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Chiral anomaly in Dirac semimetals due to dislocations
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The dislocation in Dirac semimetal carries an emergent magnetic flux parallel to the dislocation axis. We show
that due to the emergent magnetic field, the dislocation accommodates a single fermion massless mode of the
corresponding low-energy one-particle Hamiltonian. The mode is propagating along the dislocation with its spin
directed parallel to the dislocation axis. In agreement with the chiral anomaly observed in Dirac semimetals, an
external electric field results in the spectral flow of the one-particle Hamiltonian, in pumping of the fermionic
quasiparticles out from vacuum, and in creating a nonzero axial (chiral) charge in the vicinity of the dislocation.
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I. INTRODUCTION AND MOTIVATION

The Dirac semimetals are novel materials that have been
discovered recently (NazBi and CdzAs, [1-3]). A possible
appearance of Dirac semimetals in the other systems (for
example, ZrTes [4,5], and BiySe; [6]) was also discussed.
In Dirac semimetals, the fermionic quasiparticles propagate
according to the low-energy action that has an emergent
relativistic symmetry. Both in Na3Bi and Cd;As, there exist
two Fermi points K. At each Fermi point, the pair of
left- and right-handed fermions appears. The Dirac semimetals
represent an arena for the observation of various effects
specific for the high-energy physics. In particular, the effects
of chiral anomaly play an important role in physics of these
materials [3,7-11].

In the Weyl semimetals, which were also discovered
recently (in particular, TaAs [12]) one of the two Fermi points
hosts a right-handed Weyl fermion while another Fermi point
hosts a left-handed Weyl fermion. Various relativistic effects
were discussed in Weyl and Dirac semimetals already before
their experimental discovery [13-25].

In [4] the experimental observation of the chiral anomaly
in ZrTes was reported as measured through their contributions
to the conductance of the sample. It has been shown that in
the presence of parallel external magnetic field and external
electric field, the chiral anomaly leads to the appearance of
nonzero chiral density and, correspondingly, a nonzero chiral
chemical potential. This work was followed be a number of
papers, where the experimental detection of chiral anomaly
was reported in different Dirac and Weyl semimetals (see [26]
and references therein).

Similarly to graphene [27-34], the fermionic quasiparticles
in Dirac and Weyl semimetals experience emergent gauge field
and emergent gravity in the presence of elastic deformations of
the atomic lattices (see, for example, [35-38] and references
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therein). In this paper, we will concentrate on dislocations
in the crystalline order of the atomic lattice, which are
particularly interesting cases of the elastic deformations of
the ion crystal lattice [39,40]. The dislocation is a linelike
defect characterized by the Burgers vector b which determines
the physical displacement of the atomic lattices along the
dislocation. The vector b is a global characteristic of the
dislocation because it is a constant quantity over the entire
length of the dislocation. In rough terms, one may imagine the
dislocation as a vortex which possesses a fixed “vorticity”
given by the Burgers vector b. The extreme examples of
the dislocations are the screw dislocation (shown in Fig. 1)
and the edge dislocation (illustrated in Fig. 2) for which the
corresponding Burgers vectors are parallel and, respectively,
perpendicular to dislocations’ axes n. There are other types of
the dislocations lying in-between these two extreme cases.

In [38] the effect of the dislocation on the geometry
experienced by fermionic quasiparticles in Dirac semimetals
was considered for the first time. Aharonov-Bohm effect and
Stodolsky effect (the latter effect describes a correction to the
Aharonov-Bohm effect due to torsion) were investigated for
the scattering of the quasiparticles on dislocations. Besides,
basing on an obvious analogy with the results of [4], it
was proposed that the dislocation (that carries an emergent
magnetic flux) becomes the source of chiral anomaly and
chiral magnetic effect [41]. This occurs because the dislocation
carries emergent magnetic field. Therefore, it was argued that
the chiral anomaly and chiral magnetic effect occur without
any external magnetic field. According to [38], the contribution
of topology to magnetic flux @ is equal to the scalar product
Kb, where b is the Burgers vector. There may also appear the
contribution to the flux ® proportional to the tensor of elastic
deformations caused by the dislocation with the coefficients of
proportionality that are analogous to the Gruneisen parameter
of graphene. The emergent magnetic flux is associated with
emergent magnetic field

Hi(x)=® / dy' 89 (x — y), (1

where the integral is taken along the dislocation. The appear-
ance of the delta function in Eq. (1) in the low-temperature
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FIG. 1. Illustration of the screw dislocation of the atomic lattice
with the Burgers vector b parallel to the axis n of the dislocation (the
green line). The semitransparent plane points out to the region where
the atomic planes experience a shift.

theory corresponds to the fact that the emergent magnetic flux
is localized within the dislocation core of radius & ~ |b|, where
b is the Burgers vector of the dislocation. In [38] the simple
model of the dislocation was used, in which it is represented
as a tube of size £ with the emergent magnetic field inside it.
The further examination of the mentioned above problem
has led us to the conclusion that the naive application of the
pattern of chiral anomaly discussed in [4] to the case when
the magnetic field is emergent and is caused by dislocations
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FIG. 2. Illustration of the edge dislocation with the Burgers
vector b perpendicular to the dislocation axis n (the blue line). The
semitransparent plane shows the extra half-plane of ions introduced
in the crystal.
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has certain restrictions. Strictly speaking, the mentioned above
model of the fermionic excitations and chiral anomaly within
the dislocation may be applied to the investigation of real
materials only if the emergent magnetic flux of the low-energy
field theory is distributed within the area of size £ essentially
larger than the interatomic distance a while the emergent
magnetic flux of the dislocation is essentially larger than 27.
In this situation, we are formally able to use the low-energy
field theory for the description of fermionic excitations inside
the dislocation core. This occurs for the strong dislocations
with sufficiently large values of the Burgers vector b, when
the crystal lattice is distorted considerably (or in the case,
when many parallel dislocations with small values of the
Burgers vectors are located close to each other). In this case,
the dislocation core size £ ~ |b| >> a is much larger than the
interatomic distance a.

In this paper, we consider the opposite situation when in
Dirac semimetals the values of Burgers vector are relatively
small, so that the magnetic flux at the dislocation is smaller
than 27 or around 2m. In this situation, the crystal structure
is not violated strongly so that the dislocation core size is,
presumably, of the order of the interatomic distance & ~ a.
The low-energy theory is developed for the states with the
typical values of momenta much smaller than 1/a. Therefore,
in this case the states localized within the dislocation core
cannot be described by the field theory. In order to describe
such states, the microscopic theory is to be applied.

It appears that the anomaly in the right- and left-handed
quasiparticle currents is given by

1
(8ujh ) =+-—EB or EB, (2

47?2 22
where the upper and lower signs in the first equation
correspond to the right- and the left-handed quasiparticles,
respectively. The important feature of Eq. (2) is that the
effective magnetic field B, contributing to the anomaly (2)
differs from the emergent magnetic field at the dislocation H
as given in Eq. (1).

The basic reason for the difference between the emergent
magnetic field H and the effective magnetic field B is that
the emergent magnetic field H of the dislocation has a
small (of the order of unity or even smaller) magnetic flux
®. In this case, the contribution to both mentioned effects
is given by the single fermionic mode (related to the zero
mode of the one-particle Hamiltonian) propagating along the
dislocation rather than by a large ensemble of the lowest
Landau modes with a huge degeneracy factor. To be more
precise, the effective magnetic field B is expressed through
the probability density corresponding to the zero mode of the
one-particle Hamiltonian in the background of the emergent
magnetic field H due to the dislocation. The appearance of the
propagating (zero) mode at the dislocation is a natural effect,
which is known to exist in topological insulators with lattice
dislocations [42].

The contribution of the individual zero mode to the chiral
anomaly (2) can be described with the help of the effective
magnetic field B, which carries a unit elementary magnetic
flux contrary to the original emergent magnetic field H, which
may have an arbitrary (but still small) value of the total flux ®.
The effective field B is localized in the wide area of linear size

(0.J5) =
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&y, where 1/& is the infrared cutoff of the considered field-
theoretical low-energy approximation. (Below we argue that &,
may be identified with the mean-free path of the quasiparticles.
For example, in Cd;As, the mean-free path is & ~ 200 um
(81

In this paper, we demonstrate that for the straight screw
dislocation directed, for example, along the symmetry axis
of the crystal the emergent magnetic flux associated with the
emergent field H is given by

b =K b+ L b, 3)
2a

where the first term is of the topological origin [38] while
the second term is not topological (here § is an analog of the
Gruneisen parameter of graphene [32]). The magnetic field
associated with the flux (3) is localized within the dislocation
core of a typical size & ~ a, where a ~ 1 nm is a typical
interatomic distance. In Eq. (3), the vector K O encodes
positions of the Fermi points k = +K® in momentum space,
and n is the direction of the dislocation axis. For the straight
screw dislocation vectors K, b and n in Eq. (3) are parallel
to each other.

We will discuss effects which appear due to the interplay
between quantum anomaly and dislocations in the crystal
structure of Dirac semimetals. A fermion excitation is affected
by the dislocation, in particular, via the mentioned above
intrinsic magnetic field, which is localized in a spatial
vicinity of the dislocation and is directed along the axis of
the dislocation. In principle, the emergent magnetic fields
corresponding to different Weyl fermions (that belong to
different Fermi points and/or have different chiralities) differ
from each other. However, there exists an approximation in
which those emergent fields H have the same absolute values,
but opposite directions for the two Fermi points =K. If this
approximation is not violated strongly (which is the general
case), the signs of the emergent magnetic fluxes experienced
by the quasiparticles living near to the Fermi points +K© are
opposite. In the Dirac semimetal, both right- and left-handed
fermion excitations are present in each (of the two) Dirac cone,
therefore, in this case we have a standard effective magnetic
field B(x) acting on the right- and left-handed fermions at one
Dirac cone and the magnetic field —B(x) acting on the right-
and left-handed fermions at another cone. These fields enter
expression for the anomaly (2).

If now one applies an external static electric field E along
the axis of the dislocation, then the quantum anomaly will
generate the chiral charge at a rate proportional to the scalar
product E B. The generated chiral charge will dissipate, both
due to the chiral-changing processes inside the region of size
&) around the dislocation and due to the spatial diffusion
of the chiral charge. Next, we notice that the equilibrium
distribution of the chiral charge, which can effectively be
described by a spatially nonconstant but otherwise static chiral
chemical potential s, is subjected to the intrinsic magnetic
field of the dislocation itself. The chemical potential us is
distributed around the dislocation with the characteristic length
Ly (for example, in Cd;As; this length is of the order of
Ly ~ 2 pum.) The chirally imbalanced matter in the presence
of magnetic field generates dissipationless electric current
directed along the dislocation and concentrated in the spatial
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vicinity around it. Therefore, the intrinsic magnetic field of
the dislocation would lead to a spatially dependent (negative)
magnetoresistance around the dislocation. Similar arguments
were used in Ref. [4] to experimentally investigate effects
of the chiral anomaly in ZrTes in the presence of external
magnetic field.

The paper is organized as follows. In Sec. II, we recall
briefly general theory of quasirelativistic fermions in Dirac
semimetals in the presence of elastic deformations which
leads both to the emergent gauge field and to the emergent
gravity (the latter is described by an emergent vielbein [43]).
In Sec. III, we discuss these effects focusing on dislocations,
partially following Ref. [38]. In Sec. IV, we consider the
zero modes of the one-particle Hamiltonian and demonstrate
that there always exists a single mode with the definite spin
directed along the emergent magnetic flux, which is localized
in a wide area around the dislocation. In Sec. V, we show
that the spectral flow along the branch of spectrum (that
crosses zero at the mentioned zero mode) gives rise to the
anomalies in quasiparticle currents: in a Dirac semimetal,
the chiral anomaly appears. For the sake of simplicity, these
results are discussed first for the strait dislocation is directed
along the symmetry axis z of the crystal that coincides with
the direction of the Fermi point K® in momentum space.
We extend our results to the case of strait dislocations with
arbitrary direction in Sec. VI. Then, in Sec. VII we discuss
the generation of the chiral charge via the chiral anomaly (2)
due to the interplay between an external electric field and the
internal magnetic field of the dislocation. The last section is
devoted to discussions and to our conclusions.

II. RELATIVISTIC FERMIONS IN DIRAC SEMIMETAL

The Dirac semimetal possesses two cones, each of which
hosts one right-handed and one left-handed Weyl fermion. In
the presence of elastic deformations caused by the dislocation
the action for a right- and left-handed Weyl fermions near a
given Fermi point are, respectively, as follows [38]:

1 - -
Sk =3 / d*xle|[Bie} (x)o"D, W —[D, Dlie} (x)o" V], (4)
1 - -
SL=75 / d*xlel[ Bie) (05" D, W — [D, Blie) (5" W],

()
where
iD, =iV, + A,(x) (6)

is the covariant derivative corresponding to the emergent U(1)
gauge field A, oc9=6%=1,and 6% = —0“ witha = 1,2,3
are the Pauli matrices. The currents of the right- and left-
handed quasiparticles are, respectively, as follows:

Jy = Viel(x)o" W, (7)

JI = Viel(x)a"w. ®)

Throughout this paper, the internal SO(3, 1) indices are denoted
by Latin letters a,b,c, ... from the beginning of the alphabet
while the space-time indices are denoted by Greek letters or
by Latin letters i, j,k, . .. from the middle of the alphabet.
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The vierbein field e& = e/ (x) is a 4 x 4 matrix which
carries all essential information about anisotropy and the
elastic deformations (caused, for example, by a dislocation) of
the ion lattice of the Dirac crystal. It is convenient to introduce
the inverse of the inverse vierbein field eﬁ = eZ(x), defined,
naturally, as follows:

el'(x)e;(x) = 8. 9

In our paper we always assume that the deformations are small
so that the determinant of the vierbein field

le] = det(eZ) (10)

never vanishes.

In the absence of elastic deformations, the fields entering
the actions (4) and (5) are simplified. In this case, the emergent
gauge field A, vanishes. In the absence of elastic deformations,
the vierbein can be chosen in a diagonal form

vt 0 0 0
—-1/3
), _ 0 Vv 0 0
€, - 0 0 v71/3 0 ’ (11)
0 0 0 v?/3

where the parameter v # 1 reflects the fact that the experimen-
tally studied Dirac semimetals are anisotropic materials [1-3].
It is also convenient to introduce the spatial component of the
undeformed vierbein (11):

vIIB 0 0
Di=fi=1 0 v 0|, (12)
0 0 v

with i,a = 1,2,3. The quantity vi. = vrf!, with fixed i =
1,2,3, has a meaning of the anisotropic Fermi velocity in ith
direction. The determinant (10) in the undeformed case is
e@] = vp.

The low-energy effective field theory (4) and (5) has the
natural ultraviolet cutoff Ayy ~ |K®| associated with the
positions of the Dirac cones in the momentum space. In order
to determine a natural infrared cutoff we notice that in our
field-theoretical approximation, the massless quasiparticles do
not interact with each other since the effective actions (4)
and (5) contain only bilinear fermionic terms while the gauge
field A, is a classical nonpropagating field. Therefore, the
natural infrared cutoff for our approach is Ajr = 1/&, where
the length &, may be identified with the mean-free path of
the massless quasiparticles. Indeed, at the distances of the
order of the mean-free path & we cannot neglect interactions
between the quasiparticles and their scattering on the defects
of the atomic lattice which, in general, cannot be captured by
Egs. (4) and (5).

As an example, we mention that for the Dirac material
Cd;As, the mean-free path &, was estimated in Ref. [8] to
be of the order of 200 um. In the above formulation of the
low-energy theory, the Dirac point corresponds to zero energy.
In real situation the crystals of semimetal may have nonzero
Fermi energy at the level crossing points. In particular, in
[44] the values of Fermi energy of the order of 10 meV
were reported for NazBi. In the following applications we
assume that in the real systems, the value of Fermi energy may
be neglected or that the sample is doped in such a way that the
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doping-induced chemical potential shifts the level crossing to
the vanishing energy.

In the upcoming sections, for simplicity we restrict our-
selves to the case when the dislocation is an infinite straight
line directed along the symmetry axis z of the crystal,
which coincides with the direction of the Dirac point K©
in momentum space. We will return to the more general case
of an arbitrarily aligned straight dislocation in Sec. VI.

Now, let us consider the case when the atomic lattice of
a Dirac semimetal is elastically deformed. The deformation
is described by the displacement vector u' which gives the
displacements of the ions with respect to their positions with
respect to the unperturbed semimetal. In the approximation of
isotropic elasticity for a straight dislocation directed around
the z = x3 axis the displacement vector u“ is given by

u’ = 027t + Ugones (13)
where 6 is the polar angle in the plane orthogonal to the
dislocation and b* is the Burgers vector. The first term in the
right-hand side of Eq. (13) is discontinuous vector function as
it has a jump by 5“ at & = 0. The second, continuous part of
displacement is given by [45]

b 1-20 |x 1 |e” el gl gk

k 3ki 11
X = — — | € 10 s 14
Ueom (X 1) 47 1—o0o |: £79R 1-20 (14

where x| = (x;,x) are the transverse coordinates in the
laboratory reference frame, X l are respective unit angles in the
transverse plane, and o is the Poisson ratio which is defined
as the negative ratio of transverse to axial strain of the atomic
crystal. Throughout this paper we shall work in the laboratory
reference frame in which the positions of ions are their real 3d
coordinates.

Notice that for the screw dislocation when the Burgers
vector directed along the dislocation axis, b = (0,0,b,), the
continuous part of the displacement vector vanishes, u¥ = 0.
It is worth mentioning that while the values of u* , may be
large, its derivatives are small for sufficiently small b because
after the differentiation the expression in Eq. (14) tends to
zero at |x | — oco. In the presence of elastic deformations,
in principle, the emergent vielbeins (as well as the emergent
gauge fields) may differ for the left- and right-handed fermions
incident at the given Dirac point.

Let us introduce tensor of elastic deformations [39]

u’ = otu +9/ul, (15)

where we have neglected the part quadratic in u’ by assuming
that the deformations are small. In general, the emergent
vielbein around the dislocation may be expressed, up to the
terms linear in displacement vector, as follows (see Ref. [38]
for the details of the derivation):

. s 1 . N . P .
e; fal <1 + gykknjunj) + fcfakul - fanylijkujk’

) 1 ..
k 0
€y = _;V(;jku] . e, =0,

1 1 .
0 __ ki
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. 1 .
|e| = UF<1 — 3,'Ml — g)/,fljul]>,
a,i,jk,n=17273. (16)

The emergent gauge field is given by

1 .
A~ —V,(u-K?+ Eﬁijku']ks
. (17
_ T
Ay = ;ﬁOjkuJ , 1L j,k=12,3.

The tensors B8 and y, which are the analogs to the Gruneisen
parameters in graphene, may, in principle be different for
the right- and left-handed fermions. The analogy to graphene
prompts that their values could be of the order of unity. Notice
that in graphene the emergent electric potential Ay does not
arise outside of the dislocation core [32]. In the same way,
we assume that in the semimetal the parameters Sy, may be
neglected. The reason for this is that the combination K@ + A
appears as the value of momentum P, at which the one-particle
Hamiltonian H(x, P) vanishes [we take for the definiteness the
Hamiltonian for the right-handed fermion that corresponds to
the action of Eq. (4)]. One substitutes K © 4+ A instead of the
momentum operator P:

H(x,K? + A(x)) = 0. (18)

As aresult, we expand the Hamiltonian near the floating Fermi
point K© + A(x):

H(x, P) = le(x)| ek (x)0® o [P — (K + Av(x))]
+Ao(x), (19)

where by the symbol o we denote the symmetric product
Ao B = 3(AB + BA). (20)

The only possible source of Ay(x) is the noncommutativity of
momentum P and coordinates. This means that unlike A &, with
k = 1,2,3, the emergent electric potential Ay is proportional
to the derivatives of the parameters entering H(x,P). The
field Ay, with kK = 1,2,3, is proportional to 1/a times the
combination of the dimensionless parameters while Ag is
proportional to their derivatives but it does not contain the
factor 1/a. For slow varying elastic deformations, this means
that Ay may be neglected. This consideration does not work,
however, within the dislocation core, where physics is much
more complicated. The influence of this unknown physics on
the quasiparticles with small values of momenta [described by
the action of the form of Egs. (4) and (5)] may be taken into
account through the same emergent fields A,, u =0,1,2,3,
and e!, which become strong within the dislocation core.
The component of Ay of emergent electromagnetic field is
not forbidden by any symmetry. Therefore, it appears and
gives rise to emergent electric potential (either attractive or
repulsive) within the dislocation core.

Notice that the simple model of Weyl semimetal with cubic
symmetry has been considered in [35]. The Dirac semimetal
(with cubic symmetry) may, in principle, be described by the
two copies of the model of [35].
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III. EMERGENT MAGNETIC FLUX CARRIED BY THE
DISLOCATION

The dislocation disturbs the field-theoretical description of
the semimetals in two ways. First, in the core of the dislocation,
where the deformations of the positions of atoms are strong,
the effective field-theoretical description with the emergent
relativistic invariance fails at all. Outside of the core, where the
elastic deformations caused by the dislocation are small, the
field-theoretical description remains at work, and the presence
of the dislocation is described by the appearance of emergent
magnetic field. Thus, to work with this description, we should
consider the processes with characteristic length that is much
larger than the dislocation core. This is the condition for the
applicability of the theory we are using in this paper.

In order to calculate the emergent magnetic field, we should
use integral equation

1 o
Eéijk/ Hidx? A dx* E/ Adx*, 2D
S S

where the integration goes over a surface in the transverse
plane which includes the position of the dislocation. For the
considered solution of elasticity equations (17), we represent
the right-hand side of this expression as follows:

. 1 . .
/ Ardx* =0 K + =, | wax'. (22)
aS a 8S

The first term in this expression gives the following singular
contribution to magnetic field:

HY ) ~ DK / dy*($)8Px — y()],  (23)
1

where the integration over y goes along the dislocation axis [°.
Let us denote the normalized total flux

. ® 1
by = 20 :_/ Adx*, (24)
CDO 2w C,
where
Dy = 27 (25)

is the elementary flux (in our units, the electric charge is
unity e = 1). One can check that the solutions of elasticity
equations give u/f ~ 1/r atr — oo. Therefore, in the second
term of Eq. (22), the integral along the circle C, = dS far
away from the dislocation center »r — oo gives, together with
the contribution of the singular gauge field (23), a finite
contribution to the normalized total flux (24). At the same
time, the function ®(c0) — ®(r) takes its maximum at r = 0
and decreases rapidly as one moves out of the core of the
dislocation.

In the considered crystals there exist several exceptional
vectors G; (i =0,1,2,...), which generate the symmetry of
Brillouin zone, i.e., momenta k and k + G; are equivalent.
The unperturbed Fermi point is directed along G, and is
also defined up to the transformations K — K© 4 G;. This
corresponds to the change of the magnetic flux by

AD=b-G;, =2nN, NeZ. (26)

Such a change of the magnetic flux is unobservable for Weyl
fermions and Eq. (26) is thus posing certain restrictions on the
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choice of the Burgers vectors. For example, for the layered
hexagonal structure of Na and Bi atoms in the compound
Na3Bi we have

4 | /1, \/§A
Glz—ax, Gz——a(5x+7y),

3 f3 @7
4 3 4
G ——9), Go=¢—1%
3= 3a< * 2 y) 0 é‘3az

Here, a is the interatom distance within each layer in the
plane orthogonal to Gy || K® and the material parameter
¢ determines the interlayer distance a, = g—“ Due to the
hexagonal (honeycomb) structure of the Na3Bi layers in xy
plane, we may construct the Burgers vectors similarly to the
case of graphene [34] which has also the hexagonal structure.
Condition (26) gives us the following general expression for
the Burgers vectors:

b = ZN,-m,-, (28)
where N; € 7. The vectors m;,
I 3a
0 — 2(17
3a V3a
m1=—l1+1257f+ > y.
(29)
my :l3—le—\/—a&7
V3a

m3—ll—l3:—?x+ y,

are constructed from the unit vectors /4, I, and I3 which corre-
spond to the nearest-neighbor Na-Bi bonds of the honeycomb
lattice in the transverse planes of Na;Bi:

1. V3
l]=—a.ff, 12=a<§ﬁ+73’>, (30)
)

1
Iy=a|-x——7%].
3=4a < 2 ) y
For a screw dislocation perpendicular to the layers of Na3Bi,

the displacement vector is given by Eq. (13). The only nonzero
components of the corresponding deformation tensor (15) are

b 63ab b
W) = uB(x)) = 2k (1)
dmx]
and the emergent electromagnetic field (17) is given by the
following expression:

ﬂ 3i ﬂ 3j

A =-V; (uK)+ —u +—e3,j , Ao=0 (32
with some materlal-dependent constants 8 and B’. Notice that
our expression (32) differs from that of Ref. [35]. Equation
(32) leads to the following expression for the (normalized)
magnetic flux (24) of the emergent magnetic field H:

K% B

+ —0>b 33
2 47m 3 (33)

d(c0) =

For example, in Na3Bi the value of K@ 0.267- Z, where a; is
the lattice spacing in z direction [1,46]. The value of b3 = Na,
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is proportional to a,. Therefore, the topological contribution
to magnetic flux of the dislocation is == 2 Ay 0.26nN 26”N ~(0.13N.
Following an analogy to graphene, where Grunelsen parameter
B ~ 2 we may roughly estimate the second term in Eq. (33)
as ~0.2 N. Then, the emergent magnetic flux incident at the
dislocation, presumably, reaches the value of 2 at N ~ 30.

As it was mentioned above, we may neglect the zero
component of the emergent electromagnetic field A, at large
distances r >> a, where the elasticity theory works. However,
such a potential may be present within the dislocation core
because of the essential change in the microphysics at the
interatomic scales. Thus, we assume the existence of either
repulsive or attractive potential

Ao(x 1) = vrv ' Pe(x ), (34)

localized at the dislocation core. We neglect possible appear-
ance of such potential far away from the dislocation axis.

IV. FERMION ZERO MODES PROPAGATING ALONG
THE DISLOCATION

Momentum of quasiparticles that are described by the
action of Eq. (4) should be much smaller than 1/a. At the
same time, the emergent gauge field A within the dislocation
core may be as large as ~1/a. Therefore, the contribution of
emergent gravity to Eq. (4) is always small compared to the
contribution of the emergent gauge field. Nevertheless, for the
completeness we consider this contribution in Appendix A.

In this section, we show that the dislocations in a
Dirac semimetal host a topologically protected massless
(quasi)fermion mode, which propagates along the dislocation
with the Fermi velocity. This fermionic mode corresponds
to the zero mode of the transverse Hamiltonian (A7). The
appearance of the propagating mode localized in the vicinity
of the dislocation is also known to emerge in topological
insulators with lattice dislocations [42].

Let us neglect the emergent gravity due to its weakness and
concentrate first on the case of the screw dislocation, when
A3z = 0. We may apply the gauge transformation, which brings
the gauge field to the form

A; = €3;0; f(x1), (35)

where f is a function of transverse coordinates. Then, the
Hamiltonian (A2) receives the form

HP = vp1?03 ps + vpv  PHE (36)
with
HE ~ )+ D 0%(pa + Adx)). 37)
a=1,2

The zero modes of the transverse Hamiltonian (37) are defined
as the solutions of equation

HPy =o0. (38)

Equation (38) is well known in particle physics as it determines
zero eigenmodes of a fermion field in a background of
an Abelian vortex [47]. The magnetic flux of the Abelian
vortex is equal to the quantized vorticity number n. There are
exactly |n| isolated, linearly independent, zero-energy bound
states. These bound states are topologically protected by index
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theorems. For the sake of convenience, here we repeat below
the derivation of Ref. [47].

We represent ¢ = e Y and rewrite the Hamiltonian
in the polar coordinates r,6 in the transverse plane of x| =
(x1,x7) using

Xy =rcosf, x;=rsinb, 39)

A

. . i
pr=—id,, pop= —;89, (40)

and the radial sigma matrices

, 0 e o 0 —ie ™
o = (eie 0 )* o = (ieiG 0 ) (4])

Then, equation for the function & is ﬁf)fﬁ = 0, where

H® ~ ¢r,0) + 0" p, + 0 py 42)
or
i04(R)
~®) . 1{e"H o(r,0) (R) (R7
e (¢(r;) g ) T =TT @)
with
HE ~ p, xipy. (44)

In the absence of the electric potential ¢(r,0), the zero
modes (if they exist) have a definite value of the spin projection
s = :I:% on the z axis. At large r, the corresponding coordinate
parts of their wave functions satisfy the relations

(pr £ipo)P” =0. (45)

Let us choose the function f(r,0) entering Eq. (35) in the
following form:

" d
reo = [ éco . (46)
0 r
where <i>(r,9) is a certain function of r and 6. Then, the angular

6 component of the gauge potential (35) is given by

4, = 209 (47)

r

The axial symmetry of the problem implies that at large
distances r the function ®(r,0) is independent of the polar
angle 6. Therefore, at large r the function ®(r) is the magnetic
flux within the circle S, of radius r:

N 1 1 ; v

o) = —/ —€xdx?! Ndx"H'(x,y), (48)

21 S, 2

where the surface S, belongs to the plane which is orthogonal
to the dislocation. We come to the following solutions of
Eq. (38) for the right-handed zero modes [48]:

1,03:”1)(}’,0) ~ M EIMOF [ é(r,@)%, w

where the integer m is the angular quantum number.

The solutions (49) are localized in a small vicinity of the
dislocation core provided that the angular quantum number
satisfies the following condition:

m—2sd < —1, (50)
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where

&= °_ lim ®(r,0) (51)
(o r—00
is the total flux of the intrinsic magnetic field H normalized
by the elementary magnetic flux (25). If Eq. (50) is satisfied,
then the corresponding probability distribution is convergent
at large r:

/oordrdehﬁlz:l. (52)
&

Notice that the ultraviolet cutoff & is of the order of the lattice
constant a. In addition, there exist two solutions of Eq. (45),
which may not be normalized and which have their maxima at
the dislocation core provided that

m = [2sP], (53)

where [2s®] is the integer part of 2s®, which is the maximal
integer number that is not larger than 2s .

The probability distributions of the considered solutions are
convergent at small » for m > 0. Therefore, in the absence of
both the nontrivial vielbein and the electric potential, the zero
modes that are not singular at » — 0 and are not localized on
the boundaries of the system should satisfy 0 < m < 25P(00).
Such modes exist for s<i>(oo) > () and are enumerated by the
values of orbital momentum

m=0,...,[2s®]. (54)

We neglected in this derivation the potential ¢. However, it is
localized at the dislocation. Therefore, the zero modes in the
presence of electric potential (if they exist) have the form of
Eq. (49) atr > a.Recall, that Eq. (4) works for the momenta of
quasiparticles much smaller than 1/a. Therefore, the solutions
of Eq. (38) localized at the dislocations, presumably, do not
represent physical zero modes. The only solution that remains
is the one with

m=[2s®], 5= isignd. (55)

Fortunately, the field ¢ cannot affect the energy of this
solution because the probability density corresponding to this
solution of Eq. (45) is dominated by the distances far from
the dislocation core, so that we can neglect completely the
region of the dislocation core. The vielbein for this solution
also gives small corrections compared to the contribution of
emergent magnetic field. Therefore, the strong gravity and the
potential ¢ at r ~ & cannot affect the main properties of this
solution: it certainly survives as the zero mode and still has the
definite value of the projection of spin to the z axis.

In the case of edge or mixed dislocation we should take into
account the appearance of a nonzero third component of the
emergent gauge field:

1 o
Az(x )~ r—z(ﬁﬂun + Baesijb' x]). (56)
Then, far from the dislocation core one gets
~ AOHP vAs(ne
HP = o! * 3 (Rz : (57)
—VA3(r,0) e UHY

Perturbative corrections to the eigenenergy due to the presence
of A3 may be nonzero, in principle, but for the mode with
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m = [2s®(0c0)] those corrections may be neglected because
all integrals are dominated by the regions with » — oo while
Aj ~ 1/r atlarge distances. Thus, we come to the conclusion
that the only zero mode existing around the dislocation is the
one with

m = [2s®(c0)], s = Lsign d(c0). (58)

The zero modes (49) and (58) of the transverse Hamiltonian
H(f) correspond to the zero mode of the full Hamiltonian H®’
provided the longitudinal momentum is zero p3 = 0. At the
same time, it corresponds to a linear branch of spectrum of the
full Hamiltonian H® with the corresponding dispersion law:

EPR ~ ypv?sign(d) ps. 59)

This branch crosses zero energy level at p; = 0.
Similar considerations can also be applied to the left-handed
Hamiltonian H®), where the only physical zero mode of the

corresponding transverse part 'H(f) is

wél?)(rse) ~ rmei2sm0—25 for <T>(r)"7' (60)
with the quantum numbers
m=[2sd], s= %sign o. 61)

This mode corresponds to the branch of spectrum with the
dispersion

ED ~ —ypv*sign(®) ps. (62)

The right- and left-handed fermionic modes propagate along
the dislocation with the velocity

vg = —vp = vpv?3sign(d), (63)

which is nothing but the corresponding component of the
anisotropic Fermi velocity. Thus, the right-handed massless
quasiparticle propagates up or down along the dislocation
depending on the sign of the flux ®. The left-handed mode
always propagates in the opposite direction compared to the
right-handed mode.

Sure, these modes may be coupled with the counterpropa-
gating zero modes, for example, by the intravalley and/or inter-
valley impurity scattering. This effect is neglected here. But,
this is what is also neglected always in the Dirac semimetals,
when one speaks of the massless Dirac fermions emergent in
those materials. From the theoretical side, the masslessness
of emergent Dirac fermions in Dirac semimetals should
be protected by momentum-space topology: the symmetry-
protected topological invariant in momentum space should
exist that protects the Dirac cones (see [36]). The correspond-
ing symmetry is specific for the crystals of the semimetals.
For example, for the case of Na3Bi the effective model (that
follows from the microscopic electronic model) is given in
[46]. This model utilizes the time-reversal, inversion, and Dgh
symmetries. Their composition (possibly, supplemented by
something) should, in principle, protect the Dirac cone for the
case of Na3Bi. But, the extensive theoretical study of this issue
is out of the scope of this paper.

Anyway, the symmetry responsible for the masslessness of
the modes localized around the dislocation is the same, which
is responsible for the masslessness of the bulk quasiparticles.
This symmetry is not exact, and it is indeed broken softly by the
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impurity scattering and also by the collisions with the change
of chirality. The corresponding parameter is the mean-free
path, which serves here as the infrared cutoff of the theory and
as the typical size of the region, where the zero modes of the
present section are localized (see discussion in the forthcoming
sections).

Notice that Eqgs. (59) and (62) were derived in the assump-
tion that the magnetic fluxes of the emergent magnetic field for
the right-handed ® and the left-handed &, quasiparticles are
the same, ®r = ®; = ®. However, if in a Dirac semimetal the
constants ;j differ for the left- and the right-handed fermions,
then the corresponding gauge fields (17) are also different, and
in this case the magnetic flux entering Eq. (59) will be different
from the flux in Eq. (62).

V. CHIRAL ANOMALY IN DIRAC SEMIMETALS ALONG
THE DISLOCATION

In the presence of external electric field E, the states that
correspond to the described above zero modes flow in the
correspondence with the following equation:

(p3) = Ej. (64)

Now, let us take into account that the studied model has the
infrared cutoff 1/&,, where & >> a. By definition, the theory
under consideration is the theory of free fermions. It works for
the values of momenta that belong to the interval between the
infrared cutoff 1/&, and the ultraviolet cutoff 1/a. The wave
function for the zero mode existing around the dislocation
would have infinite value of normalization factor of Eq. (52),
which is related to the masslessness of the fermions.

The effect of the infrared cutoff on the wave function of
the zero mode may be modeled by a presence of a small Dirac
mass Mp. In order to figure out the general form of the solution
of the Dirac equation at large distances, let us represent the
solution as the sum

W= (m) — Wy + W, 65)
Yr

where W is a function which is nonzero within a surface S
surrounding the dislocation and placed sufficiently far from it,
while W, is a nonzero function outside of this surface. Close
to the core of the dislocation, the function W, tends to the
pair of the left- and right-handed wave functions which are the
solutions of a massless Dirac equation. For W, we will have
the following equation:

l€ps — v Xy Oy (—iVi — Ap) — Mpy 1Weo(x) = F(x).

(66)

Here, there are two branches of spectrum with €, ~

+v023 3 gat vpp3 > Mp), while the function F(x) =

—lep, — vpfakyoy“(—in — Ap) — MDyo]\Ilo(x) is specially
chosen in such a way that it is nonzero on S only. Then,
N ar -1

Woo(x) = (€, — v fy ¥y (=iVi = Ar) — Mpy®) F(x).

(67)

Let us consider the four-component Dirac spinor (the solution

of Dirac equation) that at r < & has the right-handed com-
ponent given approximately by Eq. (49) and the left-handed
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component that is suppressed due to the smallness of Mp.
We call such a 4-spinor the extension of Eq. (49). In the
similar way, we define the extension of the spinor of Eq. (60).
Assuming that the field A is pure gauge at infinity, we come to
the following exponential asymptotic dependence of W, on r
for the wave functions that are the extensions of Egs. (49) and
(60):

—rpl/3 —
qjoo ~ e rv MD/vpr const‘ (68)

We choose M in such a way that v'/3Mp /vr & 1/&. For the
extension of Eq. (49), the right-handed component dominates,
while the left-handed component is suppressed at r < &p. At
the same time at r ~ & there is no reason to suppose that
either left- or right-handed components are suppressed. That
is why at sufficiently large r both these components remain of
the same order. In a similar way for the extension of Eq. (60),
the left-handed component dominates, while the right-handed
component is suppressed at r <K &y, while at sufficiently large
r both these components remain of the same order.

We are able to consider 1/&; as the infrared cutoff of the
theory that closes the gap in the spectrum of fermions and
gives rise to the finite value of the left-hand side in Eq. (52).'
This occurs because the parameter of the dimension of length
appears. Its inverse may be considered as the infrared cutoff
of our theory. Then, the zero modes of H(LR) and H(L), and the
corresponding branches of spectrum of the propagating modes
of the full Hamiltonians H‘® and H"), obey the following
properties:

(1) The propagating fermion modes are not localized at
the dislocation core. Instead, the region of space around the
dislocation of size &) dominates, where 1 /£, may be considered
as the infrared cutoff of the theory. Atr ~ &, the solution of the
wave equation is the mixture of left- and right-handed spinors,
while at r < & those solutions are either left handed or right
handed and are given by Egs. (49) and (60).

(2) Atr < &, the propagating fermion modes have the
definite value of the spin projection on the dislocation axis:
s = %sign ®. The corresponding branch of spectrum for the
right- and left-handed fermions is given, respectively, by the
following dispersion relations:

EryL(p3) = F2svv* ps. (69)

(3) The propagating mode appears for any dislocations
including those in which the magnetic flux ® is smaller than
unity.

The total production of the right-handed quasiparticles per
unit length of the dislocation is given by

. En
gr = ——sign® (1 —n), (70)
21

where the unit vector n is directed along the dislocation,
the factor 1 accounts for the appearance of the left-handed
component in the solution of Dirac equation at r ~ &,.
The value of n depends on the details of the system at
r ~ &. In the following, we assume for simplicity that the

'This is just like the transition between Coulomb to Yukawa
potentials.
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signs of the emergent fluxes & experienced by the right-
and left-handed fermions coincide in the Dirac semimetal.
Therefore, the production of the left-handed quasiparticles in
Dirac semimetal is given by

qr = —qg. (71)

The production of the quasiparticles may be written as the
anomaly in their currents

i = le@IIf ), jg = le)Jg(x), (72)
J=Jr+JL Js=Jr—JL (73)

where the covariant currents are defined according to Egs. (7)
and (8). In a local form the anomaly may be expressed as
follows:

E X
(0,75 (x)) = 7'1 Jo(xp)sign® (1 — 1), (74)

where the function f; can be read from Egs. (49), (60), and
(68):

o\ —2(1®|-[|1®

exp (— | | /o) (2) ¢TI0
Solxp) = > < < . (75)

2y T(=2| @] + 2[| P[] + 2)

This function is normalized in such a way that
o0
271/ rdr fo(r)=1. (76)
0

The quantity 1/&, has the meaning of the infrared cutoff of the
theory and the factor exp (—|x_|/&p) appears as the infrared
regulator. We imply that the size of the semimetal sample is
much larger than the infrared cutoff &j, while &; is much larger
than the size of the dislocation core & ~ a, & > &. Thus,
the chiral anomaly due to the zero mode with m = [|P]] is
localized within the tube of size &, centered at the dislocation.

In our derivation, we follow the procedure first applied by
Nielsen and Ninomiya in [49]. This derivation is now standard
and it was repeated many times. In particular, the derivation
of Egs. (70) and (71) may be found in Secs. 18.1.1- 18.1.3. of
[36]. Equation (74) is the local form of Egs. (70) and (71). It
appears as the local violation of the continuity equation that
follows from the appearance from vacuum of the state with the
wave function of Eq. (60).

It is worth mentioning that for a single dislocation, if
for some reasons the contributions to the emergent magnetic
flux of the dislocation due to B;jx in Eq. (17) may be
neglected, the typical values of the Burgers vector are such
that |®| < 1. Therefore, according to Eqs. (58) and (61), for
a single dislocation the zero mode corresponds to the angular
momentum m = 0.

We may rewrite the expression for a chiral anomaly caused
by a single dislocation in a Dirac semimetal as follows:

EB
22’
where the effective magnetic field B responsible for the chiral

anomaly is given by

B(x.) = 27n fy(x1)sign ® (1 — ), (78)

<auj§t(x)> = 77)
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where the function fj is given by Eq. (75) while parameter
n < 1 should be considered as phenomenological.

It is worth mentioning that the above consideration refers
only to those branches of spectrum, which are described
by the low-energy effective field theory. In the presence
of electric field, the pumping of the quasiparticles from
vacuum may also occur at other branches of spectrum. Ideally,
this pumping process should be treated with the help of a
microscopic theory and is out of the scope of this paper.

J

PHYSICAL REVIEW B 95, 115410 (2017)

VI. CASE OF DISLOCATION DIRECTED ARBITRARILY

In this section, we consider the dislocation directed arbi-
trarily. Without loss of generality, we consider the dislocation
directed along an axis, which belongs to the (yz) plane. The
angle between the dislocation and the z axis is denoted by ¢.
Let us rotate the reference frame in such a way that the z axis
is directed along the dislocation. In the new reference frame,
the tensor f has the form

p~1/3 0
f= 0 v 3 cosp v 13sing |. (79)
0 —v?Bsing  v*3cosg
Let us apply the transformation of spinors ¥ — ¢’ 59° with tga = vtg . In the transformed frame the tensor f is modified:
p=1/3 0 0
2 1/3 [1=4/3 o2 2/3 2 (1—1?)sin2¢

f= 0 v \/v cos? ¢ + v?/3sin? ¢ 2o/v Preos g hsimtg |- (80)

0 0 '

The one-particle Hamiltonian for the right-handed fermions
becomes as follows:

H(R) — UFJ?‘33O,3]33 + UFJ?32021A73 + va]lHiR) (81)
with
® 13
HE ~ ol (b1 — A+ o’ (hr — Ad)
h
£3

N
- fTiagAgocu +p(x). (82)
1
Now, we perform the coordinate transformation
5 A
Yy 5y, Ay o> A, (83)
A 5

and notice that the equation for the zero mode of the
Hamiltonian ;, becomes the same as the one discussed in
Sec. IV. Thus, we arrive at the expression for the anomaly in
quasiparticle current of Eq. (70). The resulting expression for
the chiral anomaly in the Dirac semimetal is again given by
Eq. (77).

VII. CHIRAL DENSITY AND CHIRAL CHEMICAL
POTENTIAL AROUND THE DISLOCATION IN THE
PRESENCE OF ELECTRIC FIELD

The Dirac semimetal possesses two cones, each of which
hosts one right-handed and one left-handed Weyl fermion.
Since the processes operating in these two cones are equivalent,
we concentrate on one cone hereafter, taking into account the
fact of the double degeneracy later.

The evolution of the local chiral density around the disloca-
tion is governed by (i) the generation of the local chiral charge
due to quantum anomaly at the dislocation given by Eqgs. (77)
and (78), (ii) the spatial diffusion of the chiral charge, and (iii)
the dissipation of the chiral charge density (89). In other words,
in the presence of the external electric field, the zero modes,

\/v*4/3 cos? p+v2/3sin2 ¢

(

distributed around the dislocation and propagating along the
dislocation, accumulate the chiral charge. The accumulated
chiral charge diffuses (due to, basically, thermal diffusion and
scattering) and also dissipates (due to the chirality-changing
processes) around the dislocation. We estimate these effects
below.

At the distances larger than the size of the dislocation core
r > & ~ a, we may neglect the presence of the emergent
magnetic field H of the dislocation. Therefore, in order to
relate the chiral chemical potential 5 with the chiral density
ps at finite temperature 7', we use an approximation, in which
the relevant modes of the quasiparticles are the plane waves
of the continuous spectrum. Thus, we neglect gauge field
completely and calculate the thermodynamical potential (see
[4] and references therein)

d’ wp.shens
oS 5[t o0

s==%1 c==%1

where the quantity ¢ = +£1 labels right- and left-handed
chiralities, s = =1 is the projection of spin (multiplied by two)
to the auxiliary vector k,(p) = f;’ pi, while p; is momentum
of the quasiparticle. The chiral chemical potential us is the
difference between the chemical potentials associated with the
fermions of right- and left-handed chiralities:

ps = 5(ur — o). (85)

In Eq. (84) the dispersion of the quasiparticles in terms of the
vectors p and k is as follows:

wps =csvpy fifipip; =csvrlk(p)l,  (86)

where v is the Fermi velocity (63) which enters the dispersion
relation for the chiral fermions (69). The matrix f is given
in Eq. (12). For the momentum parallel to the z axis,
p = (0,0,p3), Eq. (86) leads to the dispersion (69). In our
calculation, we work (following, e.g., Ref. [4]) in the adiabatic
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approximation assuming that the chiral chemical potential is a
slowly varying function of space and time.

Since the determinant of the matrix f is equal to unity, we
get for the thermodynamical potential (84)

=1y Z/(z log (14 SRS (87)

s==x1 c==%1

The chiral density is given by the derivative of the thermody-
namical potential €2 with respect to chiral chemical potential

st
ck?dk

“LFH(M .

(88)

= Bus: 271222/

s==%1c=

Obviously, for ;s = 0 the chiral density vanishes. For |us5| <
T, we may evaluate the term in ps linear in s differentiating
the last expression with respect to ws:

u\pk

s kzdk
wegr L[ oy
s=£1,c=%1
_ 2M5 kzdk _ M5 T2 89
T or2T coshz(ﬂ) 30 (89)
2T F

Equation (89) is valid provided that certain conditions are
satisfied. First, the size of the dislocation core & ~ a [where
the low-energy physics and, consequently, the thermodynamic
relation (89) both become inapplicable] should be small
compared to the wavelength of the typical thermal momentum
r ~ 1/pr ~ vp/T that contributes to relation (89). Accord-
ing to our estimates (see Appendix B) this condition is satisfied
even for the room temperature 7 ~ 300 K (with corresponding
Ar ~4 x 1078 m) because £ ~ 107" m <« Ay according to
Eq. (B3). Second, the magnetic field of the dislocation
should not affect considerably the plane waves contributing
to Eq. (89). To this end, one can consider a wave function
of a particle that circumferences the dislocation, and compare
the contributions to its phase coming from the magnetic field
and from the usual kinetic factor e’”*. The former reaches its
maximum at r = &, being equal to the total flux d¢pp = ¢ ~
27, while the latter can be estimated as d¢p7 = 27w pr&p. Thus,
the second condition requires 8¢y K 8¢ or Ay K & which
is also satisfied according to Eq. (B2).
The nonconservation of the axial charge can conveniently
be written in the following form (see [4]):
dps \% ! BE 90
ar VI = + 22 ©0)
where the first term in the right—hand side corresponds to
the dissipation of the chiral charge with the rate given by
the chirality-changing scattering time 7y while the second
term describes the generation of the chiral charge due to the
quantum anomaly around the dislocation. In fact, this equation
appears also in the chiral kinetic theory developed relatively
(see, for example, [50,51]) when the kinetic equations are
taken in the T approximation (also known as the relaxation
time approximation).
The chiral current

Js = —DsVps CIY)
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is given by the diffusion of the chiral charge ps with the
corresponding diffusion constant Ds. This equation implies
that the chiral charge is able to diffuse. We do not have the
microscopic explanation of the diffusive nature of the chiral
charge, and it is considered here as the hypothesis.

We assume that the Dirac semimetal has zero usual chemi-
cal potential for the Dirac quasiparticles u = 0. Moreover, we
consider a linear approximation so that the transport effects,
which are discussed here, do not generate a nonzero chemical
potential w. Substituting Eq. (91) into (90), one gets the
following equation for the chiral charge density:

dos

1
pralai + DsAps + s— BE, 92)

272

where the chiral density ps is assumed to be varying slowly
both in space and time so that the quasiparticles reside in a
local thermal equilibrium and Eq. (89) is satisfied.

In the constant electric field d E /dt = 0, the chiral charge
ps relaxes towards equilibrium dps/dt = O at late times ¢t >
ty. The equilibrium chiral charge density is given by a solution
of Eq. (92) with vanishing left-hand side:

ps(x) = d’y GOx —y;M)(B() - E(y)), (93)

1
2 D 5
where

(=A+ LGV — y;1) = 8(x — y) (94)

is the three-dimensional Green’s function and

Ly =+/Dsty (95)

is a characteristic length which controls spatial diffusion of the
chiral charge.

Working in linear approximation, we consider weak electric
field E, so that the chiral imbalance can always be treated as
a small quantity us < T, so that the linear approximation
in Eq. (89) is justified. In the absence of the usual chemical
potential u, one gets from Eq. (89) the following relation
between the chemical potential and the chiral charge density
93):

303

Hs(x) = =5 ps (). (%)
Thus, we see that the dislocation produces the chiral charge
which spreads around the dislocation, effectively creating an
excess of the chiral chemical potential at the characteristic
distance Ly from the dislocation axis. Notice that this chiral
chemical potential corresponds to a single Dirac point with a
pair of Weyl fermions.

In the above derivation we neglect the gradient of tem-
perature. This may be done for sufficiently small external
electric field, when the temperature remains almost constant
at the characteristic length of the problem that is &,. Very
roughly, in equilibrium, the heat generated by electric field
~o E* (where o is the total conductivity that includes Ohmic
contribution) should be equal to the divergence of the heat flow
k' VT (where « is the thermal conductivity). For our estimate,
we use the Wiedemann—Franz law k ~ o T. This gives for the
characteristic length &7 (at which the temperature is changed
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i a=|0|-[|[]

EXB(x, /&)

FIG. 3. The effective intrinsic magnetic field B,(x,) in Eq. (99)
vs the distance from the dislocation core x plotted for a few values
of the fractional part of the absolute value of the normalized flux (51)
a =0.1,0.5,0.9 (assuming n < 1).

considerably)
1 AT E?
_% ~ 97)

According to our estimates (see Appendix B) at room
temperatures the condition &7 > & leads to |E| < 1 V/cm.
This condition provides that temperature remains constant
within the region of size &, around the dislocation. However,
temperature may vary within the whole semimetal sample if
its size is much larger than &;.

Now, let us consider practically interesting case when the
dislocation is a straight line centered at the origin x; = x, = 0
and directed along the x3 axis. The dislocation induces the
intrinsic magnetic field

B(x.) = B:(x1)n, (98)

which is also directed along the x3 = z axis (here, n is the
unit vector in z direction). The intrinsic magnetic field is
a function of the transverse coordinates x;, = (x,x;) which
takes nonzero values in a (small) core of the dislocation. In
our model approach, we consider the field given by Egs. (75)
and (78):

exp (— |1 |/o)(3) IHIAD

B.(x1) =sign® — =
) E3T(=2|D| + 2[|d|] +2)

(I'=n),

99
where

o= —[d] (100)

is the fractional charge of the normalized flux | ®|. The effective
magnetic field (99) is distributed around the dislocation with
the characteristic length &, that is much larger than the size &
of the dislocation core (the latter is of the order of a few lattice
spacings a). In Fig. 3, we show the field (99) for a few values
of the fractional part of the flux «.

This effective magnetic field carries the flux (25):
fdleB(xL) = 2w sign ®(1 — ). As we have discussed
earlier, this effective magnetic field is associated with the
propagating zero modes bounded at the dislocation. In Eq. (99),
the total flux & of the intrinsic magnetic field H is of a
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geometrical origin. The flux is a quantity of the order of
unity (51), in terms of the elementary magnetic flux (25). For
the straight dislocation (99), the axial anomaly generates the
axial charge which spreads in the semimetal in the transverse
directions according to the equilibrium formula (93).

For completeness, we represent the numerical estimates
for the encountered above constants that characterize the
semimetal in Appendix B.

VIII. CONCLUSIONS

In this work, we discussed certain effects of anomalies
in the Dirac semimetals Na;Bi and Cds;As; caused by the
dislocations in their atomic lattices. This chiral anomaly is
operational without any external magnetic field unlike the
conventional chiral anomaly that was discussed for Dirac
semimetals, for example, in [4]. The dislocation appears as a
source of the emergent magnetic field as it carries the emergent
magnetic flux. The emergent flux gives rise to the zero mode of
the one-particle Hamiltonian for the fermionic quasiparticles.
The fermionic mode is a gapless excitation which propagates
along the dislocation being localized in the area of the size
&y around the dislocation (here 1/&; is the infrared cutoff of
the field-theoretical approximation used in our approach). The
length &, may also be identified with the mean-free path of
the quasiparticles. For example, for Cds;As; it is of the order
of 200 pum. This propagating zero mode corresponds to the
branch of spectrum of the quasiparticles with the spin directed
along the magnetic flux of the dislocation.

In the presence of an external electric field, the spectral
flow along the zero-mode branch of the spectrum leads to
the pumping of the quasiparticles from the vacuum. Since
the right- and left-handed quasiparticles are produced with
opposite rates, the pumping process corresponds to the chiral
anomaly (77). The production rate of the chiral density is
controlled by a scalar product of the usual (external) electric
field E and the effective (internal) magnetic field B carried
by the dislocation. One should stress the following subtle fact:
the dislocation carries also the emergent magnetic field H
[given in Eq. (33) for the example case of Na3;Bi] which gives
rise to the existence of the mentioned propagating zero mode.
However, the emergent field H does not directly contribute to
the chiral anomaly (77): it is the effective magnetic field B,
that is expressed via the density of the zero mode (75), which
enters the anomaly relation (77).

In the other words, the emergent magnetic field H with
the flux (33) leads to appearance of the right-handed (49)
and the left-handed modes (60) localized at the dislocation
and propagating along its axis. The external electric field E,
parallel to the dislocation axis, produces the chiral charge by
pumping these modes from the vacuum at unequal (in fact,
opposite) rates proportional to the scalar product EB. The
process can be formulated via the chiral anomaly equation (77),
in which, however, the magnetic field B is expressed through
the density of the wave functions of the mentioned zero modes
(with B # H). The chiral anomaly gives rise to a nonzero
charge density localized around the dislocation axis with the
characteristic localization length Ly ~ 2 pm for Cd;As,. The
slowly varying chiral density can be expressed via a (space-
dependent) chemical potential.
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In principle, there are various ways to create a Dirac
semimetal with dislocations. In general, the growth of an
atomic crystal may be organized in such a way that the
dislocations appear along the chosen direction with the chosen
values of the Burgers vector. In addition, dislocations may
also appear as a result of plastic deformations of the crystals
[40]. This opens a possibility to observe the effects of
the dislocation-induced anomaly experimentally. The chiral
density that is formed around the dislocation in the presence of
external electric field should affect transport properties of the
semimetal. In order to calculate the corresponding observable
quantities, this is necessary to use kinetic theory modified
accordingly in order to take into account the appearance of the
chiral density around the dislocations driven by chiral anomaly.
However, the solution of this problem is out of the scope of
this paper.

Note added. Recently, another paper has appeared where
a very similar problem has also been studied in a different
approach [52].
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APPENDIX A: EMERGENT GRAVITY AROUND
THE DISLOCATION

In this Appendix, we briefly consider emergent gravity
around the dislocation. Let us represent the action for the
right-handed fermion in the following way:

Sk =fd3xdt@(x,t)[|e(x)|e8(x)ia,
— le()lef(x)a® o (P — AW (x,1)

=/d3xdz$(x,t)[ia,—H<R>]€/(x,t), (A1)

where Py = =iV, U = /|e(x)|ed(x)¥, a =0,1,2,3 and

k = 1,2,3. The one-particle Hamiltonian is given by

HPB = frx)o o (P — Ap), (A2)
where
k
£E00) = 288 (A3)

We used here the following chain of relations:

T(x.0) W (x,1)

le(x)lek (x)o*

/ Pxdr {| ———
Jlewle)

:/d3xdt {\f’(x,t)

le(x)]ep(x)

— | o
Y le@)led(x) V/ le()leg(x)

le()leb()o 8T x.1) — [T (x.0)] le(x)] ek (x)o

V le@)led(x)

\Tl(x,t)}

le(x)]ep(x)

:/d%d:{\Tf(x,z)fj(x)a“ai@(x,z)—[a,»\?(x,t)]a“fak(x)@(x,t)} 52/ Pxdtx,D[fix) o0 )00, (Ad)

We represent fak (x) as follows:

fr) = e[ fy = fyseh ),

f5(x) ~ —vp fiseh(x), a,bk=1,2,3
where the expressions for the small variations of the vierbein
field Sely can be read off from Eq. (16).

The one-particle Hamiltonian for the right-handed fermions
in the presence of a dislocation along the z axis is given by
3
HB = vpv2/3a3ﬁ3 — v 20“862133 + vpvmeT),
a=0

(A5)

(A6)
where the transverse part of the Hamiltonian is
HE~ Y [o“(ﬁa —Aax 1)) = Y o"Se(x )0 ﬁk]
a=1,2 k=1,2
+¢(x,y) — vo  As(x 1)

- Z [o%eé‘(xl) + 5€§(xi)] o Pr-
k=12

(A7)

(

In a general form, the dislocation-induced deformations
of the vielbein field 8¢/ in the Hamiltonians (A6) and (A7)
can be expressed via components tensor y;k, of Eq. (16)
and the relations given in Egs. (A3) and (AS). However, in
certain symmetric cases, the form of the Hamiltonian may be
simplified. Consider, for example, the case, when the screw
dislocation is directed along the z axis of the Na3;Bi atomic
lattice (or, equivalently, along the vector K © ). Then, one can
write the following expression for the deformations of the
veilbein:

(Se’a< =y KNy 4 yzg“k-iu3-7, a,k=1,2 (AB)
8¢y = psequ) +ya, k=12 (A9)

862 = y5u3k + y6e3kju3-i +u¥ k=12 (A10)
5e3 =0, (A1)

Seb =0, k=12. (A12)
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Here, we have used the fact that the only nonzero components
of the tensor of elastic deformations (15) are u® = u'3, with
i = 1,2, given in Eq. (31). Moreover, we took into account
that the dislocation is directed along the z axis which is
perpendicular to layers of honeycomb lattices formed by Na
and Bi atoms in the transverse (x,y) plane. The requirement to
respect the C3 rotational symmetry of the honeycomb lattice
in the (x,y) plane allows us to define two tensors from the
nearest-neighbor vectors (30):

y 4 N
Kik — —2 pRAAS (A13)
b=1,2,3
- 4 »
Rk = - DA (Al4)
b=1,2,3

which enter Eq. (A8) with the material-dependent prefactors
y1 and y», respectively. The only nonzero elements of these
tensors are

KW o K122 - g2 g2
RU2 — g2 gain _ _

The tensor (A13) was first introduced in Refs. [28,29]. The
appearance of the second tensor structure (A14) in Eq. (A8) is
a nontrivial fact because the tensor K'/* is not invariant under
P-parity transformation of the 3d space. The P-parity odd
part is justified, however, by the chiral property of the screw
dislocation because the left-handed screws and right-handed
screws are not equivalent as they cannot be superimposed on
each other with the help of rotations only. Therefore, P-parity
odd terms may appear in the Hamiltonian.

Similar arguments lead to the appearance of the other
four material-dependent terms in Eqgs. (A9) and (A10) with
parameters y3, ...,Ys. Equation (A12) originates from the
supposition that the dislocation does not break T invariance so
that all components of the vielbein involving one temporal
and one spatial component must be zero. Notice that the
deformation of the 68 does not enter the Hamiltonian (A2)
because f; = 1 according to Eq. (A3). One can see thatevenin
this relatively simple case, the expressions in Eqgs. (A8)—(A12)
contain six phenomenological parameters y;, and the resulting
Hamiltonian H®, given in Eqgs. (A7) and (A6), is rather
complicated.

(A15)

APPENDIX B: CERTAIN NUMERICAL ESTIMATES

We take for a reference the Dirac semimetal Cd3As,. The
diffusion length of the axial charge for this semimetal was
experimentally estimated in Ref. [7] as Ly ~2 x 107% m.
This quantity turns out to be almost temperature independent
in a wide range of temperatures 7 = (50 ~ 300) K. A rough
estimate of Ref. [8] gives for the relaxation time 7y ~ 1, ~
2 x 10719 5. Then, from Eq. (95) one finds

Ds=L}/ty ~2x 107> m?/s. (B1)

The way of our estimation of &; follows the logic, accord-
ing to which the theory that describes massless relativistic
fermions in semimetals is broken, in particular, due to
the interactions between the quasiparticles, and due to the
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interactions between the quasiparticles and impurities. Those
interactions in general case admit the transitions between the
quasiparticles with the change of chirality. That is why we
identify the parameter &, with the mean-free path of the chiral
quasiparticle. Correspondingly, the inverse infrared cutoff &,
may be estimated as follows:

1
£y ~ VpTy ~ %300 x 10°m/s x 2x 107105

=3x 107 m. (B2)

In this estimate, we use the value of vy for CdsAs, that is
around 1/200 speed of light.

The value of &y should be compared to the size of the
dislocation core

£~10"7m (B3)
and to the value of the diffusion length
Ly ~2x 10 m. (B4)
Thus, we see that in practice the limiting case is realized:
Ly <& (BS)

and the typical value of parameter x = &;/Ly is x ~ 100.

Notice that we used in this paper the relativistic system of
units, in which the only dimensional unit is the electron volt
(eV). For example, our distances are measured in eV~'. We
give the estimate in relativistic units, where it is expressed
through eV or 1/m, where the unit of distance (m) is related
to eV~! according to the standard relation [200 MeV]~! ~ 1
fm = 10~"> m. Then, the quantities under consideration may
be expressed in the SI system using the definition of its unit
of electric current (A) as Coulomb/s. The SI current equal
to one Ampere corresponds to the relativistic current equal to
1/(ec) in the units of 1/m, where e is the charge of electron
(in Coulombs) while c is the speed of light (in m/s).

Let us notice that the room temperature corresponds to
T ~ 300 K~ 0.025 eV. At the same time, Ds/c ~ 6.7 x
107" ' m = 6.7 x 10* fm &~ 3 x 10~* eV~'. One should also
take into account that the typical value of vy in Dirac
semimetals is of the order of ~1/200 of the speed of light.
We denote by v the degree of anisotropy of the Fermi velocity.
In practice, in Cd3As, [2] vr fi ~ vp f» ~ ¢/200 while f3 ~
0.1f. In Na3Bi [1] vp f1 & 4.17 x 10° m/s, vp fo ~ 3.63 x
195 m/s ~ ¢/800, while vr f3 ~ 1.1 x 10° m/s. Thus, here
f3 =~ 0.27 f1.

Notice that for small values of the Burgers vector, the
value of ® may be much smaller than unity. Say, in Na3;Bi
the minimal topological contribution to & is of the order of
0.1 (see Sec. III). However, for larger values of the component
b3 of the Burgers vector, the value of & may always be made
close to unity. Besides, the contribution of the second term to
the magnetic flux in Eq. (33) also increases the total value of
®. The chiral density should also be enhanced in a “forest” of
dislocations, which are parallel to each other.
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