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Magnon transport in noncollinear spin textures: Anisotropies and topological magnon Hall effects
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We analyze signatures of noncollinear spin textures in the magnon transport of both spin and heat by means
of atomistic spin dynamics. The influence of the spin texture is demonstrated for a spin spiral and for a
skyrmion lattice on a frustrated antiferromagnet. Spin spirals show an anisotropy in the longitudinal transport,
whereas skyrmion lattices exhibit transverse transport, which is interpreted in terms of topology and establishes
skyrmion-induced versions of magnon Hall effects. The conductivities depend sensitively on the spiral pitch and
on the skyrmion size; we predict magnon Hall angles as large as 60%.
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Introduction. Skyrmions are particle-like magnetic textures
with nontrivial winding [1,2]; they are frequently featured in
today’s condensed matter research because they produce a
topological contribution to the Hall effect of electrons [3] or
magnons [4-8]. In the case of magnons, a transverse thermal
current Jy, is predicted upon application of a temperature
gradient VT to a skyrmion crystal (SkX) phase [4,5]. This
“topological magnon Hall effect” (TMHE) or “topological
magnon Righi-Leduc effect” is solely due to the topological
charge

w = L/n(r) - [0yn(r) x 8yn(r)]d2r (1)
4

of the magnetic texture n(r). The TMHE has three relatives
since magnons do not only carry heat but also spin: the
“topological magnon spin Nernst effect” (TMSNE) comprises
a transverse spin current J due to an applied temperature
gradient; its Onsager reciprocal is the “topological magnon
spin Ettingshausen effect” (TMSEE). If the spin current is
generated by a magnetic field gradient VB [9] the term
“topological magnon spin Hall effect” (TMSHE) applies.
Combined, they form the family of topological magnon Hall
effects (Table I). The “topological” effects originate from the
self-generated magnetic texture rather than from spin-orbit
interactions which explicitly enter the Hamiltonian (this is
the case for the “nontopological” magnon Hall effects on,
for example, the ferromagnetic kagome or pyrochlore lattices
[10-13]).

Linear response theory captures these effects by coupling
the gradients (forces) to the current densities,

js — Ls,s Ls,th VB (2)
Jith Lus Low/\-VT/T)"

The generalized transport coefficients, i.e., the tensors L, ,
(m,n = s,th), define the spin conductivity o = L, the mag-
netothermal conductivity § = 7'L ! Ly, and the thermal
conductivity & = T~ '(Lym — LemLg. L) at temperature
T. For a two-dimensional (2D) sample, the conductivities
are 2 x 2 tensors. The TMHE, TMSNE, and TMSHE are
quantified by oyy, &xy, and «,,, respectively.

In this Rapid Communication, we identify signatures of
noncollinear spin textures in the magnon transport by means
of atomistic spin dynamics, focusing on spin spirals (Sp*)
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and skyrmion lattices. The conductivities are evaluated as
time integrals of current correlation functions (CCFs) in the
Kubo formula [14]. We generalize the approach reported in
Refs. [15,16] to a 2D frustrated magnet on a triangular lattice
which exhibits a Sp?> ground state; it features a helicity-
degenerate SkX phase stabilized by an external magnetic field
and by thermal fluctuations.

The longitudinal conductivities in the Sp? phase reveal a
strong anisotropy due to the broken rotational symmetry of the
lattice. Furthermore, the transverse conductivities in the SkX
phase are finite, which proves the existence of the topological
Hall effects of magnons. Both phenomena are studied in
dependence on the strength of an external magnetic field
and on the spiral pitch which mediates between the collinear
ferromagnetic and an antiferromagnetic phase; magnon Hall
angles as large as 60% are predicted. Our results call for
experimental verification.

Theoretical aspects. We focus on noncollinear magnetic
textures induced by frustrations and described within a 2D
classical Heisenberg model. Its Hamiltonian

1
H:Z/’li, hZZ—B}’llz—E Z J,-jni~nj, (3)
i JEN@)

includes the isotropic symmetric exchange (J;;) and the
Zeeman energy due to a magnetic field B = BZ applied
orthogonal to the lattice (in the xy plane). N (i) is the set of all
interacting neighbors of spin n; (n; unit vector at position r;).
The conservation of both the z component of the total spin and
the energy allows us to formulate corresponding continuity
equations and currents [17]: the total spin current J =
Y, r;dn; /01 and the total thermal current J, = >, r;dh; /01.

Using n; = —yn; x dH/0n; (y gyromagnetic ratio) with
0H/on; = —BZ — ZjeN(i) Jijn, these currents read
Js=VZJijrij2'(ni X nj), “)
i<j
Xijk
Jon=—-BJs—vy Z Tj[Jiijkrik + JikJuir ji
Aijk
+ JiiJijril &)

with the spin chirality y;jx = n; - (n; x np)andr;j =r; —rj.
The summation }; _; (3 a,,,) 18 over each pair (triple) of spins
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TABLE I. Family of topological magnon Hall effects. For the
nomenclature, see the text.

transverse response

force spin current heat current
VB TMSHE TMSEE
vT TMSNE TMHE

without double counting. The term — B J of J, describes the
coupling of the spin current to the magnetic field; it gives rise
to the magnetothermal conductivity, i.e., the magnetic analog
of the thermopower.

In Ref. [18], the Hamiltonian (3) was applied to frustrated
spins on a triangular lattice, brought about by positive nearest
(J1 > 0) and negative third-nearest neighbor couplings (J3 < 0).
As long as —4 < J;/J; < 0, the ground state is a spin spi-
ral with ordering vector |g| = 2acos[(1 + /1 —2J,/J3)/4]
(lattice constant set to unity) along any of the three third-
nearest neighbor directions. The magnetic phase diagram
(spanned by T and B) contains besides this single-g (Sp®)
phase coherent superpositions of two (double-g) and three
(SkX, triple-q) spin spirals. Since Dzyaloshinskii-Moriya
interaction (DMI) [19,20] is absent, the spin texture lacks
a fixed handedness; in particular, the SkX phase is both
helicity- and vorticity-degenerate; i.e., w =1 and w = —1
are equally likely. Yet, once a spin configuration is randomly
chosen, an energy barrier separates the topologically opposite
configurations.

Transport properties are studied by means of the classical
Kubo formula of linear response theory [14],

* 1
Ly = f yrava S OR VACORAO) O
0

m,n = s,th,and u,v = x,y; A and kg are the sample’s area and
the Boltzmann constant, respectively. (J/; (00)J,)(0)) has to be
subtracted from the CCF Cj,",(1) = (Ji (1)J(0)) to account
for those CCFs that do not drop to zero because of a persistent
contribution caused by noncollinear magnetic textures [21,22].
For example, a Sp> would yield a finite J ; even without thermal
excitations [cf. Eq. (4)].

After thermalizing (annealing) a spin cluster by Monte
Carlo simulations, the ensemble average (-) in Eq. (6) is
evaluated as a time average. The time evolution obeys the
stochastic Landau-Lifshitz-Gilbert equation [23]

1+ a)dn; = —(1 +an; x)[n; x (B;dt + DdAW;)]. (7)

The precession of each moment about its effective field
B, = —0H/0n; is damped. The Gilbert damping « is in
general a nonlocal and symmetric 3 x 3 tensor but assumed
here as a scalar. This approximation disregards the anisotropy
of the damping due to the noncollinearity of the magnetic
texture [24,25], and, thus, becomes better the smaller |q].
As domain wall velocities decrease by texture-induced damp-
ing [26], the present method presumably overestimates the
conductivities; hence, we address mainly Hall angles rather
than conductivities.

Temperature is included by an additional white-noise field
b; with DdW; = b;dt, where W; is an isotropic vector
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FIG. 1. Topological charge w per skyrmion for A =4 versus
external magnetic field B. A topological phase transition from the Sp?
phase to the SkX phase takes place at B ~ 1 meV. Insets show the
respective static structure factor in the structural Brillouin zone. J; =
1.171572875meV, J3; = —1meV, T =3K,and N x N = 1600.

Wiener process and D? = 2akgT/(2ug B™") a dimensionless
diffusion constant (1 Bohr’s magneton). B™' is a reference
field determining the scale of dimensionless time t. For the
numerical integration an implicit midpoint method is used.

The spin cluster is evolved according to Eq. (7); the
currents J¢ and Jy, are evaluated and stored at each time
step. Subsequently, the correlation functions and, finally, the
transport tensors are calculated. The numerical computations
showed that a total integration time of 20 ns up to 64 ns, used
for all results presented below, is sufficient to converge the
correlation functions.

Results and discussion. This Rapid Communication focuses
on differences between the Sp and the SkX phases. Relying on
finite clusters, the magnetic texture has to be commensurate:
the ratio J;/J3 is chosen such that the skyrmion lattice
fits exactly. For a pitch A = 27/|q| of the Sp2, 3NZ/(4207%)
skyrmions fit into an N x N triangular lattice. The skyrmion
lattice vectors are rotated by 7 /6 with respect to the structural
lattice vectors and are larger by a factor of 21 /+/3.

Since the Sp? is the ground state and the SkX phase
requires elevated temperatures and a finite magnetic field B,
the magnetic phase diagram is traversed by varying B at a
given T (Fig. 1). For A =4, the SkX phase is formed for
B > 1meV; larger skyrmions would require smaller critical
fields. Due to thermal fluctuations and the quite small size
of the skyrmions, the computed topological charge w is
underestimated (0.8 instead of 1). The static structure factor
(n*(k) - n(k)) [n(k) lattice Fourier transform of the magnetic
texture] retrieves the ordering vectors: a single pair of ordering
vectors (two spots) for the Sp*> phase and three pairs (six
spots) in the SkX phase (the central, seventh spot belongs
to the ferromagnetic contribution). A further increase of B
leads to the double-g phase and, finally, to the field-polarized
phase [18] (not shown).

Concerning transport, we focus on the thermal CCF and
note that the following discussion is qualitatively valid for
the other CCFs, too. The Sp® breaks the sixfold structural
rotational symmetry about the z axis. We consider samples
with g along the x axis to facilitate the discussion. This

broken symmetry yields Cyi', # Cy., [red and blue curves

as well as vertical arrow in Fig. 2(a)]. Since Cy,y, = Cyr'y =0
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FIG. 2. Time dependence of the longitudinal (blue: Cg;, red:
Ciy) and transverse (green: Cyy, brown: Cy'.) thermal current
correlation functions in the sz (a) and in the SkX phase (b). The
CCFs are normalized to their value at t = 0. Vertical arrows indicate
signatures unique to the respective magnetic phase. Parameters as
in Fig. 1 with B = 0.6meV and B = 1.2meV in the Sp* and SkX
phase, respectively.

(green and brown curves) there is no transverse transport [27].
Furthermore, the longitudinal spin correlation function along
g does not drop to zero (not shown) since the Sp? introduces
a persistent contribution to the microscopic currents which is
removed to determine the true transport [Eq. (6)].

The SkX phase maintains Cy = Cjy, because the ro-
tational symmetry of the triangular lattice is not broken
[Fig. 2(b)]. Most notably, the off-diagonal part of the transport
tensor is antisymmetric and nonzero [Cy’y, = —Cp y # 0;
green and brown curves as well as vertical arrow in Flg 2(b)]
which indicates transverse transport.

The above signatures due to the magnetic textures—Cg*, #

W and Cyly = Ci'yy =0 for the Sp? but Cify = Ciy,
and Cy'y = —Cy'yy, # 0 for the SkX—show up also in the
dependence of the conductivities on the external magnetic field
(Fig. 3). 0y, and «,,;, [red and blue symbols, respectively, in
Figs. 3(a) and 3(c)] are positive. £,,,, being negative (b) implies
that the transport is dominated by spin-down particles (relative
to B), which is readily understood by the magnons having
largely spin antiparallel to the net magnetization which itself
is along B.

In the Sp® phase (B < 1 meV), o,, > o,, [red and blue
symbols, respectively, and vertical arrow in (a)] translates to
[&xx| < 1&yy] [see (b)] since & = T’la’lLs,th. This relation,
although less prominent, is “transferred” to kyy < ky, [see
(c)]. Thus, we conclude that thermal and spin transport are
differently influenced: thermal transport along the ordering
vector ¢ is less efficient than perpendicular to it, whereas the
opposite holds for spin transport.

This anisotropy is lost (red and blue curves coincide)
once the SkX phase is reached (B 2 1 meV). The transverse
conductivities (green and brown symbols in Fig. 3), which are
approximately zero within the Sp? phase, take on small but
nonzero values. They are antisymmetric; that is, an xy and a
yx element differ in sign but not in modulus. Thus, all of the
transverse transport phenomena mentioned above are present.

Longitudinal transport does not depend on whether a
skyrmion (w > 0) or an antiskyrmion lattice (w < 0)is formed
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FIG. 3. Spin conductivity o, (a), magnetothermal conductivity
&, (b), and thermal conductivity «,, (c) versus external magnetic
field for A = 4 (i,v = x,y). Parameters as in Fig. 1, Gilbert damping
a = 0.05, o multiplied by %. Lines are guides to the eye; vertical
arrows indicate signatures unique to the respective magnetic phase.

during annealing. However, the sign of w determines the sign
of the transverse CCFs and of the transverse conductivities.
This feature is explained by the “emergent electrodynamics”
of magnons, originally derived for electrons [3]. A local coor-
dinate transformation to the reference frame of the skyrmion
texture recasts Eq. (7) to look formally like an equation
describing charged particles in (fictitious) electromagnetic
fields [4,5,28,29]. In particular, an emergent magnetic field
B along the z direction is identified, which contains the
local contribution to w [Eq. (1)]. Inversion of w inverts Bep,
the emergent Lorentz force, and, consequently, the transverse
transport direction.

Restricting ourselves to samples with w > 0, we discuss
the effect of the pitch A on both the transport anisotropy—
quantified by «** /k*Y—in the Sp> phase and on the magnon
Hall transport in the SkX phase. The stabilization of large
skyrmions requires different exchange parameters, tempera-
tures, and magnetic fields. This implies that a direct compar-
ison of transverse conductivities is barely meaningful. There-
fore, we focus on the (thermal) magnon Hall angle «,, /«,,
because it is accessed easily in experiments [11,30,31]; its
discussion applies also to the other conductivities.
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FIG. 4. (a) Longitudinal transport anisotropy k., /ky, in the Sp?
phase. The ordering vector is along the x direction. (b) Magnon
Hall angle k., /«,, in the SkX phase versus J;/J3 (J; > 0). Three
magnetic phases are indicated: collinear ferromagnetic phase (blue,
“ferro”), Sp*/SkX phase (red), and the antiferromagnetic phase
(green, “antiferro”). For —4 < J,/J; < 0 the ratio J;/J; translates
into the Sp? pitch  and the corresponding skyrmion size. Cluster sizes
were chosen such that the magnetic textures are commensurate. B and
T had to be varied for the formation of the SkX phase; « = 0.05. For
the Sp? phase the magnetic field is half as large as in the SkX phase.

For the variation of the magnetic texture two limits have
to be noted: (i) A decreases for J;/J3 /' 0 until it is so small
that the spatial frequency of the lattice sites is too small to
sample the Sp?, and an antiferromagnetic phase is formed; and
(i) X increases for J; /J3 N\, —4 up to infinity, which generates
a collinear ferromagnetic order for J;/J3 < —4.

Neither the ferromagnetic nor the antiferromagnetic phase
breaks the structural symmetry of the triangular lattice;
therefore, x** /k»> = 1 is found [Fig. 4(a)]. Only within the
Sp? phase (—4 < J;/J3 < 0) an anisotropy of up to 0.7 is
identified and reached at A = 4 ~ 5.

While the magnon Hall angle «.,/ky is zero in
the (collinear) ferromagnetic and antiferromagnetic phases
[Fig. 4(b)], it is negative in the SkX phase, showing a
minimum of about —60% at A = 5 ~ 6.5. Its absolute value
is much larger than in systems showing the (nontopological)
MHE (ferromagnetic kagome lattice: ~1072 [12,13,31,32];
pyrochlore lattice: ~1073 [11,30]). The increase of [Kcy/Kxx]
with decreasing A down to A & 6 is explained by the increasing
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skyrmion density (decreased skyrmion size) and the increasing
density of By, (the same trend is found for electrons [33]). Al-
though the skyrmion density increases as J;/Jz 7 0 (further
decrease of 1), the Hall angle drops to zero, which we attribute
to the quite coarse sampling underestimating w and Bep,.

Concerning the temperature dependence of the conduc-
tivities, we recall that the spins are treated classically: spin
and energy are not quantized; the Boltzmann distribution is
used. This ansatz is “borrowed” from molecular dynamics
simulations [34] for the evaluation of the phonon thermal
conductivity; one of its drawbacks is that « diverges for
T — 0 [35]. Ad hoc “quantum corrections” restore the limit
k& — 0[37] and could be implemented here as well. However,
care has to be taken for «y,; it diverges not alone because of
the classical treatment but also because a direct application
of the Kubo formula yields a nonphysical divergence for
T — 0. The latter is attributed to circulating heat currents [38]
which are not experimentally observable, so their contribution
has to be removed. Hence, “quantum corrections” without
proper removal of circulating currents appear questionable
but have to be applied for models which feature a SkX
phase at 7 = 0 [39,40]; in the present case, which requires
elevated temperatures, quantum corrections are not necessary.
In particular, we point out that our numerical results obey
Onsager’s reciprocity relation.

Outlook. The identified signatures of the noncollinear
magnetic textures in the magnon transport of spin and heat
are accessible in experiments. The magnon spin Hall effect or
the magnon spin Nernst effect require measuring spin currents,
using the inverse spin Hall effect [41].

To measure the transverse thermal conductivity, we suggest
an electrically insulating material that exhibits a spin spiral
as ground state and which features a SkX phase at an
elevated external magnetic field; examples are Cu,0SeOj3 [42]
and BaFe;|_,_005Sc,Mg;(sO19 [43], both of which show
SkX phases induced by DMI rather than by frustration.
Nonetheless, when traversing the phase boundary between
the Sp* and the SkX phase by increasing the magnetic field,
the longitudinal transport anisotropy should abruptly vanish
and transverse thermal transport should set in [Fig. 3(c)].
For small skyrmions, magnon Hall angles are expected
orders of magnitudes larger than in systems showing the
(nontopological) MHE [11,30,31].

It is conceivable to extend the numerical method to three
dimensions and to include magnetocrystalline anisotropies.
Taking into count the DMI would allow us to ap-
ply the approach to topological magnon insulators [10-
13,31,32,44-52] and to DMI-induced SkX phases exhibit-
ing an additional spin-orbit contribution to the transverse
conductivities [4].
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