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We use the first-principles approach to clarify the thermodynamic stability as a function of pressure and
temperature of three different α-rhombohedral-boron-like boron subnitrides, with the compositions of B6N,
B13N2, and B38N6, proposed in the literature. We find that, out of these subnitrides with the structural
units of B12(N-N), B12(NBN), and [B12(N − N)]0.33[B12(NBN)]0.67, respectively, only B38N6, represented by
[B12(N − N)]0.33[B12(NBN)]0.67, is thermodynamically stable. Beyond a pressure of about 7.5 GPa depending
on the temperature, also B38N6 becomes unstable, and decomposes into cubic boron nitride and α-tetragonal-
boron-like boron subnitride B50N2. The thermodynamic stability of boron subnitrides and relevant competing
phases is determined by the Gibbs free energy, in which the contributions from the lattice vibrations
and the configurational disorder are obtained within the quasiharmonic and the mean-field approximations,
respectively. We calculate lattice parameters, elastic constants, phonon and electronic density of states, and
demonstrate that [B12(N − N)]0.33[B12(NBN)]0.67 is both mechanically and dynamically stable, and is an electrical
semiconductor. The simulated x-ray powder-diffraction pattern as well as the calculated lattice parameters
of [B12(N − N)]0.33[B12(NBN)]0.67 are found to be in good agreement with those of the experimentally
synthesized boron subnitrides reported in the literature, verifying that B38N6 is the stable composition of
α-rhombohedral-boron-like boron subnitride.

DOI: 10.1103/PhysRevB.95.064206

I. INTRODUCTION

Owing to its unique chemical bonds, boron displays a
large number of structures not only as three-dimensional bulk
crystals, but also as two-dimensional layers [1–3] and possibly
one-dimensional forms [4,5]. As for the three-dimensional
bulk crystals, in particular icosahedral boron-rich solids,
governed by the three-center two-electron chemical bonds,
they exhibit several outstanding properties, such as high
chemical stability, high hardness, high melting point, and
low wear coefficient [6–13]. Together with the small atomic
mass of boron and low density of the compounds, they are
thus promising materials for a wide range of technological
applications [6,13–21]. For this reason, icosahedral boron-rich
solids have become attractive to researchers and have been
extensively studied both experimentally and theoretically over
the past decades. Among those, icosahedral boron-rich solids
with structures related to α-rhombohedral boron (αR-boron),
in particular boron carbide, but also boron suboxide, and
boron subpnictides, have frequently been addressed in the
literature [6–27]. On the contrary, relatively few studies have
been made on boron subnitride [28–34], leaving inconclusive
issues, regarding its stable compositions, properties, as well as
the correct representation of its atomic configuration.

The existence of αR-boron-like boron subnitride was
suggested by Condon et al. [28], where they examined the
gas-solid reaction between boron and nitrogen at elevated
temperature, followed by Saitoh et al. [29], as they claimed
the synthesis of boron nitride thin films with αR-boron-like
structure using chemical vapor deposition. However, the in-
formation about the composition and the atomic configuration
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of the as-synthesized boron subnitrides was not provided in
either of their studies. Hubert et al. [30] synthesized αR-boron-
like boron subnitride through solid-state reactions between
amorphous boron and hexagonal boron nitride (h-BN) at
∼7.5 GPa and ∼2000 K. By analyzing the data obtained from
parallel electron energy-loss spectroscopy and powder x-ray
diffraction, they claimed that the as-synthesized subnitride has
a composition of B6N0.92 (∼13.29 at. % N) and exhibit a simi-
lar crystal structure to that of boron suboxide (B6O), where B12

icosahedra are located at vertices of a rhombohedral unit cell
(R3̄m space group) together with a pair of N atoms occupying
the interstice between the icosahedra along the [111] direction
of the rhombohedron. Based on their conclusion, the structural
unit of the ideally stoichiometric B6O-like boron subnitride,
denoted by B6N (14.28 at. % N), can thus be represented by
B12(N-N), where “-” stands for a vacancy residing between
the two N atoms, as shown by Fig. 1(a). Solozhenko et al. [35]
studied in situ interaction between β-boron and h-BN under
the same pressure-temperature conditions, i.e., at ∼7.5 GPa
and ∼2000 K. However, the formation of the B6O-like boron
subnitride was not observed.

Further experimental syntheses of αR-boron-like boron
subnitride were later carried out by Solozhenko and Ku-
rakevych [31,32]. In this case, the subnitride was synthesized
by crystallization through the peritectic reaction from the
mixture between h-BN and liquid boron at 5 GPa. By
performing the Rietveld analysis of the diffraction patterns
obtained from x-ray powder diffraction, they proposed that the
subnitride has a stoichiometric composition of B13N2 (13.33
at. % N), whose crystal structure is similar to that of B6N but
the N-N units are replaced by NBN intericosahedral chains,
in an analogy to the idealized picture of B13C2 composition
of boron carbide [36–39]. The structural unit of B13N2 is thus
given by B12(NBN), as shown in Fig. 1(b). Besides, due to
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FIG. 1. Structural units of two different αR-boron-like boron
subnitrides, proposed in the literature: (a) B6N or B12(N-N) with
14.28 at. % N, and (b) B13N2 or B12(NBN) with 13.33 at. % N. B38N6

with 13.63 at. % N can be viewed as an alloy of the two in the form
of [B12(N − N)]0.33[B12(NBN)]0.67. White and grey spheres represent
boron and nitrogen atoms, respectively.

the small variation of lattice parameters of the as-synthesized
αR-boron-like boron subnitrides in all their experiments, they
suggested that αR-boron-like boron subnitride, instead of a
solid solution, is an individual line compound [32]. Recently,
Zhang et al. [34] have proposed an alternative structural model
of αR-boron-like boron subnitride, having a composition of
B38N6 (13.63 at. % N). The model is represented by a mixture
between B12(NBN) and B12(N-N) with a ratio of 2:1, and
thus can be written as [B12(N − N)]0.33[B12(NBN)]0.67. The
importance of the configuration of the two structural units
included in the mixture was, however, not discussed. Adding to
the complexity, due to the incompleteness of the reactions, the
as-synthesized αR-boron-like boron subnitride has often poor
crystalline quality and has always been found in a mixture with
β-boron, h-BN, and α-tetragonal-boron-like boron subnitride,
denoted by t-B50N2−xBx [32,33]. For this reason, exploring the
properties of αR-boron-like boron subnitride in experiments
is difficult.

In order to answer to the question of which compositions
of αR-boron-like boron subnitride that are stable, the ther-
modynamic stability of the three proposed boron subnitrides,
B12(N-N), B12(NBN), and [B12(N − N)]0.33[B12(NBN)]0.67, at
different pressures and temperatures needs to be determined.
The study of high-temperature and high-pressure conditions
are motivated as αR-boron-like boron subnitrides are generally
synthesized at such conditions.

In this work, we investigate the thermodynamic stability
as a function of pressure and temperature of the three αR-
boron-like boron subnitrides with respect to their relevant
competing phases, using first-principles calculations. The
stability of the three subnitrides is determined by the Gibbs free
energy, in which the temperature-dependent effects, i.e., the
contributions from the lattice vibration and the configurational
disorder, are obtained within the quasiharmonic and the mean-
field approximations, respectively. We determine the phase
diagrams and find that, among the three considered subnitrides,
only [B12(N − N)]0.33[B12(NBN)]0.67 is thermodynamically
stable, and that is so up to a pressure of ∼7.5 GPa. Be-
yond this pressure, [B12(N − N)]0.33[B12(NBN)]0.67 becomes
unstable, and decomposes into cubic boron nitride (c-BN)
and t-B50N2, stable within a limited stability range, before
it subsequently decomposes upon increasing pressure into
pure boron and c-BN. We furthermore examine the proper-
ties of [B12(N − N)]0.33[B12(NBN)]0.67, i.e., elastic constants,

TABLE I. Different cell sizes and the corresponding k-point grids
for Brillouin-zone integration, used in the calculations for the three
subnitrides and their relevant competing phases.

Phase Cell size (number of atoms) k-point grids

αR-boron 1 × 1 × 1 (12) 9 × 9 × 9
2 × 2 × 2 (96) 7 × 7 × 7

γ -boron 1 × 1 × 1 (28) 9 × 9 × 9
2 × 2 × 2 (224) 7 × 7 × 7

t-B50N2 1 × 1 × 1 (52) 9 × 9 × 9
1 × 1 × 2 (104) 7 × 7 × 7

B12(NBN) 1 × 1 × 1 (15) 9 × 9 × 9
2 × 2 × 2 (120) 7 × 7 × 7

B38N6
a 3 × 2 × 2 (176) 3 × 5 × 5

B12(N-N) 1 × 1 × 1 (14) 9 × 9 × 9
2 × 2 × 2 (112) 7 × 7 × 7

c-BN 1 × 1 × 1 (8) 9 × 9 × 9
2 × 2 × 2 (64) 7 × 7 × 7

aB38N6 is represented by [B12(N − N)]0.33[B12(NBN)]0.67.

phonon and electronic density of states, and demonstrate
that [B12(N − N)]0.33[B12(NBN)]0.67 is both mechanically and
dynamically stable, and is an electrical semiconductor. Our
findings are in good agreement in terms of conditions for
experimental syntheses of αR-boron-like boron subnitrides,
reported in the literature [28–32,40].

II. METHODOLOGY

A. Computational details

The total energy calculations are performed within the
density functional theory (DFT), and the projector augmented
wave (PAW) method [41], as implemented in the Vienna ab
initio simulation package (VASP) [42,43], and the generalized
gradient approximation (GGA), proposed by Perdew, Burke,
and Ernzerhof (PBE96), for exchange-correlation functional
[44]. A plane-wave energy cutoff of 600 eV is used and
the Monkhorst-Pack k-point mesh [45] is chosen for the
Brillouin-zone integration. Since various supercell sizes are
used in the calculations, depending on compositions in the
binary boron-nitrogen system, we employ different k-point
grids, listed in Table I, in order to obtain a good accuracy of
the total energy within a reasonable computational time. The
equilibrium volume at 0 K, denoted by V0, is determined by
the minimum point of the total energy curve E0(V), calculated
for a set of different fixed volumes V. For each volume, the
internal atomic positions and the cell shape are fully relaxed
so that the total force, acting on each atom, is less than
10−6 eV/Å. The tetrahedron method for the Brillouin-zone
integrations, suggested by Blöchl [46], is used for electronic
density-of-states calculations.

B. Modeling [B12(N − N)]0.33[B12(NBN)]0.67

In the present work, a structural model of B38N6, proposed
as a stable composition in Ref. [34], is achieved as a
disordered [B12(N − N)]0.33[B12(NBN)]0.67 alloy using the
superatom-special quasirandom structure (SA-SQS) approach
for modeling configurational disorder in boron carbide [39,47]
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as well as mixing alloys between boron carbide and boron
suboxide [48]. The model is constructed within a 3 × 2 × 2
supercell (176 atoms), where two types of superatoms, (1)
B12(NBN) and (2) B12(N-N), are randomly distributed on the
lattice sites with a ratio of 2 to 1, and thus represented by
[B12(N − N)]0.33[B12(NBN)]0.67. The Warren-Cowley short-
range-order (SRO) parameters between the superatoms for
the SA-SQS modeling of [B12(N − N)]0.33[B12(NBN)]0.67 are
zero for the first two coordination shells.

A detailed investigation of the configuration of the two su-
peratom types in B38N6, beyond the mean-feld approximation,
is also performed using the cluster expansion method, and it
will be discussed in Sec. III C.

C. Thermodynamic stability

The thermodynamic stability of the boron subnitrides with
respect to their competing phases at different pressures p

and temperatures T is determined by the Gibbs free energy
G(T ,p);

G(T ,p) = E0(V ) + Fvib(T ,V ) − T Sconf(T ,V ) + pV. (1)

E0(V ) is the total energy at 0 K, directly obtained from the
DFT calculations. The contributions from the lattice dynamics
(phonons) is given by the Helmholtz free energy Fvib(T ,V ),

Fvib(T ,V ) = 1

2

∑
q,ν

h̄ω(q,ν,V )

+ kBT
∑
q,ν

ln{1 − exp[−h̄ω(q,ν,V )/kBT ]},

(2)

where ω(q,ν,V ) is the phonon frequency at the wave vector
q and the band index ν. h̄ and kB are the reduced Planck
constant and the Boltzmann constant, respectively. In this
work, the phonon frequencies ω are also volume dependent,
since the phonon calculations are performed within the
quasiharmonic approximation, using the PHONOPY package
for phonon calculations [49,50]. The force constants for each
phase are calculated within supercells, as listed in Table I,
using the Parlinski-Li-Kawazoe method [51] with a finite
displacement of 0.01 Å. The supercells are then sampled with
21 × 21 × 21 Monkhorst-Pack k-point grids in order to secure
the convergence of the phonon frequencies and thus Fvib(T ,V ).

The term T Sconf(T ,V ) in Eq. (1) is a contribution from
the configurational disorder, where Sconf is defined as the
configurational entropy. In the present work, Sconf is derived
within the mean-field approximation, and is volume and
temperature independent,

Sconf = kB ln(g), (3)

where g is the number of distinguishable ways of ar-
ranging the atoms on the lattice sites. In the case of
[B12(N − N)]0.33[B12(NBN)]0.67, with the exception of the
cluster expansion study in Sec. III C, we assume that the mate-
rial has maximal configurational disorder between the B12(N-
N) and B12(NBN) superatoms, that is a random superatom
alloy, with corresponding entropy. The configurational entropy
Sconf , given in Eq. (3), can thus be approximated within the

thermodynamics limit using Stirling’s approximation to be

Sconf = −kBN
∑

i

xi ln(xi), (4)

where N and xi are defined as the number of lattice sites and
the concentration of type i atoms/superatoms.

To determine the term pV and include it in G(T ,p) at
fixed temperatures, the sums of the first three terms on the
right-hand side of Eq. (1) at different fixed volumes are fitted
to the third-order Birch-Murnaghan equation of state (EOS)
[52,53]. The pressure p is thus calculated by

p = −
[
∂[E0(V ) + Fvib(T ,V ) − T Sconf]

∂V

]
T

. (5)

D. Elastic properties calculations

In the present work, the elastic properties of the three
subnitrides are calculated at p = 0 GPa and T = 0 K,
irrespective of the influence of the zero-point motion. Thus, the
Gibbs free energy G, given in Eq. (1), is only determined by the
ground-state energy E0(V0). To calculate the elastic constants
Cij , we apply strains ε with ±1% and ±2% distortions to the
supercells with fully relaxed internal atomic positions without
volume conservation, and the elastic constants Cij can directly
be obtained from the second-order Taylor expansion of the total
energy E0 [54,55],

Cij = 1

V0

∂2E0(ε1, . . . ,ε6)

∂εi∂εj

∣∣∣∣
0

, (6)

where Voigt’s notation is used to describe the strain εi and the
elastic tensor Cij [56,57]. E0(ε1, . . . ,ε6), is the total energy of
the supercell, distorted by the correspondingly applied strains
εi , whiles V0 is the equilibrium volume of the undistorted
supercell. Since the SQS technique in principle breaks the
point-group symmetry of [B12(N − N)]0.33[B12(NBN)]0.67, we
employ the projection technique, suggested by Moakher et al.
[58], to derive the rhombohedrally averaged elastic constants
C̄ij , following the procedure described in Ref. [48] for boron
carbide and boron suboxide. Consequently, 12 independent
elastic constants in total, i.e., C11, C12, C13, C14, C22, C23, C24,
C33, C44, C55, C56, and C66, must be calculated to obtain the
six averaged elastic constants, given by

C̄11 = 3
8 (C11 + C22) + 1

4C12 + 1
2C66, (7a)

C̄12 = 1
8 (C11 + C22) + 3

4C12 − 1
2C66, (7b)

C̄13 = 1
2 (C13 + C23), (7c)

C̄14 = 1
4C14 − 1

4C24 + 1
2C56, (7d)

C̄33 = C33, (7e)

C̄44 = 1
2C44 + C55, (7f)

C̄66 = 1
2 (C̄11 − C̄12). (7g)

The mechanical stability of the subnitrides is verified by
the Born stability criteria [59] for the rhombohedral structure,

C̄11 − |C̄12| > 0, (8a)

(C̄11 + C̄12)C̄33 − 2(C̄13)2 > 0, (8b)
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(C̄11 − C̄12)C̄44 − 2(C̄14)2 > 0, (8c)

C̄44 > 0. (8d)

The Voigt-Reuss-Hill (VRH) method for determining elas-
tic properties of polycrystalline solids [60] is used to calculate
the isotropic elastic Young’s, shear, bulk moduli, and Poisson’s
ratio of boron subnitrides.

III. RESULTS AND DISCUSSION

A. Thermodynamic stability of α-rhombohedral-boron-like
boron subnitrides and their relevant competing

phases at T = 0 K

We first examine the thermodynamic stability at T = 0 K
of αR-boron-like boron subnitrides. By performing spin-
polarized calculations to the three subnitrides, we find that
B12(NBN) favors a magnetic state with a magnetic moment
of 1μB , which is in accord with the previous calculations,
done by Gou et al. [61]. The two other compositions, B6N
and B38N6, resulted in nonmagnetic solutions, even though
the calculations were started with nonzero magnetic moments.
As a result, further investigation of B12(NBN) will be carried
out within the spin-polarized DFT framework, while the other
compositions are treated as non-spin-polarized. We neglect the
influence of lattice dynamics at T = 0 K, i.e., the zero-point
motion, so the Gibbs free energy G, given in Eq. (1), reduces
to the enthalpy H ;

H (p) = E0(V ) + pV. (9)

Consequently, the stability of the three subnitrides at
different fixed pressures can be determined by calculating
the formation enthalpy 	Hform with respect to their relevant
competing phases, i.e., pure boron and boron nitride, as shown
in Fig. 2. As for pure boron, we consider αR-boron as a
competing phase of the subnitrides at low pressure. Upon
increasing pressure, αR-boron undergoes a phase transition
into γ -boron, which should also be included when determining
the stability of the subnitrides under high pressure. According
to our calculations at T = 0 K, the transition from αR- to
γ -boron is predicted to take place at p = 18.8 GPa, which
is in good agreement with the values reported in the literature
[62,63]. In the case of boron nitride, due to the fact that standard
DFT calculations cannot accurately describe the van der Waals
interactions between the boron nitride layers of the hexagonal
phase (h-BN), only the cubic phase (c-BN) is considered as a
competing phase for the subnitride. However, as demonstrated
by a number of experimental and theoretical works [64–69], it
is generally accepted that c-BN is thermodynamically stable
over h-BN at zero pressure and zero temperature conditions,
and is also found to be stable up to relatively high pressures
and high temperatures.

Since the formation of α-tetragonal-boron-like phase, given
by t-B50N2−xBx , has also been reported in the experimental
syntheses of αR-boron-like boron subnitride [32,33], we
consider the stoichiometric t-B50N2 as one of the competing
phases for the three αR-boron-like boron subnitrides. We note
that the representation of the atomic configuration of t-B50N2

has still not been decisive due to a variety of ways for individual
boron and nitrogen atoms to fully and/or partially occupy
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FIG. 2. Formation enthalpy 	H form of t-B50N2, B12(NBN),
[B12(N − N)]0.33[B12(NBN)]0.67, and B12(N-N), corresponding to the
compositions of B50N2, B13N2, B38N6, and B6N respectively, with
respect to pure boron (αR and γ phases) and c-BN under pressures,
ranging from 0 to 20 GPa. Filled and open symbols indicate
compositions, which are lying on and above the convex hulls at
different fixed pressures, respectively. The inset shows a full picture
of the convex hull at p = 0 GPa.

different interstitial sites [70–72]. In the present work, the
atomic configuration of t-B50N2, recently proposed by Uemura
et al. [72] is chosen, as it is found to be the lowest-energy
configuration, among several considered possible occupations
of the interstitial atoms. The configuration is represented by (1)
four icosahedral clusters, centered at (a/4, a/4, c/4), (3a/4,
3a/4, c/4), (3a/4, a/4, 3c/4), and (a/4, 3a/4, 3c/4) of the
tetragonal unit cell, (2) two interstitial boron atoms, partially
placed either at the 8h or at the 8i sites, and (3) two interstitial
nitrogen atoms, located at the 2b sites.

As can be seen from the inset in Fig. 2, only B38N6, as
represented by [B12(N − N)]0.33[B12(NBN)]0.67, and t-B50N2

are lying on the convex hull at zero pressure. The other
compositions, B6N and B13N2, on the other hand, are
found to be above the hull by 13 and 125 meV/atom,
respectively. We also find that 	H form of the three boron
subnitrides as well as t-B50N2 increases with the pressure,
and [B12(N − N)]0.33[B12(NBN)]0.67 becomes unstable with
respect to t-B50N2 and c-BN at p ≈ 6 GPa. t-B50N2 subse-
quently decomposes into αR-boron and c-BN at p > 7 GPa.

B. Structural, electronic, and elastic properties
of α-rhombohedral-boron-like boron subnitrides

As a next step, we investigate the ground-state properties of
the three αR-boron-like boron subnitrides. Table II shows the
lattice parameters a, angles α, and the unit-cell volumes of the
three subnitrides, calculated in the present work. We note that
the lattice parameters (a, b, c), and also the angles between
them (α, β, γ ) of boron subnitride at B38N6 composition,
represented by [B12(N − N)]0.33[B12(NBN)]0.67, are slightly
deviating from each other by less than 1%. This is attributed to
the use of SA-SQS technique, breaking the point-group sym-
metry due to its finite size of the SQS supercell, for modeling
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TABLE II. Lattice parameters a, angles α, and unit-cell volumes
V0 of α-rhombohedral-boron-like boron subnitrides, calculated in the
present work. Comparison is made with experiments and previous
calculations.

a α V0

Composition (Å/unit cell) (◦) (Å3/unit cell)

Experiments
B6N0.92 5.155a 63.91a 105.228a

B13N2 5.159b 63.88b 105.389b

5.157c 63.73c 104.990c

Calculations
B6N 5.146 63.83 104.543
B13N2 5.219 63.44 108.206

5.209d 63.45d 107.591d

B38N6
e 5.158 63.78 105.129

aReference [30]: Hubert et al. (x-ray diffraction).
bReference [31]: Solozhenko et al. (x-ray diffraction).
cReference [32]: Solozhenko et al. (x-ray diffraction).
dReference [61]: Gou et al. (spin-polarized GGA-PBE96).
eB38N6 is represented by [B12(N − N)]0.33[B12(NBN)]0.67.

[B12(N − N)]0.33[B12(NBN)]0.67. For this reason, the lattice
parameters and the angles of [B12(N − N)]0.33[B12(NBN)]0.67,
given in Table II, are rhombohedrally averaged. As can
be seen from Table II, the calculated lattice parameters of
all three compositions considered are in general agreement
with the experimental values. However, judging from our
previous works on related icosahedral boron-rich systems
[47], we expect that our PAW-GGA calculations should be
extremely close to the measured values, when the correct
atomic configurations are used. Thus, we can see that in
particular the calculated lattice parameters and volume at
B13N2 composition, given by B12(NBN), substantially deviate
from experiments. For example, the calculated volume of
B12(NBN) is larger than those measured from the experiments
by more than 2%. In addition, we find that the calculated lattice
parameters and volume of [B12(N − N)]0.33[B12(NBN)]0.67 at
B38N6 composition, whose volume differs from the exper-
iments by less than 0.25%, are found to be in even better
agreement with the experiments than those of B12(N-N) at
B6N composition. The match of lattice parameters and volume
between those calculated for [B12(N − N)]0.33[B12(NBN)]0.67

and the experiments strengthens our findings in the previous
section that B38N6 is the stable composition for αR-boron-like
boron subnitride.

By considering the electronic density of states of the
three αR-boron-like boron subnitrides, as shown in Fig. 3,
we find that [B12(N − N)]0.33[B12(NBN)]0.67 is an electrical
semiconductor with a GGA-based electronic band gap of
0.7 eV, while B12(N-N) and B12(NBN) are both metallic.
The appearance of such electronic characters, observed in the
three subnitrides, can be explained by the electron counting
rules, proposed by Longuet-Higgins and Roberts [74], for
interpreting the electronic structure and stability of icosahedral
boron-rich clusters, which has recently been discussed by
Zhang et al. [34] also for boron subnitrides. The metallic
character of B12(N-N) is due to the electron deficiency
of the B12 icosahedron, in which two more electrons are
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FIG. 3. Electronic density of states of (a) B6N, (b) B13N2,
and (c) B38N6, represented by B12(N-N), (b) B12(NBN), and (c)
[B12(N − N)]0.33[B12(NBN)]0.67, respectively. The dashed lines at
0 eV indicate the highest energy states, occupied by the electrons.

required to complete its bonding states. In this case, the Fermi
level is located in the valence band. On the one hand, the
addition of one extra boron atom to form the B12(NBN) at
B13N2 composition gives rise to an excess electron filling an
antibonding state of the icosahedron, and thus resulting in
the metallic character, where the Fermi level is lying in the
conduction band. As a consequence, the B38N6 composition,
composed of B12(N-N) and B12(NBN) with a ratio of 1:2,
corresponds to the precise electron count, making the system
electrically semiconducting.

Table III shows the elastic constants and elastic moduli of
the three αR-boron-like boron subnitrides, calculated at p = 0
GPa and T = 0 K, using the projection technique described
in Sec. II D. As can be seen from Table III, the elastic
constants as well as bulk and shear moduli of B12(NBN),
calculated in this work, are in excellent agreement with
the previous calculations, reported by Gou et al. [61], thus
confirming the reliability of our calculations. By inspecting
the mechanical stability of the three subnitrides with the Born
stability criteria for the rhombohedral structure, provided by
Eq. (8), we verify that all the criteria are fulfilled for the
three compositions of boron subnitride, demonstrating that
they are all mechanically stable. Recent theoretical works on
B12(N-N) [73] and B12N(NBN) [61] have demonstrated elastic
constants in line with potentially superhard materials. We
thus expect [B12(N − N)]0.33[B12(NBN)]0.67, whose calculated
elastic moduli are comparable to those calculated for the other
two subnitrides, is potentially a superhard material. Beside,
the values of the B/G ratio of the three considered subnitrides,
given in Table III, are smaller than 1.75, implying that the
materials are brittle according to Pugh’s criterion [75].

C. Configurational disorder in [B12(N − N)]0.33[B12(NBN)]0.67

In this subsection, we examine the influence of configura-
tional disorder, induced either by atomic B/N substitutional de-
fects or by the configuration of the B12(N-N) and B12(NBN) su-
peratoms, on the stability of [B12(N − N)]0.33[B12(NBN)]0.67.
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TABLE III. Averaged elastic constants C̄ij (GPa), bulk modulus BH (GPa), shear modulus GH (GPa), Young’s modulus EH (GPa),
Poisson’s ratio νH , and BH /GH ratio in the Voigt-Reuss-Hill (VRH) approach for B12(N-N), B12(NBN), and [B12(N − N)]0.33[B12(NBN)]0.67.
Comparison is made with previous calculations of B12(N-N) and B12N(NBN).

C̄11 C̄12 C̄13 C̄14 C̄33 C̄44 BH GH EH νH BH /GH Ref.

B12(N-N) (Calc.) 601 134 50 −8 411 143 225 190 444 0.17 1.19 this work
236 [73]a

B12(NBN) (Calc.) 522 135 84 48 538 117 243 157 387 0.23 1.55 this work
531 130 80 541 108 242 162 1.49 [61]b

B38N6
c (Calc.) 511 171 65 63 507 162 236 167 403 0.21 1.41 this work

aReference [73]: Guo et al. (ultrasoft pseudo-potential GGA-PBE96).
bReference [61]: Gou et al. (spin polarized GGA-PBE96).
cB38N6 is represented by [B12(N − N)]0.33[B12(NBN)]0.67.

It has recently been demonstrated that configurational disorder
plays an important role for the stability as well as the properties
of boron carbides at elevated temperature [39,47,48,76]. We
first consider different kinds of B/N substitutional defects in
the dilute limit, involved with only two atoms, in a fully relaxed
3 × 2 × 2 supercell of [B12(N − N)]0.33[B12(NBN)]0.67, as the
defect-free structure. In the present work, the substitutional
defects are only generated by swapping B and N atoms in the
supercell, and thus the global compositions of all defective
structures are fixed at B38N6. The defect formation energy,
	Edefect, is calculated by

	Edefect = Edefect − Edefect-free, (10)

where Edefect and Edefect-free are defined as the total energy of the
defective and the defect-free structures, respectively. We note
that, during the calculations of the defective structures, only the
atomic coordinates are relaxed, while their supercell volumes
are kept fixed at the equilibrium volume V0 of the defect-
free structure. Some selected low-energy B/N substitutional
defects, their formation energy, 	Edefect, and the formation
enthalpies, 	H form, of the defect-free as well as defective
structures at zero pressure with respect to c-BN and αR-boron
are listed in Table IV.

We find that the formation of the B/N substitutional defects
in [B12(N − N)]0.33[B12(NBN)]0.67 even in the dilute limit
results in an unstable structure, as indicated by the positive
formation enthalpies 	H form with respect to the competing
phases. We attribute this to the relatively high energy 	Edefect,
at least 4 eV, it costs for a single swap of boron and nitrogen
atoms in [B12(N − N)]0.33[B12(NBN)]0.67. We thus conclude
that configurational disorder, induced by B/N substitutional
defects, is unlikely for [B12(N − N)]0.33[B12(NBN)]0.67. In
order to investigate the influence of configurational disor-
der in [B12(N − N)]0.33[B12(NBN)]0.67 on the B12(N-N) and
B12(NBN) superatom level, we calculate so-called effective
cluster interactions by solving a set of linear equations, known
as the Connolly-Williams cluster expansion (CE) method [77],
within the “superatom” framework,

E
γ

0 = E
′
0 +

∑
f

V
(n)
f ξ

(n)−γ

f . (11)

E
γ

0 is the total energy of [B12(N − N)]0.33[B12(NBN)]0.67

with a given configuration γ . ξ
(n)−γ

f and V(n)
f are the n-site

correlation functions of a specific cluster f , defined for

configuration γ , and the n-site effective cluster interactions
for a specific cluster f , respectively. E

′
0 is the total energy of

[B12(N − N)]0.33[B12(NBN)]0.67, imitating the configuration
of random alloy stable in the limit V/T → 0, where ξ

(n)
f = 0.

In the present work, ξ
(n)−γ

f are defined by the Warren-
Cowley short-range-order (SRO) parameters, αi , representing
the two-site correlation functions for the ith coordination shell,
and thus V

(n)
f reduces to V

(2)
i , which is the effective pair

interaction for the ith coordination shell. As a preliminary
investigation, we aim at solving for V

(n)
i up to the third shell.

Equation (11) can thus be rewritten as

E
γ

0 = E
′
0 +

3∑
i=1

niV
(2)
i α

γ

i , (12)

where ni is the number of superatoms in the ith shell. To
solve for the unknown quantities in Eq. (12), i.e., E

′
0 and V

(2)
i ,

we model a set of [B12(N − N)]0.33[B12(NBN)]0.67 structures,
where α

γ

i are uniquely defined for each configuration γ , and
then determine E

γ

0 , using DFT calculations. E
′
0 and V

(2)
i can

thus be obtained by performing a least-squares fit to the set

TABLE IV. Some of the dilute substitutional defects in 3 × 2 ×
2 supercells, and their formation energies, 	Edefect, in eV/defect
with respect to [B12(N − N)]0.33[B12(NBN)]0.67, as the defect-free
structure. Superscript p and e denote polar and equatorial sites in
the icosahedron, respectively, and “-” stands for a vacancy. 	H form

is defined as the formation enthalpy in meV/atom of the defect-free
and defective structures at zero pressure with respect to c-BN and
αR-boron.

	Edefect 	H form

Defective structure (eV/defect) (meV/atom)

Defect-free structure 0 −12
B11Np(BBN) 4.40 13
B11Ne(BBN) 4.22 12
B11Ne(NBB)a 8.31 35
B12(BNN) 5.45 19
B11Np(B-N) 6.71 26
B11Ne(B-N) 4.05 11
B11Ne(N-B)a 7.46 30
B12(B-N) + B12(NNN) 7.85 32

aThere exists a N-N bond between the NBB or N-B unit and the B11Ne

icosahedron in that defective structure.
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of Eq. (12). Table V lists the SRO parameters (αi ; i = 1–
3) for four configurations of [B12(N − N)]0.33[B12(NBN)]0.67,
labeled by configuration γ = 1–4, and their total energies per
superatom (s.a.), E

γ−DFT
0 , obtained from DFT calculations.

Together with the input from the four structures, we perform
the least-square fit to the four corresponding Eq. (12), and
obtain the fitting parameters, i.e., E

′
0, V

(2)
1 , V

(2)
2 , and V

(2)
3 in

eV/s.a., which are given as follows:
⎛
⎜⎜⎜⎜⎝

E
′
0

V
(2)

1

V
(2)

2

V
(2)

3

⎞
⎟⎟⎟⎟⎠ =

⎛
⎜⎝

−106.268
0.0011

−0.0071
0.0031

⎞
⎟⎠. (13)

The small positive values of V
(2)

1 and V
(2)

3 indicate ordering
tendencies between superatoms, B12(N-N) and B12(NBN), for
the first and third shells, respectively, while the negative value
of V

(2)
2 indicates a tendency to form B12(N-N)-B12(N-N) and

B12(NBN)-B12(NBN) pairs at the second shell.
The obtained effective pair interactions V

(2)
i , given in

Eq. (13), are then used in Monte Carlo (MC) simulations
in order to search for a possible low-energy configuration
of [B12(N − N)]0.33[B12(NBN)]0.67, denoted by ordered struc-
ture, supposedly stable at low temperature. In this case, simu-
lation boxes of 30 × 30 × 30 rhombohedral unit cells (396 000
atoms) are used, and the MC simulations are performed, using
the Metropolis et al. [78] algorithm, in the temperature range
of 0–4000 K, in which the temperature steps are 100 and
50 K for T > 1400 K and T < 1400 K, respectively. At each
temperature, the simulations include 10 000 Monte Carlo steps
(MCSs) for equilibrating the system and then 10 000 more
MCSs for obtaining the proper averages of the total energies,
specific heat, and SRO parameters. The simulations reveal two
order-disorder transitions at ∼750 and ∼1300 K, as indicated
by the peaks in the calculated configurational specific heat, cV ,
illustrated in Fig. 4. The SRO parameters as well as the total
energy E

γ−CE
0 at T = 0 K of [B12(N − N)]0.33[B12(NBN)]0.67,

representing the ordered structure, are also given in Table V.
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FIG. 4. Specific heat (cV ) of [B12(N − N)]0.33[B12(NBN)]0.67,
evaluated from Monte Carlo simulations, using simulation boxes of
30 × 30 × 30 rhombohedral unit cells.

FIG. 5. Superatomic configuration, representing the ordered
structure of [B12(N − N)]0.33[B12(NBN)]0.67, in which white and grey
spheres stand for B12(N-N) superatoms and B12(NBN) superatoms,
respectively.

The ordered structure of [B12(N − N)]0.33[B12(NBN)]0.67,
predicted to be stable at T < 750 K, can be viewed from
the superatomic perspective as a stacking sequence of two
layers of B12(NBN) superatoms and one layer of B12(N-N)
superatoms, as depicted in Fig. 5. According to our prediction,
the ordered [B12(N − N)]0.33[B12(NBN)]0.67 undergoes an
order-disorder transition at T ∼750 K to the intermediate
phase, stable up to T ∼1300 K, where a small amount of
B12(N-N) superatoms from the B12(N-N) layers substitutes
for B12(NBN) superatoms, residing in the layers of B12(NBN)
superatoms, and vice versa, resulting in a stacking sequence
of B12(NBN)-rich layers and B12(N-N)-rich layers. At T �
1300 K, [B12(N − N)]0.33[B12(NBN)]0.67 loses configurational
long-range order due to thermally activated random arrange-
ment of B12(N-N) and B12(NBN) superatoms.

For comparison, we estimate the order-disorder transi-
tion temperature of [B12(N − N)]0.33[B12(NBN)]0.67, using
the mean-field approximation. In this case, the transition
temperature is calculated from the difference in the Gibbs free
energy 	G(T ) between the ordered and disordered structures.
Neglecting the influence of zero-point motion, the Gibbs free
energy in this case of the ordered and disordered structures is
given by

Gord(T ) = Eord
0 , (14)

and

Gdis(T ) = Edis
0 − T Sconf, (15)

respectively. By assuming that the ordered structure has
the zero-temperature properties (T = 0 K), while the dis-
ordered structure has the T → ∞ properties, Eord

0 and
Edis

0 are given by E
γ−CE
0 for the ordered structure, listed

in Table V, and the fitting parameter E
′
0, respectively. The
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TABLE V. Five configurations of [B12(N − N)]0.33[B12(NBN)]0.67, and their Warren-Cowley short-range-order (SRO) parameters (αi ;
i = 1–3) for the first three coordination shells. E

γ−DFT
0 and E

γ−CE
0 stand for the total energies per superatom (s.a.), calculated from DFT and

from Eq. (12), together with the fitting parameters, i.e., E
′
0, V

(2)
i , obtained from the Connolly-Williams cluster expansion (CE) method [77],

respectively.

Supercell size E
γ−DFT
0 E

γ−CE
0

Configuration γ (no. of atoms) α1 α2 α3 (eV/s.a.) (eV/s.a.)

1 3 × 2 × 2 (176) 0 0 −0.125 −106.2703 −106.2703
2 3 × 2 × 2 (176) −0.5 0.5 −0.5 −106.3020 −106.3019
3 3 × 2 × 2 (176) 0.5 0 −0.5 −106.2739 −106.2740
4 3 × 3 × 3 (396) 0 0 0 −106.2680 −106.2680
Ordered structure 30 × 30 × 30 (396 000) −0.5 1.0 −0.5 −106.3232

configurational entropy Sconf per s.a. for the disordered
structure of [B12(N − N)]0.33[B12(NBN)]0.67 is then estimated,
using Eq. (4), to be

Sconf = −kB

[
1
3 ln

(
1
3

) + 2
3 ln

(
2
3

)]
. (16)

A mean-field estimate of the ordered-disordered transition
temperature for [B12(N − N)]0.33[B12(NBN)]0.67 is 1061 K,
falling between the two order-disorder transition temperatures,
predicted by the MC simulations.

D. Lattice dynamics and thermodynamic stability at T > 0 K

We also investigate the influence of lattice vibrations on
the thermodynamic stability of the three αR-boron-like boron
subnitrides. In this work, the vibrational contributions to
the Gibbs free energy G(T ,p), as denoted by Fvib(T ,V ), for
the three subnitrides and their relevant competing phases,
those are αR- and γ -boron, t-B50N2, and c-BN, are
calculated within the quasiharmonic approximation, using
the approaches described in Sec. II C. We first inspect
the phonon density of states of B12(N-N), B12(NBN), and
[B12(N − N)]0.33[B12(NBN)]0.67, as illustrated in Fig. 6. As
can be seen from Fig. 6, the phonon frequencies of B12(N-N)
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FIG. 6. Phonon density of states (PDOS) of (a) B12(N-N), (b)
B12(NBN), and (c) [B12(N − N)]0.33[B12(NBN)]0.67, corresponding
to the compositions of B6N, B13N2, and B38N6, respectively, at p = 0
GPa. Negative numbers correspond to imaginary frequencies.

and [B12(N − N)]0.33[B12(NBN)]0.67 are all positive, assuring
their dynamical stabilities. The phonon density of states of
B12(NBN), on the other hand, displays a band of imaginary
phonon frequencies, indicating that B12(NBN) is dynamically
unstable. Considering that B12(NBN) is dynamically unstable,
together with its relatively high formation enthalpy 	H form

with respect to the competing phases (see Fig. 2), we
conclude that the stoichiometric B13N2, represented solely
by B12(NBN), is not a stable composition of αR-boron-like
boron subnitride.

We then determine the thermodynamic stability as a
function of pressure p and temperature T of B12(N-N) and
[B12(N − N)]0.33[B12(NBN)]0.67 with respect to the competing
phases by calculating the Gibbs free energy G(T ,p), given by
Eq. (1). It is worth noting that, due to the partial occupation
of the two interstitial boron atoms, t-B50N2 has a nonzero
configurational entropy Sconf . In our case, one-eighth of 8h

and of 8i interstitial sites are occupied by the first and second
boron atoms, respectively. We thus estimate the configurational
entropy Sconf/unit cell for t-B50N2, using Eq. (3), to be
kB ln(64) or ∼0.079kB /atom. The configurational entropy Sconf

for [B12(N − N)]0.33[B12(NBN)]0.67 is given by Eq. (16), i.e.,
∼0.043kB /atom, while it is zero for αR- and γ -boron, c-BN,
and B12(N-N).

We find that, in the temperature range from 0 to 2300 K,
[B12(N − N)]0.33[B12(NBN)]0.67 is thermodynamically stable
with respect to all relevant competing phases, including
B12(N-N), up to ∼7.5 GPa. Beyond this pressure, B38N6,
[B12(N − N)]0.33[B12(NBN)]0.67 becomes unstable and de-
composes into c-BN and t-B50N2, stable within a limited
stability range before it subsequently decomposes upon in-
creasing pressure into αR- or γ -boron, depending on the
pressure and temperature, and c-BN. The stability range of
[B12(N − N)]0.33[B12(NBN)]0.67 is displayed through the p-T
phase diagram at the composition of B38N6, as illustrated
in Fig. 7. As for the stoichiometric B6N, represented by
B12(N-N), we find that it is never stable with respect to
[B12(N − N)]0.33[B12(NBN)]0.67 and c-BN at any pressure or
temperature.

We find that our obtained p-T phase diagram at the
global composition of B38N6, shown in Fig. 7, provides
a good agreement in terms of conditions for experimental
syntheses of αR-boron-like boron subnitrides, reported in the
literature [28–32,40]. For example, the experimental syntheses
of αR-boron-like boron subnitride, carried out by Hubert

064206-8



THERMODYNAMIC STABILITY AND PROPERTIES OF . . . PHYSICAL REVIEW B 95, 064206 (2017)

0 5 10 15 20

Pressure (GPa)

0

500

1000

1500

2000

T
em

pe
ra

tu
re

 (
K

)

B
38

N
6

t-B
50

N
2
 + c-BN

αR-Boron + c-BN

γ-Boron + c-BN

Composition B
38

N
6

[B
12

(N-N)]
0.33

[B
12

(NBN)]
0.67

FIG. 7. p-T phase diagram at a composition of B38N6.

et al. [30] through solid-state reactions between boron and
h-BN at p ≈ 7.5 GPa and T ≈ 2000 K, and Solozhenko and
Kurakevych [31,32] upon cooling of the mixture between
liquid boron and h-BN from T > 2300 K at p ≈ 5 GPa.
We can see that the conditions, used for the syntheses of
the subnitrides in both cases, fall into the predicted stability
range of [B12(N − N)]0.33[B12(NBN)]0.67. As can be seen from
Fig. 7, the synthesis of boron subnitride at p ≈ 7.5 GPa,
made by Hubert et al. [30], is very close to the boundary
where [B12(N − N)]0.33[B12(NBN)]0.67 becomes unstable and
decomposes into the competing phases. We suggest that this
might explain why the formation of αR-boron-like boron
subnitride was not observed in the in situ experiments,
conducted by Solozhenko et al. [35], under the same p-T con-
ditions. In addition, Cao et al. [40] reported the experimental
synthesis of αR-boron-like boron subnitride at low pressure
(∼10−5 GPa), which is in accord with our prediction that
[B12(N − N)]0.33[B12(NBN)]0.67 is also thermodynamically
stable at low pressures; see Fig. 7.

Furthermore, upon cooling the mixtures between liquid
boron and h-BN from T > 2300 K at p ≈ 5 GPa and at
different fixed contents of N, Solozhenko et al. [33] found
that at 3.8 at. % N, equivalent to the B50N2 composition, the
quenched sample consisted of a β-boron and α-tetragonal-
boron-like phase, given by t-B50N2−xBx , and the formation of
αR-boron-like boron subnitride is absent at this composition.
This is also in accord with our predictions that, at the global
composition of B50N2, only t-B50N2 is found to be thermo-
dynamically stable up to at least 10 GPa, depending on the
temperature, before it decomposes into pure boron and c-BN.

We also find that the simulated x-ray powder-diffraction
pattern of [B12(N − N)]0.33[B12(NBN)]0.67, obtained from the
RIETAN-FP package [79] as implemented in VESTA [80], is in
good agreement with the experimental powder-diffraction data
of B6N0.92 [30] and B13N2 [32], taken from The International
Centre for Diffraction Data (ICDD) cards: 00-050-1504 and
00-060-0209, respectively, as shown in Fig. 8. We thus
conclude that B36N6 is the stable composition of αR-boron-
like boron subnitride, whose atomic configuration is given
by the mixture between B12(N-N) and B12(NBN) with the
ratio of 1:2, denoted by [B12(N − N)]0.33[B12(NBN)]0.67, while
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FIG. 8. Simulated x-ray powder-diffraction pattern (CuKα) of
[B12(N − N)]0.33[B12(NBN)]0.67 at the composition of B38N6 (blue),
compared with the experimental powder-diffraction data of B6N0.92

[30] (red) and B13N2 (black), taken from The International Centre
for Diffraction Data (ICDD) cards: 00-050-1504 and 00-060-0209,
respectively.

the B6N and B13N2 compositions, solely represented by
B12(N-N) and B12(NBN), respectively, are not found to be
thermodynamically stable at any pressure and temperature.

As a consequence, we further suggest that the experimen-
tally synthesized αR-boron-like boron subnitrides, denoted by
B6N0.92 [30] and B13N2 [31–33] compositions in the literature,
should also be represented by the mixtures between B12(N-N)
and B12(NBN) with the global compositions of about B38N6,
where the concentrations of B12(N-N) and B12(NBN) possibly
deviate from those of B38N6 in the dilute limit, as indicated
by the small variation of lattice parameters between B6N0.92

[30] and B13N2 [31–33], measured from the experiments, and
[B12(N − N)]0.33[B12(NBN)]0.67, calculated in this work; see
Table II. This is also in accord with the suggestion, given
by Solozhenko et al. [32], that rather than a solid solution
like boron carbide, αR-boron-like boron subnitride is a line
compound.

IV. CONCLUSION

We examine using first-principles calculations the ther-
modynamic stability as a function of pressure and tem-
perature of three different αR-boron-like boron subni-
trides, proposed in the literature; those are B6N repre-
sented by B12(N-N), B13N2 represented by B12(NBN), and
B38N6 represented by [B12(N − N)]0.33[B12(NBN)]0.67, with
respect to their relevant competing phases. We find that,
among the three considered boron subnitrides, only B38N6,
[B12(N − N)]0.33[B12(NBN)]0.67, is thermodynamically stable
from 0 GPa up to ∼7.5 GPa, depending on the tempera-
ture. Beyond this pressure, [B12(N − N)]0.33[B12(NBN)]0.67

becomes unstable and decomposes into cubic boron nitride
and α-tetragonal-boron-like boron subnitride, t-B50N2. This is
in a good agreement in terms of conditions for experimental
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syntheses of αR-boron-like boron subnitrides, reported in the
literature. By inspecting its elastic constants, phonon and
electronic density of states, [B12(N − N)]0.33[B12(NBN)]0.67 is
found mechanically and dynamically stable, and is an electrical
semiconductor with the GGA-estimated electronic band gap
of 0.7 eV.

By comparing the calculated lattice parameters as
well as the simulated x-ray powder-diffraction pattern of
[B12(N − N)]0.33[B12(NBN)]0.67 to those of the experimentally
synthesized αR-boron-like boron subnitrides, we suggest that,
instead of being represented solely by B12(N-N) or B12(NBN)
as often claimed previously, the experimentally synthesized
αR-boron-like boron subnitrides should be described by
B38N6, where the mixtures of the structural units are repre-
sented by [B12(N − N)]0.33[B12(NBN)]0.67. We thus conclude
that B38N6, represented by [B12(N − N)]0.33[B12(NBN)]0.67, is
the stable composition of αR-boron-like boron subnitride.
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