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Dissipationless spin-valley current in zigzag-edge graphene ribbons with a net magnetization
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We have investigated the spin-valley degree of freedom characterized by the product of spin and valley indices
in zigzag-edge graphene ribbons with a net magnetization by using a tight-binding model. We found that the
CT invariance leads to the spin-valley current which is neither spin polarized nor valley polarized but fully
spin-valley polarized, where C and T are the charge conjugation and the time-reversal operation, respectively. In
the quantum Hall regime, the gapless edge states protected by the CPT invariance carry the spin-valley degree
of freedom leading to a dissipationless spin-valley current, where P is the inversion operation.
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I. INTRODUCTION

In recent years, a great deal of attention has been paid to
the spin-valley coupling, which is expected to lead to fully
polarized spin and valley currents essential in spintronics and
valleytronics [1–6]. However, although the coupled spin-valley
characterized by the product of spin and valley indices is
also a new degree of freedom other than spin and valley,
spin-valley coupling has been investigated as a route to
spin and valley currents but little attention has been paid
to the spin-valley current itself, which enables electronics
based on the spin-valley degree of freedom. Here, we show
that zigzag-edge graphene ribbons with a net magnetization
whether spontaneous or induced can generate dissipationless
spin-valley current, which is neither spin polarized nor valley
polarized but fully spin-valley polarized. A scheme of a
spin-valley valve which can generate and detect spin-valley
current is suggested. Our paper is believed to contribute to the
spin-valley physics and an advanced electronics based on the
spin-valley degree of freedom.

In addition to the charge and spin degree of freedom,
electrons in a honeycomb lattice can have a valley degree
of freedom corresponding to the corners (K and K ′) of the
first Brillouin zone, which can be coupled to other degrees of
freedom [7]. Inversion symmetry breaking due to a staggered
sublattice potential or an antiferromagnetic order can remove
the valley degeneracy and can give rise to the valley Hall effect
where carriers in different valleys flow to opposite transverse
edges [6–8]. In monolayer transition-metal dichalcogenides
with a broken inversion symmetry, which is described by
the massive Dirac fermions, the spin splitting of the valence
bands arising from intrinsic spin-orbit interaction is opposite
at the two valleys due to a time-reversal symmetry [1–3].
The spin-valley coupling was predicted to lead to strongly
suppressed spin and valley relaxations at the valence-band
edge and to induce a valley Hall effect with a spin Hall
effect [3]. In graphene and silecene, a spin-orbit interaction
and a staggered sublattice potential also were reported to
result in spin- and valley-dependent band gaps [5,9,10], and
a (pseudo)magnetic field induced by magnetization or strain
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as well as photoirradiation were suggested as a way to fully
polarized spin and valley current generation [5,11].

The spin-valley degree of freedom determines the relative
orientation between the spin and the valley and can have two
states just like the spin and the valley. In bilayer graphene,
electron-electron interaction was predicted to enable the
quantum spin-valley Hall state where carriers with opposite
spin-valley indices flow to opposite transverse edges [12].
In zigzag-edge graphene nanoribbons (ZGNRs), a staggered
sublattice potential along with magnetization at the edge atoms
were predicted to induce spin- and valley-polarized gapless
edge states [13]. In the same work, spin-valley current can be
found in the ferromagnetic edge state of the ZGNR, although
the authors did not pay attention to the spin-valley degree of
freedom [13].

A ZGNR has flat bands at the Fermi level (EF ) correspond-
ing to the edge-localized electrons, whose electron-electron
interaction has been known to lead to an antiferromagnetic
edge state for narrow ribbons and to a ferromagnetic edge
state for wide ribbons [14–16]. Ferromagnetic graphene under
a magnetic field was predicted to be a quantum spin Hall
(QSH) insulator, which can be responsible for the quantum
Hall conductance plateau at the filling factor of ν = 0 [17].
The electron-electron interaction and the electron-phonon
interaction in graphene can remove the valley degeneracy of
the Landau level, which can be responsible for the quantum
Hall conductance plateau at ν = ±1 [18,19]. Thus, gapless
edge states with a spin-valley coupling can be expected in a
ZGNR with an electron-electron interaction under a magnetic
field even in the absence of a spin-orbit coupling.

In this paper using a tight-binding (TB) model, we show that
spin-valley current arises from invariance of the band structure
regardless of gapless edge states and origin of magnetization
and that spin-valley current can be generated and detected by
using an external magnetic field. We call for renewed attention
to the band structure of a ZGNR with a net magnetization
spontaneous or induced, which has band crossings at EF

between the two bands with opposite spin orientations. We also
call for attention to the spin orientations of the crossing bands
which are reversed at opposite valleys [20,21] as shown in
Fig. 1. We identify that due to the CT invariance the edge states
with the same spin-valley index propagate in the same direction
generating a spin-valley current which is neither spin polarized
nor valley polarized but fully spin-valley polarized. C and T
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FIG. 1. Spin-valley current. (a) Atomic geometry of 3-ZGNR.
(b) Band structure of 20-ZGNR when B = U = 0 (left) and a
schematic of the propagating states at EF > 0 where the arrows
indicate the propagating direction. p1 and p2 indicate the dispersion
curve corresponding to the propagating states. (c) Band structures
of 20-ZGNR in the ferromagnetic state for U = 2 eV and B =
±1 T where the left and right sides correspond to the opposite
magnetizations. (d) Band structures of 20-ZGNR for U = 0 and
B = ±10 T where the left and right sides correspond to the opposite
magnetization. The Zeeman energy Ez = μBB is equal to 0.58 meV
for B = 10 T. (e) Schematics for the propagating states at EF = 0.
The solid and dashed arrows correspond to the opposite valleys
(ξ = ±1). The red and blue colors correspond to the opposite spins
(s = ±1). sξ = ±1 corresponds to the coupled spin-valley index. In
panels (d) and (e), k1–k4 indicate the dispersion curve corresponding
to the propagating states.

are the charge conjugation and the time-reversal operations,
respectively. In the quantum Hall regime, the gapless edge
states protected by the CPT invariance carry the spin-valley
degree of freedom leading to a dissipationless spin-valley
current, where P is the inversion operation. Since the band
crossings also are found in the multilayer ZGNRs with a net
magnetization, a spin-valley current can be expected even in
graphite ribbons.

II. METHODS

In this paper, the ZGNR was considered as a one-
dimensional system periodic on the x axis (zigzag direction)
with a lattice constant of a0 = 2.46 Å as shown in Fig. 1(a)
and will be referred to as N -ZGNR, where N is the number of
C-C pairs in a unit cell. The TB Hamiltonian can be given as
follows [21]:

H = −
∑

〈p,q〉s
γpqc

†
pscqs + U

∑
ps

(
〈nps ′ 〉 − 1

2

)
nps

+μBB
∑
ps

snps +
∑
ps

δpnps + H.c., (1)

where cps is the electron annihilation operator at a site p with
a spin s = ±1 (= −s ′) and nps = c

†
pscps . γpq = γ0e

i(e/h̄)φpq

with the nearest-neighbor hopping energy of γ0 = 2.7 eV and
the magnetic flux φpq , which is calculated using the Peierls

substitution φpq = ∫ �rq

�rp

�A · d�r with �A being the vector potential
according to previous works [22]. We use the Landau gauge
�A = (−By,0,0) with a magnetic-field �B = Bẑ. U is the on-

site Coulomb repulsion energy. The staggered AB-sublattice
potential δp is +δ for sublattice A and −δ for sublattice
B. The third term describes the Zeeman splitting with a
Bohr magneton μB . The second term corresponding to the
mean-field-approximated Hubbard Hamiltonian at half-filling
describes the on-site electron-electron interaction. 〈nps〉 is the
electron density for spin-up and spin-down electrons at a site
p, which should be calculated in a self-consistent way. U = 0
for a paramagnetic state and U = 2 eV for a ferromagnetic
edge state were used [23]. The TB model was self-consistently
solved for N -ZGNR by using a PYTHTB code [24], and the
transmittance between the two leads separated by a scattering
region shown in Fig. 2 was calculated by using a KWANT

code [25].

III. RESULTS AND DISCUSSION

Figure 1(b) shows the band structure of 20-ZGNR in the
paramagnetic state when B = U = 0 (left side), which shows
the flat bands corresponding to the edge-localized electrons
at EF = 0, in agreement with previous works [26]. Although
the flat bands do not contribute to charge transport at EF = 0,
the band velocity at the opposite valley has opposite signs
at EF �= 0, indicating that the charge transport at EF �= 0 is
valley polarized as shown on the right-hand side of Fig. 1(b)
[27]. p1 and p2 indicate the dispersion curves corresponding
to the propagating states. Figure 1(c) shows the band structures
of 20-ZGNR in the ferromagnetic edge state with U = 2 eV.
The orientation of the spontaneous magnetization was reversed
by applying the magnetic-field B = ±1 T. Figure 1(d) shows
the band structures of 20-ZGNR in the paramagnetic state
with U = 0 and B = ±10 T. The orientation of the induced
magnetization was reversed by the magnetic field. The band
structures on the left and right sides of Figs. 1(c) and 1(d)
correspond to the opposite orientations of the magnetization.
The Zeeman energy Ez = μBB (half the Zeeman splitting) is
equal to 0.58 meV for B = 10 T.

As shown in Figs. 1(c) and 1(d), the magnetization
spontaneous or induced removes the spin degeneracy of the
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FIG. 2. Spin-valley valve. (a) Scheme of spin-valley valve where
ZGNR is divided into left and right leads and scattering region of
length L and width W , each of which has a magnetic-field BL, BR ,
and BS perpendicular to the layer. (b) Two-terminal conductance σL in
units of e2/h obtained by calculating the transmittance from the left
lead to the right lead with U = 0, EF = EZ/2, W = 17 nm (N =
80), L = 118 nm, and B = 10 T, where EZ = 0.58 meV is the
Zeeman energy. BL, BR , and BS can have 0 and ±B. (s,ξ ) indicates
the spin and valley indices of the transmitting modes.

flat bands, which undergo energy-level shifts of opposite
signs for opposite spins leading to band crossings at EF = 0
between the two bands of opposite spin polarizations. The
spin polarizations of the crossing bands are opposite at the two
valleys, and reversal of the magnetization reverses the spin
polarizations of the crossing bands. In Fig. 1(d), k1–k4 indicate
the dispersion curves resulting from the spin splitting of the
flat bands and corresponding to the charge transport at EF . For
example, the dispersion curves k2 and k3, respectively, come
from the dispersion curves p1 and p2 indicated in Fig. 1(b).

From the band velocity at EF = 0, we can construct a
schematic for the propagating states as shown in Fig. 1(e). In
Fig. 1(d), k1–k4 indicate the dispersion curves corresponding
to the propagating states in Fig. 1(e). The right and left arrows
indicate the opposite propagating directions. The solid and
dashed arrows correspond to the opposite valleys (ξ = ±1).
The red and blue colors correspond to the opposite spins
(s = ±1), and sξ = ±1 corresponds to the coupled spin-valley
index. On the left side (B > 0) of Fig. 1(e), let us note
the two states propagating in the positive direction. The two
states have the opposite s and the opposite ξ but the same
sξ , leading to the spin-valley current which is neither spin
polarized nor valley polarized but fully spin-valley polarized.

Reversal of the magnetization (B < 0) as shown on the right
side of Fig. 1(e) reverses sξ of the spin-valley current. It
should be noted that the two states propagating in a given
direction with the same sξ are the CT partners of each other.
CT |E,k,s,vB〉 = | − E,−k,−s,vB〉 as shown in Fig. 1(c)
where the band velocity vB = 1

h̄
dE
dk

. The CT partners have
the same sξ since the CT operation simultaneously reverses
the spin and valley indices and propagate in the same direction,
indicating that the spin-valley current is due to the CT

invariance.
As discussed above, a ZGNR with a net magnetization can

generate a spin-valley current, whose spin-valley index can
be reversed by using the magnetic field. Thus, a scheme of
the spin-valley valve generating and detecting the spin-valley
current can be suggested as shown in Fig. 2(a) where the ZGNR
is divided into the left and right leads and scattering region of
length L and width W , each of which has a magnetic-field
BL, BR , and BS perpendicular to the layer. Figure 2(b) shows
the two-terminal conductance σL in units of e2/h, obtained
by calculating the transmittance from the left lead to the
right lead with U = 0, EF = EZ/2, W = 17, L = 118 nm,
and B = 10 T, where EZ = 0.58 meV. BL, BR , and BS can
have 0 and ±B. EF was chosen to be 0 < EF < EZ . Since
the ZGNR is a valley filter when B = 0 and is a spin-valley
filter when B �= 0, combinations of (BL, BS , and BR) can lead
to various functions.

For example, when (BL, BS, BR) = (+B,0,±B), which
can be achieved by using two ferromagnetic electrodes, two
sξ = +1 (spin-valley-polarized) states with (s,ξ ) = (+1,+1)
and (−1,−1) propagate from the left lead to the scattering
region. Only a ξ = +1 (valley-polarized) state with (s,ξ ) =
(+1,+1) can pass the scattering region. The (+1,+1) state with
sξ = +1 can propagate into the right lead when BR = +B but
cannot when BR = −B. The valley-filtering spin-valley valve
is also a spin and a valley valve. Because the spin-valley current
arises from the CT invariant band structure regardless of the
origin of the magnetization, we can readily expect similar
valve effects in the ferromagnetic state with a finite U by
using a magnetic field. Multilayer ZGNRs have essentially
the same band structure as that of the ZGNR except that the
number of states at EF increases with the number of layers
and thus even the zigzag-edge graphite ribbons can be used
for the spin-valley current. For a valve effect to be observed
in experiments, polarized carriers should travel to the detector
without losing their polarization. In fact, spin- and valley-
relaxation lengths in graphene were reported to be longer than
∼1 μm in experiments on spin and valley currents [28,29].
Thus, we may expect that a spin-valley valve can be realized
in real experiments by using a device similar to the one used
for a spin valve [28], even if an abrupt change in the magnetic
field at the scale of one atom is not possible.

Next, we will discuss the spin-valley degree of freedom
in the quantum Hall regime in the presence and absence of
electron-electron interactions. Whereas the crossing bands
correspond to the edge states, the electron density at the
band crossing point is distributed equally on both edges for
narrow ribbons under a low magnetic field, and any quantum
Hall effect cannot be expected. For wide ribbons under a
high magnetic field, the electron density of the spin- and
valley-resolved states at EF = 0 are concentrated on an edge
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FIG. 3. Quantum Hall state for U = 0. 200-ZGNR in the param-
agnetic state under B = 50 T. Ez is equal to 2.89 meV for B = 50 T.
Band structures when (a) δ = 0 and (b) δ = EZ/2. (c) |�|2 at
EF = 0 for δ = 0. (d) Schematic for the propagating states at
EF = 0 constructed from panels (a)–(c). σSV L, σSH , and σV H are
the two-terminal spin-valley conductance, the spin Hall conductance,
and the valley Hall conductance, respectively. The same conventions
as in Fig. 1 are used.

as shown in Fig. 3(c), indicating a possible quantum Hall
effect. Figure 3 shows the quantum Hall regime of 200-ZGNR
in the paramagnetic state (U = 0) under B = 50 T, where
EZ = 2.89 meV. Under a staggered potential δ < EZ , the
band crossings are preserved as shown in Figs. 3(a) and 3(b).
When δ > EZ , the ZGNR becomes an ordinary insulator with
a band gap.

From vB and |�|2 at EF = 0 shown in Figs. 3(a)–3(c), we
can construct a schematic for propagating states in the quantum
Hall regime as shown in Fig. 3(d). Since each state contributes
e2/h to the conductance, the (Hall) conductance can be
estimated in units of e2/h by counting the number of the spin-,
valley-, and edge-resolved states propagating in a given direc-
tion. σSV L, σSH , and σV H are the two-terminal spin-valley
conductance, the spin Hall conductance, and the valley Hall
conductance, respectively. When δ < EZ, σL = σSV L = 2
indicates fully spin-valley-polarized current neither spin po-
larized nor valley polarized, and σSH = σV H = 2 indicates
the coexisting quantum valley Hall (QVH) and QSH effects.
Despite the QVH conductance, this state is different from the
well-known QVH state where two opposite valley channels
propagate in the opposite directions at a given edge [30,31].

The state can be referred to as the valley-polarized QSH
(V-QSH) state with valley-polarized edges of opposite signs
since reversal of the propagating direction should accompany
a spin flip and backscattering is forbidden in the absence of a
spin-flip scattering. The V-QSH state is also different from

FIG. 4. Quantum Hall state for U = 2 eV. A 200-ZGNR in the
ferromagnetic edge state under B = 50 T. Band structures when
(a) δ = 0 and (d) δ = 3EZ. |�|2 at EF = 0 when (b) δ = 0 and
(e) δ = 3EZ . Schematics for the propagating states when (c) δ = 0
and (f) δ = 3EZ . The same conventions as in Fig. 3 are used.

the well-known QSH state originating from the spin-orbit
interaction and is protected by the time-reversal symmetry
which is broken under a magnetic field [32]. In the V-QSH
state, the two counterpropagating states at a given edge (see
Fig. 3) are the CPT partners of each other, indicating that
the gapless edge states are protected by the CPT invariance
and the spin-valley current becomes dissipationless since
the spin-valley degree of freedom is carried by the gapless
edge states. The CPT partners have the same valley index
CPT |E,k,s,vB〉 = | − E,k,−s,−vB〉 as shown in Fig. 3(a),
leading to the valley-polarized edges of opposite signs. The
CT -invariant QSH state already was predicted in ferromag-
netic graphene without considering the valley degree of
freedom [17]. Since the quantum (charge) Hall conductance is
zero, the V-QSH state corresponds to the ν = 0 quantum Hall
state.

Figures 4(a)–4(c) show the quantum Hall regime of 200-
ZGNR in the ferromagnetic edge state when U = 2 eV, B =
50 T, and δ = 0. Figure 4(a) shows the band structure where
the spin splitting of the n = 0 Landau level is larger than
2EZ due to the electron-electron interaction and the band
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structure shows CT and CPT invariances. Figure 4(b) shows
|�|2 at EF = 0, indicating that the opposite edges have the
opposite valley indices. Figure 4(c) shows a schematic for the
propagating states at EF = 0, which shows the same V-QSH
state protected by the CPT invariance and the dissipationless
spin-valley current due to the CT invariance as in the case
of U = 0 shown in Fig. 3. The V-QSH state persists when
δ < 1.6EZ .

Figures 4(d)–4(f) show the quantum Hall regime of 200-
ZGNR in the ferromagnetic edge state when U = 2 eV, B =
50 T, and δ = 3EZ . Figure 4(d) shows the band structure of
200-ZGNR. Contrasting to the case of U = 0 shown in Fig. 3,
the staggered potential larger than the spin splitting of the
n = 0 Landau level (δ > 1.6EZ) does not open a band gap.
Instead, the staggered potential induces n = 0 Landau-level
shifts of opposite signs at the opposite valleys, removing the
valley degeneracy and only preserving the CT invariance.
Figure 4(e) shows |�|2 at EF = 0, indicating that the opposite
edges have the opposite spins. Figure 4(f) shows a schematic
for the propagating states at EF = 0, where σL = σSV L = 2
indicates fully spin-valley-polarized current due to the CT

invariance and σSH = σV H = 2 indicates the coexisting QSH
and QVH effects. Despite the QSH conductance, this state is
different from the well-known QSH state where two opposite
spin channels propagate in the opposite directions at a given
edge [32]. The state can be referred to as the spin-polarized
QVH (S-QVH) state with spin-polarized edges of the opposite

signs since the reversal of the propagating direction should
accompany a valley flip and backscattering is forbidden by
the K-K ′ separation in the Brillouin zone. Due to the lack of
the CPT invariance in the edge state bands, the QSH state
can no longer be protected. Since the quantum (charge) Hall
conductance is zero, the S-QVH state corresponds to the ν = 0
quantum Hall state.

To summarize, we have investigated the spin-valley degree
of freedom in zigzag-edge graphene nanoribbons with a net
magnetization by using the tight-binding model where the
CT invariance was found to lead to a spin-valley current
neither spin polarized nor valley polarized but fully spin-valley
polarized. In the quantum Hall regime, the gapless edge states
protected by the CPT invariance carry the spin-valley degree
of freedom, leading to a dissipationless spin-valley current.
Since the spin-valley polarization can be reversed by using
a magnetic field, a scheme of the spin-valley valve can be
suggested for an advanced electronics based on the spin-valley
degree of freedom.
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