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Electronic and optical properties of two-dimensional InSe from a DFT-parametrized
tight-binding model
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We present a tight-binding (TB) model and k - p theory for electrons in monolayer and few-layer InSe. The
model is constructed from a basis of all s and p valence orbitals on both indium and selenium atoms, with
tight-binding parameters obtained from fitting to independently computed density functional theory (DFT) band
structures for mono- and bilayer InSe. For the valence and conduction band edges of few-layer InSe, which
appear to be in the vicinity of the I point, we calculate the absorption coefficient for the principal optical
transitions as a function of the number of layers, N. We find a strong dependence on N of the principal optical
transition energies, selection rules, and optical oscillation strengths, in agreement with recent observations [D. A.
Bandurin et al., Nat. Nanotechnol. (2016)]. Also, we find that the conduction band electrons are relatively light
(m o 0.14-0.18m,), in contrast to an almost flat, and slightly inverted, dispersion of valence band holes near the

I" point, which is found for up to N o 6.
DOI: 10.1103/PhysRevB.94.245431

I. INTRODUCTION

Two-dimensional (2D) crystals are atomically thin films
of van der Waals materials that are stable when exfoliated
from the three-dimensional crystal due to the weak nature
of the interaction holding the individual layers together [1].
Examples of such materials include graphite [2], boron
nitride [3], and transition metal dichalcogenides [4], which
have shown that properties of monolayer and bilayer crystals
may strongly differ from the bulk properties of these layered
compounds. Many of the transition metal dichalcogenides have
been shown to possess optical properties that make them
well suited for use in photodetectors and other optical or
optoelectronic applications [5—14].

Another chalcogenide currently emerging as a high po-
tential material for use on optical applications is the layered
hexagonal metal chalcogenide InSe, atomically thin films of
which are possible to fabricate [15-20]. While in its bulk form
InSe [21-35] is a direct gap semiconductor [36], its electronic
structure undergoes significant changes upon exfoliation to
few-layer or monolayer thickness, with particularly interesting
optical properties observed in recent experiments [37,38].
Density functional theory (DFT) calculations for single layer
crystals of InSe [39,40] predict a large increase in the band gap
as compared to bulk crystals, with the valence band maximum
slightly shifted from the I" point. Despite being a van der
Waals layered material, bulk InSe has a light effective mass
for electrons in the conduction and valence band across the
layers. Therefore, it is expected that the band gap [17,39,41]
and related physical properties of few-layer InSe will exhibit
a strong dependence on the number of layers.

In this work we develop a tight-binding (TB) model of
atomically thin InSe, tracing the dependence of electronic
and optical properties on the number of layers (N) in the
film. We use density functional theory (DFT) to parametrize
the model and apply a scissor correction to compensate for
the underestimation of the band gap. Indeed, we find that as
compared to the majority of other layered materials with van
der Waals coupling between consecutive layers, which have the
out-of-plane electron mass heavier than the in-plane mass, in
InSe this relation is reversed leading to a strong N dependence
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of the band gap. Also, the stacking of consecutive layers in
few-layer y-InSe similar to A-B-C stacking in graphite breaks
the mirror-plane symmetry of monolayer InSe, which should
be expected to affect optical selection rules and SO coupling
in few-layer InSe.

We use the TB model developed here to predict the band
structure of few-layer InSe, and we develop a k - p model to
predict the optical properties, with the matrix elements of the
momentum operator obtained from the TB model. We provide
estimates for the band edge optical absorption coefficient as
a function of the number of layers. The paper is structured as
follows.

In Sec. II we discuss the crystal structure of InSe. In
Sec. III we present the model of monolayer InSe and in
Sec. IV we expand it to bilayer InSe. In Sec. V we apply
the model to few-layer InSe. In Sec. VI we present a four-band
k - p theory model, and we calculate the momentum matrix
elements and the band edge optical absorption in few-layer
InSe, which enables us to interpret the recent experimental
results in Ref. [37]. The k - p theory in Sec. VI also describes
spin-orbit coupling terms in mono- and few-layer InSe.

II. CRYSTAL STRUCTURE AND SYMMETRY

The crystalline structure of monolayer InSe considered in
this study takes the form of hexagonal III-VI chalcogenides in
M, X, stoichiometry, where M is a metal atom of group III and
X is a chalcogen atom of group VI. The structure is illustrated
in Figs. 1(a)-1(c). A unit cell of the monolayer consists of four
ions—one metal and one chalcogen in each of two sublayers.

The monolayer crystal has point-group symmetry Ds3;, =
C3, ® oy, (see Fig. 2) which includes z — —z mirror symmetry
(M, or oy, reflection). This symmetry operation effectively
swaps the sublayers. From a top-down view, the crystal
exhibits a honeycomb structure in the xy plane, where A
sites are occupied by metal ions and B sites by chalcogen
ions, possessing rotational symmetry centered at each atomic
position (R3, or C; rotation) and mirror symmetry (Mo, or o,
reflection) in the yz plane (and equivalent planes generated by
R3). The Bravais lattice is given by

a, \/gaA
ap = EX:E A R; = l;a1 + Iyay, ()
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Sublayer 1

Sublayer 2

FIG. 1. Schematic of InSe illustrating a top view in the xy plane (a) and a side view in the xz plane (b) of the monolayer structure, indicating
inequivalent hoppings included in the tight binding model, top (c) and side (d) views of the y-stacked bilayer, and a side view of the trilayer
crystal structure (e) with included interlayer TB hoppings indicated. Shaded region is the unit cell, with * indicating the chosen position of the
unit cell origin. The In atoms are marked as M and Se atoms as X in the figure. The lattice parameters of the monolayer crystal according to
the local density approximation [39] are a = 3.953 A, dyy = 2.741 A, and dyx = 5.298 A.

where /1; and /; are integers, and the full crystal structure is
given by

Ry = i—%_fﬂ-%_ +dMTM2,
R =Ri—%:§(+ % —dMTMZ
Ry =R,-+§:f<+ % +dXTX:
Ry = R, +Z:ﬁ+ % - dexi @)

where M)/ X1y is a In/Se atom in the top (bottom)
sublayer. The structure of y-InSe is shown in Fig. 1(e). The

monolayers are stacked such that chalcogen atoms in the top
layer are directly above the metal atoms in the layer below,
while the chalcogen atoms in the bottom layer are not directly
below the metal atoms in the layer above. The vector between
a chalcogen atom and the metal atom directly below it is

[ dxx-i‘dMM]A
—la, - ——— |2,

5 3

while the vectors between a chalcogen atom and the nearest
chalcogen atoms in the layer below are

[ dxx +dum
_|a, - X T MM

: ]z+r,~, @

where r; (i =1,2,3) are the vectors between nearest-
neighboring M-X pairs in the top sublayer of a monolayer.
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InSe

DFT and TB Energy (eV)

DFT-SC and TB-SC Energy (eV)

FIG. 2. Comparison between DFT and TB band structures of
monolayer InSe. The TB band structure fitted to the scissor corrected
DFT data (DFT-SC) is plotted with solid lines (TB-SC), the TB
model fitted to the uncorrected DFT bands is plotted with dashed
lines, and the DFT bands are plotted with dotted lines. Red lines
are 7 — —z even bands, blue lines odd bands. Zero of energy set at
the bottom of the conduction band. The left hand axis shows DFT
energies after scissor correction of 0.99 eV (see text), the right hand
axis the raw DFT energies. The lowest conduction band (¢) and
the highest three valence bands (v, vy, v;) are symmetry assigned
according to their symmetry at the I' point, as determined by group
theory. The character table for the irreducible representations of the
point group D3, = Cs3, ® oy, with the irreps labeled by the names
of the representations of point group Cs, with a + or — superscript
denoting the character of the o), reflection, is shown in the inset. The
TB fit to the scissor-corrected band structure is also shown (solid
lines). Vertical lines marked A and B denote the principal optical
transitions; of these, transition A is forbidden by symmetry.

a, = 8.32 A is the distance along z between the central xy
plane of each layer. The structure parameters for monolayer
InSe are given in the caption of Fig. 1.

It is important to note here that, due to the stacking,
the point symmetry of the material is reduced from that of
the monolayer. Bulk and few-layer y-InSe exhibit only C3,
symmetry, while in the monolayer we have Dj, symmetry.
The main difference between the two cases is that the M;
symmetry of the monolayer is broken by the stacking when
we have more than one layer; this has important consequences
for the optical matrix element, which is discussed below. In the
bulk adjacent monolayers are related by 3; and 3, screw axes
along z. The space group symmetry for the bulk crystal is R3m.

J

"= Z

(Myi, X gj)

1 (1) Mft
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III. TB MODEL FOR MONOLAYER InSe

A. Hamiltonian

To describe InSe in a TB model, we construct our basis from
the s and p orbitals of In (group III) and Se (group VI) atoms,
and consider all possible hoppings between these orbitals up to
second-nearest neighbor interactions. The Hamiltonian takes
the form

H = (Hos + Hgy + Hgp), )
f

where the sum over f = 1,2 runs over the sublayers in the
model, and f’ = 2(1) when f = 1(2). Here, Hys contains
terms arising from the on-site energies of the orbitals, while
Hyy and Hyp describe the hopping interactions within and
between the sublayers, respectively, detailed below. Motivated
by the dominant orbital contributions in DFT data for bands
with energies near the Fermi level, we start from an atomic
orbital basis including s and p orbitals in the valence shells of
M and X atoms. Hyy takes the form

H()_f = Z |:8Msm}ism_fis + Z gpam;ipamfiﬂa

i a
+8szj4‘isxfis + ngax;ipaxfipa:|v (6)
o

where the sum in i goes over all unit cells in the crystal, while
o = x,y,z. Parameters ¢y, and ey, are on-site energies for
the s orbitals of metal and chalcogen ions, respectively, while

empa and ey, are on-site energies for the relevant p orbitals.

m(f'l)s is the annihilation (creation) operator for an electron in

)

Fipa is an annihilation

orbital s on ion M in unit cell i. m
(creation) operator for a p, orbital.

H s contains the hopping terms arising from intrasublayer
interactions, and is formed of the contributions

(), @M | e | 50)
Hyp=Hyp + Hyp + Hyg 4 iy D

where H}}) includes nearest-neighbor hoppings for M-X pairs
(labeled 7V in Fig. 1), while H{'" and H};" include
hoppings for nearest pairs of like ions (M-M and X-X)
(labeled T®™) and T?%), and H](%) includes hoppings between
next-nearest M-X pairs (labeled 7®). The contributions are

Xyt (1 MypiXyi t
% pipatgis + Tyipxs 2 Ra x5 m pipe
o

My X Mg X
— (T +T")Ry " Ry fJ](x}jpﬁmf,-,,a))] +Hec, (8)

QM) __ oM oM M¢iMy;
Hp™ = Z [T( Il mpis = T Y RS m iy

(Myi,My;)

MpMy MMy, +
[8aﬂT7-£2M) _ (TJSZM) + T;ZM))RQ fiMyi Rﬁ I fj](mlfjpﬁmfipct)):| +Hec., 9)
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2X 2X XyiXyj
o

(Xrir Xyj)
XriX XX
30 (BT = (T80 4+ TEO RIS R f’](xzpﬂxf,-pm] +He, (10)
M X Mg X
Hj(‘j’) = Z |:T(3)xfl s fis = Te XPZR e }Jpamf”"i'Tﬂ(l/)’ XYZR T js" fipe
(M1, X )
M X My X

+ > ([Bap T — (T + TV Ra " Ry (g f,»,,a))} +He., (11)

where the sum over (My;,X ;) is over nearest-neighboring
M-X pairs within a sublayer, and (M s;, M y;), (X s;,X s;), and
(My;,X ) are over nearest M-M, X-X, and next-nearest
M-X pairs, respectively. In considering the hoppings between
the various s and p orbitals we have made the two-center
approximation, as set out by Slater and Koster [42]. T is the
hopping integral for nearest-neighboring s orbitals, T}f,,lg_xp
and ij,,l[),_XS take into account s — p hopping, while TV is
the component of p — p hopping where the p orbitals are
parallel to each other and perpendicular to the vector between
the ions (hopping vector) and 7! is the hopping between the
components of the p orbitals lying along the hopping vector.

J

(

RYX5 takes account of the component of a p orbital along
the hopping vector, and thus has the form

RMriXn — "X M e (12)

where @ is a unit vector along .
The intersublayer hopping is written as

Hyp = HJ\) + Hy) + Hf), (13)

where

1 MM
HY =3 [T’(“mff, mypis =TS Ra " o m g

i

MpMp; MM,
+ Z ([SaﬂT;(l) _ (Tj;(‘) + Té(l))Ra siMy Rﬂ’ ’ ](m},ipﬂmﬁm))}, (14)
a.fp
(@) 2) 1 ’(2) MpiXpj t n2) MpiX
Hip = Z |:T5/5( )xf 1jsMMfis = —Xp ZR " X2 jpalis + Tagpx ZR " }Jsmfll’“
(Myi, X pr;)
MpuXp: MpX
+ Z aﬂT/(Z) T/(Z) + T;(Z))R fidy R il j/](xjf’jpﬂmfipa)):| +Hec., (15)
3 M¢iM e
M= % [m T SR
(Myi, My ;) @
MM MMy
+ Z 5 T/(3) /(3) + T/('%))R fitlyty R filyl ](mTf/Jpﬂmfijt)):| (16)

B. DFT band structures of monolayer and bulk InSe
and parametrization of monolayer TB model

The DFT data to which we fit and compare the TB
model of InSe in this section are obtained using the LDA
exchange-correlation functional as set out in Ref. [39] for
In, X, materials. In these calculations the VASP code [43] is

(

used to describe the materials in a plane-wave basis. The cutoff
energy for the plane-wave basis is 600 eV and the vertical
separation between repeated images of the monolayer is set to
20 A to ensure that any interactions between them would be
negligible. The Brillouin zone is sampled by a 12 x 12 k-point
grid.
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As semilocal density functional theory underestimates the
band gap, we apply the “scissor” correction § E, to the DFT
energy gaps, as employed before in the studies of other
semiconductors [44-49], as follows. A calculation with the
LDA returns the band gap for bulk InSe as 0.41 eV as
compared to the bulk experimental value of 1.40 eV at low
temperature [31,36] (1.25 eV at room temperature [16]).
Hence we subtract SEgK ~ 0.99 eV from the energies of
all valence band states while keeping the conduction band
energies unchanged for bulk, few-layer, and monolayer InSe.
For optics, this scissor correction is equivalent to adding § EY ¥
to the energies of all interband transitions (labeled A and B in
Fig. 2), which we identify upon analyzing wave functions in the
bands of monolayer and few-layer InSe (at room temperature,
we use 5E;OO K'~0.84eV).

In the following we fit the TB model to the scissor
corrected DFT band structure, and call this scissor corrected
tight-binding (TB-SC). We do this by applying a constrained
least squares minimization procedure to the difference between
the TB and the scissor corrected DFT band energies. While the
procedure is in principle straightforward, in practice one must
take care, in particular with the choice of bands to use for the
fitting procedure. For comparison, we also perform a fit to the
original DFT data to obtain a parametrization without scissor
correction (TB).

On diagonalization the model yields 16 bands—8 even
(symmetric) and 8 odd (antisymmetric) under z — —z. As
one progresses further in energy away from the conduction
band edge and valence band edge the assumption that s and
p orbital contributions dominate begins to break down, with
significant d orbital contributions at energies far away from the
band edges. In addition, the DFT calculation is less accurate
in the higher energy unoccupied bands. We therefore fit the
model to 7 DFT bands—the 5 highest energy valence bands
(3 even, 2 odd) and the 2 lowest energy conduction bands
(1 even, 1 odd), using bands 3—-6 of the 8 even model bands,
and bands 3-5 of the odd model bands. As our primary purpose
is a good quantitative fit to the valence and conduction band
edges, we give extra weights to these points during the fitting
procedure. The fit is carried out over a grid of 141 points in k
space covering the irreducible portion of the Brillouin zone.

Table I presents the parameters obtained in the fit for InSe
with scissor correction taken into account (TB-SC) and without
it (TB) for sake of completeness. Figure 2 shows the TB
band structure (TB-SC) and the DFT data (DFT-SC) to which
the fit was applied for InSe; the TB band structure without
scissor correction (TB) is also plotted in comparison to the
raw DFT data (DFT). The model gives a good reproduction
of the DFT bands, both with and without scissor correction.
Note that slight differences can be found between the shape of
the fitted bands when comparing the fit to the raw DFT data
and the scissor corrected bands, and the parameter sets differ
accordingly.

Alongside the energies predicted by our model Hamilto-
nian, it is useful to check the orbital decomposition, found
in the normalized eigenvectors, against that given by the DFT
results. We define C,k(0) as the coefficient of the eigenfunction
of band n, orbital o, at wave vector k. Figure 3 shows the results
of such a comparison for InSe, between the modulus square
of the overlap integral between the DFT wave function and

PHYSICAL REVIEW B 94, 245431 (2016)

TABLE I. Fitted parameters (eV) for the TB model of InSe based
on DFT data with (TB-SC) and without (TB) scissor correction, as
shown in Fig. 2.

TB-SC TB
€, ~7.174 ~7.595
My = EMy,y 2302 -3.027
e, 1.248 0.903
£x, ~14.935 ~15.188
EX, = EX,, =7.792 -8.045
ex,. ~7.362 -7.615
7O 0.168 0.331
Th)—x, 2.873 2.599
Ty, —2.144 -2.263
7O 1.041 0.977
o 1.691 1.342
TM) -0.200 -0.248
T2 -0.137 -0.113
T.2M) -0.433 —0.561
TM ~1.034 -1.130
T3% ~1.345 ~1.451
T2% -0.800 -0.843
7% -0.148 -0.110
740 -0.554 -0.613
Y 0.821 0.793
Ty _x, 0.156 0.179
Tir_xs -0.294 -0.323
T 0.003 -0.015
T® -0.455 -0.477
T/ -0.780 -0.518
T/ —4.964 —4.644
/M —0.681 —0.769
/M -4.028 —4.052
/@ 0.574 0.472
Tosxp -0.651 -0.544
oy, -0.148 -0.138
T/ 0.100 0.082
T/ 0.343 0.373
T/ -0.238 -0.187
T/ -0.048 -0.065
/3 -0.020 -0.052
/3 -0.151 -0.168

the spherical harmonics centered on each atom, normalized
against the total of s and p orbitals, and the equivalent | C, (0)|?
as calculated in the TB model. Larger markers indicate a
more dominant contribution. Table II gives the numerical
contributions for the conduction band [¢ (z — —z odd)], the
valence band [v (z — —z even)], and the next two (twice
degenerate) bands just below the valence band at I". We obtain
a reasonable qualitative agreement between the model and
DFT results.

C. Spin-orbit coupling

Figure 4 shows the LDA band structure of the monolayer
with spin-orbit coupling taken into account. The splitting is
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FIG. 3. Orbital decomposition for fitted bands for InSe from both DFT data, and fitted model with (TB-SC) and without (TB) scissor
correction. Marker size is proportional to normalized contribution.

small, particularly so in the region of the I" point; we therefore IV. BILAYER InSe: INTERLAYER HOPPING
neglect it in the TB model. In the k - p theory (see Sec. VI), we PARAMETRIZED USING DFT
include spin-orbit coupling to quantify how small it is near the
I" point, and to show how it is expected to behave at a larger
number of layers.

We now extend the TB model to describe coupling between
consecutive layers in N-layer InSe. For this, we consider a
bilayer and include hops in the z direction, XX, XM, and

TABLE II. Relative spherical harmonic character of the plane-wave wave function (modulus square of the overlap integral between the
DFT wave function and the spherical harmonics centered on each atom) on the valence s and p orbitals of In and Se atoms in monolayer InSe
at the I" point, in the conduction band (c), the valence band (v), and the two twice degenerate bands just below the valence band (v; and v,),
as labeled in Fig. 2. The equivalent contribution found in the scissor corrected TB model is given in square brackets. The I'-point symmetry
classification of the bands is noted in brackets. Atoms are listed in order of increasing z coordinate. Band energies (in eV) are provided relative
to the conduction band edge, where E°F" is the band energy from DFT and EPF™S¢ = EP'T — § E) ¥ is the value obtained after applying scissor
correction. The energies corresponding to fiw, and fiwp are marked in bold.

c(A}) v(AD) v (E7) vy (E™)

EPFT (eV) 0 ~1.80 2,05 213

EPFTSC (eV) -2.79 -3.04 3.12

Sel 0.09[0.00]s 0.00[0.011s 0.22[0.24] py(y) 0.21[0.24] pyy)
0.17[0.22]p, 0.35[0.361p,

Inl 0.23[0.16]s 0.03[0.101s 0.03[0.01] py(y 0.04[0.01]pyy
0.01[0.12] p, 0.12[0.02] p,

In2 0.23[0.16]s 0.03[0.10]s 0.03[0.01]1p.(y) 0.04[0.011p(y
0.01[0.12] p, 0.12[0.02] p,

Se2 0.09[0.00]s 0.00[0.01]s 0.22[0.24] py(y 0.21[0.24] pyy)
0.17[0.22]p, 0.35[0.361p,

245431-6
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M X as depicted in Fig. 1(d). The Hamiltonian can be written
as

H=H + H,+ H», a7

where H; and H, describe the individual monolayers com-
prising the bilayer structure, and H; , describes the interaction
between them and can be written as

Hi» = Hx, m, + Hu, x, + Hx, x,, (18)

where each term corresponds to a category of hopping inter-
actions as labeled in Fig. 1(d). The vertical M-X contribution

J

Hy, x, = Z |:ts(s

(i.j)

X) 1 MapiXonj (,(MX) T
X1 jsMais + Z Ry Nty xs X2y js M1 2ip, —

PHYSICAL REVIEW B 94, 245431 (2016)
is

_ xm, 1 (XM) i
Hy, m, = Z |:tss My1isX2is Iy —pg, Myip, X()2is

i

XMy F (XM) T
—Ix,—mM@y1isX(2ip. T Iy Z M ()11 p, X(1D2ipq
a=x,y
XM
— t((7 )mIZ)ll'[?zx(l)Zipf:| + H.c. (19)

The creation and annihilation operators now have additional
indices for layers and sublayers, e.g., x((i))zis annihilates
(creates) an electron on layer n (n = 1,2), atom X, in sublayer
2, in orbital s. The sum over i runs over all unit cells in
the crystal. We denote interlayer hopping parameters with a

lowercase ¢. For the other M-X interlayer interaction we have

(MX) i
tMs—pr(Z)ljpam(l)Zis)

MayiXonj pManiXoij
+ Z (‘Saﬂty(TMX) _ (l‘((TMX) + t7(TMX))Ra (12i X@)1j Rﬂ (1) (2>”)X(T2)ljpﬁm(1)2ipa:| + H.c., (20)

while X-X hoppings are included in the form

_ (XX) i XapiXonj (XX) (.1 T
Hx, x, = Z |:[ss Xy jsX(2is + Z Ra /t ( X@)1jsX(1)2ipy — X(Z)ljpo,x(l)zm)

()]

XX XX XX XaniXoynj pXapiXonj
+Z pre ) = (15 + XY RO R ()l'])xgzmp,sx(l)zipa}+H-C-’ @h

where the sums over (7, j) are over nearest-neighboring X-X
pairs and next-nearest-neighboring M-X pairs in adjacent sub-
layers. The interlayer interactions which are added to the model
increase the number of parameters by 14. When expressed in
matrix form in a k-space basis, the bilayer model gives a 32 x
32 matrix, which we diagonalize to obtain a set of 32 bands.

Energy (eV)

r K M r

FIG. 4. LDA band structure of 1L-InSe with spin-orbit coupling
taken into account.

(

To obtain the parameters, we fit the TB band structure
to the DFT band structure of bilayer InSe obtained within
the local density approximation. In the DFT calculation the
monolayer geometry was kept fixed and the interlayer distance
set to 8.32 A, which corresponds to the experimentally
known separation in y-InSe [16]. We search for the ideal
set of interlayer hopping parameters to achieve the best least
squares fit between the two band structures while keeping
the interlayer hopping parameters obtained in the monolayer
model unchanged. In the monolayer we fitted the model to
DFT data for 7 bands near the Fermi level. In the bilayer these
bands split into subbands forming 14 bands in total, all of
which are taken into account in the fitting procedure. As in
the monolayer, we fit to the scissor-corrected DFT data, since
the dependence of the optical transition matrix elements on N
is significantly affected by the size of the band gap—this is
explored in detail in Appendix C.

The results of the fitting are presented alongside the DFT
data for bilayer y-InSe in Fig. 5, with the interlayer TB
parameters given in Table III. We highlight the 8 bands
derived from the monolayer bands c, v, v;, and vp; we
label these ¢’, ¢, v, vy, V], v2, V', and vj. The zero of energy
is set at the bottom of the conduction band. We provide
the orbital decomposition of the I'-point wave functions
in Table I'V.
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N=2

DFT Energy (eV)

DFT-SC and TB-SC Energy (eV)

FIG. 5. Band structures from DFT (dotted lines) and TB (solid
lines with scissor correction and dashed lines without it) for bilayer
y-InSe. Zero of energy is set to the bottom of the conduction band.
The left hand axis shows the scissor corrected DFT energies, the right
hand the original energies. The inset shows a magnified view of the
I'-point region in the valence band.

V. TB MODEL FOR FEW-LAYER InSe:
2D BANDS AND GAPS

Applying our TB model to few-layer InSe requires the
generalization of the bilayer model as follows. As in the

_ XM, 1 X
Hx, M, = Z |:tss MG 1) 1is X (n)2is +ix

i

For the other M-X interlayer interaction we have

(i.J)

while X-X hoppings are included in the form

(i.J)
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TABLE III. Interlayer hopping parameters (eV) for scissor-
corrected y-InSe as defined in the Hamiltonian [Eq. (18)].

t;fX) ts(l),(X) t](ZXX) t((yXX)

—0.647 —0.626 —0.137 —0.830

10 e Ko, 0 15"
—0.397 0.112 —0.734 0.193 0.011
XM 1 o 1K) 000
—0.238 0.042 —0.233 —0.398 0.450

bilayer, we consider the interactions between the nearest-
neighboring X -X pairs and nearest and next-nearest M- X pairs
on adjacent monolayers. This gives us a Hamiltonian of the
form

(22)

N N—1
H = Z Hn + Z Hn,nJrly
n=1 n=1

where N is the total number of layers, H, is the monolayer
Hamiltonian on layer n as set out above, and H,, ,, 1| takes into
account interlayer interactions between adjacent layers n and
n + 1. It has the form

Hy iy = Hy, m,0 + Hu, x,00 + Hy, x,00 (23)
The vertical M-X contribution is
|
M) T (XM) 1
M, (g 1y1ip, X )2is — tx,,f T G 1) 1is X (n)2ip:
(XM) T xm, T
+ tn Z m(11+1)1ipn,x(11)2ipa - ta m(n+1)1ipzx(")2i17::| +H.c. (24)
a=x,y
_ Mx) .t ) Mayi Xoej ((MX) 1 . (MX) T )
HMn’XIH»l - Z [tss x(n+1)1jsm(n)2l5 + Z Ry ]([Mpf)(sx(nJrl)ljsm(”)z‘Pa - ZM57pr(n+1)1jpam(”)2”)
o
(MX) (MX) MX)\ pMoi Xaintj pMayiXarnijy 1
Y (BaptM — (10 4 ( MOV R, 'R, Nyt jpyManip, | +He., (25)
a.p
_ xx) i ) Xopi Xorn1j (X X) (. ) i )
Hy, x,., = Z |:tss Xt 1)1 jsX@y2is + Z Rq 't ('x(n+l)1js‘x(”)2ll’a - x(nJrl)ljpa'x(")ZlS)
o
(XX) (XX) XX)\ pXo2iXa+1j pXaziXarnrj T )
Y (Bapt — (100 + 15N Ry "Ry )Xyt jpy Xenip, |+ Heeo, (26)
a.p

where the sums over (i, j) are over nearest-neighboring X-X
pairs and next-nearest-neighboring M-X pairs in adjacent
sublayers. When expressed in matrix form in a k-space basis,
the N-layer model gives a 16 N x 16 N matrix, which we
diagonalize to obtain a set of 16 N bands. The matrix elements
are given in the Appendixes.

For the parametrization of the model we retain the hopping
parameters from the bilayer model, corresponding to the
approximation that the TB parameters will be the same for all
values of N. Figure 6 shows the results of this extrapolation
of the TB model to N = 3, 4, and 5.
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TABLE IV. Relative weights on the valence s and p orbitals of In and Se atoms in two-layer InSe at the I" point, for the bands labeled in
Fig. 5. The equivalent contribution found in the scissor corrected TB model is given in square brackets. Atoms are listed from bottom to top of
is the I"-point energy value obtained using DFT
and EPFTSC — EDFT _ SEQK is the value obtained after subtracting the scissor correction. The bands v, v}, va, and v} are double degenerate
at the T" point. The energies corresponding to w4 and hwp are marked in bold.

2L crystal. Band energies are provided relative to the lowest conduction band edge (c).

EDFT

/

c c v v v vy v V5

EPFT (eV)  0.69 0.00 -1.21 -1.81 —-1.88 -1.91 -2.00 -2.03

EPFTSC (eV) -2.20 -2.80 —2.87 -2.90 -2.99 -3.02

Sel 0.06[0.00]s 0.05[0.00]s  0.01[0.01]s  0.06[0.07]1p.,, 0.20[0.06]pyy 0.15[0.36]py) 0.00[0.01]s  0.01[0.00]py(y)
0.03[0.07]p, 0.11[0.15]p, 0.18[0.23]p, 0.16[0.14]p.

Inl 0.10[0.05]s  0.12[0.11]s  0.03[0.07]s  0.01[0.00]p.(,, 0.04[0.01]1pyc,, 0.03[0.00]p,) 0.00[0.03]s  0.00[0.00]p.y)
0.06[0.05]p, 0.00[0.07]p, 0.06[0.011p, 0.07[0.02]p.

In2 0.06[0.09]s 0.12[0.07]s  0.00[0.03]s  0.03[0.01]p.,, 0.00[0.00]pyy 0.01[0.00]p,) 0.05[0.08]s  0.03[0.01]py()
0.00[0.07]p, 0.02[0.05]p, 0.07[0.02]p, 0.06[0.01]p,

Se2 0.01[0.00]s  0.07[0.00]s  0.01[0.01]s  0.17[0.22] px,y 0.01[0.01]pyy 0.05[0.04]pyy  0.02[0.01]s  0.19[0.21]pyy)
0.16[0.17]p, 0.03[0.07]p, 0.14[0.15]p, 0.15[0.19]p.

Se3 0.01[0.00]s  0.06[0.00]s  0.01[0.01]s  0.16[0.19]p.y 0.02[0.01]1p., 0.04[0.03]py,) 0.02[0.01]s  0.20[0.25]px(y)
0.16[0.18]p, 0.04[0.07]p, 0.14[0.15]p, 0.15[0.19]p.

In3 0.06[0.07]s 0.11[0.08]s  0.00[0.02]s  0.03[0.00]p.,, 0.00[0.00]pycy 0.01[0.00]p,) 0.05[0.10]s  0.04[0.01]py(y)
0.01[0.03]p, 0.02[0.07]1p, 0.08[0.02]p, 0.06[0.01]p,

Ind 0.11[0.07]s  0.11[0.09]s  0.04[0.07]s  0.01[0.00]py(,y 0.03[0.00]py(y 0.04[0.00]py(yy  0.00[0.04]s  0.00[0.00]py)
0.07[0.08]p. 0.00[0.05]p, 0.06[0.00]p, 0.07[0.02] p.

Sed 0.07[0.00]s  0.05[0.00]s  0.01[0.00]s  0.04[0.01]p.) 0.19[0.40]1p.) 0.17[0.06]py,) 0.00[0.01]s  0.02[0.02]py(y)
0.04[0.07]p, 0.10[0.14]p, 0.19[0.22]p, 0.16[0.151p.

The bottom right panel of Fig. 6 shows the vertical band
gaps at I according to the TB model at varying number of
layers. If the band structure of bulk y-InSe is available along

Energy(eV)

Energy(eV)

m,” =0.032m,, N, =2.28, E,(c0) =1.27eV ||

10
N

15

%
and m7,,

k., one can extract the effective masses along the k. axis in
the valence and conduction band, m;,
and use these to apply the k, size-quantization gap model to

respectively,

FIG. 6. TB band structures for N = 3, 4, and 5 layer y-InSe. Zero of energy is set to the bottom of the conduction band. The bottom right
panel shows the dependence of the vertical gap at the I" point relative to the bulk material on the number of layers in N-layer InSe, compared
with a fit to the modified k, size-quantization gap model, Eq. (27).
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approximate the expected gap for an N-layer structure, E,(N).
This approximation strictly speaking only works for N > 1,
but can be easily extended to few-layer materials using the
following asymptotic formula:

E) =B+ (21T o)
= 00 _ =,

& & 2m* | a; (N + No)

with m* = 2™ — 0.032m,; Ny =2.28, obtained from

mi +m;,

fitting to vertical gaps from the TB model. The parameter
Ny is present to allow the model to retain its validity at a
small number of layers, in which case the traditional effective
mass model would need to be used with a general boundary
condition, 9,3 = ayr, to take into account that the wave
function is pushed to the surface of the few-layer slabs, as
we see in the wave functions calculated using the TB model.
The behavior described by Eq. (27) is shown by a solid line in
the right-hand lower panel in Fig. 6.

VI. FOUR-BAND k : p THEORY FOR N-LAYER InSe
AND INTERBAND OPTICAL TRANSITIONS

In the following we present a simple k - p model for the
¢, v, vy, and v, bands in Fig. 2. In monolayer InSe these bands
can be assigned the irreducible representations of point group
D3, as seen in Fig. 2. The 4-band k - p Hamiltonian can be
written as

H, honek . A+ E.d, %A 0
. honck . A+ E.d. H, 0
hbue 4 0 H, 0|
0 0 0 H,
(28)

where the diagonal components are the single band k- p
Hamiltonians for the bands ¢, v, v;, and v, as discussed
below, while the off-diagonal components correspond to the
interaction between the electrons and photons required to
describe optical transitions between the bands ¢ and v, as well
as between the bands ¢ and v;. The one-band k - p description
of the valence and conduction band is a straightforward
polynomial expansion described below, while for bands v
and v, a suitable two-component Hamiltonian needs to be
constructed that describes both branches in each band.

The bottom of the conduction band in 1L-InSe is quadratic
in shape and can be described by the Hamiltonian

H. = B*k*)2me + yes.k> cos(3¢) + k(N)(K x s)l,,  (29)

where k is the electron wave vector measured from the I" point,
m,. is the effective mass at the conduction band minimum
(listed in the caption of Fig. 7) and the second term in the
Hamiltonian describes the spin-orbit splitting in the vicinity
of the I" point, and s, = £1/2. The magnitude of the coupling

constant is y. = 1.49(1)eV A’ as found by fitting the energy
splitting between the two spin components in the conduction
band up to wave vectors less than 0.06 1/A. The spin-orbit
splitting according to the local density approximation is
presented in Fig. 4. The lack of a splitting along the I'-M
line is in agreement with the trigonal symmetry exhibited by
the second term in the k - p Hamiltonian in Eq. (29). The last

PHYSICAL REVIEW B 94, 245431 (2016)

term in Eq. (29) appears in NL-InSe only for N > 1 and is
present due to the breaking of the mirror-plane symmetry. The
coefficient k. is expected to depend on the number of layers.
The N highest valence bands in NL-InSe are “sombrero-
shaped” [39]. The highest valence band can be fitted around the
I'" point with an eighth order polynomial function as follows:

Hy(k,p) = E, + E2k* + Ek*
+ Ek® 4 Egk® + E4k® cos(6¢)
+ vu85.k% cos(3p) + ky(N)(K x s)l,,  (30)

where the E coefficient describes the hexagonal anisotropy.
The fitted parameters are summarized in Table V. Note that the
valence band takes the shape of an inverted sombrero which
has been demonstrated to lead to a Lifshitz transition upon
hole doping in the monolayer [39]. The sombrero shape and
the associated Lifshitz transition persists with increasing N but
slowly vanishes as we approach the bulk limit. Accordingly,
the critical carrier density required to achieve the transition
decreases with increasing N, as shown in Table V.

The last two terms in Eq. (30) describe the spin-orbit
splitting similar to Eq. (29). The magnitude of y, according to
a fit to the spin-orbit splitting in 1L-InSe for wave vectors less

than 0.06 1/A is y, = 3.11(5) eV A’ . Note that the polynomial
fit is valid in a 4-5 times larger range than the fit for the
spin-orbit splitting.

The bands v; and v, are double degenerate at the I' point
and can each be described by a two-component k - p model as
described by the Hamiltonian

Kk —k
H"1<2> = Evlm + ﬁ + m’
where oy(,) are the Pauli matrices. This Hamiltonian trans-
forms according to the E irrep of the symmetry group Cs, (see
Fig. 2). Equation (31) can be fitted to the DFT band structure to
obtain the effective masses. In the band v; we obtainm = 0.31
and m’ = 0.45, and in the band v, we obtain m = 0.30 and
m’ = 0.45 in units of m,.

In Fig. 7(a) we show the energies of the A and B optical
transitions at the I" point (energies |E, | and E,, respectively),
where we apply the low-temperature scissor correction to the
transition energies as discussed in Sec. IIIB. On the right
hand side we show the same data with 7 = 300 K scissor
corrections for reference to room temperature measurements.
The scissor corrected transition energies are summarized in
the caption of Fig. 7.

To describe the coupling of the principal interband transi-
tion, A, between the conduction (c¢) and valence (v) bands to
an in-plane vector potential A carried by an incoming photon,
A - P, we rely on the following formula for the interband
momentum operator P [50]:

2kyk
o+ zm,yay, 31)

P.,(k) = (c|P|v) = ’% (c] VieH [v)

% Y ChOCuk(0)WViHow ), (32)

0,0

where the sum over 0,0’ runs over the orbitals in the
model, C.k(0) is the coefficient of the eigenfunction of the
conduction (valence) band, orbital o, at k, H, , = (0| H |0},
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FIG. 7. Transition properties of band edge excitations. (a) Dependence of the energies of the principal transitions A and B on the number
of layers N in few-layer InSe according to DFT, with scissor corrections applied at 7 = 0 K (left hand axis) and 7 = 300 K (right hand axis),
in comparison to experimental data measured at 7 = 300 K taken from Ref. [37]. (b) TB matrix elements for the x and y components of the
interband momentum for the A line for N = 2, 3, 4, and 5 layer y-InSe. (c) The d, matrix element and £, and (d) the absorption coefficient,
g4(0) for incoming light arriving at the angle 6 = 7 /4 as a function of the number of layers N and gz at & = 7/2 for in-plane polarized light,

obtained using the scissor-corrected TB model.

and m, is the free electron mass. We can therefore calculate
the interband momentum matrix element using the above TB
parametrization, with the matrix elements of the Hamiltonian
and the eigenfunctions of the valence and conduction bands
obtained directly from the TB model.

TABLE V. Parameters in Eq. (30) after fitting to the topmost
valence band in the band structures of 1L, 2L, and 3L-InSe, with
the zero of energy set to the valence band edge. The critical carrier
density required to achieve the Lifshitz transition in the valence band
is givenasnyr.

1L 2L 3L

Eo (eV) —0.078 —0.069 —0.056
E,eVA)) 2915 4767 5318
E, (eVAY —38.057 —106.817 — 163.540
Eg (eV A% 206.551 896.029 1894.272
E, (eVA°) 3.050 5.658 6.500
Eg (eVAY _450.034  —2982.703  —8844.573
nir (101 cm™2) 73 3.6 18

The TB matrix elements, seen in Fig. 7(b), are linear at
small k and the slope of this linear regime increases with
an increasing number of layers. The latter observation is in
line with the result that the momentum matrix element in the
monolayer is zero. The finding that the matrix element is linear
near the I" point allows the introduction of the dimensionless
parameter « through the relation P, >~ hak, which is taken
into account in Eq. (28).

For coupling to the electric field associated with out-of-
plane polarized light, we can also calculate the out-of-plane
dipole matrix element d, = e (c| z |v) between the valence and
the conduction band. Since the crystal is finite in the z direction
we calculate the dipole matrix element directly as

d.(k) = e(c|z|v) (k) = e Z Cx(0)Cuk(0)z(0),  (33)

where the sum over o is over all orbitals in the unit cell,
C.wk(0) is the coefficient of the conduction (valence) band
eigenfunction for orbital o at k, and z(0) is the z coordinate,
with respect to the mean plane of the crystal, of the atom on
which orbital o sits.

The optical absorption coefficient for band edge absorption
can be calculated from d; using Fermi’s golden rule. A
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TABLE VI. Below we list the DFT-calculated energy gap E); and transition energies /i) and hw})y

PHYSICAL REVIEW B 94, 245431 (2016)

300K obtained using scissor correction

at low and room temperature, the conduction band effective mass (1, in units of the free electron mass), the parameters o and $ for the A and

B transitions, and the values of d_, for N = 1,2,3.

N ERl(eV) he\%; (eV) he’ < (eV) me (m,) o B (h/A) |d.| (e A)
1 1.602/1.933 2.734/3.066 2.584/2.916 0.188 0.000 1.096 1.68
2 1.031/1.695 2.164/2.827 2.014/2.677 0.148 0.082 1.055 2.87
3 0.796/1.601 1.929/2.734 1.779/2.584 0.132 0.132 1.119 3.72

perturbation of E,d, where E, is the electric field of the
incoming photon, the rate of energy absorption in a material
of dipole moment d, is

2
AW = ho=CgsEXa2 ) 8(ecp) — £u(p) = ho). (34)
p

where hw is the photon energy, gs = 2, and €.(p) and &,(p)
are the band edge dispersions in the conduction and the
valence band, respectively, as determined by k - p theory. The
absorption coefficient g(6) as a function of the angle 6 between
the incoming photon and the surface can be calculated simply
by dividing AW by the absorbed energy, which is the flux of
the Poynting vector over the visible area of the unit cell,

Wi = A sin(@)-- £
ot = A sin(0)— ,
ot 4 *cos(0)

(35)

where A is the unit cell area. Evaluating this expression yields
for the absorption at I"

cot(),

hom,
- (36)

I

where m.. is the conduction band effective mass.
For coupling of the transition between bands ¢ and vy, B,
with in-plane polarized light, A - P, we evaluate P as

62
ga(0) = 8w —|d./e|?
hc

m, "
Poy, = =5 C(0)Cuk(0)VicHo o (K),

0,0

(37

from which we find how the transition B absorbs in-plane
polarized light, at T,

2

e m
=87 —pB2—,
&5 hcﬂ hawm?

(38)

where B = | P.,(1)| has finite values at I', listed in the caption
to Fig. 7 for N = 1,2,3. In Fig. 7(d) we show the dependence
of g4(0 = m/4) and gp on the number of layers N; while
g4 exhibits a strong dependence on N, gp is almost constant.
(See Table VI.)

VII. CONCLUSIONS

We have developed a TB model to describe monolayer and
few-layer indium selenide which takes into account all s and
p orbitals of constituent atoms. We have used first principles
density functional theory to parametrize the model. We have
found that (i) inclusion of s and p orbitals and hoppings to
second-nearest neighbors is sufficient to describe the energies
of the bands near the band edge, (ii) the interband optical
matrix element obtained from our model exhibits a linear k

dependence in agreement with DFT calculations, and (iii) the
matrix element vanishes in the monolayer due to symmetry.

We used the model to find the optical absorption coefficient
in few-layer InSe: of the two principal optical transitions
the absorption coefficient of the lower energy transition
(A line), corresponding to band edge absorption between the
conduction and the valence band, slowly increases with the
number of layers, while the absorption for the higher energy
transition (B line) saturates quickly to ~10%.

Also, we find that the conduction band electrons are
relatively light (m o 0.14-0.18m,), in contrast to an almost
flat dispersion of valence band holes near the I' point,
which is found for up to N o 6. The latter property of the
valence band suggests that this material may experience
a phase transition due to many-body effects into either a
ferromagnetic state as suggested for the similar material
GaSe [51], or into a Peierls-type charge density wave due to
a strong electron-phonon coupling [52].

The other members of the family of hexagonal III-VI
semiconductors, such as GaSe [53], have a similar crystal
structure in the monolayer, and the TB model in Sec. III could
be extended to cover these materials. However, few-layer GaSe
has a different consecutive layer arrangement; hence this will
be covered in a future work [54].
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APPENDIX A: MONOLAYER HAMILTONIAN
MATRIX ELEMENTS

1. Mirror plane symmetry

In a basis containing all s and p valence orbitals the
Hamiltonian will be a 16 x 16 matrix. We can reduce the system
to two 8x8 matrices by making use of the M; symmetry
of the crystal structure, which will require that the wave
function be even or odd with respect to exchange of the two
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sublayers. We therefore construct a new basis from even and
odd combinations of our orbitals:

(€3} Lt T
mis = Ti(mlis + m2is)’

@t o1t t
'xis - Tj(xlis ixZis)’
Co LN WP, i
Mipa = Ti(mlipa £ my;)s

(CO LI i
xipct :Tj(xlipaiXZipa)’

@ _ ot i

ipz — Ti(mlipz :FmZipz)’

@F ot i

Xipz = _z(xllipz:FXZipz)’ (A1)

where ¢ = x,y, and p, orbitals have an extra (—) sign on the
bottom sublayer contribution as the direction of p, is reversed
under M. A matrix constructed in the above basis will be
block-diagonal, as mixing between even and odd states would
break M, symmetry.

2. Representation

To calculate our Hamiltonian we express it in a k-space
basis, constructing a matrix with elements H,, = akHblT(,

where ag) and bl(j) are the annihilation (creation) operators
for the orbitals in our basis at wave vector Kk in the Brillouin

zone. The operators al(j) can be expressed with the real space
(

annihilation (creation) operators aiT) as

1

ax = ARV (A2)
Y Nlatt |
'H(i) (*) () (£)
M, M M My, Mg, M), M M,
(E)* (+) H(i) H(i)
M, M, My, M My, Mpy My, My,
()% (H)* () (+)
HM:,MW HM,,X,M,,_V HM,)y,Mpy HM,)_V,M,;Z
()* (E)* (E)* H(i)
(i) MJsM[YZ Mp.\'aMp; MpysMpz Mp;aMpz
H =
H(i)* ()= (H)* ()=
M, X My, X My, X My, X
(E)* (E)* (E)* (E)*
M, X px My, X px My, X px My, X px
(E)* (L)* ()= (E)*
M, X Py M, pxs X py M pys X Py M, Pz X py
()= ()= (E)* ()=
LM, X My X My Xp; My, X p:

The elements are calculated as set out above. For the calcu-
lation of the Bloch phase factors we can reduce the hopping
vectors to three sets, as the Brillouin zone is two-dimensional.
These are for M-X hoppings

0 _4a a
o[} e[ e[ w
V3 23 23

and for M-M and X-X hoppings between ions in the
same sublayer (k - x = 0 for M-M hopping between the two

PHYSICAL REVIEW B 94, 245431 (2016)

where R; is the position of the real space orbital a@; and Ny is
the number of lattice sites.

Relying on the symmetry adapted basis, we represent our
Hamiltonian as two 8x8 matrices in the k-space basis with
elements of the form

HY =P Hp". (A3)

Now substituting in the original forms of the even and odd
basis, we get for two orbitals where neither are p,

HS = Haw + ax]HIb), bl ]
= %[alkHbIk + angb;k + alkHb;k + aZkHka]~
(A4)

As the system and the Hamiltonian are even under M; we
can observe that

(11kHb{k = azkHbgk,

anHbY, = ayHb,, (A5)
and hence
HS = ay Hbl, + anHb!,. (A6)
In the case where orbital a is p, we have
H' = aHb\, T axHb),. (A7)

We therefore need only consider Hy, Hj, and Hj, in the
calculation of our Hamiltonian matrix. We can then diago-
nalize the even and odd parts of the Hamiltonian separately,
obtaining a set of 8 bands for each. The matrices have the form

D () ) &)
M,.X, My X ps My X py My, X
) ) ) &)
Mpex, Hu,x,, Hu,x, Hu,x,
() ) ) )
Hy, x, Hu,x, Hu,x, Hu,x,
@) () ) ()
Myex,  Hu.x, Hu.x, Hu,x,
) () ) &) (A8)
Hy'x, Hyx, X%,  Hx.x,
()% (*) (*) (*)
x.x, Hx,x, Hx,.x, Hx, x,
() () () )
X5, Xpy Xpx:Xpy Xpy: Xpy Xpy: Xpz
()% () () ()
X5, Xz Xpxs Xpz Xpy . Xpz szssz_

(

sublayers, where the ions are directly above each other) there
are six such vectors

rq7 ==+a;, rsg==Lay;, reo==x(a;+a). (Al0)
For next-nearest M-X pairs (T®) we have
0 —a a
ro=|2al| rm=|_al| rno=|_a/| (All)
NE) V3 V3
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The k dependence then appears in the model through combinations of the Bloch phase factors calculated using these vectors:

h
/s
f
/s
fio
fiz
fis

— ezk~r1 + elk-rz +€lk-r3’ f2 — ezk~r2 _ elk-rg’ f3 — ezk~r2 + ezk~r3’ f4 — Zelk-r] _ elk-rz _ ezk-r3

’

= 4e'*r 4 ok ok f0 — D[cos(k - rg) + cos(k - rs) + cos(k - r)],

= 2[cos(k - r4) + cos(k - r5) + 4 cos(k - r¢)],

= 2[cos(k - rq) + cos(k - rs)], fo =2[cos(k-r4)—cos(k-rs)],

= 2i[sin(k - ry4) + sin(k - r5) + 2 sin(k - r¢)], f11 = 2i[sin(k - r4) — sin(K - r5)],

— elk.rlo +ezk.r11 +elk~r12’ f13 — elk~r“ _etk~r12 f14 — etk~r“ _i_ezk-rlz’

— 2eik-r10 _

’

ek — ek o= iMoo gl pikern, (A12)

The symbols L; and L, are the magnitudes of the hopping vectors for M-X intra- and intersublayer hoppings, respectively, and

are given by

(dxx — dym)? \/612 (dxx + dym)? \/4112 (dxx — dum)?
e Ly=—4+ " [y=.]a’+d},, Li=,—+—— """ (Al3
+ 4 2 3 + 4 3 a + MM 4 3 + 4 ( )

The matrix elements are as follows.

)
Hy, x,,

()
M, X py

(#)
M, Xp.

()
My, X

(#)

My, Xs —

(%)
H M, M,

(&)
My My,

(£
My, Mpy

(&)
Mh:th

@)
HXV,X

()
XpysXpy

AT £TP) + fiT)

a. Diagonal elements

= e £ T 4 [T £ 7.0

= e, £ TV + fo[ T £ T,] - L [T<2M> + T+ L (T,;<3> + T;G))},

3

3 2
= ey, £ T,V + fo[TPM £ TV - L [T(ZM) + TP £ — ( T + T;(S))},
3

d2
=em, £ T,V + fo [T(ZM) + ( T — f;” (7,9 + T;G)])}
3

= ey, + f6T(2X), H)((i) X = €x,, + f()T;ZX) /7 (T(ZX) + T(ZX))

pxs & px

3
=ex,, + eI — I S(10 4 129, H o =ex, + [T

b. M-X off-diagonal elements

58 0

_f_[T

(1) /(2)
M-x, | Tm-x, f13a 70
+ Ty, —x,
L, L4

f4a [

/(2)
Ty, —x, _ fisa e
M,—X,
Ll 2 L4\/§ ’

2

1 12)
|:(dxx - dMM)TA(/]) X (dxx + dMM)TA/;S_Xp:| _ fildxx — dum)

3)
Ty —x,

L, 2L4

(1) /(2)
Ty, —x, _ Jiza 73
L1 L2 L4 My—=Xy>

e

L, L,

Ly/3 M7

(n "(2)
|:TM,, X 4 TM,,XA.:| fisa 70
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) fi| dxx — dMM)T;S;_xS (dxx + dMM)T/(z) flz(dXX —dum) 70
Hy x, =% + Ty —x,»
2 Ly L, 2L4
RATTO 4+ TO | 7O 4 7O fua
i g = 1070 - B[ BEED L BRI g[S o0 g
e X 4 L L2 L2
, a?TT®» 47 72 4 72 a
Hl(l/;t). v = f] (T;l) + Tﬂ(Z)) _ f5 b4 > o b4 > o + leTTES) _ f16 (T(S) + T(3))
prXpy 12 L L2 L2
2 2
HE = pilro g e - (G D) oy gy g (St dun ) e o)
perpe 2L, 2L,
dxx — dun \’
+ f12[ T — <—2L4 (79 + 1) |
27 LT @ 4T
Hji’;ti,x . HMP}-,X,,X = _fza [ - —i_z - . —i_z . i| f;a (T(‘;) + T(’;))
! ” 4\/§ Ll L2 L \/_
&) fa| dxx —dum)(T + T;l)) (dxx + dum)(T)? + T,?) f13a(dXX dym) 73 3)
HMm~XrJz =4 2 2 2 ( + T )’
4 L2 L2 212
fra| dxx — dum)(T + T;”) (dxx + dum) (TP + T,?) Sizaldxx —dum) (.3 3)
HMpz'Xﬂx =1 2 2 2 (TTF + TU )’
4 L L2 212
@ _ faa | (dxx — dum)(TV + T(l)) (dxx + dum) (T} + T)?) _ Sisaldxx — dMM)( ® 4 7),
W L? L3 2V/3L3
faa | dxx — dMM)(TJSI) + TOS])) (dxx + dMM)( T/ + T/(z)) Sisaldxx — dym) 3) 3)
HMprva' = 2 2 - 2 (T + TU )
43 L3 L2 24/3L2

c. M-M, X-X off-diagonal elements

H&?M}w == fl 12\/_ |:T(2M) + — T(3):|

T(3>]

+
i, =5 T A

APPENDIX B: INTERLAYER HAMILTONIAN
MATRIX ELEMENTS

The Hamiltonian for bilayer y-InSe is expressed in the form

_ |:H IL Hc]

H'  Hw|

where Hjp is the 16 x 16 monolayer Hamiltonian, expressed
in the original atomic basis (M, M, X, X», as opposed to

the even/odd basis used above), and H, includes the interlayer
interactions. We write H,. as

B

2 - f9f[T<2M> + T £ (1O 4+ 179)] 0 0 0 0
et ’ 0 0 H 0
Hc = M(l)27X<2)l , (Bz)
® = M[T@ +70) 0 0 0 0
My, Mp; 2L§ b o I Hx(l)Z»M(Z)l 0 HX(I]ZvX(Z)l 0
foduma ¢ 5 where Hy,,,, m,, represents the vertical M-X interactions, and
Hy o = —— [T+ 1], has the form
py pz 2L2 e o
X, ,M; 0 0 X M,
(+) _ flO T(zx) 90 s 0 0 s 0 p-
X5, X px I HX(l;z,M(2)l = 0 0 0 0 (B3)
HP = _f”_ﬁT(ZX) Xp Mg 0 0 X, .M,
Xo. Xpy = K )
: 2 v The elements themselves are
@ __fov3 9\/_ 2X) 2x)
HXI’-’“X[’}' - (T +1, )’ X, M, = ls(j(M)v (B4)
(+) (+) [€5)
XeXpe = szmxm = Hy, x,. =0 XMy, =13, (B5)
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XM
Xp My = -1, (B6)
X, M, =X, M, =t%" (B7)
XM
Xp. My, = =110, (B8)
Hx,,.x,,, represents the X-X interactions, with
X, X X5, X, X5, Xp, X5, X,
H XPX’XS va’Xpt X X\- Xp.wxpz
Xap, Xon =
(22e1 Xp,: Xs  Xp, . Xp, Xp‘,Xp‘_ Xp, s Xp.
Xp, Xs  Xp, Xp,  Xp . Xp,  Xp, X,
(B9)

In the expressions for the elements, L. is the length of the
interlayer X-X hop, and is given by

2
a
L.= \/? + (a; — dxx)’. (B10)
The elements are
XA‘7XS == flty(g(X)a XX7X[7 - f (XX)’
X, X, = f. (X0 XX f—dXX X0
s A py — 42\/_L sp ) sop, — J1 LC sp 5
XanXs = _Xsyxpxy Xpans = _XsaXpya
sz’Xs = _Xs»sza
2
a
Xpo Xp, = [itd0 — fi| 50— | (180 +10),
2L,
a 2
X, X, = flt(XX)—f5|:—:| X0 4 (X0
14 14 T 2\/§Lc (rr o )
d 2
X, X, = fi [ 1 — [u] (t,(,XX)+t§XX))},
Z g4 LC
Ala] (XX) | ,(XX)
XooXo, = =251 (0 +15°9),
( dXX) XX
Xp X) = fr—e o (1) 4 X0
Px Pz f2 (ZLC)Z ( )
f4 a(az _dXX) (XX) (XX)
Xp  Xp =——F%———7F— +1t ,
" VTR o)
Xp Xp, = Xp . Xpo Xp . Xp, = Xp . X,
Xp. . Xp, = Xp,, Xp... (B11)
In the case of the nonvertical M-X hops we have
Mg, Xy Mg, X, M X, MX,
My Xy My, Xp Mp Xp My X
Hvonxor =y x0m, X, M, X, M, X, |
Pys“s Py>“* DPx Py>“* Dy Py>“* Dz
M[’ ’XY MP:’XPX MP:’X[’}' MPZ’XPZ
(B12)
with matrix elements
a  (mx
M X, = fl*t‘gﬁle)’ M. X, = fz* I(l/Isf;(p’

2Ly
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(MX)
M. X, = — 1§ szM IMs—Xp-
M, X, = f*az_ 3(dxx +dum) i)
Sy p, — J1 2Ly Ms—Xp°
4 mx)
MPx X, = _f2*2L 00 e
My X, = Fie i
' szM p—Xs
M. X.—= _f*az - E(dXX +dMM) MX)
P xS 1 2LM Mp—Xs>
a 12
My Xy, = g™ = | 57— | ("0 + 1),
2Ly
2
a
LX, = flt(MX)_f*|: ] (MX)+t(Mx) ’
Py Py T szM ( )

— (MX)
MPZ’XP: - fl t

)

2
g (az — %(dx); + dMM)) (ty(TMX) i t(MX))
L3, ’

fz* a 2 (MX) (MX)
M, X, =— — t +t s
Px Py \/5 2LM (yr o )

La(a: = 3(dxx +duw)) (1M 4 (10)
T 4 ’

M, X, =—

Px Pz f2 (2LM)2

1

Mp“,va _ f_fa(az - §(dXX j_dMM)) (I;[MX) + t((TMX)),

SRRV (2Lwm)
MI’)"X - MPK’X[’N M.”:’X - MI’X’X
MPZ’XPV = MP}"XP:’ (B13)

where the length of the hop L, is given by
a? 1 2
Ly = ? + <az — E(dxx +dMM)) . (B14)

For greater numbers of layers we build up the matrix such
that H;p is on the diagonal blocks, with adjacent diagonal

blocks connected by H, and HCT .

APPENDIX C: COMPARISON BETWEEN SCISSOR
CORRECTED TB, UNCORRECTED TB, AND DFT
OPTICAL MATRIX ELEMENTS

For comparison, we also obtain the matrix elements from
density functional theory and from a TB model without scissor
correction. In a DFT calculation utilizing a plane-wave basis,
the momentum matrix element is straightforward to calculate

as
CU(UI) = Z C

- Gj, CD

U(Ul) J

where C; ;, C,,, ;, and G; are the plane-wave coefficients
and the rec1proca1 lattice vectors taken into account in the
plane-wave basis set, respectively. d, is calculated in DFT by
real space integration on a sufficiently fine grid. The intralayer

TB parameters for the uncorrected model are given in Table I
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TABLE VII. Interlayer hopping parameters (eV) for y-InSe,
without scissor correction, as defined in the Hamiltonian [Eq. (18)].

(XX) (XX) (XX) (XX)

t.rs tsp tzz I5

—0.731 —0.461 —0.119 —0.761

(o 1y, S (10 110
—0.152 0.072 —0.504 0.198 0.015
—0.332 0.042 —0.208 —0.393 0.347
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in the main text, while the interlayer parameters are given in
Table VII.

In the main text we apply a scissor correction to the DFT
band structure in order to account for the underestimation of
the band gap. It should be noted that the scissor correction
is necessary for another reason as well. The TB model, when
fitted to DFT band structures without scissor correction, agrees
well with the DFT results for d, at small N see Fig. 9(a).
However, the extrapolation to large N is considerably larger,
and the saturation much slower, than that for the TB model
calculated with scissor correction. Likewise, the coefficient
of the linear regime (see Figs. 8 and 10) is also larger if
the scissor correction is omitted. In essence, uncorrected
DFT overestimates d, matrix elements, whereas the scissor
correction leads to a significant reduction in d,, and in turn a
reduced absorption.

The origin of the reduction in d, when applying the scissor
correction lies in the effect the scissor correction has on the
TB wave functions for N > 1. Figure 11(a) shows the modulus
square of the chalcogen p, TB wave function coefficients as
a function of the sublayer index in 19-layer InSe. The wave
function reduces towards the edge of the slab but a clear finite
value remains at the very edge, due to a substantial oscillation
in the coefficients, which gives a substantial contribution to
d,. Figure 11(b) shows the same wave function coefficients
after scissor correction. Note that the relative weight of
the coefficient at the edge has now decreased, as has the
aforementioned oscillation, which leads to an overall smaller
d, and a faster saturation with increasing N.

0.025 ‘ ‘
— . I(k,) TB-SC
Ip.|(k,) TB — e ..
0.020f|-e- DFT " .-
’/// - = - - - -
o /.‘7__,
Z 0.015 o
= g
= s L
= [ =
£ 0.010 [
// ’ ,/'
), o "<
0.00sf /4
000060 0.0z 004 006 008 010 012
-1
k, (AT)

FIG. 8. Comparison between the TB and DFT matrix elements
for the x components of the interband momentum for N = 2, 3, 4,

and 5 layer y-InSe.
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—— TB-SC N>>1
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—~ 15t 4
=< e
i /,o’/rz.
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&/’/} 4
= ,..——o——o——""""'.__._
5t //,,0 -
e _ "
g
o
0 . . .
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(b) 25—
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20 A
/,.’
_e
< _e”
- 15¢ Le” .__.___.__.__.-—i
s e
o I
e
2100 s |
< A
o /./
5 e ]
.
[}
0 . .
1 5 10 15
N

FIG. 9. Comparison between the scissor corrected and uncor-
rected TB results for the d, matrix element (a) and the band edge
absorption (b).

The physics behind the reduction of the wave function at
the edge is the relative reduction of the interlayer interaction
as compared to the intralayer interaction, which is a direct
consequence of the scissor correction. By increasing the
gap without changing the bandwidth caused by interlayer
hopping, the intralayer hopping becomes stronger while the
interlayer hopping remains at the same magnitude. This can
be understood within a chain model, which we discuss below.

The core message here is that the scissor correction has
an effect on the wave functions and in turn on the optical
properties of InSe slabs, and should be taken into account
when modeling few-layer InSe.

APPENDIX D: CHAIN MODEL
FOR FEW-LAYER InSe AT I'

The simplest way to describe a layered semiconductor is by
approximating each layer with a dimer, each atom hosting a
single basis orbital x; and x,. In this case, the monolayer can be
described by a single hopping integral ¢ and the Hamiltonian

245431-17
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FIG. 10. Comparison between the scissor corrected and uncor-
rected TB results for the o parameter.

o—e \/B

5 10 15 20 25 30 35 40
Sublayer Index

VB
0.035f CB |

5 10 15 20 25 30 35 40
Sublayer Index
FIG. 11. Distribution of the X,, TB wave function coefficients

along the slab in 19-layer InSe, without (a) and with (b) scissor
correction.
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0.015}
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FIG. 12. Distribution of the wave function coefficients along the
slab in 19-layer InSe according to the chain model, with hopping
ratios '/t = 0.8 (a) and ¢/t = 0.4 (b).

will be

H=1) xjx;+Hc., (D1)

1

where xg) annihilates (creates) an electron on sublayer 2, site

i. Expressed in matrix form the Hamiltonian is
D2)

The Hamiltonian of a few-layer structure is

N-1
H = Z tZ(x(Tn)Zix(n)li)-i-l‘/ Z (x(Tn)zix(n-Q—l)li) +H.c,

i (n) (n)=1,2
(D3)

where (n) is the layer index, and the interlayer interaction is
described by the hop #’. As an example, the matrix form of a
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bilayer can be written as

0 r 0 O
H=lo 0o 0| 9
0 0 r O
which has the following eigenvalues:
YO+ Va2 +17), L+ Va1,
Lo —Var+17), L= = V4 +17).  (DS)

In this chain model, the ratio ¢’/ characterizes the strength
of the interlayer interaction with respect to the intralayer
coupling. Let us now assume that we can describe few-layer
InSe with such a model, with some values for the two
hopping parameters obtained from DFT calculations. When
we implement a scissor correction, we leave the interlayer hop
t" unchanged, while we increase the magnitude of ¢ since, in the
monolayer, the band gap from this model is simply 2¢. Hence
a scissor correction translates to a decrease in the ratio ¢'/z.

This finding allows us to demonstrate the qualitative effect
of the scissor correction. Figure 12 shows the modulus square
of the coefficients C, . of the chain model wave functions
in the valence and conduction band. Panel (a) corresponds to
t'/t = 0.8, while panel (b) to 7'/t = 0.4. The visible reduction

PHYSICAL REVIEW B 94, 245431 (2016)

20 . ,
o-o {'/t=04
e-o {/t=0.8
15t — t/t=04,N>1 |
— t/t=08,N>1 e
P
Q t”/('
T 10 ’,/’°/
h— > 2
< -
= .
/./
5* //./ .‘_.__.__._-.-—.——.——.—*Tﬁ,
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/,/"/.
[ 3
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0 2 4 6 8 10 12 14

FIG. 13. d, matrix element of few-layer InSe according to the
chain model, with hopping ratios ¢/t = 0.8 and ¢'/t = 0.4.

of the wave function along the edges upon decreasing #'/¢
is in agreement with the effects of the scissor correction
on the full model (see Fig. 11). Similarly, if we now plot
the d, matrix element from the chain model (Fig. 13) we
find that the matrix element undergoes significant reduction
when we decrease t'/t, just like it happened in the full
model when we implemented the scissor correction there
[see Fig. 10(a)].
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