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Supersonic thermal excitation-induced shock wave in black phosphorene
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Thermal transport in low-dimensional materials possesses various novel features since anomalous energy
carriers may heavily contribute. Black phosphorene exhibits excellent thermal properties and thus it attracts
attention about the possible existence of anomalous energy carriers. In this paper, we find that shockwave
appears as a dominant energy carrier in the zigzag direction of black phosphorene when a supersonic thermal
excitation above a critical strength is exerted. Comparing with the diffusive thermal transport, shockwave carries
a considerable amount of excitation energy and propagates faster than the local acoustic speed. It leads to a strong
anisotropic enhancement in the transport speed of thermal energy in the zigzag direction, up to a factor of twofold
compared with no shockwave. The linear increase of velocity with intensity and exponential decay of intensity
with time of the shockwave are observed. Unlike solitary waves, the collision of shockwaves exhibits no phase
shift in the spatial-temporal trajectory. Moreover, it shows that shockwave velocity decreases with tensile strain,
which is favorable for modulation. Our results reveal a possible anomalous energy transport process and may
help in designing black phosphorene-based thermal devices.
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I. INTRODUCTION

Recent years have witnessed enduring interest of thermal
energy transport in low-dimensional materials due to the
practical issue for heat removal and energy conversion in
the electronics industry [1–21]. Comparing with bulk mate-
rials, low-dimensional materials exhibit various novel thermal
features, where the collective motions due to nonlinearity
other than phonons, referred to anomalous energy carriers
[1,2,22–26], could heavily contribute. Theoretical studies of
thermal conduction in two-dimensional (2D) and 1D nonlinear
crystals have shown that anomalous energy carriers, such
as effective phonons [22] and solitary waves [24–26], are
conjectured to be related to the microscopic mechanism
of exotic properties like thermal rectification [8,27–30] and
thermal conductivity divergence [1,2,31,32]. Since the effect
of nonlinearity comes with the relatively large interaction, an
usual method to identify an anomalous energy carrier is to
apply a strong supersonic heat pulse on the low-dimensional
crystal, where the abrupt change in the medium could induce
anomalous leading wave fronts [1,24–26,33–38].

Meanwhile, theoretical and experimental work has shown
the evidence of anomalous energy carriers, i.e., supersonic and
subsonic solitary waves, in 1D carbon nanotube [30,39,40] and
2D graphene [28,41,42]. It stimulates great interest in finding
anomalous energy carriers in noncarbon low-dimensional ma-
terials. Black phosphorene (BP), a single layer of phosphorus
atoms arranged in a stacked honeycomb lattice, has attracted
growing attention as a new member in the 2D material family
[14,43–48]. Recent experimental work shows that it possesses
an excellent anisotropic thermal property that is preferentially
along the zigzag direction than the armchair direction [5,6].
Our recent work further shows that thermal anisotropy is
anomalously enhanced rather than suppressed when it is
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supported on a substrate [38]. Such novel thermal behavior
implicates the possible existence of anomalous energy carriers.

In this paper, we study thermal energy transport of BP
under supersonic thermal excitation by molecular dynamics
simulations. Interestingly, it is found that shockwave appears
as a dominant energy carrier exclusively in the zigzag direction
when the excitation strength is above a critical value. Shock-
wave carries a considerable amount of energy away faster than
the local acoustic speed, leading to a strong enhancement in
the thermal energy transport speed. Furthermore, for utilizing
shockwave in possible application, its kinetic behavior, e.g.,
the intensity, velocity, collision and strain modulation, are also
investigated.

II. METHODS

The schematic of the system is shown in Fig. 1(a), in which
the armchair or the zigzag edges of the BP sheet will be excited

by a heat pulse. The dimension of the BP sheet is 300×300 Å
2

with the armchair direction along the x axis and the zigzag di-
rection along the y axis. A fixed boundary condition is applied
on the edge atoms in both axes to avoid overall translation
and the edge effect could be neglected (please see PS2 in the
Supplemental Material [49]). The interaction between the ad-
jacent phosphorus atoms is described by the Stillinger-Weber
(SW) potential with valence force field parametrization [50–
52] which includes bond stretching, introgroup angle bending,
intergroup bending, and multibody terms. The parameters
could reproduce the phonon dispersion, negative Poisson’ s
ratio, and stress-induced bending in ab initio calculations
[46,51] and are applied to calculate thermal conductivity
[38,50,52] and fracture behavior [53] in molecular dynamics
simulations. The results in this manuscript are also stable by
modifying the SW parameters and further details are provided
in PS3 in the Supplemental Material. An open-source package,
LAMMPS [54], is used to perform all the simulations.
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FIG. 1. (a) Schematic of thermal excitation in a BP sheet. BP
(blue crystal) is placed with the armchair direction along the x axis
and the zigzag direction along the y axis. A heat pulse (red arrow)
generates thermal excitation on the middle 1/3 of the outermost atoms
on the armchair edge (armchair pulse) or the zigzag edge (zigzag
pulse) to initiate the respective thermal energy transport. [(b)–(f)]
Thermal energy transport function, δE, as a function of x and y in the
zigzag direction under excitation strength χS = 30 at simulation time
0.2–4.0 ps. The leading wave profile, which leaves the fluctuating
wave packets far behind, represents a shockwave induced by the
zigzag pulse.

The simulations include the armchair and zigzag excitations
by adding a heat pulse on the middle 1/3 of the outermost
atoms (the fixed edges are excluded), which is a process
similar to side excitation in our recent work [38]. First, an
energy minimization is initially performed and the BP sheet is
equilibrated at the ground state to diminish thermal fluctuations
for 100 ps. Therefore, the exerted excitation would correspond
to phonon response at the low-temperature limit. Then a heat
pulse is added onto the armchair or the zigzag edges by adding
the kinetic velocity vx = χS km/s or vy = χS km/s on the
phosphorus atoms. Here χS denotes the excitation strength
and when χS � 10 (or χS � 5) it refers to a supersonic (or
subsonic, as a comparison) thermal excitation. The excitation
method [1,24–26,33–38] provides an idealized scenario of
thermal energy transport by tracing the propagation wave
packets of the heat pulse.

III. RESULTS AND DISCUSSION

Figures 1(b)–1(f) illustrate the typical profile of shockwave
in the zigzag direction induced by a supersonic thermal
excitation with χS = 30. It is characterized by the thermal
energy transport function as [23,38]

δE(x,y,t) = E(x,y,t) − E0(x,y,t), (1)

where E represents the energy of each phosphorus atoms in
the BP sheet with the exerted heat pulse and E0 represents
the energy of phosphorus atoms in the same BP sheet with
exactly the same initial condition but excluding the heat pulse.
The snapshots of δE provide the propagating profiles of the
heat pulse. Meanwhile, to better illustrate the emergence of
the shockwave and the associated critical value of excitation
strength, the time variation of δE under different excitation
strength, e.g., χS = 1 and 5 (subsonic thermal excitation
without shockwave generation), χS = 20 (supersonic thermal
excitation without shockwave generation), and χS = 25 and
30 (supersonic thermal excitation with shockwave generation)
are shown in Figs. 2(a)–2(d).

As shown in Fig. 2, in the subsonic zigzag excitation χS = 1
and 5, a series of fluctuating wave packets are excited and
propagate along the BP sheet, just like a ripple in a pond.
When the interaction amplitude is comparatively small, the
harmonic part of the interaction would play the dominant
role in determining the excited-wave profile. Therefore, the
excited-wave profiles under different χS values are almost
identical subject to a proper rescaling. The quasi-identical
fluctuating wave profiles correspond to the phonon response
that acts as normal energy carriers in the BP sheet to the
subsonic thermal excitations. Here the speed of the leading
wave peak corresponds to the local acoustic speed in the zigzag
direction and is denoted as Va . Furthermore, the local acoustic
speed exhibits strong anisotropy in the zigzag and armchair
directions (please see PS1 in the Supplemental Material).

On the other hand, in the strong supersonic zigzag excitation
χS = 25 and 30, a single high leading wave front emerges
and propagates faster than the local acoustic speed. The
leading wave front represents the shockwave response to
the supersonic thermal excitations. There are four noticeable
features to distinguish the shockwave response from the
phonon response as follows.

The first one is that there is a critical value of excitation
strength χS = 25 which is necessary for the shockwave
generation. As shown in Fig. 2, below that critical value,
even with a supersonic thermal excitation, for example, with
χS = 20, no shockwave could be excited and a similar phonon
response to the subsonic excitation is observed. Such an
excitation strength requirement is well known in the formation
of a solitary wave in low-dimensional crystal. It represents the
minimal nonlinearity requirement [55,56] since the formation
of anomalous energy carriers relies on the nonlinear steepening
of an ordinary wave and nonlinearity rises with interaction
amplitude.

The second feature is that the shockwave propagates at a
speed, denoted as Vs , higher than the local acoustic speed
Va [55,57,58]. It represents the nonlinear response to the
abrupt supersonic change in the BP sheet and thus it is also
dependent on the interaction amplitude. Later we show that Vs

is linearly dependent on the shockwave intensity in Fig. 3(d).
As a comparison, in the subsonic and supersonic excitation
without shockwave generation, the wave fronts propagate at
the same speed Va .

The third feature is that the shockwave leaves a tail
of turbulent sonic boom. As shown in Figs. 1(d)–1(f), the
sharp-nosed wave peak moves with a left- and a right-running
bowlike wave tails. The wave pattern [55,57,58] resembles the
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FIG. 2. [(a)–(d)] Time variation of δE under χS = 1 and 5 (subsonic thermal excitation), 20, 25, and 30 (supersonic thermal excitation)
in the zigzag excitation at simulation times 0.2–3.2 ps. For χS � 20, a series of similar fluctuating wave packets are excited. For χS � 25, a
leading shockwave emerges and leaves the fluctuating wave packets far behind.

shockwave passage of a supersonic aircraft reaching further
than Mach 1 in the air or the shadowgram of a shockwave from
a supersonic bullet in the air, etc. The sonic boom implies that
thermal energy in the shockwave would gradually dissipate to
the surrounding environment [(later we show that the intensity
of shockwave decays exponentially with time in Fig. 3(e)].

The fourth feature is that shockwave intensity is much
higher than other fluctuating wave packets and thus it carries
a considerable amount of energy in the excitation. To numeri-
cally measure the contribution of shockwave to thermal energy
transport, we consider the average transport distance of thermal
energy d2 in the zigzag excitation, and d1 in the armchair
excitation (without shockwave generation as an comparison)
as [38]

d1 =
∫∫

(x − x0)δEdxdy
∫∫

δEdxdy
, d2 =

∫∫
(y − y0)δEdxdy
∫∫

δEdxdy
, (2)

where x0 and y0 represents the initial excitation position
at the sheet edges. Figures 3(a) and 3(b) illustrates the
time variation of d1 and d2, whose slopes d ′(t) provide the
numerical measure for the overall thermal transport speed.
In the zigzag excitation, for χS = 5–20 without shockwave
generation, the diffusive-dominated thermal energy trans-
port speed d ′

2(t) = 12.1–14.6 Å ps. For χS = 25–40 with

shockwave generation, a sudden jump of the thermal energy
transport speed to d ′

2(t) = 27.6–30.4 Å ps is observed. A
shockwave carries a considerable amount of energy away
faster than the local acoustic speed. Therefore, shockwave-
dominated thermal energy transport exhibits a more than twice
efficiency enhancement compared to the diffusive-dominated
one. On the other hand, in the armchair excitation, there
is no abrupt change in the thermal energy transport speed
d ′

1(t) = 6 − 8 Å/ps since they are all diffusive dominated
without shockwave generation. Such anisotropic behavior in
the armchair and zigzag directions implies an anisotropic
thermal effect of shockwave as an anomalous energy carrier
in the BP sheet.

In order to utilize shockwave for possible thermal applica-
tion, we investigate its kinetic behavior such as intensity, ve-
locity, collision, and strain modulation. Figure 3(c) illustrates
the time variation of intensity, I , of five different shockwaves.
The intensity I is calculated as the peak value of δE in the
shockwave profile. The five different shockwaves are excited
by add heat pulse χS = 25, 30, 40, 50, and 100, respectively,
and a stronger heat pulse corresponds to a higher intensity
value. It shows that the shockwaves go through a formation
process and then decay with time. For example, for a strong
shockwave (initial I > 0.3 eV), the intensity rises in the first
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FIG. 3. [(a) and (b)] Average transport distance of thermal
energy d2 (a) in the zigzag excitation and d1 (b) in the armchair
excitation under different excitation strength χS . (c) Time variation of
shockwave intensity I of 5 shockwaves in 4.0 ps, excited by χS = 25,
30, 40, 50, and 100, respectively (from bottom to top). The relative
intensity I0 at 2.0 ps is used to compare the intensity difference.
(d) The ratio of shockwave velocity Vs and local acoustic speed
Va , Vs/Va , as a function of I0. (e) The logarithm time variation of
shockwave intensity I in 14 ps.

1.5 ps and then decays afterwards, which implies the absorbing
of thermal energy in its formation and the dissipation of
thermal energy during propagating.

To investigate the dependence of shockwave velocity
on its intensity, we consider the relative intensity, I0, to
numerically measure the intensity difference between different
shockwaves. The relative intensity I0 is measured by the
intensity value I at 2.0 ps. As shown in Fig. 3(d), the ratio
of shockwave velocity Vs and local acoustic speed Va , Vs/Va ,
monotonically increases with I0, which is similar to the
velocity dependence of solitary waves [24,56,59]. A linear
function is used to fit the data as

Vs

Va

= k0I0 + 1.067 (3)

and the fitted value is k0 = 0.36 eV−1. By extending the fitted
line to the intercept, it could be derived that the minimum
shockwave velocity is no less than 1.067Va . Furthermore, to
study the decay behavior of I , which numerically clarifies
the dissipating process, a long-time simulation of zigzag

excitation in a 300×900 Å
2

BP sheet is performed. As shown in
Fig. 3(e), the shockwave intensity I exhibits an approximately
exponential decay with time t and is fitted as

I ∝ exp(−k1t) (4)

with the fitted value k1 = 0.076 ps−1. It implies that intensity
would decay to 20% of the initial value and 80% of energy
are dissipated to the surrounding environment in 10 ps. The
intensity decay behavior of shockwave separates it from
solitary wave whose intensity is time invariant.

FIG. 4. [(a)–(c)] Snapshots of head-to-head collision between
two shockwaves in the BP sheet. (d) Spatial-temporal trajectories
of the two shockwaves as a function of y and t . The band indicates
their relative intensities.

To understand the interaction between shockwaves, we
investigate the collision of two shockwaves. Figures 4(a)–4(c)
illustrates the snapshots of head-to-head collision between two
shockwaves from two opposite edges of the BP sheet under
χS = 30. Unlike solitary waves, the two shockwaves seem
exhibit no interaction during the collision process and only
leave their tails of sonic boom behind. To numerically identify
the noninteractive behavior, the spatial-temporal trajectories of
the two shockwaves are plotted in Fig. 4(d). If there were any
interactions in the collision process, then a spatial-temporal
jump would occur and the trajectory would deviate from its
original line, which is known as phase shift [58–61]. Contrary
to the behavior of solitary waves, the two shockwaves simply
pass through each other without any deviation from their
original trajectory lines. It implies that thermal energy carried
by shockwaves would maintain its original kinetic properties
in the propagation process.

Now we investigate the effect of tensile strain on shock-
waves. Tensile strain is the most direct way for manipulating
thermal properties that are essentially decided by geometries
of atomic structures. Comparing with bulk materials, BP sheet
could sustain much larger strain without damaging its structure
[45,53,62]. To understand the effect of strain modulation
on shockwaves, transverse strain δLx and longitudinal strain
δLy , are applied along the armchair and zigzag directions,
respectively. The strained structure is realized by increasing
the simulation box length that corresponds to the lengths of
the BP sheet. Here Lx is the armchair length in the x axis and
Ly is the zigzag length in the y axis. The atom positions are
consistently remapped and the updated length of the BP sheet is
L

′
x = Lx(1 + δLx) in the armchair direction and L

′
y = Ly(1 +

δLy) in the zigzag direction. After that, tensile strains are
preserved by the fixed condition on the nonexcited edge atoms.
Figure 5(a) illustrates the kinetic change of thermal energy
transport under subsonic and supersonic thermal excitations.
For the phonon response, by applying the longitudinal strain,
the wave profile becomes a series of oscillating waves since
the stressed phosphorus atoms would vibrate heavily due to
the longitudinal excitation. For the shockwave response, by
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FIG. 5. (a) Thermal energy transport in the zigzag excitation
by exerting the transverse strain δLx = 10 along the x axis or
longitudinal strain δLy = 5 along the y axis on the BP sheet. (b) The
ratio of shockwave velocity under tensile strain Vs(δL) and strain-free
velocity Vs , Vs(δL)/Vs , as a function of transverse strain δLx and
longitudinal strain δLy .

applying the transverse or longitudinal strain, the shockwave
profile remains but its transport velocity decreases with strain.
Figure 5(b) illustrates the decrease of shockwave velocity with
the strain strength. The decrease tendency is measured by the
ratio of shockwave velocity under tensile strain Vs(δL) and
strain-free velocity Vs , Vs(δL)/Vs as

Vs(δLx)

Vs

∝ −k2δLx,
Vs(δLy)

Vs

∝ −k3δLy (5)

with the fitted value k2 = 0.4 and k3 = 1.5. It indicates that
the longitudinal strain impedes the shockwave transport about

4 times that of the transverse strain. The strain modulation
provides a possibility to manipulate the shockwave transport
in a continuous range.

IV. CONCLUSION

In summary, we observed that shockwave generates in the
zigzag direction of black phosphorene by a strong supersonic
thermal excitation above a critical strength. The shockwave
exhibits much higher intensity than other fluctuating wave
packets and propagates faster than the local acoustic speed
with a tail of sonic boom. Consequently, the shockwave-
dominated thermal energy transport is twice faster than
the diffusive-dominated one. Similarly to solitary waves,
shockwave velocity increases linearly with intensity. Contrary
to solitary waves, shockwave intensity decays exponentially
with time and exhibits the noninteractive collision behavior.
Longitudinal and transverse strains are found to be impediment
to shockwave propagation. Our finding reveals an anomalous
thermal energy transport process in black phosphorene and
implies that shockwaves could be utilized for highly efficient
thermal transport.
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