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Evidence for antiferromagnetic-type ordering of f -electron multipoles in PrIr2Zn20
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Neutron diffraction measurements conducted under applied magnetic fields evidence the ordered structure
of PrIr2Zn20 below approximately 0.1 K. A two-channel (orbital) Kondo effect is expected to act within the
non-Kramers doublet ground state of the Pr 4f electrons of this material in cubic symmetry. Antiferromagnetic
reflections are clearly induced under the influence of applied magnetic fields, which are characterized by the
propagation vector q = (1/2,1/2,1/2). This result indicates antiferromagnetic-type ordering of the Pr f -electron
multipoles. The �3-type quadrupole, O2

2 , is the dominant order parameter deduced from the observed magnetic
structure factor. We also discuss the entanglement of various finite-magnitude multipoles up to third rank, which
are relevant to the low-energy crystalline-electric-field split levels in this material.
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I. INTRODUCTION

Electronic multipole degrees of freedom have been found to
play an important role in the physical properties of a growing
number of strongly correlated f -electron systems. The long-
range order or dynamics of (electric) quadrupoles [1,2], (mag-
netic) octupoles [3], and even higher-order multipoles result in
a variety of novel phenomena [4]. In the case of non-Kramers
ions with the f 2 configuration, a cubic crystalline electric
field (CEF) can produce a doublet ground state with symmetry
�3, which carries no dipole magnetic moment but possesses
higher-order multipole degrees of freedom. For example, the
compound PrPb3 exhibits no long-range magnetic dipole order,
but develops an incommensurate order of electric quadrupole
moments below 0.4 K [5,6]. The ordered structure of the
nonmagnetic quadrupole was determined by magnetic-field-
induced dipoles detected by a neutron diffraction technique,
which was explained by the group-theory classification of the
relationship between the ordered multipoles and the induced
dipoles [7]. In addition, it has been argued that the �3 state
of the f 2 configuration can yield the so-called “two-channel
Kondo effect” [8], in which the f -electron doublet ground state
becomes overscreened by conduction electrons, possibly lead-
ing to a new type of non-Fermi (NFL) liquid regime properties.
Consequently, systems containing Pr3+ or U4+ ions, both of
which exhibit a f 2 configuration, have been the subject of
numerous studies on such multipole-driven phenomena.

In this connection, the PrTr2X20 compounds (Tr: Transition
metal element, X: Al or Zn) crystallizing in the cubic
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CeCr2Al20-type structure (space group: Fd3̄m, No. 227),
are of particular interest [9,10]. The Al-based compounds
PrTr2Al20 (Tr = Ti and V) have been studied previously [11].
In PrTi2Al20, inelastic neutron scattering (INS) measurements
have confirmed that its CEF scheme presents a �3 ground
state [12]. Ferro-type quadrupole order has been evidenced by
neutron diffraction measurement. PrV2Al20 has been reported
to exhibit two successive phase transitions at TQ = 0.75 K
and T ∗ = 0.65 K, which are attributed to the quadrupole
and octupole ordering [13]. Both compounds become su-
perconducting, with critical temperatures TC = 0.2 K and
0.05 K, respectively. In PrTi2Al20, an enhancement of the
superconducting phase has been observed in response to an
applied pressure [14–16]. The magnetic susceptibilities of
both compounds also exhibit a −√

T dependence between
approximately 3 and 20 K, thereby indicating a NFL state.
Their electrical resistivities above 100 K show a − ln T

dependence, indicative of a conventional magnetic Kondo
effect. Between 3 and 20 K, the resistivity of PrV2Al20

exhibits a NFL behavior characterized by
√

T , following a
maximum in the vicinity of 40 K, while PrTi2Al20 exhibits
a conventional metallic T 2 dependence. Another member of
this family, PrNb2Al20, has also been suggested to host NFL
phenomena associated with the �3 ground state and strong c-f
hybridization [17,18].

In this paper, we focus on the isomorphous Zn-based
compound PrIr2Zn20 (lattice constant: 14.2729 Å [10]), which
looks promising because evidence for the �3 CEF doublet
ground state has been reported from an INS study [19]. A
sharp peak in the temperature dependence of its specific
heat at TQ = 0.11 K [20] has been ascribed to the onset
of antiferro-quadrupole (AFQ) order, based on ultrasonic
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measurements [21]. TQ depends slightly on magnetic fields,
and the ordered phase disappears at 5 and 10 T applied along
the [0 0 1] and [1 1 0] axes, respectively. However, the order
parameter of this phase has not yet been identified using
microscopic techniques. The electrical resistivity decreases
at TQ with decreasing temperature and drops to zero at the
superconducting transition occurring at TC = 0.05 K [22].
The coexistence of the AFQ order and the superconducting
state suggests a possible interplay between the quadrupole
fluctuations and the superconducting pair formation. Contrary
to the expected splitting of the twofold degenerated �3

doublet in response to the electronic ordering, the magnetic
entropy at TQ is only 20% of R ln 2, where R is the gas
constant. Very recently, anomalous behaviors have been
observed at approximately 5 T in magnetic fields applied
along the [0 0 1] axis: kinks in the electrical resistivity and the
specific heat show [23] large softening of the elastic modulus,
(C11 − C12)/2 (where the Cαβ are elastic constants) [21], and
enhancement by approximately a factor of 100 of the Seebeck
coefficient with respect to its zero-field value [24]. These
field-induced anomalies are most likely caused by the strong
interaction between the 4f -electron multipoles and the con-
duction electrons. For the Zn-based materials, the 4f -electron
part of the specific heat divided by temperature, C/T , behaves
as − ln T , and an upward convex curve in the electrical
resistivity is visible within the narrow temperature range
0.2 < T < 0.8 K [10]. The most striking discovery is that the
temperature dependencies of the various physical quantities
obey a universal scaling function for the NFL behavior, which
is derived from the quadrupolar Kondo lattice model [23,25].

To reveal the origin of the anomalous behavior of PrIr2Zn20,
the order parameter and its temperature and magnetic-
field dependences have been investigated. Based on neutron
diffraction measurement, we show that PrIr2Zn20 undergoes
antiferromagnetic-type multipole ordering characterized by
the propagation vector q = (1/2,1/2,1/2) and that the �3-type
quadrupole moment O2

2 is the dominant order parameter.

II. EXPERIMENTAL DETAILS

Single-crystalline samples of PrIr2Zn20 were synthesized
using the melt-growth method. These samples were sliced into
thin plates with approximate dimensions of 3×3×0.5 mm3, in
order to reduce the absorption effect of Ir nuclei for thermal
neutrons. Four or five sample plates were co-aligned, and neu-
ron diffraction measurements were performed on the lifting-
detector diffractometer (the lift angle: −5 � ν � +20◦)
installed at the 6T2 beam hole of the Orphée reactor at
Laboratoire Léon Brillouin, France. A pyrolytic graphite
monochromator was used to select a neutron wavelength
of 2.4 Å, and pyrolytic graphite filters were installed in
order to eliminate higher-order contaminations. A square-hole
collimator with dimensions of 20×15 mm2 and a circular-hole
collimator with a diameter of φ20 mm were installed along
the incident and scattered beams, respectively. A cryomagnet
equipped with a dilution refrigerator insert was used to cool the
sample to 40 mK and to apply vertical magnetic fields of up to
6 T along the [1̄10] and [0 0 1] axes of the co-aligned sample.

III. RESULTS AND ANALYSIS

A. Measurements for magnetic fields applied along [1̄10] axis

Figure 1(a) shows scan profiles across the scattering
vector Q = (1,1,−1) at various measurement temperatures
and magnetic fields applied along the [1̄10] axis. No distinct
profile change for this reflection appears on crossing the
phase boundary deduced from the previous studies, within
the resolution of the experiment. This result indicates no
structural change at TQ. We measured magnetic-field induced
ferromagnetic component at the Q = (2,2,0) reflection, of
which the nuclear intensity is small. As shown in Fig. 1(b),
the magnetic intensity at 40 mK enhances with increasing
magnetic fields. This result is reproduced by a quadratic
function of the magnetic field, as shown by solid line. Such
behavior is similar to a paramagnetic response to the applied
magnetic field. Figure 1(c) shows scan profiles across Q =
(0.5,0.5,1.5) at a measuring temperature of 50 mK. The data
measured at 50 mK and in a magnetic field of 5 T applied
along the [1̄10] axis exhibits a peak (red open circles), while
the intensity disappears in a zero magnetic field (blue solid
squares) even below TQ determined from the specific-heat
data. Figure 1(d) shows the T dependence of the integrated
intensity of the rocking scan across Q = (0.5,0.5,−1.5) at a
fixed magnetic field of 5 T. The intensity begins to increase
below 120 mK, which corresponds to TQ consistent with the
specific-heat measurement [20] and the results of ultrasonic
studies [21]. Figure 1(e) shows the magnetic-field dependence
of the same reflection measured at a fixed temperature of
40 mK. The induced antiferromagnetic (AFM) peak intensity
is enhanced with increasing magnetic field. The data follow
a quadratic function of the magnetic field, as shown by
the solid line. These results indicate that a primary order
parameter is nonmagnetic multipole of the 4f electrons
in PrIr2Zn20, because the AFM structure characterized by
the reduced wave vector q = (1/2,1/2,1/2) grows smoothly
from zero magnitude with increasing magnetic fields. We
will also discuss that various multipoles associated with the
low-energy CEF levels can be entangled in the ordered phase
of PrIr2Zn20, in contrast to the single-multipole ordering in
PrTi2Al20.

The measured squared structure factors F 2
N of the funda-

mental nuclear reflections were evaluated from the integrated
intensity of the rocking scans divided by the Lorentz factor.
In order to compare the results with the calculated F 2

N, we
assumed the same atomic fractional coordinates for PrIr2Zn20,
which have not determined yet, as those determined for
EuTa2Al20 [26]. Figure 1(f) shows the measured squared
structure factors F 2

N as a function of the calculated F 2
N. The

measured data are roughly proportional to the calculated F 2
N,

as indicated by the black line in the figure determined by
a linear least-squares fitting procedure. The scatter of the
data is due to the asymmetrically co-assembled thin-plate
samples and the neutron-absorption effect, which depends
strongly on the sample rotation angle with respect to the
incident and outgoing neutron beams. This fitting result is
used below, as a scale to convert the measured intensities to
the absolute values of the structure factors for the induced AFM
reflections.
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FIG. 1. Measured results under magnetic fields applied along the [1̄10] axis are shown. (a) Rocking profiles, where φ is the crystal-rotation
angle, at Q = (1,1,−1) measured at various temperatures and magnetic-field values. (b) Measured magnetic-field dependence of the peak
intensity at Q = (2,2,0) at a fixed temperature of 40 mK (symbols). The solid line is a quadratic least-squares fit as a function of the magnetic
field. (c) Measured scan profiles along [0.5, 0.5, L] reciprocal space line for magnetic fields B = 0 (blue solid squares) and 5 T (open red circles)
magnetic fields applied along the [1̄10] axis, at a fixed temperature of 50 mK. (d) Temperature dependence of integrated intensity of a scan across
Q = (0.5,0.5,−1.5) for a fixed magnetic field of 5 T. (e) Measured magnetic-field dependence of the peak intensity at Q = (0.5,0.5,−1.5)
at a fixed temperature of 40 mK (symbols). The solid line is a quadratic least-squares fit as a function of the magnetic field. (f) Experimental
versus calculated squared structure factors F 2

N of fundamental nuclear reflections. The solid line shows the linear least-squares fit.

We observed similar magnetic-field-induced reflections
at several points in reciprocal space, for example, for
Q = (0.5,0.5,−1.5) and (0.5,0.5,2.5), as shown in Figs. 2(a)
and 2(b), respectively. On the other hand, it is noteworthy
that some of the superlattice reflections indexed by
q = (1/2,1/2,1/2) do not appear in the ordered phase. As
shown in Figs. 2(c) and 2(d), no peaks were detected at
Q = (1.5,1.5,−0.5) and (1.5,1.5,1.5), respectively, under the
field of 5 T. The fundamental nuclear peaks for Q = (1,1,1)
and (2,2,2) were confirmed to be observed during the
whole measurement sequence, and the instrument setup (the

crystal alignment or the reciprocal-space definition and the
diffractometer accuracy) was sufficiently conserved. This fact
ensures that no peak appears at Q = (1.5,1.5,1.5) even at the
finite magnetic fields, since its reciprocal-space position is
located just between these two fundamental reflections.

In Table I, the measured squared structure factors, F 2
exp,

evaluated using the scale factor determined from the data
shown in Fig. 1(f) are listed for various Q = (H,K,L)
reflections together with their statistical errors, �F 2

exp. For the
thirteen examined reflections, only five field-induced peaks
were detected.
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FIG. 2. Rocking profiles at selected reciprocal-lattice points characterized by q = (1/2,1/2,1/2). The measurements were conducted under
a zero magnetic field (blue solid squares) and for a field of 5 T (red open circles) applied along the [1̄10] axis. The sample temperature was
fixed to 40 mK. The data obtained at 160 mK and for a field of 5 T are also shown in frame (a) (green solid diamonds).

The characteristic magnetic structure factors are indispens-
able for determination of the order parameter. In particular, the

TABLE I. Experimental results for the squared structure factors,
F 2

exp, in units of fm2, along with their errors, �F 2
exp, for magnetic-

field-induced reflections at Q = (H,K,L), measured at 40 mK and
for a field of 5 T applied along the [1̄10] axis. Dashes indicate the
absence of observed intensities. F 2

[111] is the calculated result for the
model of the AFM moment of ±(0.1,0.1,0.1) parallel to the [1 1 1]
axis. F 2

O0
2

and F 2
O2

2
are calculated results for the pure O0

2 and O2
2

quadrupole orders, respectively. The induced magnetic dipole vectors
are ±(−0.108,0.108,0) and ±(0.108,0.108,0), respectively.

H K L F 2
exp �F 2

exp F 2
[111] F 2

O0
2

F 2
O2

2

0.5 0.5 1.5 15.4 5.7 0 0 0
0.5 0.5 −1.5 16.5 3.9 25.46 20.58 16.84
0.5 0.5 2.5 29.4 6.6 10.04 19.93 18.45
0.5 0.5 −2.5 7.2 5.5 0 0 0
1.5 −0.5 −0.5 18.7 5.1 25.46 5.61 16.84
0.5 −0.5 −1.5 − − 0 0 0
1.5 1.5 0.5 − − 0 0 0
1.5 1.5 −0.5 − − 2.49 3.47 0.18
1.5 1.5 1.5 − − 0 19.93 6.64
1.5 1.5 −1.5 − − 0 0 0
1.5 −0.5 −1.5 − − 0 0 0
1.5 0.5 −1.5 − − 0 0 0
1.5 0.5 −0.5 − − 0 0 0

null intensity at Q = (1.5,1.5,−0.5) and (1.5,1.5,1.5) will
be discussed in detail in order to identify which multipole
plays a role in the ordered structures. As deduced later in
the analysis part, the AFM-moment direction is perpendicular
to the applied-field direction. This observed result cannot
be explained only by the dipole and indicates the symme-
try of the ordered multipoles, as discussed previously for
CeB6 [7]. Because the long-period structure in the ordered
phase, we expect formation of domain structures characterized
by q = (1/2,1/2,1/2) and q = (1/2,1/2,−1/2), which are
equivalent for the [1̄10] axis along the magnetic fields.
The domain formation will also be discussed in a forth-
coming analysis part for calculation of magnetic-structure
values.

B. Measurements for magnetic fields applied along [001] axis

Next, we conducted measurements in magnetic fields
applied along the [0 0 1] axis. The rocking-curve profile for
the Q = (4,0,0) fundamental reflection is shown in Fig. 3(a),
which is composed of split peaks owing to imperfect orienta-
tion of crystals. However, because the fundamental-reflection
intensities were sufficient, we could search the magnetic com-
ponent induced by magnetic fields. As shown in Fig. 3(b), the
ferromagnetic component superimposed on the Q = (2,2,0)
was clearly observed again. We examined the field-induced
AFM reflections at 19 individual Q = (H,K,L) positions
corresponding to q = (1/2,1/2,1/2), in the ranges of indices
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FIG. 3. (a) Rocking-curve scan profiles for Q = (4,0,0) in zero and magnetic field of 3.5 T at 60 mK. (b) Measured magnetic-field
dependence of integrated intensity at Q = (2,2,0) at 60 mK (solid symbols). The solid line is a quadratic least-squares fitting result.
(c)–(f) Scattering-angle 2θ scan profiles at selected reciprocal-lattice positions characterized by q = (1/2,1/2,1/2). The applied magnetic
fields are 1.5 (green solid squares) and 3.5 T (red open circles) along the [0 0 1] axis. The sample temperature was fixed to 60 mK.

−0.5 < H < 2.5, −0.5<K <2.5, and −1.5<L<−0.5.
Measurements in magnetic fields of 1.5 and 3.5 T were
performed at 60 mK in the ordered phase for the magnetic
fields applied along the [001] axis, which was revealed in
previous studies [20,21]. No induced AFM reflections were
observed. Figures 3(c)–3(f) show selected scan profiles at
Q = (0.5,−0.5,−1.5), (2.5,0.5,−0.5), (1.5,−0.5,−0.5), and
(−0.5,1.5,−0.5) as functions of the scattering angle, 2θ . The
data sets obtained in the fields of 1.5 and 3.5 T for each Q
exhibit flat or sloping intensities as a function of 2θ without
magnetic-field dependencies. We also conducted scans along
the high-symmetry directions in the reciprocal space, and no
additional field-induced AFM reflection was observed. This
result is very informative as regards identification of the
ordered electronic state symmetry.

IV. DISCUSSION

A. Unit cell of ordered superstructure

The present experimental results indicate that no sponta-
neous magnetic-dipole ordering occurs in zero magnetic field,
whereas the AFM structure is induced by the applied magnetic
field along the [1̄10] axis. This observation can be ascribed to
an antiferromagnetic-type ordering of nonmagnetic multipoles
of the Pr 4f electrons in PrIr2Zn20, which is similar to AFQ
order investigated in PrPb3 [6].

In order to determine the ordered structure, we referred
to the magnetic space groups for the q = (1/2,1/2,1/2)
AFM structure available for the original space group, Fd3̄m,
which were obtained from the Bilbao Crystallographic
Server (http://www.cryst.ehu.es/) [27]. We checked all of the
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magnetic subgroups under the original Fd3̄m, and found
that the RI 3̄c trigonal space group without the lattice-origin
shift (maximal magnetic subgroup, No. 167.108 of the Belov-
Neronova-Smirnova setting) is consistent with the Pr lattice
with the finite AFM moments. The atomic-coordinate trans-
formation from Fd3̄m to RI 3̄c preserves the Pr-ion locations,
on which the q = (1/2,1/2,1/2) AFM structure superimposes
to be consistent with the observed magnetic structure factors,
as described in detail later. The transformation of the RI 3̄c with
the lattice-origin shift of (0, 1/2, 0) fails to reproduce the Pr-ion
lattice. The RI 3̄m (No. 166.102) space group reproduces
the Pr sites, but these should not be occupied by magnetic
moments. Further, the RI 32 (No. 155.48) space group, for
example, gives a large value of magnetic structure factor for
Q = (1.5,1.5,−0.5), which is not consistent with the observed
result shown in Table I. After such a check for the magnetic
subgroups, we take the RI 3̄c (No. 167.108) magnetic space
group without the lattice-origin shift as a starting model to
explain the observed superlattice reflections as well as the
expected multipole ordering.

The magnetic unit cell for the RI 3̄c structure is hexag-
onal defined by the unit vectors aR = (1/2,−1/2,0), bR =
(0,1/2,−1/2), and cR = (2,2,2), while those for the original
Fd3̄m are a = (1,0,0), b = (0,1,0), and c = (0,0,1). The
Pr ions are located at the 8a Wyckoff positions (1/8, 1/8,
1/8) and (7/8, 7/8, 7/8) of the Fd3̄m structure, which
corresponds to the fractional coordinates of (0,0,z)R and
(0,0,−z + 1/2)R with z = 1/16 for the 12c site in the hexag-
onal unit cell, where the subscript R indicates the coordinate
with respect to the RI 3̄c unit cell. These atomic sites carry
magnetic moments MAF = (0,0,Mz)R and (0,0,−Mz)R , re-
spectively. The equivalent points are given by translational op-
erations of (0,0,0)R+, (2/3,1/3,1/3)R+, (1/3,2/3,2/3)R+,
(0,0,1/2)′R+, (2/3,1/3,5/6)′R+, and (1/3,2/3,1/6)′R+, where
′ indicates inversion of the time-reversal symmetry for MAF

with respect to the cR axis. The AFM structure model is shown
in Fig. 4 [28]. The Pr ions are represented by yellow balls, with
MAF being indicated by red arrows parallel to the cR axis and
the cubic [1, 1, 1] axis. The thin lines in the left and right
panels show the unit cells of the RI 3̄c magnetic structure and
the Fd3̄m original crystal structure, respectively.

The squared magnetic structure factors were calculated for
this AFM structure by assuming MAF = ±(0.1,0.1,0.1) =
±(0,0,0.1

√
3)R in units of μB/Pr. The results are listed in

the F 2
[111] column in Table I. The calculated results for the

squared structure factors are of the same order of magnitude
as those for the observed peaks, F 2

exp. It is noteworthy that
many of the null-intensity Q positions are reproduced. The
F 2

[111] at Q = (0.5,0.5,−1.5) and (0.5,0.5,2.5) are of the same
order as the observed F 2

exp. The F 2
[111] has nonzero value for

(1.5,1.5,−0.5), but this value is significantly smaller than
the averaged uncertainty �F 2

exp. Thus, the calculated small
magnitude is consistent with the null-intensity measurement
result at (1.5,1.5,−0.5). The calculated values of F 2

[111] at
(0.5,0.5,1.5) and (0.5,0.5,−2.5) are null, whereas nonzero
magnitudes are obtained for the measured F 2

exp. However, these
observed reflections are produced by a domain characterized
by cR = (2,2,−2), which should coexist with the domain
characterized by cR = (2,2,2) considered in the present

FIG. 4. Pr-ion sublattice (yellow balls) and model of magnetic-
field-induced AFM structure. The magnetic moments MAF (red
arrows) are parallel to the cR axis of the unit cell (the polyhedron
illustrated with solid lines) of the RI 3̄c superstructure (left panel),
which corresponds to the [1 1 1] axis of the original cubic Fd3̄m

structure (right panel). Note that this induced AFM structure is
superimposed on the uniform ferromagnetic component along the
magnetic-field direction B, which is parallel to the aR axis of
the RI 3̄c hexagonal unit cell corresponding to the [1̄10] axis
of the original cubic structure. These views were drawn using
VESTA [28].

calculation. Because both of these hexagonal unique axes
are perpendicular to the applied magnetic fields, these do-
mains should coexist with the same probability. The domain
characterized by cR = (2,2,−2) also gives a small calculated
value of F 2

[111] for Q = (1.5,1.5,0.5) in addition to those
for (0.5,0.5,1.5) and (0.5,0.5,−2.5), whereas the calculated
values for the other reflections are not affected by the
domain formation. Thus, the hypothesized unit cell for the
magnetic superstructure is in accordance with the observed
peak intensities, and this model can serve as a starting point
for the determination of the order parameter in the following
section.

The AFM structure is comprised of a sequence of ↑↑↓↓
ferromagnetic (FM) planes along the hexagonal cR axis
(the cubic [1 1 1] axis). Because the Pr sublattice is the
diamond-type structure in the face-centered cubic (f cc)
lattice, all the distances between the Pr ions are equivalent.
Therefore, the aforementioned FM planes are considered to
be coupled equally with the neighboring planes. Note that
such one-dimensional four-site periodic stacking arises in the
Devil’s staircase for the magnetic phase diagram based on the
axial-next-nearest-neighbor-Ising (ANNNI) model [29]. The
interactions between the nearest neighbors, J1, and between
the second-nearest neighbors, J2, are FM and AFM, respec-
tively. The ↑↑↓↓ structure becomes stable for |J2/J1| > 0.5,
whereas other sequences are favorable for different |J2/J1|
regions, as well as different T values. Considering the
correspondence between the ordered structure of PrIr2Zn20

and the ANNNI model, the ordered-phase PrIr2Zn20 may
be dominated by the frustration effect in the multipole
interactions.
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B. Quadrupole order parameter

We consider the CEF level scheme for the Pr ions in
PrIr2Zn20, i.e., �3 (0 meV)–�4 (2.36 meV)–�1 (5.67 meV)–
�5 (5.80 meV), as was determined in the previous INS
study [19]. The �3 doublet ground state carries the quadrupoles
O0

2 = (2J 2
z − J 2

x − J 2
y )/2 and O2

2 = (
√

3/2)(J 2
x − J 2

y ), where
J = (Jx,Jy,Jz) is the dipole operator, and these quadrupoles
are expected to constitute a primary order parameter.

The O0
2 AFQ order implies an induced MAF parallel to the

applied magnetic fields along the [1̄10] axis [7,30]. Therefore,
the induced MAF would be approximately perpendicular to
the Q vectors in the experimental setup with the detector tilt
ν comprised between −5 and +20◦. Assuming an induced
MAF = ±(−0.108,0.108,0)μB/Pr, we calculated the squared
structure factors, F 2

O0
2
, as listed in Table I. The calculated results

for (0.5,0.5,−1.5) and (0.5,0.5,2.5) are of the same order
as the experimental results. However, the calculated result
for (1.5,1.5,1.5) has almost the same magnitude as those
of (0.5,0.5,−1.5) and (0.5,0.5,2.5), which is inconsistent
with the present observation. Further, the calculated value for
(1.5,−0.5,−0.5) is smaller than for the other reflections, which
also contradicts the experimental observation. Moreover, the
most compelling result, i.e., the absence of detected induced
AFM reflections under the influence of a magnetic field applied
along the [0 0 1] axis (Fig. 3) is completely inconsistent
with the O0

2 AFQ order. That is, the O0
2 AFQ order should

be indicated by AFM reflections for the reflection points
measured in the present study due to the magnetic dipoles
induced along the applied magnetic-field direction [7,30].
Thus, we exclude the O0

2 AFQ order from consideration as
a primary order parameter of PrIr2Zn20.

Next, the quadrupole O2
2 is discussed. The O2

2 AFQ
order implies an induced MAF parallel to the [110] axis and
perpendicular to the magnetic field applied along the aR axis
(the [1̄10] axis of the original cubic structure), as shown in
Fig. 5 [7,30].

The red arrows are the induced AFM dipole components,
and the colored balls correspond to the “up” and “down”
sites of the ordered O2

2 orbitals, respectively. We calculated
the squared magnetic structure factors for the AFM reflec-
tions, with the results being listed in the F 2

O2
2

column of
Table I, by assuming MAF = ±(0.108,0.108,0)μB/Pr. The
calculated result at (1.5,1.5,1.5) is approximately 35% of
those at (0.5,0.5,−1.5) and (0.5,0.5,2.5). This intensity ratio
is significantly smaller than that for the O0

2 AFQ case and is
closer to the observation of the null intensity at (1.5,1.5,1.5).
The same values of F 2

O2
2

are calculated for (0.5,0.5,−1.5)

and (1.5,−0.5,−0.5), and this result is consistent with the
close values of F 2

exp for these reflections. Therefore, the O2
2

AFQ order is in better agreement with the experimental result.
Stronger support for the O2

2 AFQ order is provided by the
experimental evidence that no AFM structure is induced under
the magnetic fields parallel to the [0 0 1] axis. Further,
the quadrupole O2

2 = (
√

3/2)(J 2
x − J 2

y ) is irreducible for the
rotation with respect to the [0 0 1] axis. This finding indicates
that the same induced magnetic dipoles arise at all of the Pr
sites in the O2

2 AFQ ordered phase, and no AFM reflection
appears. Therefore, it is concluded that the O2

2 quadrupole is
the primary order parameter in PrIr2Zn20 [29].

FIG. 5. Model of O2
2 AFQ order at Pr-ion sublattice and

magnetic-field-induced AFM structure. The magnetic fields were
applied along the aR axis of the unit cell (the polyhedron shown
by solid lines) of the magnetic RI 3̄c structure, which corresponds to
the [1̄10] axis in the original Fd3̄m cubic structure. The magnetic
moments MAF (red arrows) are parallel to the [110] axis in the original
cubic structure. The blue and yellow balls correspond to the “up”
and “down” O2

2 orbitals, respectively. Note that the actually induced
AFM structure is superimposed with the uniform ferromagnetic
component along the magnetic-field direction. This view was drawn
using VESTA [28].

C. Multipole entanglement

In Sec. IV B, we concluded that the quadrupole O2
2 is

the most probable primary order parameter within the space
defined by the �3 CEF ground state. On the other hand,
the calculated nonzero value of F 2

O2
2

for Q = (1.5,1.5,1.5)

is larger than the measuring errors, �F 2
exp, as listed in

Table I. Therefore, the pure O2
2 AFQ model is not in full

accordance with the experimental result showing no intensity
at (1.5,1.5,1.5). Hence, we must investigate whether other
ordered states beyond the pure O2

2 AFQ order can describe
the present experimental result more consistently. Hereafter,
we discuss a multipole-ordered state which implies the field-
induced AFM structure composed of the magnetic moments
directed closer to the cR axis as shown in Fig. 4, which gives
F 2

[111] = 0 for Q = (1.5,1.5,1.5).

The role of the octupole Txyz = (
√

15/6)JxJyJz, where
the bar indicates the sum of the terms given by the cyclic
permutation on x,y,and z, should be considered. Txyz becomes
nonzero within the �3 doublet CEF ground state and belongs
to the �1 irreducible representation of the Td point group
for the Pr-ion site, which is characteristic for the crystal
structure of the 1–2–20 systems. In addition, considering
the irreducible representations of multipoles, we can derive
a �1-symmetry multipole coupling term, TxyzJxJyJz, in the
free-energy function for Td [7,31]. The stable electronic state
in the magnetic field applied along the twofold axis, which is
determined by the differential of the free-energy function with
respect to Jx + Jy , gives a finite magnitude of Txyz(Jx + Jy)Jz.
This result means that Txyz accompanies an induced MAF

parallel to the [0 0 1] axis (Jz) in magnetic fields along the
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twofold axis. Therefore, it is informative to examine how Txyz

contributes to the ordered structure of PrIr2Zn20.
We also notice the relation between TQ and the CEF splitting

energy in the Pr 1–2–20 systems: the smaller the CEF splitting
energy, the lower the TQ value [10]. In particular, the Zn-based
materials exhibit lower TQ and smaller CEF splitting than
those of PrTr2Al20. The order parameter of PrTi2Al20 below
TQ = 2.8 K in the magnetic field of 4 T applied along the [0 0 1]
axis is the pure O0

2 quadrupole [12]. The complicated ordered
state of PrIr2Zn20 described above is in marked contrast to the
simple case of PrTi2Al20. This experimental finding indicates
that the excited CEF triplet states in the Zn-based materials
have a more significant influence on the ordered structure
than in the Al-based materials. The �5 quadrupoles, Oxy ,
Oyz, and Ozx , become nonzero within the �4 first-excited
CEF state. Oyz and Ozx also accompany the induced MAF

along the [0 0 1] axis under the [1̄10] magnetic fields,
which is deduced from the invariant form in the free-energy
function, JxJyOxy + JyJzOyz + JzJxOzx . The invariant form
of Txyz(JzOxy + JxOyz + JyOzx) allows coexistence of Txyz

and Ozx − Oyz under the [1̄10] magnetic fields. These various
multipoles can become finite through mixing of the �3 and
�4 CEF levels. Such contributions of the excited levels to
the multipole states were discussed for the Van Vleck-type
quadrupole ordering in YbSb [32] and for the elastic softening
anomaly in PrMg3 [33].

The above considerations finally yields the conclusion
that O2

2 , Txyz, Oyz, and Ozx can have nonzero magnitudes
simultaneously. This multipole entanglement is expected to
accompany an induced MAF which is almost parallel to the
[1 1 1] axis, as shown in Fig. 4. Then, the structure factors are
closer to the F 2

[111] listed in Table I, which is in accordance
with the experimental result.

D. Demonstration of multipole entanglement

Hereafter, we exemplify the ordering of such entangled
multipoles by considering the full CEF levels. We simply em-
ploy a two-sublattice mean-field model with nearest-neighbor
interactions. The Hamiltonian is expressed as

H = HCEF + K3
(〈
O0

2

〉
O0

2 + 〈
O2

2

〉
O2

2

)

+K5(〈Oxy〉Oxy + 〈Oyz〉Oyz + 〈Ozx〉Ozx)

+KO(〈Txyz〉Txyz) − gJ μB J · B. (1)

HCEF represents the CEF Hamiltonian for the 4f 2 elec-
tron configuration of Pr3+, for which the parameters in
the disordered phase have already been determined by the
INS study [19]. The K3, K5, and KO parameters are the
exchange interaction energies for the multipoles. 〈O〉 is
the thermal average of the multipole-moment operator, O.
The last term in Eq. (1) represents the Zeeman effect caused by
the applied magnetic field, B. Before considering the results,
it should be mentioned that such a simple two-sublattice
model with the nearest-neighbor interaction differs from the
aforementioned ANNNI model that was suggested as being
relevant to the ↑↑↓↓ stacking shown in Fig. 4. Moreover, the
diamond-type Pr-ion sublattice with f cc symmetry frustrates
the interactions, thereby resulting in more complex physics
than that based on the simple two-sublattice model. However,
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FIG. 6. Calculated magnitudes of multipole components as func-
tions of a magnetic field applied parallel to the [1̄10] axis at 50 mK,
based on the two-sublattice mean-field model defined by Eq. (1). The
red solid line and green broken line indicate the two sublattices, A
and B, respectively.

this demonstration is helpful for consideration of the entangled
multipoles.

We have calculated the multipoles at 50 mK as func-
tions of the magnetic field, as shown in Fig. 6. In or-
der to reproduce the upper critical magnetic field for the
actual phase diagram of PrIr2Zn20 [21], we chose the
parameter set of K3 = 0.0025 meV,K5 = 0.0026 meV, and
KO = 0.00011 meV. This parameter set gives the critical
magnetic field of 9 T applied parallel to the [1̄10] axis. An
antiferromagnetic-type ordering due to the staggered moments
at the A and B sites appears below the upper critical magnetic
field of 9 T. On the other hand, the calculated TQ = 0.5 K is
higher than the actual TQ (0.11 K). This discrepancy is caused
not only by the mean-field approximation, but also by the
neglect of the frustration in the interactions that is expected
from the low value of the magnetic entropy at TQ.

The staggered order parameters are O0
2 ,O2

2 , and Txyz

under zero-field conditions. With increasing magnetic field,
O0

2 is rapidly suppressed and staggered arrangements of
Jx(Mx),Jy(My),Jz(Mz),Oyz, and Ozx are induced. The Oxy

quadrupole does not exhibit an antiferromagnetic-type pat-
tern. The staggered magnetic moments, M = (Mx,My,Mz),
induced at 5 T and 50 mK, are (−0.779,0.502,−0.081) at
the A site and (−0.513,0.769,0.081) at the B site in units of
μB/Pr, and, thus, the amplitudes of the AFM components are
MAF = ±(0.132,0.133,0.081). These induced AFM MAF are
closer to the [1 1 1] direction than those for the pure O2

2 case
where the AFM vectors are parallel to the [1 1 0] direction.
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In addition, we can compare the calculated results to
the observed field-induced ferromagnetic component for the
intensity at Q = (2,2,0) under the [1̄10] magnetic fields.
The ferromagnetic component can be calculated as (−Mx +
My)/

√
2 for each Pr-ion site. According to the calculated

results shown in Fig. 6, these are approximately proportional
to the magnetic field. Because the neutron-diffraction intensity
is proportional to the squared magnitude of magnetic moment,
the calculated result is consistent with the observed B2

dependence of intensity shown in Fig. 1(d). This behavior also
supports the nonmagnetic multipole ordering in PrIr2Zn20.

For the structure factor calculations conducted here, we
used the magnetic form factor of the Pr3+ ion based on the
conventional dipole approximation [34]. Thus, the magnetiza-
tion distribution inside the entangled multipole was neglected.
In the case of Ce0.7La0.3B6, the intensities of the neutron
superlattice reflections in the octupole ordered phase were
explained by considering the magnetic form factor which takes
a maximum value at a finite momentum transfer [3]. Such
modification of the magnetic form factor owing to the internal
magnetization is necessary in order to understand the measured
result more precisely.

E. Relevance of entangled multipoles to electronic phenomena

As a consequence of the mean-field analysis, the staggered
order of O0

2 disappears at approximately 2 T. This behavior
corresponds to the anomaly in the elastic constant between
1 and 2 T inside the ordered phase [21]. In addition, the
octupole Txyz and the induced quadrupoles Oyz and Ozx begin
to decrease above 5 T, whereas O2

2 increases from 5 to 6 T.
This variation of the relative multipole weights within the
ordered phase seems to correspond to the other elastic-constant
anomaly at 6 T.

We have also calculated the ordered multipoles under the
influence of the magnetic fields applied along the [0 0 1]
axis, using the same set of the parameters in the Hamilto-
nian given in Eq. (1) (K3 = 0.0025 meV,K5 = 0.0026 meV,
KO = 0.00011 meV, and the CEF parameters determined in
the previous INS study [19]). The calculated upper critical
field of the ordered phase is 6 T, which is close to the actual
value of 5 T. This mean-field result shows the suppression of
the AFQ order of O0

2 and O2
2 at approximately 3 T, which

is accompanied by the disappearance of the induced AFM
peak. It is also consistent with the experimental result that no
superlattice peak is observed when fields of 1.5 and 3.5 T are
applied along the [0 0 1] axis. This calculated suppression of
the AFQ order may induce hump anomalies in the electrical
resistivity between 2 and 3 T [24], along with anomalies in
the elastic constants [21]. Therefore, the ordered phase of
PrIr2Zn20 is composed of various entangled multipoles, which
are relevant at least to the two low-energy CEF levels.

As mentioned above and as shown in Fig. 4, the ordered
structure is composed of a ↑↑↓↓ stacking along the cR axis of
the ferro-type ordered planes. This structure is explained by the
intersite interactions up to the second-nearest-neighbor sites
along the stacking sequence [29] and means that the frustration
of interactions plays a role in the ordered state. In addition, it
should be noted that the Pr-ion sublattice has a diamond-type
f cc symmetry, which is relevant to geometrical frustration

for the antiferromagnetic-type nearest-neighbor interactions.
Regarding the above-mentioned contributions of the various
multipoles, the strong fluctuation of the electronic state is
enhanced by such frustration effects. In other words, a short-
range correlation may emerge at a temperature significantly
higher than TQ. This is consistent with the unusual release
of the magnetic entropy, which is only 20% of that for the
localized 4f electrons with the �3 doublet state. Therefore,
it is interesting to investigate diffuse scattering near the
q = (1/2,1/2,1/2) positions, although the present experimen-
tal accuracy is not sufficient to resolve such a weak response.

We demonstrated the ordered structure of the entangled
multipoles based on the mean-field calculation shown in Fig. 6.
These entangled multipoles are also expected to correlate with
the transport properties of PrIr2Zn20 in the disordered phase,
which is insisted to be caused by the two-channel Kondo
effect. The Seebeck coefficient S/T at approximately 0.1 K
increases from 0.03 μV/K2 near the zero magnetic field to
4.5 μV/K2 for a magnetic field of 5 T applied parallel to
the [0 0 1] axis [24]. With increasing magnetic fields along
the [0 0 1] axis, the NFL state changes to the Fermi-liquid
state near 5 T. In addition, the elastic softening is enhanced
under a magnetic field of 5 T [21]. Note that, recently, a
theoretical work proposed a new electronic phase near 5 T,
which is associated with the composite order of the itinerant
and localized electronic states [10,35]. This composite order
is caused by the two-channel Kondo effect associated with
orbital-selective c-f interaction, which may vary with the
magnetic-field tuning of relevant multipole fluctuations. The
present structural investigation of the entangled multipoles is
expected to shed light on these new attractive properties of
PrIr2Zn20. Namely, the magnetic-field tuning of the entangled
multipoles and the fluctuations may cause the variations or the
crossover phenomena in the electronic-correlation channel.

As already stated above, it has been suggested that the
double phase transition at TQ = 0.75 K and T ∗ = 0.65 K of
the isomorphic compound PrV2Al20 is associated not only
with the �3-symmetry quadrupole ordering, but also with the
ordering of the �1-symmetry magnetic octupole Txyz, both of
which are finite within the �3 CEF doublet ground state [13].
Considering the present neutron diffraction result revealing
the role of Txyz in the ordered state of PrIr2Zn20, it seems
promising to investigate the ordered phase of PrV2Al20 within
the various-multipole-ordering framework. The excited CEF
triplet state in the Al-based 1-2-20 material contributes to the
conventional magnetic Kondo effect in the higher-temperature
range near 100 K, because the split energy corresponds to this
temperature range. However, the triplet state does not play a
role in the low-temperature ordering phase transitions in the
Al-based materials, thereby the pure multipole orderings are
expected to occur.

V. SUMMARY

In summary, a neutron diffraction experiment was con-
ducted in this study, evidencing an antiferromagnetic-type
multipole ordered structure below approximately 0.1 K in
PrIr2Zn20. The unit cell of the multipole order is characterized
by q = (1/2,1/2,1/2) with respect to the structural cubic unit
cell. The primary order parameter is the O2

2 quadrupole, which
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becomes finite within the Kramers CEF doublet ground state.
We also examined the multipole entanglement by including
Txyz, Oyz, and Ozx , which are attributed not only to the ground
state, but also to the excited triplet states. The contributions of
the various multipoles on the diamond-type Pr-ion sublattice
are expected to produce strong electronic fluctuation which
may cause gradual release of entropy up to a temperature
one order of magnitude larger than TQ. The variation of the
multipole weights with the magnetic fields appears to be
consistent with the observed anomalies, i.e., the softening
of the elastic modulus, the dramatic enhancement of the
Seebeck coefficient, and the hump anomalies in the electrical
resistivity.
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