time screw symmetry doubles
the topological number of Floquet topological phases in class

A. In the symmetry class AIIl, we have two cases
Corl' = nrl'Car, (76)

with np = £1. In the case of nr =41, the operator
vivay:I'Clp is the additional generator that anticommutes
with every generator and effectively shifts the dimension
by 1. In the case of nr = —1, the operator ylyzy,f‘CQT is
the additional generator that commutes with every gener-
ator and doubles the topological number due to the block
diagonalization with respect to y;y,y,I'C 57~ Second, the real
symmetry classes are characterized by time-reversal symmetry
and particle-hole symmetry, and their relationships with Cyr
govern time screw symmetric Floquet topological phases. The
commutation/anticommutation relationships between C,r and
generic symmetry operators 7,C are specified by (n7,n¢) as

CyrT = nrTCor, CorC =ncCChr. 77

The additional generator for the Clifford algebra that is made
from the time screw operator is given by either one of
il Chp, ivivavi T Cop, vivayi T Chy, and iy oy, I/ Chp
which commutes or anticommutes with all the original gen-
erators. The explicit forms of the Clifford algebras associated
with time screw symmetric Floquet topological phases are
listed in Table V.
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TABLE VI. Classification of Floquet topological phases with time screw symmetry. The time screw operator My is characterized by
commutation/anticommutation relations with other symmetry operators as Co7T = 17T Cor, CorC = ncCChr, and Cor ' = nrI'Cyy.

e Class C,orR, d=0 d=1 d=2 d=3 d=4 d=5 d=6 d=17
A Cd+2 X Cd+2 VA 0 VA 0 VA 0 7> 0
o=+ AIII Cuisa z 0 z 0 z 0 z 0
Nr = — AIll Ca’+3 X Ca'+3 0 Z2 0 Z2 0 Z2 0 Z2
nr = + (ALAID), n¢ = — (D,C) AL AIL D, C CyxCy 72 0 72 0 72 0 72 0
(17.1n¢) = (+,—) (BDLDIILCILCD) BDL DIIL CIL CI  Cyyy X Capi 0 7? 0 72 0 72 0 72
Al R_yx R_, 7? 0 0 0 7? 0 73 73
BDI RigxRi_q 7} 77 0 0 0oz o
nr = — (ALAID) D Rygx Ry 72 72 72 0 0 0 7? 0
e = + (D,0) DIII RyyxRiy O 72 72 72 0 0 0 72
(n7.n¢) = (—,+) (BDLDIILCILCI) All RiyxRyy 77 0 72 72 7? 0 0 0
CII RS*d X R5,d 0 Zz 0 Z% Z% Zz 0 0
C R(),d X R(,,d 0 0 Z2 0 Z% Z% Z2 0
cI RigxRiq 0 0 0o 7 o 72 72 7
(r.nc) = (+.4) BDI Ryq Z, Z, Z 0 0 0 Z 0
(r.nc) = (=,—) DIII R4—a Z 0 Zy Zy Z 0 0 0
(r.nc) = (+.4) cu Rs-a 0 0 Z 0 Z, Z, z 0
(r.nc) =(=,—) CI R_, Z 0 0 0 Z 0 Z, Z,
Mr.ne) = (—,—) BDI R_,; Z 0 0 0 Z 0 Zy Zy
(r.nc) = (+.+) DIII Ry 4 Zs Z, Z 0 0 0 Z 0
(UTJ?C) = (_7_) CII R4,d VA 0 Zz Zz YA 0 0 0
(nTan) = (+7+) CI R()fd 0 0 Z 0 Zz Zz Z 0

Finally, the classification of Floquet topological phases
with time screw symmetry is summarized in Table VI, which
is obtained by taking zeroth homotopy groups of the space
of Dirac masses V shown in Table V. The classification
table again shows a periodic structure with respect to the
spatial dimension d. Real symmetry classes having either
T or C (classes Al, D, AIl, C) show either reduction to
complex classes or doubling of topological numbers due to the
block diagonalization with respect to the additional generator
involving C,7. Real symmetry classes having both T and C
(classes BDI, DIII, CII, CI) exhibit four types of changes from
the original tenfold-way classification in a similar manner to
the case of time glide symmetry.

IV. DISCUSSIONS

We have shown that the time glide symmetry, which is
an intrinsically dynamical symmetry, can host a novel class
of Floquet topological phases. The lattice models with time
glide symmetry that we presented can be engineered in
periodically driven systems such as cold atoms. Namely, the
2D model consisting of a stack of driven Su-Schrieffer-Heeger
model would be realizable by designing superlattice potential
that shows alternating hopping amplitude and by employing
synthetic gauge fields for imaginary hoppings. The 3D model
consisting of a stack of Haldane models on the honeycomb
lattice may also become feasible in a near future because the
Haldane model has been recently realized in cold atoms by
shaking the lattice potential [30].

In equilibrium systems, topological crystalline insulators
(TClIs) have been studied actively as representative topological
materials where gapless surface states are protected by spatial

symmetry [24-26,31,32]. Since static reflection symmetry
also serves as time glide symmetry in Floquet systems, a
natural question would be whether the time glide symmetric
Floquet topological phases are different topological phases
from TCIs or Floquet versions of them. In the following, we
show that these two are indeed distinct sets of topological
phases. (i) First, the 2D class AIIl model for a time glide
symmetric Floquet topological phase presented in Sec. I A
cannot be a TCIL. In order to have nontrivial time glide
Floquet phase, we need anticommutation relation of chiral
symmetry and time glide ({I', M7} = 0). This is in contrast
to topological crystalline insulators in 2D class AIIl which
require commutation relation [[,R] = 0 (since we need to
define 1D winding number with I' in each subspace of
R = =£1). (ii)) In general, the classification of time glide
Floquet topological phases in Table IV shows that they are
different from TClIs in the cases with particle-hole symmetry
C (D and C) or with chiral symmetry I (AIIl, BDI, DIII, CII,
CI). In these cases, commutation/anticommutation between
C and My/R, or I and Mr/R, are opposite in obtaining
nontrivial phases. (For comparison, the classification table for
TCISs is found in Ref. [25] as Table VI.) (iii) Classes A, Al,
AlI do not show difference in the classification for time glide
Floquet topological phases and TCIs. However, at least, those
in 3D class A are distinct from TCls, as discussed in Sec. II C.
Namely, the way topological numbers are defined is different.
In characterizing time glide Floquet topological phases, we
use half-period unitary U(0 — T/2) as a function of k, and
ky and see wrapping of a special point as shown in Fig. 5. On
the other hand, characterization of a Floquet version of TCI
involves U (ky,ky,t) as a function of three parameters which
belong to a nontrivial element of w3[U(N)] = Z. Since we
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can consider a case where half-period unitary is nontrivial but
full-period unitary is trivial in w3[U(N)], time glide Floquet
topological phases and TCIs are generally different in 3D
class A. These considerations indicate that time glide Floquet
topological phases and TCIs are distinct sets of topological
phases in general.

While we focused on time glide symmetry My and twofold
time screw symmetry C,7 in this paper, we can consider
more general time-nonsymmorphic symmetries and Floquet
topological phases protected by them. For example, we can
consider time screw symmetry having C3 symmetry which
does not square to 1. We expect that such non-order-two
symmetries also support some nontrivial Floquet topological
phases. However, these general nonsymmorphic space-time
symmetries cannot be directly incorporated into the Clifford
algebra approach, which is naturally suited of order-two
symmetries. Thus, Floquet topological phases protected by
general time-nonsymmorphic symmetries are left for future
studies. Since twisted equivariant K theory is proposed to be a
framework for classifying equilibrium topological phases with
crystalline symmetries [33], twisted equivariant K theory may
be applicable to Floquet topological phases.

We studied effects of dynamical symmetry on crystals
under periodic driving. Recently, it has been proposed in
Ref. [34] that even crystal structure itself can be extended
to a dynamical space-time pattern of atoms, which is called
“choreographic crystals”. In choreographic crystals, atoms
move in a symmetric way with respect to each other within
a period, like orbiting satellites. These space-time patterns of
atoms were studied by extending group theory to dynamical
motions. It would be an interesting future problem to classify
these choreographic crystals and also study topological phases
realized by electrons sitting on these space-time patterns.

Periodic driving can cause catastrophic heating of the
topological phases in a long time when interactions are present
in the system. Therefore, we will primarily be concerned
with systems that are well approximated as noninteracting
and clean. In fact, even in the presence of relatively weak
interactions, heating may only set in at extremely long times
[35], allowing for a broad pre-thermalization window. This
heating effect can be entirely avoided when the bulk is
many-body localized [36-38]. Although including disorder
usually breaks reflection symmetry and it is not so natural to
combine time glide symmetry with disorder, it would still be
useful to consider effects of disorder that statistically preserve
time glide symmetry, having in mind that some disordered
TClIs that preserve reflection symmetry on average support
stable gapless surface states [39,40]. It was shown that systems
with Abelian symmetry group can be localized by suitable
local randomness while those with non-Abelian symmetry
cannot be localized [41]. In our case, the criterion will be
whether the reflection symmetric subsystem can be localized or
not when we introduce reflection symmetric random potential.
At the reflection symmetric subsystem, time glide M reduces
to global Z, symmetry, where we can apply the condition in
Ref. [41]. Topological phases in 2D class AIIl in Sec. IT A
requires {I", M7} = 0 and cannot be localized while that in 3D
class A in Sec. I C can be localized. In any case, these Floquet
topological phases are stable under well-controlled systems
when interactions are absent. Furthermore, along this line,
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we may consider global Z, symmetry with half-period time
translation as a future problem because such global symmetry
makes it easier to localize the bulk. For example, nontrivial
entries in tenfold way with such symmetry commuting with
other onsite symmetries host nontrivial Floquet topological
phases.

Finally, we note effects of interactions onto time glide sym-
metric Floquet topological phases. Recently, interacting Flo-
quet topological phases have been actively studied [15,17,18].
In particular, Floquet topological phases show a breakdown of
noninteracting topological phases with interactions which is
different from equilibrium cases. This arises from the presence
of Floquet evolution operator acting like an effective symmetry
operation [18]. Therefore, it will be interesting to consider
such interacting Floquet topological phases with time glide
symmetry.
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APPENDIX: TENFOLD-WAY CLASSIFICATION
OF FLOQUET TOPOLOGICAL PHASES

We review tenfold-way classification of noninteracting
Floquet topological phases obtained in Ref. [10]. We con-
sider topological characterization of a time-evolution operator
Us(k,t). Instead of studying Ug(k,t) itself, we study the
effective Hamiltonian Hg in Eq. (40) defined with Ug(k,?)
because we can apply classification procedure for equilibrium
topological phases. First, we study complex symmetry classes
(class A and class AIII):

(1) Class A: The Hamiltonian Hg obeys the inherent chiral
symmetry [". The Floquet topological phase is mapped to a TI
in (d 4+ 1)D class AIIL.

(2) Class AIIl: The Hamiltonian Hg obeys the inherent
chiral symmetry I" and a unitary symmetry I"'. If there is a
commuting unitary symmetry, the tenfold-way classification
should be performed for the Hamiltonian after block diago-
nalization. The block-diagonalized Hamiltonian with respect
to I = %1 has no symmetry due to {I"",T"}. The Floquet
topological phase is mapped to a TT in (d + 1)D class A.

Next, we study real symmetry classes with either 7 or C
(class Al, class All, class D, and class C). Since these TRS
and PHS act on ¢ in a trivial way, the Hamiltonian Hg(k,?)
is interpreted as one-parameter family (parametrized by )
of d-dimensional Hamiltonians characterizing a topological
defect [29]:

(1) Class Al: The Hamiltonian Hg obeys the inherent chiral
symmetry I" and the TRS 7' squaring to +1. Combining these
two leads to an effective PHS I'7” squaring to —72 = —1.
Thus, the Floquet topological phase is mapped to a 1D
topological defect in a dD class CI system which is further
mapped to (d — 1)D Tl in class CL

(2) Class AIl: The Hamiltonian Hg obeys the inherent
chiral symmetry I" and the TRS T squaring to — 1. Combining
these two leads to an effective PHS "7’ squaring to — T2 =
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+1. Thus, the Floquet topological phase is mapped to a 1D
topological defect in a dD class DIII system which is further
mapped to (d — 1)D Tl in class DIII.

(3) Class D: The Hamiltonian Hg obeys the inherent
chiral symmetry T and the time-reversal symmetry (TRS) C’
squaring to +1. Combining these two leads to an effective
PHS I"C’ squaring to C? = +1. Thus, the Floquet topological
phase is mapped to a 1D topological defect in a D class BDI
system which is further mapped to (d — 1)D TI in class BDI.

(4) Class C: The Hamiltonian Hg obeys the inherent chiral
symmetry I and the TRS 7’ squaring to — 1. Combining these
two leads to an effective PHS I'7T’ squaring to —72 = +1.
Thus, the Floquet topological phase is mapped to a 1D
topological defect in a dD class DIII system which is further
mapped to (d — 1)D Tl in class DIII.

Finally, we study real symmetry classes with both 7' and
C (class BDI, class DIII, class CII, and class CI). Since the
chiral symmetry I' = TC results in a commuting unitary
symmetry I for Hg, we focus on the block-diagonalized
Hamiltonian and remaining symmetries to deduce the clas-
sification. The inherent chiral symmetry I is no longer a
symmetry for the block-diagonalized Hamiltonian because
("', T} =0. When I'> =(TC)> = +1 (in class BDI and
class CII), T’ and C’ remain as symmetries for the block-
diagonalized Hamiltonian with TV = £1. Since T’ and C’
are equivalent after block diagonalization because T' = I'C’,
only one symmetry, say 7’, remains as a symmetry after
block diagonalization. When I'?> = (T'C)? = —1 (in class BDI
and class CII), T’ and C’ are not symmetries for the block-
diagonalized Hamiltonian with I’ = +i (complex conjugation
in T’ and C’ exchanges two sectors I'" = =i). Instead, [' T’
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remains as a PHS for for the block-diagonalized Hamiltonian
with IV = £1:

(1) Class BDI: The block-diagonalized Hamiltonian Hy
obeys the TRS 7’ squaring to +1. Thus, the Floquet topolog-
ical phase is mapped to a 1D topological defect in a dD class
Al system which is further mapped to (d — 1)D Tl in class Al

(2) Class DIII: The block-diagonalized Hamiltonian Hy
obeys the PHS I'T" squaring to —T? = +1. Thus, the Floquet
topological phase is mapped to a 1D topological defect in a
dD class D system which is further mapped to (d — 1)D Tl in
class D.

(3) Class CII: The block-diagonalized Hamiltonian Hg
obeys the TRS T’ squaring to —1. Thus, the Floquet topo-
logical phase is mapped to a 1D topological defect in a dD
class AIl system which is further mapped to (d — 1)D TI in
class AIL

(4) Class CI: The block-diagonalized Hamiltonian Hj
obeys the PHS I'T" squaring to —T? = —1. Thus, the Floquet
topological phase is mapped to a 1D topological defect in a
dD class C system which is further mapped to (d — 1)D Tl in
class C.

To summarize, noninteracting Floquet topological phases in
the d-dimensional space share the same topological classifica-
tion as equilibrium topological phases in the same symmetry
class. Corresponding topological number can be defined for
each gap in the quasienergy spectrum for symmetry classes
without PHS or chiral symmetry; a system with n gaps is
characterized by n topological numbers in those classes. For
classes with PHS or chiral symmetry, two topological numbers
are defined corresponding to 0 gap and 7 gap. The result is
summarized in Table I.
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