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Topological materials with both insulating and semimetal phases can be protected by crystalline (e.g., mirror)
symmetry. The insulating phase, called a topological crystalline insulator (TCI), has been investigated intensively
and observed in three-dimensional materials. However, the predicted two-dimensional (2D) materials with TCI
phase are explored much less than 3D TCIs and 2D topological insulators, while the 2D TCIs considered thus far
possess almost exclusively a square-lattice structure with the mirror Chern number CM = −2. Here, we predict
theoretically that a hexagonal monolayer of Dirac semimetal Na3Bi is a 2D TCI with a mirror Chern number
CM = −1. The large nontrivial gap of 0.31 eV is tunable and can be made much larger via strain engineering, while
the topological phases are robust against strain, indicating a high possibility for room-temperature observation of
quantized conductance. In addition, a nonzero spin Chern number CS = −1 is obtained, indicating the coexistence
of a 2D topological insulator and a 2D TCI, i.e., the dual topological character. Remarkably, a spin-valley
polarization is revealed in the Na3Bi monolayer due to the breaking of crystal inversion symmetry. The dual
topological character is further explicitly confirmed via the unusual behavior of the edge states under the
corresponding symmetry breaking.
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The discovery of topological insulators (TIs) [1,2] has
triggered an explosion of novel topologically nontrivial phases,
such as the topological crystalline insulator (TCI), for which
the role of time-reversal symmetry is replaced by crystal
(mirror) symmetry [3–5]. The hallmark of a TCI, similar to
a TI, is the presence of gapless surface/edge states with Dirac
points inside of the insulating bulk energy gap. In the presence
of crystal mirror symmetry, the coexistence of TI and TCI
phases has been predicted in three dimensions for Bi1−xSbx

[6] and Bi chalcogenides [7–9], and thus they exhibit a dual
topological character (DTC). Recently, unusual topological
surface states for a three-dimensional (3D) DTC system have
been observed experimentally [8,9]. In the 2D case, graphene
may be a prototypical example of a DTC [10,11]. However,
the extremely small band gap of graphene makes it very
difficult to verify the DTC in this material experimentally
[12]. To date, 2D TIs have been identified experimentally
in HgTe/CdTe [13] and InAs/GaSb [14] quantum wells at
low temperatures, and many 2D TIs with giant band gaps
have been predicted to exist as a result of the substrate
interaction effect [15], chemical functionalization [16–20],
or global structure optimization [21]. In many cases, the
complex structures and the lack of mirror symmetry in such
materials prevent the formation of a 2D TCI phase. On the
other hand, 2D TCIs have been limited thus far to theoretical
predictions that are mainly restricted to SnTe multilayers [10],
(Sn/Pb)(Se/Te) monolayers [22–24], Tl(S/Se) monolayers
[25], and SnTe/NaCl quantum wells [26] with mirror Chern
number CM = −2. The even number of band inversions leads
to a vanishingZ2 invariant. Therefore, 2D TCIs with CM = −2
cannot be 2D TIs protected by time-reversal symmetry. Thus,
for the continued investigation and additional applications
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of a DTC in two dimensions, it is essential to extend the
domain of candidate 2D TIs and TCIs with respect to both
topological manifestations (i.e., differentCM [27]) and material
realization.

For both 2D TIs and 2D TCIs, spin-orbit coupling (SOC)
is known to play a vital role. In addition, SOC together with
inversion symmetry breaking can lead to coupled spin and
valley physics, in which the new degree of freedom offers
a promising route to the eventual realization of valleytronic
devices [28,29]. Spin-valley polarization has been observed
experimentally in the MoS2 monolayer [30], which is a topo-
logically trivial insulator. Therefore, a natural question arises
as to whether spin-valley polarization in nontrivial insulators,
such as 2D TIs and 2D TCIs, is possible. Recently, thin
films of the Dirac semimetal Na3Bi [31,32] were fabricated
by molecular-beam epitaxy [33], and therefore in the present
study we take Na3Bi as an example and propose the realization
of the 2D DTC in a monolayer of Na3Bi with a band gap of 0.31
eV, which is well above the energy scale of room temperature.
The calculated spin Chern number CS = −1 and the mirror
Chern number CM = −1 confirm the 2D DTC phase directly.
In addition, spin-valley polarization due to a lack of spatial
inversion symmetry is investigated.

Density-functional calculations are performed using the
generalized-gradient approximation (GGA) of Perdew-Burke-
Ernzerhof (PBE) [34] for the exchange correlation potential
as implemented in the FLEUR code [35] as well as in
the Vienna ab-initio simulation package (VASP) [36,37]. A
20 Å thick vacuum layer is used to avoid interactions between
nearest slabs for VASP, while the film calculations are carried
out with the film version of the FLEUR code [38]. SOC is
included in the calculations self-consistently. The maximally
localized Wannier functions (MLWFs) are constructed using
the WANNIER90 code in conjunction with the FLEUR package
[39,40].
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FIG. 1. (a) Top and (b) side view of the honeycomb Na3Bi
monolayer, where the unit cell is indicated by the dashed lines. (c)
The Brillouin zone of the 2D Na3Bi monolayer and the projected 1D
Brillouin zones.

Bulk Na3Bi in a hexagonal P 63/mmc structure is a 3D
counterpart of graphene, which hosts 3D Dirac points in its
electronic structure and is called a topological Dirac semimetal
[31,32]. The bulk crystal structure consists of stacked triple
layers along the z direction. Each triple layer has four atoms,
i.e., one Bi in the Wyckoff 2c position, one Na(1) in the
2b position, and two Na(2) in the 4f position. In Figs. 1(a)
and 1(b), the side and top view of the Na3Bi triple layer are
presented, with Bi and Na atoms forming a honeycomb lattice.
Unlike in the bulk material, inversion symmetry is broken
in a Na3Bi triple layer, but the mirror symmetry z → −z

is preserved, in exact analogy to a MoS2 monolayer [41].
Hereafter, we call such a triple layer a Na3Bi monolayer. To
check its energetic stability, the formation energy is calculated
by Ef = ENa3Bi − 3μNa − μBi, where ENa3Bi is the total energy
of the Na3Bi monolayer, and μNa and μBi are the chemical
potentials of Na and Bi atoms, respectively. The calculated
formation energy of −0.78 eV indicates that the Na3Bi
monolayer is energetically stable.

Figures 2(a) and 2(b) present the orbitally resolved band
structures of the Na3Bi monolayer without and with SOC,
respectively, which deliver preliminary insight into the topo-
logical properties of the system. Due to the presence of
time-reversal symmetry, the bands at valleys K and K ′ are
energetically degenerate, and thus we only show the dispersion
around K . In the absence of SOC, Bi-px and Bi-py orbitals
contribute to the valence-band maximum (VBM), while the
conduction-band minimum (CBM) is dominated by Bi-s
orbitals with a direct band gap of 0.16 eV. Switching on
SOC leads to an inversion of the VBM and the CBM, and
an s-p band inversion occurs at the � point. The insulating
character is preserved with a band gap of 0.31 eV, indicating
the feasibility of an experimental observation of the 2D
topological properties of this material at room temperature. To
further confirm our results, the band structure is checked by
using the more sophisticated Heyd-Scuseria-Ernzerhof hybrid
functional method (HSE06) [42]. Similar to 1-T ′ MoS2 [43],
the nontrivial phase has a larger band gap (∼0.4 eV) when
SOC is included.

The existence of the mirror symmetry z → −z [see
Figs. 1(a) and 1(b)] for the Na3Bi monolayer offers the

FIG. 2. Orbitally resolved band structures for the Na3Bi mono-
layer (a) without and (b) with SOC, weighted with the contribution of
Bi-s and Bi-px,py states. The Fermi level is indicated with a dashed
line. (c) Momentum-resolved polarization of spin perpendicular to
the mirror plane for the highest occupied band. (d) Berry curvature
distribution of the highest occupied bands in the K-�-K ′ direction.

possibility of realizing a TCI that is characterized by the
so-called mirror Chern number [3,6], which is defined as CM =
(C+i − C−i)/2, where C+i and C−i are the Chern numbers for
mirror eigenvalues +i and −i [44],

C±i = 1

2π

∑
n<EF

∫
BZ

�±i(k)d2k, (1)

and �±i(k) is the Berry curvature of all occupied bands
constructed from respective mirror projected states in the
mirror plane, calculated according to

�(k) = −2 Im
∑
m�=n

〈ψnk|υx |ψmk〉〈ψmk|υy |ψnk〉
(εmk − εnk)2

, (2)

where m,n are band indices, ψm/nk and εm/nk are the
corresponding wave functions and eigenenergies of band m/n,
respectively, and υx/y are the velocity operators. The MLWFs
are constructed to calculate the Berry curvature efficiently.
With z → −z mirror symmetry, the calculated Chern num-
bers are, respectively, C±i = ∓1, leading to a mirror Chern
number CM = −1. This indicates that the Na3Bi monolayer
is a 2D TCI. Interestingly, the CM = −1 case we consider
here is topologically distinct from the previously reported
2D TCIs, such as (Sn/Pb)Te [10,23,24] and Tl(S/Se) [25]
with CM = −2.

Here, in the Na3Bi monolayer, band inversion occurs at the
� point, i.e., we acquire an odd number of band inversions. To
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FIG. 3. Localization-resolved edge states of the Na3Bi monolayer
for different configurations. (a) Bi-Na(1) termination without a
magnetic field, (b) Bi-Na(1)-Na(2) termination without a magnetic
field, (c) Bi-Na(1) termination with a magnetic field perpendicular
to the mirror plane, and (d) Bi-Na(1) termination with a magnetic
field within the mirror plane. The insets show the corresponding
zoom-in at the �̄ point. Color from light green to red represents the
weight of atoms located from the middle to one edge of the ribbon
structures.

identify the relationship between the 2D TI and the odd number
of band inversions in the Na3Bi monolayer, we calculate the
spin Chern number CS [45–47], which can be directly related
to the Z2 topological invariant of the system. CS provides
an equivalent characterization to the Z2 number in that for
2D time-reversal symmetric systems, the even values of CS

correspond to a topologically trivial insulator state, while odd
values of CS indicate the emergence of a TI phase [45–47].
CS is given by the difference of the Chern numbers for the
spin-up (C+) and spin-down (C−) projected manifolds, CS =
(C+ − C−)/2 [45]. The σz matrix, 〈φmk|σz|φnk〉, is constructed
and diagonalized to distinguish the spin-up and spin-down
manifolds [47]. The Chern number for each spin manifold is
C+ = −1 and C− = 1, yielding the spin Chern number CS =
−1. This clearly demonstrates the 2D TI nature of the Na3Bi
monolayer. Therefore, the Na3Bi monolayer exhibits the DTC
with respect to the 2D TI and 2D TCI phases.

To further confirm the DTC, we investigate the edge states
of 1D nanoribbons of the Na3Bi monolayer. Nonzero CM

and/or CS should support the gapless edge states bridging the
conduction and valence bands, which exhibit a band gap when
both time-reversal and mirror symmetries are broken. Based on
a description in terms of MLWFs of the Na3Bi monolayer, the
tight-binding Hamiltonians of nanoribbons along two different
directions with a width of 60 unit cells are constructed. The
calculated band structures on one side of the ribbons are
presented in Figs. 3(a) and 3(b), respectively. One can clearly
see a pair of gapless edge states in the 2D gap. The Dirac point

around �̄ is a clear consequence of the nontrivial topological
character of the system.

Generally, time-reversal symmetry breaking generates a
gap in the surface/edge states of TIs [1,2], while mirror
symmetry breaking is indispensable for the formation of a band
gap in the surface/edge states of TCIs [3]. One way to destroy
these symmetries is to introduce magnetism in the system.
To mimic a magnetic environment, we compute the matrix
elements of the Pauli matrices σα (α = x,y,z) on the basis of
MLWFs, which allows us to consider the effect of an exchange
field applied along different directions. For an exchange field
perpendicular to the mirror plane, Hmag = B⊥σz, time-reversal
symmetry is broken while mirror symmetry is maintained. In
this case, as shown in Fig. 3(c) for the Bi-Na(1) termination,
the Dirac point moves slightly away from the �̄ point, while
a band gap does not open as a consequence of the 2D TCI
phase’s survival. If the exchange field, on the other hand,
is in the plane, Hmag = B‖σx , both time-reversal and mirror
symmetries are broken and the edge states become gapped
[Fig. 3(d)]. This behavior is reminiscent of that in Bi2(Se/Te)3

[7,48], but with different directions of an exchange field due
to a different sense of the mirror symmetry in these two
compounds (Bz in the 3D TI corresponds to B‖ in the 2D TI)
[7,48].

Exposing honeycomb lattices to inversion symmetry break-
ing provides a new, so-called valley, tunable degree of freedom
in addition to spin and charge. The valley degree of freedom
is receiving considerable attention at present due to potential
application in valleytronics [28,30]. To demonstrate the effect
of inversion symmetry breaking, we focus now on the spin-
valley coupling of the Na3Bi monolayer by considering the
spin polarization of occupied states in reciprocal space. Since
the in-plane components of the spin polarization are vanishing
due to the presence of mirror symmetry, in Fig. 2(c) we plot
the momentum-resolved out-of-plane spin polarization of the
highest occupied band. It is clearly visible that the highest
occupied state exhibits spin polarization that is of opposite sign
at valleys K and K ′. We further inspect the Berry curvature
of the highest occupied band along the K-�-K ′ path, plotted
in Fig. 2(d). An odd behavior of the Berry curvature with
respect to the valley agrees with the symmetry analysis in
terms of time- and structural-inversion symmetry, similarly
to the well-known case of spin-valley coupling in the MoS2

monolayer [49]. Valley polarization that is coupled with spin
will suppress spin and valley relaxation and is a promising way
to prepare information carriers for next-generation electronic
and optoelectronic devices [30].

Having established our material’s DTC, accompanied by
a band gap of 0.31 eV (which is large enough for practical
applications at room temperature), we finally test its stability.
The phonon spectrum calculation shows imaginary frequen-
cies around the M point, but not at the � point, indicating
that the band inversion is robust. We demonstrate this by
investigating the band inversion under various strains as well
as substrates [50]. The magnitude of strain is described by the
ratio a/a0, where “a0” and “a” denote the lattice parameters of
the unstrained (5.31 Å) and strained systems, respectively. The
results of the calculations shown in Fig. 4 indicate that the band
gap of the Na3Bi monolayer can be significantly enhanced
upon straining, similarly to the results reported previously
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FIG. 4. (a) Variation of the energy gaps for the Na3Bi monolayer as a function of strain. The gaps (�E� and Egap in the inset) between
the valence and conduction bands remain, while a strain-induced band inversion between the valence bands (�EV in the inset) occurs. (b)
Orbitally resolved band structures for the Na3Bi monolayer sandwiched between a substrate of (b) BN with 2 × 2 and

√
7 × √

7 supercells and
(c) Na3Sb, weighted with the contribution of Bi-s and Bi-px,py states. The DTC remains intact with corresponding substrates.

[18,25]. There is no band-gap closing-reopening process
between the valence and conduction bands (�E� and Egap)
in a large range of strain from −12% to 20%. The persistent
band inversion indicates that the topological character of the
system is robust against the substrate-imposed strain, which is
important for further experimental investigations and device
applications due to the fact that a free-standing film is usually
hard to grow. Figure 4(b) shows the calculated band structures
of quantum-well structures that retain mirror symmetry, with
the Na3Bi monolayer sandwiched between 2 × 2 and

√
7 ×√

7 BN monolayers. As we can see, the energy gap at the M

point changes much more than at �, with the inverted band
gap at the � point surviving in both cases [although a further
band inversion occurs between valence bands for the

√
7 × √

7
case; see also �EV of Fig. 4(a)], which proves that the DTC is
preserved with a respective substrate-induced strain of −6.2%
and 19.7%. A weak interlayer interaction is expected between
BN and Na3Bi because of the large relaxed interlayer distances
∼ 4.0 Å. We then consider a strong interlayer interaction via
the topologically trivial substrate Na3Sb that has the same
crystal structure as Na3Bi but creates −2% epitaxial strain.

As shown in Fig. 4(c), the band inversion remains at the �

point.
In summary, based on first-principles calculations, we

revealed that the 2D TI and 2D TCI phases can coexist in
the Na3Bi monolayer with a large band gap of 0.31 eV. The
nonzero spin Chern number and the mirror Chern number,
as well as nontrivial topological edge states, confirm the
dual topological character clearly. As the mirror symmetry is
preserved for an out-of-plane exchange field, the gapless edge
states survive but move away from the time-reversal invariant
momenta, while a gap opens for in-plane exchange fields.
Finally, strain engineering shows that the dual topological
character in the Na3Bi monolayer is robust in a large range of
strain in which the nontrivial band gap can be tuned efficiently.
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Grützmacher, G. Bihlmayer, S. Blügel, and C. M. Schneider,
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