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Coupled spin-% ladders as microscopic models for non-Abelian chiral spin liquids
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We construct a two-dimensional (2D) lattice model that is argued to realize a gapped chiral spin liquid with
(Ising) non-Abelian topological order. The building blocks are spin—% two-leg ladders with SU(2)-symmetric
spin-spin interactions. The two-leg ladders are then arranged on rows and coupled through SU(2)-symmetric
interactions between consecutive ladders. The intraladder interactions are tuned so as to realize ¢ = 1/2 Ising

conformal field theory, a fact that we establish numerically via density matrix renormalization group studies.
Time-reversal breaking interladder interactions are tuned so as to open a bulk gap in the 2D lattice system. This
2D system supports gapless chiral edge modes with Ising non-Abelian excitations but no charge excitations, in
contrast to the Pfaffian non-Abelian fractional quantum Hall state.
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I. INTRODUCTION

It has been known in quantum-field theory since the 1980s
that point particles may obey non-Abelian braiding statistics
in (2+1)-dimensional spacetime [1-5]. Moore and Read
showed in 1991 that certain Pfaffian wave functions support
quasiparticles with non-Abelian braiding statistics [6]. This
discovery opened the possibility that non-Abelian braiding
statistics could be found in certain fractional quantum Hall
plateaus [6-9].

A second physical platform to realize braiding statistics
that is neither bosonic nor fermionic is provided by quasi-two-
dimensional quantum spin magnets with a gapped chiral spin-
liquid ground state [10,11]. Quasi-two-dimensional arrays of
quantum spin chains also have the potential for realizing
gapped spin liquid ground states with quasiparticles obeying
Abelian or non-Abelian braiding statistics [12—15].

In this paper, we construct a two-dimensional (2D) lattice
model, depicted in Fig. 1, that is argued to realize a non-
Abelian chiral spin liquid. This 2D model consists of an array
of coupled one-dimensional (1D) two-leg quantum spin-%
ladders. The interladder coupling leads to a bulk gap, while
gapless modes remain at the boundaries. The chiral edge states
correspond to the Ising conformal field theory (CFT) with
central charge ¢ = 1/2, similarly to the Moore-Read Pfaffian
state. However, in contrast to the Pfaffian quantum Hall state,
there is no additional ¢ = 1 chiral bosonic charge-carrying
edge mode. By the bulk-edge correspondence, the bulk of
the coupled spin-ladder model is a gapped chiral spin liquid
supporting Ising non-Abelian topological order [16,17].

To obtain this result, we argue that the aforementioned
lattice model is a regularization of one of the interacting
quantum-field theories presented in Ref. [ 14], one that supports
chiral non-Abelian topological order. We start from coupled
two-leg ladders (called bundles in Ref. [14]), on which quan-
tum spin-% degrees of freedom are localized. Two ingredients
are needed. First, the interactions within the two-leg ladders
should be fine-tuned so as to realize the Ising universality
class in (141)-dimensional spacetime, the Ising criticality in
short. Second, the interactions between the two-leg ladders
(the bundles) should be dominated by strong current-current

2469-9950/2017/95(14)/144413(10)

144413-1

interactions. Alternatively, the interactions between the ladders
(bundles) could be weak when mediated by Kondo-like
quantum spin-% degrees of freedom, as shown by Lecheminant
and Tsvelik in Ref. [15]. If so, the results of Ref. [14]
suggest that the 1D array of coupled two-leg ladders is a
lattice regularization of a chiral spin liquid supporting Ising
non-Abelian topological order. We are going to detail how we
achieve Ising criticality in a single two-leg ladder, and how
these fine-tuned two-leg ladders are coupled so as to stabilize
2D Ising non-Abelian topological order.

II. ISING CRITICALITY IN A LADDER

To realize the Ising criticality, we assume that the in-
traladder spin—% interactions allow us to interpolate between
two distinct dimerized ground states. This can be achieved

o, . . 1 . .
by positing the following quantum spin-5 Hamiltonian on a
two-leg ladder:

Hladder = Hleg + Hl/eg + H (21&)

zigzag®

The first leg of the ladder hosts the quantum spin—% operators

S, oneverysitei =1, ...,N, where any two consecutive sites

are displaced by the lattice spacing a. Similarly, the second

leg of the ladder hosts spin—% operators S;, on every site i’ =

1, ...,N.Hamiltonians ﬁleg and I’-il’eg are the antiferromagnetic
J,-J, one-dimensional Heisenberg model, i.e.,

N
H,, = Z(‘Il S-Sy +5LS8 -850

i=l1

(2.1b)

with J;,J, > 0 and H],

obtained from ﬁleg with the sub-
stitution gi — ’S\: The spin—% operators on the two legs
also interact through an SU(2)-symmetric antiferromagnetic

Heisenberg exchange interaction, which we choose to be

N
Higrag =y Z (Bjri + 0 i01)S; - Sz,"

o

i,i'=1
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FIG. 1.

Strongly coupled spin—% two-leg ladders that realize the Ising topological order in two-dimensional space. The intraladder couplings

Ji, J,, and J,, are defined in Eq. (2.1). The interladder couplings J, (represented by the green bond) and y, (represented by the blue arrows)

are defined in Eq. (3.2).

with J,, > 0. The coordination number in HZlgzag is 2, not 1,
as would be the case for the standard rung antiferromagnetic
Heisenberg exchange interaction.

Hamiltonian (2.1) is invariant under a global SU(2) rotation
of all spins, the interchange of the upper and lower legs, and
the mirror symmetries centered about a site of one leg and
the middle of the bond of the other leg. Hamiltonian (2.1)
simplifies in two limits, namely when J,, = 0 or when J, = 0.

When J, =0, Hamiltonian (2.1) is the sum of two
independent J,-J, antiferromagnetic Heisenberg chains. It is
gapless when J,/J, < (J,/J)), ~ 0.24 and gapful otherwise
[18,19]. In the gapped phase, the ground-state manifold is
fourfold-degenerate as the translation symmetry along each leg
is spontaneously broken by one of two possible (leg) dimerized
ground states when periodic boundary conditions are imposed
(by identifying site N + 1 with site 1). In particular, at the
Majumdar-Ghosh point J,/J; = 1/2 [20], the ground state is
a linear combination of the four possible direct products of all
singlet states of two spin-% degrees of freedom on every other
bond along the upper or lower legs.

When J, = 0, Hamiltonian (2.1) is the J,,-J, antiferromag-
netic Heisenberg quantum spin-% zigzag chain. (Notice that
the zigzag chain is equivalent to one of the chains discussed
above upon the identification J; — J, and J, — J,.) The
zigzag chain is gapless when J,/J, < (J;/J,), ~ 0.24 and
gapful otherwise [18]. In the gapped phase, the ground-state
manifold is twofold-degenerate as the translation symmetry
along the chain is spontaneously broken by one of two possible
(zigzag) dimerized ground states when periodic boundary
conditions are imposed. Again, at the Majumdar-Ghosh point
J,/J, =1/2 [20], the ground state is a linear combination
of the two possible direct products of all singlet states of two
spin-% degrees of freedom on every other bond along the zigzag
chain. (Henceforth, we shall measure all energies in units of
J,ie,J,=1)

We are now going to present numerical evidence according
to which two distinct dimerized phases that are adiabatically
connected to the two Majumdar-Ghosh points (J,,J,,) = (0,2)
and (1/2,0), respectively, are separated by a phase boundary
that realizes the Ising criticality. This is to say that it is possible

to connect the Majumdar-Ghosh points (J,,J,,) = (0,2) and
(1/2,0) by a one-dimensional path in parameter space along
which the spectral gap and order parameters vanish at an
isolated quantum critical point. We note that a transition
between distinct dimerized phases may be a general route
to achieving an Ising critical theory. Vekua and Honecker in
Ref. [21] and Lavarélo et al. in Ref. [22] have also shown
numerically that two other families of ladders for quantum
spin-5 I display a quantum critical point in the Ising un1versal1ty
class that separates two distinct gapped dimer phases.' We note
as well that quantum spin-1 chains can also show a quantum
critical point in the Ising universality class separating gapped
phases that are not related by a loss of symmetry [23].

To determine the phase diagram and the nature of the
quantum transitions between the different phases at zero tem-
perature, we resort to the density matrix renormalization group
method (DMRG) [24,25]. We simulate the two-leg ladder
(2.1) with open boundary conditions using up to 2000 DMRG
states for the largest systems considered,” which guarantees
an accuracy of nine significant digits in the energy and six
significant digits in the entanglement entropy. We focus on the
transition line that separates the leg-dimer and zigzag-dimer
phases. As in Ref. [22], we plot the ground-state expectation
value for the leg-dimer order parameters in Fig. 2(a) as a
function of J,, for different system sizes, together with an
extrapolation to the thermodynamic limit, which allows us to
locate the transition at the point J,, ~ J, ~ 0.44.3 Panel (b)

'TIn Ref. [21] ([22]), the coordination number between sites on
opposite legs of the ladder that are connected by antiferromagnetic
exchange couplings is 3 (1).

The largest systems considered were N = 96 in Figs. 3(a) and 3(c),
N =97 in Figs. 3(b) and 3(d), and N = 768 in Figs. 3(e) and 3(f).

3Let [ be an integer labeling sites along one leg of a two-leg
ladder or the sites along a zigzag path that alternates between the
lower and upper legs of the two- leg ladder. Define the three-site,
two-spin operator D, := §, - (8, +1 — 8;_1)- Thelocal order parameter
for dimer order, D,, is the ground state expectation of D
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FIG. 2. (a) Leg-dimer order parameter at the center of the ladder,
Dy /p, across the transition for a fixed value of J, =0.44 and
different system sizes. The extrapolation to the thermodynamic limit
is obtained with a second-order polynomial in 1/N, while the dashed
curve is a fit to the Ising scaling law with a transition at J,, = 0.442.
(b) Scaling of Dy, with 1/N for different values of J, around
the critical point. The scaling at the transition (J, = 0.44) is well
described by an exponent 1/8 corresponding to the Ising universality
class.

shows the anomalous scaling exponent of the leg-dimer order
parameter as a function of 1/N. It can be approximated by an
exponent of 1/8 precisely at J, = 0.44, indicating the Ising
nature of the transition.

Further evidence for the nature of the transition is found
through finite-size scaling of the energy spectra and the
entanglement entropy.

The finite-size spectrum for the 2D Ising CFT depends on
the boundary conditions [26]. For an open boundary condition,
CFT predicts the spectrum

1 1
E,(N)=¢yN +¢, + %(—E +xn> + 0<m) 2.2)
where ¢, and ¢, are nonuniversal constants, while x, is the
anomalous scaling dimension of the operator corresponding
to the state labeled by the integer n. The value of x, is
sensitive to the limit N — oo being taken with even or odd
values of N. Which set (conformal tower) of anomalous
scaling dimensions enters on the right-hand side of Eq. (2.2)
depends on the parity in the number of spins per chain in the
two-leg ladder. For an even number N of spins per chain, the
conformal tower starts from the identity operator, i.e., x, = 0.
There follow the anomalous scaling exponents x; = 2, x, = 3,
X3 = x, = 4, and so on. For an odd number of spins per chain,
N, the conformal tower starts from the energy operator € with
the anomalous scaling exponent x, = 1/2, followed by the
exponents x; =3/2, x, =5/2, x;, =7/2, x, =9/2, and so
on. Our DMRG results are summarized in Figs. 3(a)-3(d). For
any n = 0,1,2,3,4, analyzing the leading linear dependence
and the axis intercept of E,(N)/N versus 1/N determines the
numerical values of ¢, and ¢,. The value of v is obtained from
averaging the slope of [E,(N) — ¢, N — &,]/N as a function
of l/N2 in Eq. (2.2) for n =0,1,2,3,4 assuming that x,, is
governed by the Ising universality class. The consistency of
this assumption is then verified by fitting x,, from the slope of
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FIG. 3. The function [E,(N)—¢&, N —¢,]/N is plotted as a
function of 1/N? with (a) N even and (b) N odd. The nonuniversal
constants g, = 0.7771(2) and &, = 0.040(6) follow from a linear
dependence of E,(N)/N on 1/N intercepting the origin in the
thermodynamic limit N — oco. The slopes in (a) and (b) give
v [x, — (1/48)] for N even and odd, respectively. The function
E,(N) — Ey(N) is plotted as a function of 1/N with (c) N even and
(d) N odd forn = 1,2,3,4 and n = 1,2,3, respectively. The slopes in
(c) and (d) give wv (x,, — x,) when the limit N — oo is taken with N
even and odd, respectively. The slopes from the plots of Eq. (2.3) as
a function of (e) sin[7x /(N + 1)] with N = 768 fixed and (f) In N
with x fixed yield ¢ = 0.47 £ 0.02 and 0.49 £ 0.02, respectively.

[E,(N)—¢&yN —¢,]/N as a function of 1/N? with v given
as above. Alternatively, x, can be fitted from the slope of
E,(N) — Ey(N) as a function of 1/N with v given as above.
For even and odd N, the values x, = 0.000(4), x, = 2.0(1),
X, =2.9(5), x; = 3.92), x, =3.99) and x, = 0.5Q2), x, =
1.5(1), x, = 2.5(0), x5 = 3.3(9) follow from these fittings,
respectively. They agree with the Ising universality class within
the error bars.

The entanglement entropy computed with DMRG also
agrees with that of the Ising universality class. If we cut open
the two-leg ladder of length N along a rung into one block of
size x, the entanglement entropy S(x,N) scales with x and N
like [22,27-31]

i ) +AGS, -8+ B,
(2.3)
where the number ¢ = 1/2 is the Ising central charge, while A
and B are nonuniversal constants. The entanglement entropy
S(x,N) and the spin-spin correlation (S, - S, ;) are computed
by DMRG and fitted according to the scaling law (2.3) as

N+1
sin
T N+1

S(x N)—cln<
M=
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FIG. 4. (a) Coset representation of the critical point of the two-leg
ladder in the Ising universality class. (b) Coset representation of the
strong current-current interactions that stabilize the chiral spin liquid
phase with Ising topological order. A microscopic regularization of
these strong current-current interactions is encoded by the interladder
couplings J, and x, defined in Eq. (3.2).

(@

summarized in Figs. 3(e) and 3(f). The best fit for c is very
close to one-half irrespective of whether x is varied holding N
fixed or choosing x = N /2.

We close this discussion of a single two-leg ladder by
providing a field-theory description of the Ising criticality.
The continuum field theory sheds light on why Ising criticality
emerges, and how to couple the two-leg ladders together so as
to build the 2D bulk-gapped topological phase in the second
step of our construction. The quantum fields that encode the
low-energy degrees of freedom around the Ising critical point
follow from the identifications [32]

S, = T, + Tp(x) + (=1) A(x),
S, = T + Tel) + (=1 #(x).

(2.4a)
(2.4b)

The modes that vary slowly on the scale of the lattice spacing
a are the non-Abelian chiral currents J »(*) and J (x) with
M = L,R on the upper and lower legs, respectlvely Their
scaling dimension is 1 when J, = J,, = 0. The quantum fields
7(x) and 7'(x) represent the staggered magnetizations on
their respective legs. Their scaling dimension is 1/2 when
J, = J,, = 0. In the absence of the microscopic couplings J,
and J,,, each chain can be separately described using the su(2),
affine Lie algebra satisfied by the chiral currents. Together, the
two sets of currents also satisfy a su(2), @ su(2), affine Lie
algebra (with central charge ¢ = 2). Once the microscopic
couplings J, and J,, are turned on, a number of macroscopic
interactions appear, 1nclud1ng the margmally relevant current-
current interaction (] L+ J )(J gt J R) as we show in

Appendix A. The chiral sums 7, u+J T , M = L,R, of the
currents on both chains satisfy themselves an affine subalgebra
su(2), (with central charge ¢ = 3/2). At strong coupling,
the added interactions gap the su(2), piece, leaving behind
the coset theory [Su(2), @ su(2),]/su(2),, which is precisely
the Ising critical theory (with central charge ¢ = 1/2). While
the marginal twist term 72 - 9,7 is allowed by symmetry in
the continuum description of the two-leg ladder [33], our
DMRG results support the case that, by properly selecting the
microscopic couplings, the total current-current interactions
can dominate the renormalization-group (RG) flow to strong
couplings and gap the corresponding subalgebra.

A useful pictorial rendition of this mechanism is the
following. The two-leg ladder is represented by a colored
square box in Fig. 4(a). The chiral critical modes generating the
affine Lie algebra Su(2), @ su(2), are represented by two lines
with opposite arrows in Fig. 4(a). The forking of either one of
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the directed lines represents the fact that the affine Lie algebra
contains the diagonal affine subalgebra §'ﬁ(2)1 +1 (dashed blue
tine of the fork) and the coset su(2), ® su(2),/su(2),,, (red
tine). The marginally relevant current-current perturbation
(f L+ TL)(f r T fR) is represented by an arc that connects
the lines associated with the su(2), 41 subalgebra. This cou-
pling gaps the modes associated with this subalgebra without
affecting the modes associated with the coset theory. We are
thus left with a gapless Ising critical theory.

III. ISING NON-ABELIAN TOPOLOGICAL ORDER

Equipped with this pictorial representation, we consider
next an array of two-leg ladders labeled by the index m =
1,...,n in Fig. 4(b), each of which is fine-tuned to the Ising
quantum critical point. Next, we present a mechanism to gap
the bulk modes, and we leave behind only the Ising critical
theories at the leftmost and rightmost bundles, i.e., at the
edges. This cannot be achieved by simply coupling the Ising
modes with opposite chirality across any two consecutive
two-leg ladders, depicted as neighboring colored boxes in
Fig. 4(b). The reason is that the Ising degrees of freedom are
fractionalized, and one is only allowed to write microscopic
couplings between unfractionalized degrees of freedom. There
is no physical current operator associated with the coset.
The mechanism to circumvent this problem was presented
in Ref. [14]. One couples the chiral currents associated with
the original su(2), @ su(2), algebra with the same end result
of gapping the bulk and leaving the edge states.

To gap the bulk, any two consecutive two-leg ladders are
coupled by the marginally relevant su(2), @ su(2), current-
current interactions

n—1

~ ~ ~ 5 -
Hjj=gjj Z(JL.m Tror1 T on Trnt1)-

m=1

3.1)

These couplings are represented by the directed arcs in
Fig. 4(b). The arrows on the arcs are needed because this choice
of current-current interaction breaks time-reversal symmetry.
By inspection of Fig. 4(b), the array of two-leg ladders is
fully gapped if periodic boundary conditions are imposed on
the label m, whereas gapless chiral edge states from the Ising
universality class survive in the vicinity of the first and last
two-leg ladders when open boundary conditions hold. Hereto,
we want a lattice regularization of the quantum-field theory
represented by Fig. 4(b). It is depicted in Fig. 1.

Microscopic interactions between neighboring two-leg
ladders that break time-reversal symmetry and generate the
desired current-current interactions (3.1) are obtained from
the interactions

~

Hinterladder = ﬁA + ﬁ/A + ﬁD + ﬁ/D, (3221)
where
N n—1
R XL 7 S
T T Z Z int1 " Siy1n A Sin)
+§i+1,m : (/gl a1 A SH—I m+l)] (3.2b)
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and

N n—1

ﬁ[l =J Zz(gi,m ./S\i,m-ﬁ-l +§i,m+] ./S\i-&-l,m)’ (3.2¢)

i=1 m=1

with I?A and I?D following from H, , and ﬁD by the

substitution /.S:i,m — /.S:;m The choice (x, /m) =2J, yields
the current-current interaction Eq. (3.1) in the continuum limit
with 8j; X (x/m)+ 2J,, as we show in Appendix B, where
we also argue that any relevant bare coupling vanishes by
symmetry. Marginally relevant and relevant couplings that
compete with g .. can still be generated at higher loop order,
as shown in Refs. [34,35]. If the coupling 8jj is small, these
competing interactions may overtake it in a weak-coupling
RG analysis. An alternative way to rephrase the issue is that,
if the gap is only exponentially small in the bare coupling
g;;» the stability of the desired phase is still subject to the
weak-coupling analysis done around the fixed point defined
by J, = x, =0, i.e., a fixed point that is not stable against
these competing relevant perturbations. However, for strongly
coupled chains, the gap is not exponentially small in the bare
coupling g;;, and the addition of the very weak perturba-
tions will not destroy the gap. Ultimately, nonperturbative
techniques such as DMRG are needed to confirm that the
Ising topological phase depicted in Fig. 4(b) is stable when
interactions are strong in the microscopic model in Fig. 1.We
also note that introducing a buffer of Kondo spin—% between
every neighboring two-leg ladder that mediates an indirect
interaction between neighboring two-leg ladders, as was done
by Lecheminant and Tsvelik in Ref. [15], also stabilizes the
Ising topological phase depicted in Fig. 4(b).

IV. CONCLUSION

In summary, field-theoretical arguments supported by
DMRG suggest that it is possible to tune a quantum spin-%
two-leg ladder to Ising quantum criticality through strong
current-current interactions. Similarly, strong current-current
interactions between consecutive two-leg ladders are argued to
stabilize a ground state supporting 2D Ising topological order.
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APPENDIX A: CONTINUUM LIMIT
FOR A SINGLE LADDER

In this appendix, we start from the spin-% two-leg lad-
der Hamiltonian (2.1), whose antiferromagnetic exchange

PHYSICAL REVIEW B 95, 144413 (2017)
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FIG. 5. (a) A two-leg ladder is the set of points represented by
the filled black circles on which the quantum spin-1/2 degrees of
freedom are localized. The chain of upper (lower) circles defines
the upper (lower) leg. The bonds between two consecutive sites on
either the upper or lower leg represent the antiferromagnetic exchange
coupling J; > 0. The bonds between two next-nearest neighbor sites
on either the upper or lower leg represent the antiferromagnetic
exchange coupling J, > 0. The dashed bonds across the upper and
lower legs represent the antiferromagnetic exchange coupling J,, > 0.
(b) When J,, = 0, the two-leg ladder decouples into two identical
J, — J, antiferromagnetic Heisenberg chains. (c) When J, =0,
the two-leg ladder turns into a single J, — J, antiferromagnetic
Heisenberg chain. (d) One-dimensional phase diagram in parameter
space relating the two Majumdar-Ghosh points J, =0, J,/J, =
1/2 and J, =0, J,/J, =1/2. The Majumdar-Ghosh points are
represented by squares. They realize gapped phases. The gap closes
in a continuous fashion at the unstable quantum critical point
represented by the filled circle that belongs to the Ising universality
class.

couplings are depicted in Fig. 5(a). We are going to deduce
a naive continuum limit of Hamiltonian (2.1), which we shall
interpret as a perturbed conformal field theory (CFT). In doing
so, we shall keep track of the following symmetries obeyed
by Hamiltonian (2.1a), namely (i) invariance under any global
SU(2) rotation of all spins, (ii) invariance under the interchange
of the upper and lower legs, and (iii) the mirror symmetries
centered about a site of one leg and the middle of the bond of
the other leg [see Fig. 5(a)].

In Appendix A1, we review the limit J, = 0 for which
the two-leg ladder decouples into two J,-J, antiferromagnetic
spin-% chains and how this limiting case is related to perturbed
conformal field theory.

In Appendix A2, we explain within perturbed conformal
field theory why the fine-tuning of Hamiltonian (2.1) to the
point (A13) in coupling space has the potential for realizing
Ising criticality. This fine-tuning is captured by turning the
perturbation (A11) into the perturbation (A14).
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1. Thecase J, =0

When J,, =0, the ladder Hamiltonian (2.1) decouples
into two independent quantum spin—% chains with nearest-
and next-nearest-neighbor antiferromagnetic Heisenberg ex-
change couplings J;, >0 and J, > 0, respectively [see
Fig. 5(b)]. Without loss of generality, we shall consider the
Hamiltonian (2.1a) for the upper leg only. The results below
apply to the lower leg by adding a prime to all operators and
quantum fields.

The phase diagram along the line parametrized by the
dimensionless coupling J,/J; > 0 consists of the quantum
critical segment 0 < J,/J; < (J,/J}),, the quantum critical
end point (J,/J;),, and the gapped phase along the semi-
infinite segment (J,/J}). < J,/J; < oo [18]. The gapped
phase breaks spontaneously the translation symmetry by one
lattice spacing of the spin—% chain through the onset of
long-ranged dimer order when J,/J; becomes larger than
(J5/J,),. In particular, at the Majumdar-Ghosh point [20],
o/ IDug = 1/2 > (J,/J)),, the ground state for an even
number of sites N and with periodic boundary conditions
(PBC) is twofold-degenerate, i.e., any linear combination of
the two valence bond states.

This phase diagram can be derived as was done in Ref. [36]
by perturbing the su(2), Wess-Zumino-Witten theory describ-
ing the gapless phase by the addition of the current-current
interaction,

o= ~(ett =) [ Tux)- Tt

=gy, /dx J(xp) - Jpxg) (Ala)
in the Hamiltonian picture of quantum-field theory, where
x; '=vt +ix and xp := vt — ix. Here,

1)

0<glocd, 0<gl o, (Alb)

The quantum critical regime corresponds to this perturbation
being marginally irrelevant,

8ps < 0. (A2a)

The gapped regime corresponds to this perturbation being
marginally relevant,

8ps > 0. (A2b)

The spin operators that were defined on the sites i from the
one-dimensional chain with the lattice spacing a are encoded in
the effective low-energy quantum-field theory by the following
quantum fields. If

i(2a) > x, Na— L, (A3a)

then
S, > Qo) [fm) + AW)), (A3b)
Syier = Qo) [m(x) — Ax)] (A3c)

for all sites i = 1, ...,N/2 of the upper leg, assuming that N
is even. It then follows that the quantum fields #i(x) and 72(x)
commute at equal time,

[m(x),n(y)] = 0 (A4)
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for all x and y from [0,L]. Furthermore, if we assume that

the quantum fields m(x) and 7(x) vary smoothly relative to

the length scale 2a, we may then interpret the former vector of

quantum fields as encoding smooth fluctuations of the uniform

magnetization and the latter vector of quantum fields as

encoding smooth fluctuations of the staggered magnetization.
Finally, the decomposition

Ai(t,x) = J, (T 4 ix) + J g(t — ix), (AS5a)
and the identifications
TGy = Jy(xy), A(T.x) = n(t,x) (A5b)

hold between the operators f y With M = L, R, and 7 in the
imaginary-time Heisenberg picture and the bosonic fields J ,,
with M = L, R, and n. The latter enter the operator content of
the conformal field theory with the affine su(2), algebra. They
are the closed affine su(2), algebra [37-39]

1 89/2 1 ie™JE(0)

T (xp) T3 (0) ~ @ +5- P (A6a)
the closed algebras
n®(t,x)n(0,0) ~ o 4o (A6b)
2m2a (x, xp)!/?
and
5ab
e(t,x)&(0,0) ~ ma W + e, (A6ec)
with the nonvanishing cross terms
J9(x,) n?(0,0) ~ pe ”C(O’i)f;“;‘sab €09 acd)
Ja(xg)n®(0,0) ~ i nc(o’;);;fab 0.0 . (Abe)
J(6,)(0,0) ~ —”;ZZ’LO), (AGD
T80 60,0 ~ +”Z;$’R0). (A6g)

Here, e(t,x) is the quantum field that encodes smooth
fluctuations of the staggered dimerization.

Having established the nature of the line of quantum
critical points along the segment 0 < J,/J, < (J,/J,), and
the dictionary relating the spins to the operator content at
criticality, we can construct the continuum limit for the
perturbations of the critical segment,

J, =0, 0<J,/J, < (Sy/d)) (A7)

in the parameter space for the two-leg ladder.

2. Thecase J, #0

To obtain the naive continuum limit of the Hamiltonian
(2.1c), treated as a perturbation to the critical segment

144413-6
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0 < J,/J, < (Jy/J)),, we first write

N2
H; =J, ZSZi 8y + Sai41)
i=1
N2
+J, Z Syi1 - (Saiq1 + 82i10):

i=1

(A8)

where we have assumed that N is an even integer and we
imposed PBC. If we insert the decomposition (A3) into the
chainlike Hamiltonian (A8) and perform an expansion in
powers of (2a) to leading order, we get

L
H, - a)J, / dx [fi(x) + ()] - [2 % (0]
0

L
+(2a) JV/ dx [mi(x) —n(x)] - {2 x m'(x)
0

+Qa) 3, m'(x) + (2a) 3 7' (x) + O[(2a)*]}.  (A9)

Hence, the segment of quantum criticality (A7) in parameter
space is perturbed by

L
A= [ dx@@)+Wodoow. @l
0
where
WY(x) = +g, [T, (x) + T (0] - [T, (x) + T(x)] (A10b)

is a marginally relevant perturbation [14] with the coupling

g, =4xv, >0, v,:=Cn)J,, (A10c)
and

Wo, = —go Ix) - 0,7 (x) (A10d)

is a marginal interaction [33] with the coupling

= (2a)v, >0, (A10e)

and - - - represents irrelevant local perturbations.
Observe that [see Eqgs. (Ala) and (A10b)]

Vs () + Vi) + W (0)
= gl T L) Tp() + Tp(x) - Tr()]
—i—gv[fL(x) . TR(x) + fR(x) . .?L(x)]
o [T, T+ Tpto) - Tr)l. (Al

Define

K, (0) Kgx) = [T,00) + TL0O1 - [T g () + T,

(A12a)
where
K, 0)=Ty) +Ty&x), M=LR.  (Al2b)
If
8bs = 8v = 8ps=v> (A13)
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then
Voo () + Vg (0) + W)
= oy K (¥) - K ()
+ Gy [T (0) - T () + T(x) - ().

Ising quantum criticality of the two-leg ladder (2.1) is a
consequence of the flow to strong coupling of the local current-
current interaction (K ‘K r)(x) when it is the only runaway
flow from the su(2), & $u(2), quantum critical point. The Ising
quantum critical point realizes the coset theory with the affine
Lie algebra su(2), @ su(2),/su(2),, whose central charge is %

(Al4)

APPENDIX B: CONTINUUM LIMIT
FOR COUPLED LADDERS

We are going to construct the perturbation to the conformal
field theory derived in Appendix A 1 that results from coupling
the spin-% two-leg ladders as shown in Fig. 1. The counterpart
to the generic perturbation (A11) in Appendix A is the generic
perturbation (B7).

We consider n two-leg ladders labeled by m =1, ...,n
They interact through the perturbations H, and H,, where

N
-__i
_Zg

+ Si+1,m (St ASiit )]

n—

St,m+1 : (Si+1,m A Si,m)

HM

(Bla)

with x, real valued and H . that follows from H , by the

substitution S n = S, . and the perturbations ﬁD and H/,,

lm’

where
N n—1
=D D S Sian
i=1 m=1
+(J/ S, o’ Si+1 w1 T J\S\i m+1 '§i+1 o] (Blb)

with JL,J/,J > 0, and H’ obtained from H by the substi-

tution S n = S i o- Figure 1 depicts the special case of

Jo=J, J,=0, (B2)

which is considered in Eq. (3.2) from the main text.
The continuum limit of the three-spin interaction H (Bla)
is derived in Appendix B 1. The result is the local polyn0m1a1

~ Tk T+

(B3a)

where
8y, = 2x(2a) X—l (B3b)
and - - - denotes irrelevant local perturbat1ons Similarly, the

continuum limit of H), H' delivers the local polynomial V/ that
follows from substituting JM,m(x) — fM.m(x) for M = L,R
in V\A.
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The naive continuum limit of ﬁm defined by Eq. (B1b) can
be derived in a similar way as we did in Appendix A 2. The
result is the local polynomial

n—1[n-2
VD = Z |:Z g?;)(JL,m ! JL,m-‘rm’ + JR,m ! JR,m-‘rm/)

m=1 Lm'=1

n—2
@7 7 > 3
+ ZgJI (JL,rn ° JR,m+m/ + JR,m : JL,m+m’)

m'=I1

+Z(gt(1]:11) n, ﬁ+m’+g££ 8m8m+m)

(B4a)

+ thm)(n x m+m )i|

up to irrelevant local perturbations. Here, the bare values of
the couplings are

85 = (855 + &)+ 8))

=2x Qa)(J, 4+ J, 4+ 1) 8y, (B4b)
gr(tlfl) = (gnn + gnn + gnn)(S 1
=2xQa)(J, —J, = J) 8y, (B4c)
g™ =0, (B4d)
8 = (ghy — &) S
= Qa)*(—=J, + J) 8y (B4e)

We note that the initial value of the twist coupling vanishes
[40] if

(BS)

The continuum limit of ﬁ’D can be obtained by the substitutions
Ty n() = Ty a(x) with M = L,R, fi,(x) — fi,(x), and
£,(x) = &, (x) in V5. The result is the local polynomial V.
The condition
Jo=J, J,=0 (B6)
forbids the presence of any relevant perturbation of the form

n, -n, ., ande g . withm' an odd integer by the symmetry
under reflection in a plane perpendicular to the chains [12,35].
Addition of the contributions to the current-current

backscatterlng from the local perturbations VA, VD, VA, and

VD [see Egs. (B3) and (B4)] gives the local current-current
perturbation

n—1

Z[g-i,—(f[“,m . fR,m-H + TL,m : TR,mH)

m=1

+87(fR,m : fL,erl + TR,m : TL,erl)]

VaObs =

(B7a)
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with the couplings

1
g, =g\ *g,

€

= 2x Qa)J, +J,+J) £2x (2a)% (B7b)
Given the initial values g, > Oand g_ < 0, g, flows to strong
coupling while g_ flows to zero. Conversely, given the initial
values g_ > Oand g, < 0,itis g_ thatflows to strong coupling
while it is g, that flows to zero. The strong-coupling fixed
points that we seek require that

sgn(g,. x g_) < 0. (B8)
Furthermore, under the condition (B6), if we choose
A—ay,, (B9)
b4
then
8, =8;;=8xQn)J,, g =0. (B10)

This is the case considered in Eq. (3.1) from the main text.

Continuum limit of the three spin interactions (Bla)

The perturbation i , defined by Eq. (Bla) couples two
consecutive two-leg ladders in such a way that it breaks
time-reversal symmetry. The coupling H, involves two terms
per square plaquette defined by the vertices (i,m), (i+1,m),
(i,m+1), (i + 1,m 4+ 1). We shall take the naive continuum limit
arising from each term separately.

We write
A N n—1
= XJ_ Zzeahcszam-f-l l+1mSlCm
i=1 m=1
N/2 n—1

X
== Z Z Eahc S21 ;m+1 S21+1 m SZz m)

i=1 m=1
X N/2 n—1
1 abc (Qa b <c
TS E E € (S5t mr1 S2iv2m Ssis1m):
i=1 m=1

(B11)

where we have assumed that N is an even integer and imposed
PBC. If we insert the decomposition (A3) into the Hamiltonian
(B11), and we perform an expansion in powers of (2a) to
leading order, we get

n—1

H - XLZ/ dx ™2

x (2a)*[m . (x) b (x) G (x) — me, , (x) Ao(x) 0 (x)
+ 7% () M () A (x) — A% (0) AL (x) G (x)]
4+ (B12)

where - - - refers to irrelevant local perturbations. To proceed,
we need to point-split pairs of operators sitting at the same
position x in the same bundle m. After point-splitting, we shall
use the operator product expansion (OPE) (A6) so as to reduce
the point-split pair of operators to either a C number or a single
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operator. We treat such pairs of point-split operators one by
one. First,

Gubc n’i[lz(x) ’,’ﬁlcn(x) — eab" zlimo [‘TLb,m(x + 2a) + &,m(‘x + 2&)]
a—

x [T} a0 + T (0]
abc sbc l.Ede ﬁ,m(x)
€ im - -
2a—0 | 8w2(+i2a)? 27 (4i2a)
she jebed j;g,m(x)
+ 8m2(—i2a)? 27 (—i2a)
_ 2a)~!

[75 o) = Ta 1(0)]-

The OPEs (A6a) were used for the line with the ~, and the
identity €®¢e?d =2 §% was used to reach the last equality.
Second,

(B13a)

€ (x) 7l (x) ~0 (B13b)
Hereto, the OPEs (A6b) were used. Third,
€™ mb (x) S (x) ~0 (B13c)

Insertion of Egs. (B13a) into Hamiltonian (B12) gives

Al—>XlZ/‘ dx

[T, a) —

Next, we write

[JL mp1 () + JR w1 (O] -

T a0l + (B14)

N n—1

abc Qe oc
2 § E:E SH—lm il Simt1

i=1 m=1
N/2 n—1

A S )

i=1 m=1

PHYSICAL REVIEW B 95, 144413 (2017)

N/2 n—1

Zzeabc SZthZt m+1 SZt lm—H) (BIS)

i=1 m=1

where we have assumed that N is an even integer and imposed
PBC. The continuum limit of H (B15) can be derived in a

similar way as we did for H A The result is

A

= AL Z f dx —[JL ) + Tpa0)] -

[T} gt () — (B16)

T GO1+ -+

Thus, the continuum limit of H , (Bla) can be read from
Egs. (B14) and (B16). It is

= ot Z / ax1(Fyn = Tow s + Tt

- (']L,m + JR,m) . (JL,m+l - JR,m+l)] “+ -
n—1 L
:gXL Z/O dx (JL,m'JR,m+1_JR,m'JL,m+1>+
m=1
(B17a)
where the coupling 8y, stands for
XL
8y, = 2xQ2a)—= (B17b)
b4

Similarly, the continuum limit of H A follows from that of H A
with the substitution J,, ,(x) — J}, ,(x) with M = L.R.
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