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Tunneling of heat between metals
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We provide a theory of how heat tunnels between two parallel metal surfaces separated by an air gap. Two
contributions are calculated: (1) electron-electron interactions and (2) photon fields from surface plasmons. Both
contributions can transfer energy through low energy electron pairs. Our concern is with heat flow for small
air gaps, on the order of nanometers. In that case the contribution from electron-electron interactions is most
important. The contribution from photons is more important at larger separations.
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I. INTRODUCTION

We calculate the heat transfer between two parallel metal
surfaces separated by an air or vacuum gap. In the Coulomb
gauge, the Coulomb interactions are separate from the elec-
tromagnetic interactions. We consider both contributions to
the heat transfer: (1) Coulomb interactions between charge
fluctuations and (2) photonic interactions between current
fluctuations. We find the Coulomb interactions are important
at small air gaps, which is our main result.

This field has a long history. Hargreaves [1] first measured
the tunneling of heat between two metals in 1969. In 1971
Polder and van Hove [2] provided a theory using only elec-
tromagnetic interactions. They and Hargreaves summarized
the earlier, mostly Russian, work in this field. Polder and van
Hove used the fluctuation dissipation theorem to evaluate the
current-current correlation function. Many subsequent papers
refined their theory [3–19]. Many of the recent electromagnetic
theories have included the wave-vector dependence of the
dielectric response, either through dielectric functions ε(q,ω)
or by using skin-effect theories. There have been two excellent
reviews [14,19]. Modern measurements between metals was
done in [20–24]. Song et al.’s measurements [22] go down
to 100 nm gap separation. In that gap size photonic heat
transfer is certainly the important contribution. Two very recent
measurements [23,24] go down to nanometer distances, where
they observe a large heat transfer. Reference [23] reports “We
find an extraordinary large heat flux which is more than five
orders of magnitude larger than black body radiation and
four orders of magnitude larger than the values predicted
by conventional theory of fluctuational electrodynamics.”
Here we present the theory of heat transfer by charge
fluctuations, which should provide the explanation of these
measurements.

The theory of heat transfer is closely related to the theory
of van der Walls interactions: they have the same Feynman
diagram. For the van der Waals interaction between two neutral
atoms, the potential goes as R−6 at short separations R, where
Coulomb fluctuations dominate. At larger separations, the
potential goes as R−7 where photon fluctuations dominate.
The same difference applies to heat transfer: Coulomb fluc-
tuations dominate at small values of separation, while photon
fluctuations dominate at larger separations.

There have been measurements [25,26] and theories [27,28]
of the tunneling of heat between a metal and an insulator.
Prunnila and Melthaus [29] provided a theory of heat tunneling

between two polar insulators, where optical phonons generate
electric fields. Acoustic phonons in piezoelectric insulators
also generate electric fields. There is interesting recent work
on heat transfer between insulators [30–34]. This paper is
concerned only with heat transfer between metals for small air
gaps.

The tunneling of heat could occur, for example, during an
STM measurement [26]. It may be important for thermionic de-
vices, or metal-oxide-metal tunneling devices. Several groups
[6,17,25] suggested that the energy transfer was due to the
coupling of the surface polaritons on the two surfaces. These
papers provided the impetus for the present calculation. We
find that surface plasmons are an important mechanism, but
not the only one. The other is electron-electron interactions.

Our calculation differs from previous calculations in many
important respects. First, we include Coulomb interactions
between density fluctuations, which we find to be a large
effect at small gap separations. This contribution was not
previously considered. The above citations are all concerned
with electromagnetic heat transfer by photons. Secondly, we
use quantum mechanics to evaluate the current-current corre-
lation functions, and get a very different answer than previous
workers who used the fluctuation-dissipation theorem. Our
method of quantizing the electromagnetic fields uses the
Brillouin formula for the energy density [35,36], which was
not done before. We also used for the electronic current the
expression which include spin rotations, which was also not
done before. Thus our final formulas are totally different than
found previously.

Figure 1 shows the Feynman diagram for the correlation
energy between two metals separated by a gap. We will
evaluate this expression below. Actually, electron-electron
interactions need to be screened, so each metal has a string
of bubble diagrams which provide screening. In this case,
each bubble is a charge fluctuation, and the dashed line is the
Coulomb interaction. This screening is describe by the surface
dielectric function, which we derived previously [37]. This
process is similar to the screened van der Waals interaction.

Figure 1 also describes another physical process. This is
the interaction of two metals by electromagnetic fluctuations.
In this case, the dashed lines are photons, while the bubble is
a current fluctuation. Since the photons are confined between
two metals, they are waveguide modes or surface plasmons.
Both of these processes, charge fluctuations and current
fluctuations, are present and must be calculated separately.
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FIG. 1. Diagram for correlation energy and surface plasmon
interactions.

The electromagnetic heat transfer is the topic of all prior
theories.

II. ELECTRON-ELECTRON INTERACTIONS

One method of calculating interaction between metals is
using electron-electron interactions. Here we derive (i) the
ground state energy and (ii) the rate of energy transfer between
metal surfaces. The center of the coordinate system is at the
center of the gap of width 2d. The electron wave function on
the left and right are

φL(r) =
√

2

LA
eik·ρ sin[ki(z + d)], z < −d, (1)

φR(r) =
√

2

LA
eip·ρ sin[pi(z − d)], z > d. (2)

The Coulomb interaction between these states is

VLR = e2

4πε0

∫
d3r1d

3r2

|r1 − r2|φ
∗
L(kf ,kf ; r1)φL(ki ,ki ; r1)φ∗

R(pf ,pf ; r2)φR(pi ,pi ; r2),

where (k,p) are two dimensional wave vectors in the plane of the gap. Go to center of mass, then d2ρ1d
2ρ2 = d2ρd2R. The

integral over d2R sets kf + pf = ki + pi . Define the momentum transfer as q = kf − ki = pi − pf . Then we get∫
d2ρ

[ρ2 + (δz)2]1/2
eiq·ρ = 2π

q
e−q|δz| = 2π

q
e−q(z2−z1). (3)

The integrals over dz1dz2 give

2
∫ −d

−∞
dz1e

qz1 sin[ki(z1 + d)] sin[kf (z1 + d)] = q e−qdI (ki,kf ), (4)

I (ki,kf ) =
[

1

q2 + k2−
− 1

q2 + k2+

]
, (5)

k± = ki ± kf , (6)

2
∫ ∞

d

dz2e
−qz2 sin[pi(z2 − d)] sin[pf (z2 − d)] = q e−qdI (pi,pf ). (7)

The Coulomb interaction is now

VLR = 2πe2

4πε0AL2

∑
q,ki ,kf ,pi ,pf

q e−2qdI (ki,kf )I (pi,pf )ρL(q,kf ,ki)ρR(−q,pf ,pi), ρL(q,kf ,ki) =
∑
k,σ

C
†
k+q,kf ,σ Ck,ki ,σ . (8)

Each metal has electron-electron interactions among their own electrons. From [37]

VLL = VLL3 − VLL2, (9)

VLL2 = e2

4ε0AL2

∑
q

q

⎡
⎣∑

kf ,ki

I (kf ,ki)ρL(q,kf ,ki)

⎤
⎦

⎡
⎣∑

k′
f ,k′

i

I (k′
f ,k′

i)ρL(−q,k′
f ,k′

i)

⎤
⎦,

VLL3 = e2

4ε0AL2

∑
q,qz,ki ,k

′
i

1

q2 + q2
z

ρ̃L(q,qz,ki)ρ̃L(−q,qz,k
′
i), (10)

ρ̃L(q,qz,ki) =
∑
k,σ

C
†
k+q,ki+qz,σ

Ck+q,ki ,σ + sgn(ki − qz)C
†
k,|ki−qz|,σCk,ki ,σ .

A similar form is found for VRR .
Note that, in comparison to Ref. [37], we do not include the term for the back side of the metal slab. In Ref. [37] we had a

canonical ensemble with a fixed number of electrons. When an external charge was on one side of the slab, the screening charge
for the external source had to come from the back side of the slab, since the interior is charge neutral. That is the origin of
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the anomalous contribution from the back side of the slab. However, if the slab is grounded, then the screening charge comes
from ground, and there is no contribution from the backside. This backside contribution is independent of the thickness of the
slab. Another, different, contribution from the back side comes from the mutual interaction of the surface plasmons on the two
surfaces. This latter contribution depends upon thickness. Here we assume the slabs are grounded and there is no contribution
from the backside of the two slabs.

A. Correlation functions

Following Ref. [37], we define three kinds of correlation functions.
(i) The correlation 〈ρρ〉 gives

	L(q,iωn) = − e2q

2ε0AL2

∑
kf ,ki

I (q,kf ,ki)
2
∫ β

0
dτ eiωnτ 〈TτρL(q,kf ,ki : τ )ρL(−q,ki,kf : 0)〉

= − e2q

2ε0AL2

∑
k,kf ,ki ,σ

I (q,kf ,ki)
2 nF (Ei) − nF (Ef )

Ei − Ef − iωn

, (11)

Ei = h̄2

2m

(
k2 + k2

i

)
, Ef = h̄2

2m

[
(k + q)2 + k2

f

]
. (12)

(ii) The correlation 〈ρ̃ρ̃〉 gives the 3D polarization function of the electron gas:

χL(q,qz,iωn) = e2

ε0


1

q2 + q2
z

∑
k,kiσ

nF (Ei) − nF (Ef )

Ei − Ef − iωn

. (13)

(iii) The correlation 〈ρρ̃〉 gives the correlation function called U :

UL(q,qz,iωn) = χL(q,qz,iωn) − ULb(q,qz,iωn), (14)

ULb(q,qz,iωn) = e2

2ε0


∑
k,ki ,σ

[
nF (Ei) − nF (Ef +)

Ei − Ef + − iωn

1

q2 + (2ki + qz)2
+ nF (Ei) − nF (Ef −)

Ei − Ef − − iωn

1

q2 + (2ki − qz)2

]
, (15)

Ef ± = h̄2

2m
[(k + q)2 + (ki ± qz)

2]. (16)

B. Linked cluster expansion

We use the linked cluster expansion, and retain only terms that link the two metal slabs. Only terms with even powers of VLR

are nonzero.
(i) In second order we get

E2 = −1

2

∫ β

0
dτ eiτωn〈TτVLR(τ )VLR(0)〉 (17)

= 1

2β

∑
q,iqm

e−4qd	L(q,iqm)	R(q,iωn − iqm) (18)

= 1

2

(
e2

2ε0AL2

)2 ∑
q

q2e−4dq
∑

ki ,kf ,pi ,pf

I 2(kf ,ki)I
2(pf ,pi)

∑
pkσ

nkinpi(1 − nkf )(1 − npf ) − nkf npf (1 − nki)(1 − npi)

Eki + Epi − Ekf − Epf − iωn

.

(19)

(ii) Third order perturbation theory adds an electron bubble diagram on one side of the gap, or on the other:


3 = 1

2β

∑
q,iqm

e−4qd

[
	L(q,iqm)

(
	R(q,iωn − iqm)2 + U 2

R

q2 + q2
z

)
+ 	R(q,iωn − iqm)

(
	L(q,iqm)2 + U 2

L

q2 + q2
z

)]
. (20)

These series are defining the surface dielectric function we derived earlier [37]:

εR(q) = 1 + 	(q,iqm) + 1

L

∑
qx

U 2
R(q,qz; iqm)

(q2 + q2
z )[1 − χ (q,qz; iqm)]

,

ELR = 1

2Aβ

∑
iqm,q

e−4dq

(
1 − 1

εL(q,iqm)

)(
1 − 1

εR(q,iωn − iqm)

)
. (21)
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When we consider fourth-order perturbation theory, there is a term with four powers of VLR , divided by 4!. The perturbation
series needs a coupling constant integral [38], which gives the final result

ELR(iωn) = − 1

2Aβ

∑
iqm,q

ln[1 − φ(q,iqm)], (22)

φ(q,iqm) = e−4dq

(
1 − 1

εL(q,iqm)

)(
1 − 1

εR(q,iωn − iqm)

)
. (23)

The term with a logarithm is identical to the ground state energy in [39], after setting iωn = 0.

C. Energy transfer

The rate of energy transfer is obtained by taking the retarded limit of iωn → ω + iδ, then the imaginary part as ω = 0.
This step is done after the evaluation of the summation over iqm. Define a spectral function for the inverse dielectric
function,

(
1 − 1

εL(q,iqm)

)
=

∫
dx

2π

AL(q,x)

iqm − x
, (24)

(
1 − 1

εR(q,iωn − iqm)

)
=

∫
dy

2π

AR(q,y)

iωn − iqm − y
, (25)

then we evaluate

1

β

∑
iqm

φ(q,iqm) = e−2qd

∫
dx

2π
AL(q,x)

∫
dy

2π
AR(q,y)

1 + nB(x) + nB(y)

iωn − x − y
.

The series in Eq. (22) is

ELR = 1

2Aβ

∑
iqm,q

[
φ + 1

2
φ2 + 1

3
φ3 · · ·

]
, (26)

= 1

A

∑
q

e−2qd

∫
dx

2π
AL(q,x)

∫
dy

2π
AR(q,y)

1 + nB(x) + nB(y)

iωn − x − y

× [
1 + 2e−2qdGL(q,x)GR(q,y) + 3e−4qdG2

L(q,x)G2
R(q,y) + · · · ], (27)

ELR = 1

A

∑
q

e−2qd

∫
dx

2π
AL(q,x)

∫
dy

2π
AR(q,y)

1 + nB(x) + nB(y)

(iωn − x − y)[1 − e−2qdGL(q,x)GRq,(y)]2
,

Gj (q,x) =
∫

dx

2π

′ Aj (q,x ′)
x − x ′ . (28)

Next (i) take iωn → ω + iδ, (ii) take the imaginary part, and (iii) set ω = 0. The energy transfer per unit area is x (or y)(
dELR

dt

)
= 2π

h̄A

∑
q

e−4qd

∫
dx

2π
xAL(q,x)

∫
dy

2π
AR(q,y)

[1 + nB(x) + nB(y)]δ(x + y)

[1 − e−4qdGL(q,x)GR(q,y)]2
.

In thermal equilbrium, the factor

[1 + nB(x) + nB(y)]δ(x + y) = 0. (29)

It is not zero if one side has a different temperature than the other. So let TL = T + �T/2, TR = T − �T/2. Expand the above
expression in the small quantity �T/T ,(

dELR

dt

)
= 2π�T

h̄AkBT 2

∑
q

e−4qd

∫
dx

2π
x2AL(q,x)nB(x)

∫
dy

2π
AR(q,y)nB(y)

δ(x + y)

[1 − e−4qdGL(q,x)GR(q,y)]2
, (30)

= 2π�T

h̄AkBT 2

∑
q

e−2qd

∫
dx

(2π )2
x2AL(q,x)AR(q, − x)nB(x)[1 + nB(x)]

1

[1 − e−2qdGL(q,x)GR(q, − x)]2
. (31)
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The factor of nB(x)[1 + nB(x)] confines x ∼ kBT to small values of energy. The spectral functions are linear in x at small
values,

Aj (q,x) ≈ xBj (q), (32)

∫
dx x4nB(x)[1 + nB(x)] = 4π4

15
(kBT )5, (33)

(
dELR

dt

)
= 2π3

15h̄
(kB�T )(kBT )3H (d), (34)

H (d) =
∫

d2q

(2π )2
e−4qd BL(q)BR(q)

[1 − e−4qdGL(q)GR(q)]2
, (35)

Gj (q) =
(

1 − 1

εj (q)

)
. (36)

The function Bj (q) is quite complicated. The energy transfer by electron-electron interactions goes as ∼T 3�T . The units of
(dELR/dt) are watts per area. Equation (35) is similar to an equation in [15] for energy transfer by photons, although in their
case the factors of BL,BR,GL,GR are different.

III. SURFACE PLASMON INDUCED ENERGY TRANSFER

Now we consider the other case of energy transfer using
photonic modes in the gap between the metals. The surface
plasmon energy itself has no term, that I have yet located, that
directly transfers energy from one surface to the other. The
ground state energy from surface plasmons (SP) is derived
from the Brillouin form of the electromagnetic energy [35,36],

E = 1

2

∫
d3r

[
g(ω)E2 + 1

μ0
B2

]
, (37)

=
∑

q

h̄ω(q)[a†
qaq + 1/2], (38)

g(ω) = ∂[ωε(ω)]

∂ω
, (39)

where the surface plasmons are derived from the dielectric
function. The average value of the occupation number is

〈a†
qaq〉 = 1

eh̄ω(q)/kB T̄ − 1
, (40)

where T̄ is the average temperature in the system. This term has
no feature of sending heat from one interface to the other. The
Bose-Einstein occupation number has the average temperature
of the two sides. The energy transfer is a second-order process,
shown in Fig. 1.

A. Vector potential

There are six possible electromagnetic modes in the vacuum
gap [40]: symmetric and antisymmetric versions of (i) surface
plasmons, (ii) transverse magnetic wave guide modes, and
(iii) transverse electric wave guide modes. We are interested
in small vacuum gaps, on the order of nanometers. In this case,
the symmetric surface plasmon has a frequency of ωq = qvp,

v2
p = cdωp, where 2d is the gap width. The other five modes

have a frequency ∼O(ωp), where ωp is the plasma frequency
of the metal. These other modes have a smaller contribution to
the energy transfer when the air gap is very small.

The electric and magnetic fields depend upon the quanti-
zation of the vector potential in the gap, in terms of raising
(a†

q) and lowering (aq) operators. The form for the symmetric
surface plasmon is

Ax,y(r) =
∑

q

B0qx,yg(z)(aqξ + a†
qξ

∗), (41)

Az(r) =
∑

q

B1f1(z)(aqξ − a†
qξ

∗), (42)

ξ = exp[i(q · ρ − ωqt)], (43)

g(z) = sinh(pz), |z| < d, (44)

= ± sinh(pd) exp[−γ (|z| − d)], |z| > d, (45)

f1(z) = cosh(pz), |z| < d, (46)

= cosh(pd)

ε
exp[−γ (|z| − d)], |z| > d, (47)

B1 = −i
q2

p
B0, (48)

p2 = q2 − ω2

c2
, γ 2 = q2 − ε(ω)

ω2

c2
. (49)

Note that these equations satisfy ∇ · A = 0. The quantization
is done using Eq. (37) following the method in [41,42]. The
electric field (E = −∂A/∂t) and magnetic fields (B = ∇ × A)
are

(Bx,By) =
∑

q

B0(qy, − qx)(aqξ + a†
qξ

∗)
ω2

q

c2p
f2(z), (50)

f2(z) = cosh(pz), |z| < d, (51)

= cosh(pd) exp[−γ (|z| − d)], |z| > d, (52)

Ex,y = −i
∑

q

B0qx,yωqg(z)(aqξ − a†
qξ

∗), (53)

Ez = −
∑

q

B0
q2ωq

p
f1(z)(aqξ + a†

qξ
∗). (54)
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The magnetic field Bμ(z) is symmetric in z. The dispersion
relation for this mode is

0 = γ

ε
+ p tanh(pd). (55)

For small gap openings α ≡ ωpd/c < 1, the mode frequency
is approximately

ω2
q ≈ (qd)2ω2

p√
(qd)2 + α2(1 +

√
(qd)2 + α2)

. (56)

The frequency goes as ωq = qvp when qd < α and becomes
ωq = ωp when qd > α. We can now evaluate the integrals
in Eq. (37) and then set the result equal to Eq. (38). On the
right-hand side of Eq. (37) we neglect terms such as aa and
a†a†, as explained in [41,42]:

h̄ωq = Aε0B
2
0

ω2
qq

2

p2
I, (57)

I = 2d
ω2

q

c2
+ 2q2

p
sinh(pd) cosh(pd)

+ cosh2(pd)

γ

[
ω2

q

c2
+ gq2

ε2

]
+ gp2

γ
sinh2(pd),

B0 = p

qωq

√
h̄ωq

Aε0I
≡ b0√

A
. (58)

B. Current-current correlations

Consider the transfer of electron energy using
current-current correlation functions. The interaction in each
metal is

VR,L = −
∫

d3r jL,R(r) · AL,R(r). (59)

The fourth-order ground state energy ∼(VL + VR)4. The term
we want is

EGS,4 = 3!

4!

∫ β

0
dτ1e

iωnτ1

∫ β

0
dτ2

×
∫ β

0
dτ3〈TτVL(τ1)VL(τ2)VR(τ3)VR(0)〉, (60)

= 1

2

∫
d3r1 · · · d3r4

∫ β

0
dτ1e

iωnτ1

∫ β

0
dτ2

×
∫ β

0
dτ3�L,μν(r1,r2; τ1 − τ2)

×�R,λ,δ(r3,r4; τ3)Dμλ(r1,r3; τ1 − τ3)Dνδ(r2,r4; τ2),

(61)

Dμν(r1,r2; τ1 − τ2) = −〈TτAμ(r1,τ1)Aν(r2,τ2)〉, (62)

�μν(r1,r2; τ1 − τ2) = −〈Tτ jμ(r1,τ1)jν(r2,τ2)〉. (63)

Evaluating the
∫

dτ in the usual way gives

EGS,4 = 1

2

∫
d3r1 · · · d3r4Q(r1,r2,r3,r4; iωn), (64)

Q(r1,r2,r3,r4; iωn)

= 1

β

∑
iqm

�L,μν(r1,r2; iqm)�R,λ,δ(r3,r4; iωn − iqm)

×Dμλ(r1,r3; iωn − iqm)Dνδ(r2,r4; iqm). (65)

The current operator for fermions is derived from the Dirac
equation in Sakurai [43] in the section on “Gordon Decompo-
sition.” It contains a spin rotation term, which is not found in
the current operator for spin zero bosons:

jμ = e

2m
{ψ†[pμ + i( 
p × 
σ )μ]ψ + H.c.}, (66)

where σ are the Pauli matrices. In the nonrelativistic limit, for
one of our two coupled slabs, it is

jμ(r,τ ) = 1




∑
q

e−iq·ρ ∑
k

	μ(z)C†
k+q,kf ,s ′Ck,ki ,se

−τ (Ei−Ef ),

(67)

Ei = h̄2

2m

(
k2 + k2

i

)
, (68)

Ef = h̄2

2m

[
(k + q)2 + k2

f

]
, (69)

	μ = eh̄

2m
φ̂
†
fLμφ̂i, (70)


L = sf si{I(k + k′) + ix̂σz(ky − k′
y) − iŷσz(kx − k′

x)

+ iẑ[σy(kx − k′
x) − σx(ky − k′

y)]}
+ sf ciki[−iI ẑ − x̂σy + ŷσx]

+ sicf kf [iI ẑ − x̂σy + ŷσx], (71)

si = sin[ki(|z| − d)], sf = sin[kf (|z| − d)], (72)

ci = cos[ki(|z| − d)], cf = cos[kf (|z| − d)], (73)

where k is the two dimensional wave vector parallel to the
surfaces of the slab, k′ = k + q, while ki,f are the wave vectors
in the z direction. The spinor states are φ̂ = (1,0) for spin up
and (0,1) for spin down. I is the two dimensional identity
matrix and σμ are the Pauli matrices. The current-current
correlation function is

�μν(r1,r2; iqm)

= 1


2

∑
k,q,ki ,kf

∑
ss ′

eiq·(ρ2−ρ1)	μ(z1)	ν(z2)

× nF (Ei) − nF (Ef )

Ei − Ef − iqm

. (74)

At this point it is convenient to perform the integral over dz

for each j · A term. Since the currents are only in the metal,

115427-6



TUNNELING OF HEAT BETWEEN METALS PHYSICAL REVIEW B 95, 115427 (2017)

we use the vector potential in this region. Define

L =
∫ ∞

d

dz
∑

μ

Aμ(z)Lμ(z)e−γ (z−d), (75)

Aμ = B0 sinh (pd)qμ, μ = (x,y), (76)

= B0 sinh (pd)i
q2

γ
, μ = z. (77)

Renormalizing the integrals to z = 0, we have

∫ ∞

0
dz e−γ z sin(kiz) sin(kf z) = γV (ki,kf ), (78)

∫ ∞

0
dz e−γ z(sicf kf + sf ciki) = γ 2V (ki,kf ), (79)

∫ ∞

0
dz e−γ z(sicf kf − sf ciki) = k−k+V (ki,kf ), (80)

V (ki,kf ) = 1

2

(
1

γ 2 + k2−
− 1

γ 2 + k2+

)
. (81)

The final integral is

L = B0 sinh(pq)V (ki,kf )

{
I
[
γ q · (2k + q) − q2

γ
(k+k−)

]

+ ε
ω2

c2
(qxσy − qyσx)

}
. (82)

The summation over final spins and the average over initial
spins for one metal gives

1

2

(
eh̄

2m

)2 ∑
ss ′

φ̂
†
fLφ̂i φ̂

†
i L†φ̂f . (83)

Since the summation
∑

s φ̂i φ̂
† = I, then the above result is

1

2

(
eh̄

2m

)2

Tr{LL†} = B2
0 sinh2(pq)V (ki,kf )2

(
eh̄

2m

)2

�, (84)

� =
[
γ q · (2k + q) − q2

γ
k−k+

]2

+ q2

(
ε
ω2

c2

)2

, (85)

where we assume that q1 = −q2. The photon Green’s function
for the SP is

Dμν(r1,r2,iqm) =
∑

q

Aμ(z1)Aν(z2)
2ωq

(iqm)2 − ω2
q

eiq·(ρ1−ρ2).

(86)

Now we evaluate Eq. (65). We define S as the summation
over iqm of the important factors

S = 1

β

∑
iqm

1

�L − iqm

1

�R + iqm − iωn

× (2ωq)2[
(iqm)2 − ω2

q

][
(iqm − iωn)2 − ω2

q

] , (87)

�L = ELi − ELf , �R = ERi − ERf . (88)

The fourth-order ground state energy is

EGS,4 =
(

eh̄

2m

)4 ∑
q

b4
0 sinh4(pq)U1(q)U2(q)S, (89)

U1(q) = 1

AL2

∑
k1k1i k1f

�V 2(k1i ,k1f )[nF (E1i) − nF (E1f )],

(90)

where b0 is defined in Eq. (58). The dimensional units of
(eh̄b0/m) is energy times volume. The summation over iqm in
S is evaluated [38], giving the result

− S = (2ωq)2

�L + �R − iωn

[
nB(−�R)[

�2
R − ω2

q

][
(iωn − �R)2 − ω2

q

]
− nB(�L)[

�2
L − ω2

q

][
(iωn − �L)2 − ω2

q

]
]

+ nB (ωq)T1 + [1 + nB(ωq)]T2, (91)

T1 = 2ωq

[�L − ωq][�R + ωq − iωn][iωn − 2ωq]iωn

+ 2ωq

[�R + ωq][�L − ωq − iωn][iωn + 2ωq]iωn

, (92)

T2 = 2ωq

[�R − ωq][�L + ωq − iωn][iωn − 2ωq]iωn

+ 2ωq

[�L + ωq][�R − ωq − iωn][iωn + 2ωq]iωn

. (93)

The next steps are to (i) set iωn → ω + iε, (ii) take the
imaginary part, and (iii) set ω = 0. We are interested in energy
transfer, so are interested in energy terms that are of order
O(kBT ). This rules out δ functions such as δ(0), δ(ω ± 2ωq),
and δ(�R,L ± ωq). The only term that can transfer thermal
energy is the first term:

Im{S} = −π
(2ωq)2[1 + nB(�L) + nB(�R)][

�2
L − ω2

q

][
�2

R − ω2
q

] δ(�L + �R).

(94)

The above expression is a zero in thermal equilibrium
when �L + �R = 0. Energy transfer can occur when TL �=
TR . Assume the temperature difference is small: TL = T +
�T/2, TR = T − �T/2. Expand the above expression in
powers of �T and keep the first nonzero term:

1 + nB(�L) + nB(�R)

≈ nB(�L)nB(�R)
�T

2kBT 2
(�R − �L). (95)

Next we add the electron occupation numbers in Eq. (74):

[nF (ELi) − nF (ELf )][nF (ERi) − nF (ERf )]nB(�L)nB(�R)

= [1 − nF (ELf )]nF (ELi)[1 − nF (ERf )]nF (ERi). (96)
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Next we insert another integral over energy. The energy
transfer per area is �L = −�R:

δ(�L + �R) =
∫

dE δ(�L − E)δ(�R + E), (97)(
∂E

∂t

)
= 2π�T

h̄kBT 2A

∑
q

(h̄ωq)2

(
eh̄

m
b0 sinh(pd)

)4

×
∫

dE
E2

[E2 − (h̄ωq)2]2
FL(E)FR(−E),

FL(E) = 1

2AL2

∑
kkikf

�V (ki,kf )2δ(�L − E)

× [1 − nF (ELf )]nF (ELi). (98)

We now provide a series of steps to show that this term
is small compared to the electron-electron term in the prior
section. The integral over

∫
dE confines values of E ∼

μ + O(kBT ), where μ is the chemical potential. Write FL(E)
as

FL(E) = m

2π3

∫
d2k dkidkf �V 2δ

(
q2 + 2k · q + k2

f

− k2
i + q2

E

)
nF (Ei)[1 − nF (Ei − E)],

q2
E = 2mE

h̄2 , (99)

The factor q · k = qk cos(θ ) in the δ function eliminates the δ

function when performing the angular integral,

∫ 2π

0
dθ δ[A + B cos(θ )] = 2√

B2 − A2
, (100)

= 2√
4q2k2 − (

q2 + k2
f − k2

i + q2
E

) . (101)

The integral
∫

k dk = (m/h̄2)
∫

dεk = (m/h̄2)
∫

dξ , where
ξ = εk − μ, where μ is the chemical potential. The integral
over

∫
dξ is dominated by the occupation factors, and limits

values of ξ ∼ kBT :∫
dξ nF (Ei)[1 − nF (Ei − E)] = EnB(E), (102)

FL(E) ≈ m2EnB(E)

π3h̄4

∫
dkidkf

× �V 2(ki,kf )√
4q2

(
k2
F − k2

i

) − (
q2 + k2

f − k2
i + q2

E

)2

� =
[
K=k−

γ
ε
ω2

c2
+ γ q2

E

]2

+ q2

(
ε
ω2

c2

)2

. (103)

Combining the factors EnB(E) from FlFR gives the
integral ∫

dE E4nB(E)nB(−E) = (kBT )5 π4

120
. (104)

The latter integral is identical to the one in electron-electron
interactions. However, it ignores the factors of [(h̄ωq)2 − E2]2

in the formula for dE/dt , and the factors of E in �. The former
we neglect since h̄ωq � E ∼ kBT . The factors in � actually
make this surface plasmon contribution much smaller than the
one from electron-electron interactions. The terms in � with
O(1/c2) are very small since they are basically O(1/mc2),
while the terms with q2

E have another factor of (kBT /μ) and are
small. So we conclude that the surface plasmon contribution
to the tunneling of heat between two metals is negligible for
small gap sizes compared to the near field terms from electron-
electron interactions.

IV. DISCUSSION

We have calculated the tunneling of heat between two
parallel metal surfaces. Two processes were evaluated: (i)
electron-electron interactions between low energy charge
fluctuations and (ii) the exchange of energy by a virtual
process using surface plasmon polaritons. We find that the
electron-electron process provides the larger energy transfer
when the gap sizes are few nanometers.

The experiments of Chen’s group [25] measured the
heat transfer between two insulators, or an insulator and a
semiconductor. In these cases the heat is carried by phonons
[29]. The tunneling of heat occurs by optical phonon to
optical phonon, because of the long range of electric fields
they generate. We showed earlier that both bulk and surface
phonons contribute to these forces [44]. The experiments in
Refs. [1,20,22–24,26] were between two metals. Our theory
applies to the experiments with small air gaps [23,24]. Chen’s
group [25] measured the tunneling between a metal and an
insulator, and our prior theory [27,28] describes this case.

FIG. 2. Integration limits for
∫

du dv are the diamond-shaped
area. The vertical dashed line is at u0.
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APPENDIX

1. Evaluation of Im{�(q,ω)}
We write in SI units

	(q,ω) = e2q

ε0AL2

∑
ki ,kf ,k

nF (Ei)I
2(q; ki,kf )

[
1

Ei − Ef − h̄ω
+ 1

Ei − Ef + h̄ω

]
.

Set ω → ω + iδ and take twice the imaginary part, which is called A	(q,ω):

A	(q,ω) = −2πe2q

ε0AL2

∑
ki ,kf ,k

nF (Ei)I
2(q; ki,kf )[δ(Ei − Ef − h̄ω) − δ(Ei − Ef + h̄ω)].

Write the argument of the δ functions as h̄2(q2 + 2q · k + k2
f − k2

i ± q2
0 )/2m, where q2

0 = 2mω/h̄. First evaluate the integral∫
d2k: ∫

d2k

(2π )2
nF (Ei)[δ(Ei − Ef − h̄ω) − δ(Ei − Ef + h̄ω)]

= 2m

(4πqh̄)2

[√
4q2

(
k2
F − k2

i

) − A2+ −
√

4q2
(
k2
F − k2

i

) − A2−
]
, (A1)

A± = A ± q2
0 , A = q2 + k2

f − k2
i . (A2)

We are interested in energy transfer at thermal energies, which involves small values of ω. So we expand the above expression
in powers of q2

0 and retain only the first term,

A	(q,ω) ≈ ωBλ(q), (A3)

B	(q) = e2m2

πε0qh̄
3 J (q), (A4)

J (q) = 1

L2

∑
ki ,kf

I 2(q; ki,kf )
A√

4q2
(
k2
F − k2

i

) − A2
. (A5)

We evaluate the integral J (q) by making a change of variables u = (kf + ki), v = (kf − ki). The new limits are

2
∫ kF

0
dki

∫ ∞

0
dkf =

∫ kF

0
du

∫ u

−u

dv +
∫ ∞

kF

du

∫ u

u−2kF

dv. (A6)

Other limits are imposed by the requirement that the argument of the square root must be positive:

0 < 4q2k2
F − q4 − (

k2
f − k2

i

)2 − 2q2
(
k2
i + k2

f

)
, (A7)

0 < 4q2k2
F − (q2 + u2)(q2 + v2), (A8)

0 < (u2 + q2)
(
v2

0 − v2
)
, (A9)

v2
0 = 4q2k2

F

q2 + u2
− q2. (A10)

Define u2
F = 4k2

F − q2, and uF > u for v2
0 > 0. This results in the integration limits shown in Fig. 2,∫ u0

0
du

∫ u

−u

dv +
∫ uF

u0

du

∫ v0

−v0

dv, (A11)

u0 =
√

q(2kF − q), (A12)

and u0 is where u0 = v0(u0),

J (q) = q2

π2

[∫ u0

0
du

∫ u

0
dv +

∫ uF

u0

du

∫ v0

0
dv

]
1√

4q2k2
F − (q2 + u2)(q2 + v2)

[
1

q2 + u2
− 1

q2 + v2

]2

. (A13)

The integrand is symmetric in u and v. We use that feature to change the integration limits to

J (q) = q2

π2

∫ uF

0
du

∫ v0

0
dv

1√
4q2k2

F − (q2 + u2)(q2 + v2)

[
1

(q2 + u2)2
− 1

(q2 + v2)(q2 + u2)

]
. (A14)
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Then let v = v0 sin(φ),

J (q) = q2

π2

∫ uF

0
du

∫ π/2

0
dφ

1

(q2 + u2)3/2

[
1

q2 + u2
− 1

q2 + v2
0 sin2(φ)

]
(A15)

= q2

2π

∫ uF

0
du

[
1

(q2 + u2)5/2
− 1

2kF q2(q2 + u2)

]
(A16)

= 1

2πq2

[
1

3
(2 + y2)

√
1 − y2 − y tan−1

(√
1 − y2

y

)]
, (A17)

B	(q) = h̄

π (a0q)ε(q)

[
1

3
(2 + y2)

√
1 − y2 − y tan−1

(√
1 − y2

y

)]
, (A18)

where y = q/2kF . The result goes as O(q−3).

2. Evaluation of Im{Ub(q,ω)}
In Eq. (14) we change variables in the terms nF (Ef ±) so they become nF (Ei):

Ub = e2

ε0


∑
k,ki

nF (Ei)

{
1

q2 + (2ki + qz)2

[
1

Ei − Ef + − h̄ω − iη
+ 1

Ei − Ef + + h̄ω + iη

]

+ 1

q2 + (2ki − qz)2

[
1

Ei − Ef − − h̄ω − iη
+ 1

Ei − Ef − + h̄ω + iη

]}
. (A19)

Take minus two times the imaginary part to get the spectral function:

AUb(q,ω) = 2πe2

ε0


∑
k,ki

nF (Ei)

{
1

q2 + (2ki + qz)2
[δ(Ei − Ef + − h̄ω) − δ(Ei − Ef + + h̄ω)]

+ 1

q2 + (2ki − qz)2
[δ(Ei − Ef − − h̄ω) − δ(Ei − Ef − + h̄ω)]

}
. (A20)

The first integral has the form∫
d2k

(2π )2
δ(Ei − Ef + − h̄ω) = 2m

h̄2

∫
d2k

(2π )2
δ
[
q2 + 2qk cos(θ ) + qz(qz + 2ki) + q2

0

]
= m

π2h̄2

∫
k dk√

4q2k2 − (
A+ + q2

0

)2
(A21)

= m

4π2h̄2q2

√
4q2

(
k2
F − k2

i

) − (
A+ + q2

0

)2
, (A22)

A+ = q2 + qz(qz + 2ki), q2
0 = 2mω

h̄
. (A23)

We expand this for small value of q2
0 ∝ ω, and retain only the first term:

AUb(q,ω) ≈ ωBUb(q), (A24)

BUb(q) = 4h̄

a0ε(q)
J̃ (q), (A25)

J̃ (q) =
∫ kF

0
dki

⎡
⎣ 1√

4q2k2
F − Q2(q2 + ξ 2+)

q2 + qzξ+
q2 + ξ 2+

+ 1√
4q2k2

F − Q2(q2 + ξ 2−)

q2 − qzξ−
q2 + ξ 2−

⎤
⎦, (A26)

Q2 = q2 + q2
z , ξ± = 2ki ± qz. (A27)
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Change integration variables from ki to ξ±:

J̃ (q) = 1

2Q

∫ 2kF +qz

qz

dξ+
q2 + qzξ+

(q2 + ξ 2+)
√

V 2 − ξ 2+
+ 1

2Q

∫ 2kF −qz

−qz

dξ−
q2 − qzξ−

(q2 + ξ 2−)
√

V 2 − ξ 2−
, (A28)

V 2 = 4q2k2
F

Q2
− q2. (A29)

In the second integral change ξ− → −ξ+ and combine the integrals,

J̃ (q) = 1

2Q

∫ 2kF +qz

qz−2kF

dξ
q2 + qzξ

(q2 + ξ 2)
√

V 2 − ξ 2
. (A30)

There are two possible limits to the integration. One is the one shown, qz + 2kF < ξ < qz − 2kF , and the second is −V < ξ < V .
The latter is binding, since V 2 < (2kF ± qz)2 leads to 0 < (Q2 ± 2kF qz)2:

J̃ (q) = 1

2Q

∫ V

−V

dξ
q2 + qzξ

(q2 + ξ 2)
√

V 2 − ξ 2
. (A31)

The term in the integrand qxξ averages to zero. Change integration variables ξ = V sin(φ),

J̃ (q) = 1

2Q

∫ π/2

−π/2
dφ

q2

q2 + V 2 sin2(φ)
(A32)

= π

4kF

, (A33)

BUb = πh̄

a0kF ε(q)
= πh̄

4y2EF (a0kF )
. (A34)

The result for the Lindhard/RPA dielectric function is well known:

Bχ = e2m2

πε0q3
= h̄

4y3EF kF a0
. (A35)
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