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Anomaly in the temperature-dependent electronic structure of the heavy-fermion compound CeB6:
A theoretical investigation by means of a first-principles many-body approach

Haiyan Lu1,2,* and Li Huang1,†
1Science and Technology on Surface Physics and Chemistry Laboratory, Post Office Box 9-35, Jiangyou 621908, China

2Beijing National Laboratory for Condensed Matter Physics, and Institute of Physics, Chinese Academy of Sciences,
Beijing 100190, China

(Received 1 December 2016; revised manuscript received 7 April 2017; published 26 April 2017)

The temperature-dependent electronic structure of the heavy-fermion compound CeB6 was investigated
thoroughly by means of the combination of density functional theory and single-site dynamical mean-field
theory. The band structure, density of states, and 4f valence state fluctuation of CeB6 were calculated in a
broad temperature range of 10–120 K. Overall, the 4f electrons remain incoherent, approximately irrespective
of environmental temperature. However, we find that these observables exhibit some unusual features near 20 K.
In addition, the evolutions of 4f orbital occupancy, total angular momentum, and total energy with respect to
temperature show apparent nonmonotonic behaviors around 20 K. The possible explanations for these tantalizing
characteristics are discussed concisely.
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I. INTRODUCTION

The Ce-based heavy-fermion compounds, in which the
Ce-4f valence electrons and the c − f hybridization effect
play essential roles, have attracted extensive research interests
in recent years [1,2]. There exists complex and subtle interplay
between the spin, orbital, and lattice degrees of freedom, which
leads to rich physics of these systems, including heavy-fermion
superconductivity [3–6], quantum criticality [7–9], Kondo
effect [10], and mixed-valence behavior [11,12], to name a few.
In addition, many exotic ordered phases emerge as a result of
the interaction between the strong electronic correlations, large
spin-orbit coupling, and intricate crystal-field splitting in these
materials, which make them good testing beds for exploring
new quantum phenomena and physical mechanisms.

Numerous theoretical and experimental investigations sug-
gested that the electronic and magnetic structures of Ce-based
heavy-fermion compounds are very sensitive to the change of
external environment, such as temperature, pressure, chemical
doping, and electromagnetic field [13]. Here we focus on the
temperature effect only. The temperature-driven evolutions of
electronic and magnetic structures have already been observed
in many Ce-based heavy-fermion materials. For example,
the magnetic susceptibility and resistivity measurements for
Kondo semiconductor CeNiSn demonstrate that a pseudogap
arises when T < 12 K [14]. The Ce-4f spectral function of
CeCoGe2 develops a “kink” owing to the Kondo resonance
and the formation of a hybridization gap when temperature
is reduced [15]. Perhaps the most representative examples are
the Ce-based “115” compounds (CeMIn5,M = Co, Rh, and
Ir). For instance, the Ce-4f electrons in CeIrIn5 evolve from
localized to itinerant states upon cooling, accompanied by
a remarkable change of Fermi surface from small to large
volume [16]. The topology and volume of the Fermi surface
of CeCoIn5 are also tuned by temperature significantly [17].
They are still hot topics of ongoing researches.
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Now let us turn to cerium hexaboride, a typical Kondo dense
system with Kondo temperature TK ≈ 1 K. CeB6 crystallizes in
a simple cubic structure with space group Pm3̄m. The Ce ions
locate at the cubic center, while the boron octahedra situate
at the cubic corners. The experimental lattice parameter a0 is
4.1396 Å determined by single-crystal diffraction [18]. As a
paradigm of the heavy-fermion compound, the specific-heat
coefficient γ of CeB6 is about 250 mJ mol−1 K−2, which
is much larger than the one of LaB6 [19]. One of the
most fascinating properties of CeB6 is its low-temperature
magnetic structures and the corresponding magnetic phase
transitions, which have been studied for more than half a
century. Under ambient pressure and when T > 10 K, CeB6 is
paramagnetic. Below TQ = 3.3 K, an anti-ferro-quadrupolar
order forms, while the conventional dipolar antiferromagnetic
order develops below TN = 2.4 K [20]. Many efforts have
been devoted to figure out the magnetic phase diagram of
CeB6 [20–29]. Though great progresses have been achieved,
until now there are still many puzzles that need to be
solved. For example, the magnetic ordered phases revealed
by neutron scattering [20,28–32] are not consistent with those
by nuclear magnetic resonance [22]. Besides, the appearance
of a “magnetically hidden order” phase has been confirmed
by x-ray-diffraction experiment [33], but the long suspected
multipolar origin of this phase is still under intense debate. The
correlated electronic structure of CeB6 is yet another important
but less concerned topic. The band structure and Fermi-
surface topology have been studied by using high-resolution
angle-resolved photoemission spectroscopy (ARPES) [34].
However, the temperature dependence of electronic structures
of CeB6, especially the evolution of 4f electronic states,
is rarely considered in the available literature. From the
theoretical side, since the electronic correlations among Ce-4f

electrons are strong, which are hardly handled by the classic
band theory, and the cubic symmetry of CeB6 enables an active
orbital degree of freedom for Ce-4f valence electrons, even a
reasonable picture for its electronic structure is still lacking.
Hence, to study the temperature-tuned electronic structures of
CeB6 by ab initio calculations has become an unprecedented
task up to this time.
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In order to fill in this gap, we endeavored to uncover the
temperature-dependent electronic structures of CeB6 by using
a first-principles many-body approach, namely, the density
functional theory in combination with the single-site dynam-
ical mean-field theory (dubbed as DFT + DMFT) [35,36].
We successfully reproduced the bulk properties and ARPES
experimental results of CeB6 at first. And then we found that its
electronic structures do not evolve monotonically with respect
to temperature as expected. They and the corresponding
physical observables exhibit sudden changes at T ∼ 20 K.
Thus, we suspect that some unknown physical processes may
take place around this temperature scale.

The rest of this paper is organized as follows. Section II
briefly introduces the technical details for the DFT + DMFT
calculations. In Sec. III, the temperature-dependent electronic
structures, including the momentum-resolved spectral func-
tion, 4f valence state fluctuation, 4f electronic configuration,
4f orbital occupancy, total angular momentum, and total
energy, are presented. Several possible mechanisms for the
unusual features observed at T ∼ 20 K are discussed in
Sec. IV. Finally, a concise summary is addressed in Sec. V.

II. METHOD

The DFT + DMFT method, which combines the first-
principles aspect of DFT with the nonperturbative many-body
treatment of local interaction effects in DMFT, may be the
most powerful established approach to study the strongly
correlated systems [35,36]. It has been successfully applied to
investigate the physical properties of many Ce-based heavy-
fermion materials in recent years [15,16,37–39]. In view of the
correlated feature of the Ce-4f states in CeB6, we adopted the
DFT + DMFT method to perform charge fully self-consistent
calculations to explore the fine electronic structures of CeB6

as a function of temperature.
We used the WIEN2K code [40] and the EDMFTF package [38]

to carry out the DFT and DMFT calculations, respectively.
In the DFT part, RMTKMAX = 7.0, the k-points mesh was
17 × 17 × 17, and the generalized gradient approximation
(Perdew-Burke-Ernzerhof functional) [41] was employed to
express the exchange-correlation potential. In the DMFT
part, the general interaction matrix was parametrized using
the Coulomb interaction U and the Hund’s exchange J
via the Slater integrals [42]. They were 6.0 and 0.7 eV,
respectively, which were exactly in accordance with the
values reported in the literature [34]. The fully localized
limit scheme was used [43] to evaluate the double-counting
term for the self-energy function. The constructed multiorbital
Anderson impurity models were solved using the hybridization
expansion continuous-time quantum Monte Carlo impurity
solver (dubbed as CT-HYB) [44–46]. In order to accelerate the
calculations, we adopted the trick of lazy trace evaluation [47].
In addition, we not only utilized the good quantum numbers
N (total occupancy) and J (total angular momentum) to
classify the atomic eigenstates but also made a truncation (N ∈
[0,3]) for the local Hilbert space [46] to further reduce the
computational burden.

All of the calculations were carried out using the experimen-
tal crystal structure [18]. The temperature range we considered
was from 10 to 120 K, so it was reasonable to retain only the

FIG. 1. Calculated E − V curve of CeB6. A reference energy
(−18 029 Ry) was subtracted from the total-energy data. Here V0

denotes the experimental crystal volume [18]. The two vertical dashed
lines indicate the experimental and theoretical equilibrium crystal
volumes (V/V0 = 1.00 and V/V0 ∼ 1.04), respectively.

paramagnetic solutions (T � TN). The convergence criteria
for charge and energy were 10−4 e and 10−4 Ry, respectively.
The final outputs were the Matsubara self-energy function
�(iωn) and impurity Green’s function G(iωn), which were
then utilized to obtain the integral spectral function A(ω) and
momentum-resolved spectral function A(k,ω) [35,38]. From
the probability of atomic eigenstates, we can extract essential
information concerning the 4f valence state fluctuation and
electronic configuration [39].

III. RESULTS

A. Benchmark calculations

In order to examine the correctness and reliability of
the DFT + DMFT method, we applied it to study the bulk
properties of CeB6 at first. We calculated the E − V curve
(see Fig. 1), and then used the Birch-Murnaghan equation of
states to fit it. The extracted bulk modulus (B) and equilibrium
lattice parameter (a0), together with the available experimental
and theoretical data, are collected and displayed in Table I.
Clearly, our calculated results are in good consistency with the
experimental values. The maximum error is less than 4.5%.

TABLE I. Bulk properties of CeB6. Here B and a0 denote the bulk
modulus (GPa) and equilibrium lattice constant (Å), respectively.

Methods B a0

DFT + DMFT 169 4.2031a

DFT 173 4.1542b

Experiments 191,c 166,d 168,e 182f 4.1396g

aThe DFT + DMFT calculations were performed at T = 11.6 K.
bSee Ref. [48].
cSee Ref. [49].
dSee Ref. [50].
eMeasured by ultrasonic method at room temperature. See Ref. [51].
fMeasured by Brillouin scattering technology at room temperature.
See Ref. [51].
gMeasured at T = 298 K. See Ref. [52].
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FIG. 2. (a) The momentum-resolved spectral function A(k,ω)
obtained by DFT + DMFT calculations under ambient pressure at
T = 16.6 K. The horizontal dashed line means the Fermi level.
(b) Band dispersions measured by ARPES at T = 17 K. Reproduced
from Ref. [34].

Next we tried to calculate the momentum-resolved spectral
function A(k,ω) of CeB6 along the high-symmetry lines in
the Brillouin zone (T ∼ 16.6 K). Then the obtained A(k,ω)
was compared with the band dispersion measured by ARPES
experiment at T = 17 K [34]. In the calculated A(k,ω) we
easily identify a hole-type Fermi surface, a quasilinear band
(α), and two paraboliclike bands (β and γ ) near the � point,
which are also observed in the experimental band structure
(see Fig. 2). Note that we also performed a regular DFT
calculation to compute the band structure. But it fails to
reproduce the ARPES results. It is apparent that the neglect
of the 4f electronic correlation should be responsible for this
failure.

From the results presented above (bulk properties and
band structures), we may arrive at the conclusion that the
DFT + DMFT method is a reliable tool to describe the
electronic states of CeB6, and could be used for further
calculations.

B. Temperature-dependent electronic structures

1. T-dependent band structures

In Fig. 3, the momentum-resolved spectral functions
A(k,ω) for selected temperatures at the X − � − X lines
in the Brillouin zone are illustrated. The most prominent
feature shown in A(k,ω) is the flat bands which belong to
the 4f orbitals. Because of the presence of strong spin-orbit
coupling, the calculated 4f bands are split into j = 5/2
and 7/2 sub-bands. The energy separation is approximately
300 meV, which is consistent with the experimental observa-
tion �SO = 280 meV [34]. Furthermore, the 4f orbitals are
almost unoccupied. Thus, the j = 5/2 (low-lying) and 7/2
(high-lying) sub-bands are parallel and above the Fermi level.
When they cross the conducting bands, there is strong c − f

hybridization. All of these features are very similar to those
observed in Ce metal and the other Ce-based heavy-fermion
compounds, such as CeIn3 [39] and CeCoIn5 [38].

When the temperature is lowering, the momentum-resolved
spectra show considerable changes. The overall trend is that
the Ce-4f ’s j = 5/2 and 7/2 sub-bands are shifted toward the
Fermi level gradually, while the energy difference between
the two sub-bands remains almost unchanged. However,
we observe some abnormal things when T ∼ 20 K [see
Figs. 3(c) and 3(d) for T = 23.2 and 19.3 K, respectively].
The j = 5/2 sub-bands are close to the Fermi level, and
become dimmer. On the other hand, the j = 7/2 sub-bands
are pushed back to higher energy, and their intensities are
largely enhanced. Of course, the energy difference between
them increases obviously. These changes seen in A(k,ω) are
also simultaneously represented by the integrated spectral
functions A(ω) [i.e, density of states, see Fig. 3(g)]. The
temperature-driven evolution of A(ω) can be divided into two
separate stages.

(i) From T ∼ 40 to ∼ 20 K, the peak near 0.4 eV which is
corresponding to the j = 7/2 sub-bands shifts to the higher
energy and becomes much stronger. The splitting induced by
spin-orbit coupling turns larger.

(a)
(b) (c) (g)(a)

(e) (f)(d)

38.7 K

29.0 K

23.2 K

19.3 K

16.6 K

11.6 K

FIG. 3. Evolution of momentum-resolved spectral functions A(k,ω) upon temperature obtained by DFT + DMFT calculations under
ambient pressure. (a) 38.7 K. (b) 29.0 K. (c) 23.2 K. (d) 19.3 K. (e) 16.6 K. (f) 11.6 K. The corresponding integrated spectral functions A(ω)
(i.e., density of states) are shown in panel (g). The horizontal or vertical dashed lines mean the Fermi level.
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(ii) From T ∼ 20 to ∼ 10 K, the change is completely
reversed. The spin-orbit splitting is reduced.

To sum up, we find that the band structure and density of
states of CeB6 show unexpected changes when T ∼ 20 K.
However, the driving force of such changes remains unclear.

There is still one more thing we would like to emphasize.
The 4f spectral weights near the Fermi level are mainly from
the contributions of the j = 5/2 components. They are a bit
small and not very sensitive to the change of temperature. In
other words, the 4f electrons in CeB6 are highly localized,
and virtually do not get involved in the chemical bonding. No
localized to itinerant transition or crossover [37] is observed
in the temperature range studied in the present paper.

2. T-dependent valence state fluctuations
and electronic configurations

Here, we turn to the 4f valence state fluctuations and
electronic configurations of CeB6 upon temperature. The
CT-HYB quantum impurity solver is capable of computing the
valence state histogram for 4f electrons, which denotes the
probability to find out a 4f valence electron in a given atomic
eigenstate |ψ�〉 (labeled by good quantum numbers N and J as
mentioned in Sec. II) [46]. In Fig. 4(a), the probabilities for the
most important three atomic eigenstates as a function of tem-
perature are plotted. At first glimpse, we find that the |N = 1,

J = 2.5〉 atomic eigenstate is overwhelmingly dominant. For
example, its probability accounts for about 87.6% at 58 K.
At lower temperature, its probability becomes even larger.
As for the |N = 0,J = 0.0〉 and |N = 1,J = 3.5〉 atomic
eigenstates, the probabilities are approximately 1.5 and 0.7%
at 58 K, respectively. The probabilities for the other atomic
eigenstates are quite small. Surprisingly, the evolutions of these
atomic eigenstate probabilities with respect to temperature are
not monotonic. Specially, the probabilities for the |N = 1,J =
2.5〉 and |N = 0,J = 0.0〉 atomic eigenstates drop quickly for
T < 20 K and then grow up slowly for T > 20 K, whereas the
one for the |N = 1,J = 3.5〉 atomic eigenstate shows a broad
“hump” in this region and reaches its maximum value near
T = 20 K.

If we try to sum up the probabilities of atomic eigenstates
with different N , we can obtain the distribution of 4f

electronic configurations, which will provide some useful
information about the 4f valence state fluctuations of the
system. The change in atomic eigenstate probabilities must
manifest itself in the electronic configurations and thus the
valence state fluctuations. Figure 4(b) shows the distribution of
4f electronic configurations against temperature. Apparently,
the 4f 1 electronic configuration is ruling (∼90%) all the
time. The 4f 2 and 4f 0 electronic configurations are less
important (<10% and <2%, respectively). The 4f 3 electronic
configuration is rarely visited and can be ignored. Such a
distribution is archetypal for most Ce-based heavy-fermion
compounds [38,39] and well consistent with what we have
learned from the atomic eigenstate probabilities. Analogously,
we also notice some anomalies near T = 20 K. In this region,
the weight for the 4f 2 electronic configuration reaches its max-
imum value, while in contrast the one for the 4f 1 electronic
configuration is in its minimum value. In other words, the
4f valence state fluctuation becomes the strongest near T =
20 K [53]. We are inclined to think that the sudden changes
seen in the atomic eigenstate probabilities, distributions of
electronic configurations, and valence state fluctuations could
be explained as some kind of competitions between a few
low-lying excited states, and have a tight relationship with the
unusual features exhibited in the momentum-resolved spectral
functions and density of states of CeB6 (see Fig. 3).

3. T-dependent physical observables

Now let us look at the temperature dependence of the other
physical observables. First, we concentrate on the averaged 4f

occupancy 〈Nf 〉, and the averaged total angular momentum
〈J 〉. They were calculated using the following equations:

〈Nf 〉 =
∑

�

p�N�, (1)

and

〈J 〉 =
∑

�

p�J�. (2)

(a) (b)

FIG. 4. (a) Evolution of atomic eigenstates probabilities p� upon temperature obtained by DFT + DMFT calculations under ambient
pressure. Here the data for the |N = 1,J = 2.5〉 atomic eigenstate were rescaled (multiplied by a factor of 0.03) for a better visualization. The
vertical color bar denotes the exceptional zone. (b) Ce-4f electronic configurations as a function of temperature. Note that the percentages for
the 4f 3 electronic configurations (N = 3) are too small (<1%) to be seen. At T ∼ 20 K, the 4f 1 electronic configuration (N = 1) has the
smallest percentage.
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FIG. 5. Evolution of some physical observables upon temperature obtained by DFT + DMFT calculations under ambient pressure. The
exceptional zone is marked by vertical color bar. (a) Expected values of 4f occupancy 〈Nf 〉 (left y axis) and total angular momentum 〈J 〉 (right
y axis). (b) Total energy EDFT + DMFT. A reference energy (−18 029 Ry) was already subtracted from the original data for a better visualization.

Here � denotes the index of the atomic eigenstate, p� means
the probability for the atomic eigenstate |ψ�〉, and N� and J�

are the 4f occupancy and total angular momentum for |ψ�〉,
respectively. As is clearly seen in Fig. 5(a), 〈Nf 〉 and 〈J 〉 first
increase with respect to the temperature until a critical point,
and then decline rapidly, showing a “peak” in the vicinity of
T = 20 K, which is in accordance with the previous discussion
about the redistribution of the atomic eigenstate probabilities.

The total energy (and the corresponding free energy and
entropy) should be temperature dependent as well. How to
compute them precisely is a big challenge to the traditional
DFT + DMFT calculations. Next, we try to evaluate the
DFT + DMFT total energy EDFT + DMFT using the approach
proposed by Haule et al. very recently [38,54]. The calculated
results are shown in Fig. 5(b). We find that the EDFT + DMFT

shows a deep “valley” near 20 K. Notice that the kinetic and
potential energies of the system exhibit similar changes near
T = 20 K as well (not shown here).

IV. DISCUSSION

In summary, all of the physical observables for CeB6 stud-
ied in the present paper (including the band structure, density
of states, valence state histogram, electronic configuration,
〈Nf 〉, 〈J 〉, and EDFT + DMFT, and so on) show unexpected
changes or singularities near T = 20 K. If these results
are correct instead of numerical fluctuations (actually, the
bulk properties and electronic structures at T ∼ 17 K have
been successfully reproduced by us using the DFT + DMFT
method, see text in Sec. III A), this makes sense and a
reasonable explanation is highly desired.

Could these anomalous features be regarded as fingerprints
or precursors of some kind of transitions or crossovers?
Next we would like to discuss several typical scenarios.
First of all, the magnetic structure of CeB6 is extremely
complicated [20–23], and there is complex competition among
different multipolar orders/interactions (dipolar, quadrupolar,
and octupolar) at low temperature [24,28,33]. Initially, it
seems that the transition near 20 K is magnetic. However,
the lowest temperature accessed in the present calculations
(T ∼ 10 K) was much larger than either TK, TQ, or TN. Only
the paramagnetic solutions were retained and no magnetic
instability was observed in the calculations. Thus it is

impossible that it is a magnetic phase transition or symmetry-
broken transition. Second, in some Ce-based heavy-fermion
systems, a 4f localized-itinerant transition may take place
if the external pressure or temperature reaches its critical
point [37,39]. As is seen in Fig. 3(g), there is no distinct
and well-separated Kondo resonance peak in the Fermi level
and the corresponding spectral intensity at ω = 0 remains
weak, which means that 4f electrons in CeB6 keep localized.
As T ∼ 20 K, a small peak appears in the Fermi level. But
it is difficult to establish a firm relationship between it and
the localized-itinerant transition. Third, some materials would
exhibit pressure- or temperature-driven electronic Lifshitz
transition. In order to exclude or accept this possibility,
we attempted to calculate the temperature-dependent Fermi
surface of CeB6. In Fig. 6, the calculated two-dimensional
(2D) Fermi surface on the kz = 0 plane is shown. There is
only one band crossing the Fermi level, so that the resulting
Fermi surface is very simple. Obviously, though the volume
or size of the Fermi surface is changed slightly with respect to

FIG. 6. The temperature-dependent 2D Fermi surfaces (at the
kx − ky plane, i.e., kz = 0), calculated by the DFT + DMFT method
under ambient pressure. The solid red, long-dashed green, and short-
dashed blue lines denote the cases for T = 38.7, 23.2, and 11.6 K,
respectively. Clearly, when T ∼ 20 K, the area enclosed by the Fermi
surface is the smallest.
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temperature, its geometry topology is not. As a consequence,
an electronic topological transition or electronic Lifshitz
transition is denied, at least at the temperature range we
studied. Fourth, no superconducting behavior and formation
of spin (or charge) density wave when T > 10 K have
been reported in the literature until now. Therefore these
probabilities are ruled out [13]. Finally, we performed DFT +
DMFT calculations for CeB6 under ambient pressure. The
obtained Matsubara self-energy functions suggest that the
system stays in a non-Fermi-liquid state all the time, so that
the likelihood for a temperature-driven non-Fermi-liquid to
Fermi-liquid transition is eliminated.

In a word, the abnormal and temperature-dependent be-
haviors exhibited in the physical observables of CeB6 do
not indicate the entrance to a “hidden” ordered phase. They
are probably irrespective of any known phase transitions or
crossovers. We do not have a rational explanation for these
unusual features yet. In order to unveil the secrets behind
them, further experimental and theoretical studies are highly
demanded.

V. CONCLUDING REMARKS

In the present paper, we employed the ab initio many-body
approach, namely, the charge fully self-consistent DFT +
DMFT method, to explore the temperature-dependent elec-
tronic structure of the heavy-fermion compound CeB6 thor-
oughly. The calculated bulk properties and band structures (at
T = 16.6 K) agree quite well with the available experimental
data and ARPES results. The momentum-resolved spectral
functions, density of states, 4f valence state fluctuation, 4f

occupancy 〈Nf 〉, total angular momentum 〈J 〉, and total
energy were calculated in the temperature range of 10 <T <

120 K. We discover that the evolution of the physical observ-
ables with respect to temperature shows clear discontinuity
when T approaches 20 K. We tend to believe that these
unusual features are related to the competitions between
some low-energy excited states which should have the same
symmetry with the ground state, instead of some kind of
symmetry-broken phase transitions or crossovers. Thus, our
calculated results can be considered as critical predictions and
deserve further examinations.

Finally, we would like to note that the low-temperature
“hidden order” and “hidden ordered phase” problems in the
5f heavy-fermion system URu2Si2 are very hot topics in
condensed-matter physics and have attracted much attention in
the last decades [55,56]. Many theories and methods have been
developed for it. We think that the heavy-fermion compound
CeB6 will provide another chance to gain insight on the
temperature-driven physical phenomena.
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