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Open quantum system description of singlet-triplet qubits in quantum dots
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We develop a theoretical model to describe the dissipative dynamics of singlet-triplet qubits in GaAs quantum
dots. Using the concurrence experimentally obtained [Shulman et al., Science 336, 202 (2012)] as a guide, we
assume that each logical qubit fluctuates under the action of a random telegraph noise (RTN) that simulates the
1/f α noise. We also study the dynamics of concurrence as a function of the amplitude of the RTN, the correlation
time of the RTN, the preparation time of states, and the two-qubit coupling. Furthermore, we show that the
two-qubit coupling together with the preparation time strongly affect the entanglement dissipative dynamics and
both physical quantities can be employed to enhance the entanglement between singlet-triplet qubits.
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I. INTRODUCTION

The development of quantum information processing has
enabled the discovery of new techniques and platforms which
are paving the way to accomplish quantum technologies in
the near future [1]. Among these platforms, spin qubits in
quantum dots (QDs) [2] is certainly one of the most striking
systems because of their potential scalability and miniatur-
ization [3–5]. Furthermore, electrical readout and control of
spin qubits in QDs have been achieved in several different
approaches [6], where spin blockade and charge sensors enable
the observation of single/two-spin dynamics [7]. In double
quantum dots (DQDs), a logical qubit can be encoded by means
of singlet-triplet (S-T0) states of two electron spins [8–10]
and the interqubit interaction can be implemented through a
capacitive coupling [11]. By controlling and coupling S-T0

qubits, the entanglement between two S-T0 qubits has been
experimentally demonstrated [12]. Together with the success
of such a demonstration, the ubiquitous noise has been probed
in the experimental data of Ref. [12]. For a single S-T0 qubit,
the noise has been characterized and shown to be consistent
with the power-law 1/f α noise [13]. Also, it has been
experimentally verified that the exponent α has a temperature
dependence; for instance, α ≈ 0.7 for T = 50 mK and α ≈ 0
for T = 100 mK [13]. Such a temperature dependence can be
ascribed to a phonon-induced decoherence mechanism [14].
The 1/f α noise can be present in a variety of systems [15] and
particularly in other QD systems [16,17]. To model the 1/f α

noise, random telegraph noise (RTN) has been employed in
different theoretical works [18–21].

In this work, we employ the RTN to describe the decoher-
ence caused by the interaction between two S-T0 qubits and
their environment in the low temperature limit, i.e., α �= 0. By
using such a model, we are able to quantitatively reproduce
experimental results obtained for S-T0 qubits in two GaAs
coupled DQDs [12]. Through our description of this open
quantum system, we exploit the role of the amplitude of the
RTN, the correlation time of the RTN, the preparation time
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of states, and the two-qubit coupling in the entanglement
dissipative dynamics.

The present paper is organized as follows. In the next
section, we present the model that describes the dynamics of
the open quantum system. In Sec. III, we introduce the concept
of entanglement, measured by concurrence, together with the
results of our theoretical model. We also include in Sec. III a
detailed study on the most important physical parameters that
rule the entanglement dynamics. Finally, Sec. IV contains a
summary of our results.

II. THEORETICAL MODEL

The main focus of this work is related to the study of the
dissipative dynamics of two S-T0 qubits, where the information
is stored in the spin states of two electrons. Such states can
be experimentally achieved by confining two electrons in each
DQD system [12]. The logical qubit composed by the two-level
system (|S〉 ≡ |↑〉,|T0〉 ≡ |↓〉) can be isolated by applying an
external magnetic field in the plane of the device in such a way
that the Zeeman splitting makes the parallel spin states |T+〉
and |T−〉 energetically inaccessible.

To extend such a two-level system to a two-qubit system,
it is necessary to couple two S-T0 qubits, where the tunneling
between them is suppressed and their coupling is electrostatic
(for more details, see Ref. [12]). Thus, the effective Hamilto-
nian for the two-qubit system can be written as follows [12]:

Ĥ2-qubit = 1

2

(
J1σ

(1)
z ⊗ I + J2 I ⊗ σ (2)

z

)

+ J12

4

(
σ (1)

z ⊗ σ (2)
z − σ (1)

z ⊗ I − I ⊗ σ (2)
z

)

+ 1

2

(
�Bz,1σ

(1)
x ⊗ I + �Bz,2 I ⊗ σ (2)

x

)
, (1)

where σx,y,z are the Pauli spin matrices, I is the identity, and
the index 1 (2) is related to the first (second) qubit (hereafter,
we use units of � = 1). This Hamiltonian is able to implement
universal quantum control, which is given by two physically
distinct local operations, x and z, and by the interaction
between the qubits given by σ (1)

z ⊗ σ (2)
z . The exchange split-

ting, Ji , between |Si〉 and |T i
0 〉 applies rotations in the qubit
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i = 1,2 around the z axis, while rotations around the x axis
are driven by a magnetic field gradient �Bz. Moreover, �Bz is
responsible for the preparation of each qubit in a superposition
between |S〉 and |T0〉. The two-qubit coupling, J12, depends
on the energy between levels of the left and the right DQD and
it can be switched on and off during the quantum dynamics
[12]. Due to the Pauli exclusion principle, |S〉 and |T0〉 states
have different charge configurations and because both qubits
are electrostatically coupled, the state of the first qubit is con-
ditioned to the state of the second qubit. In other words, when
simultaneously evolving, they experience a dipole-dipole
coupling that generates an entangled state. Following the
experimental steps [12], each qubit is initialized in the |S〉 state,
then rotated by π/2 around the x axis when Ji = J12 = 0,
�Bz,i/2π ≈ 30 MHz, for i = 1,2. After this stage, a large
exchange splitting is switched on corresponding to J1/2π ≈
280 MHz, and J2/2π ≈ 320 MHz. Experimentally, it was
found that the two-qubit coupling is given by J12 = J1J2 [12].

To include the dissipative dynamics, we consider a phe-
nomenological approach, where both qubits are subjected to
local RTN fluctuations on exchange splitting terms J1 and J2.
Thus, the RTN Hamiltonian can be written as

ĤRTN = J RTN
1 (t,τc)σ (1)

z ⊗ I + J RTN
2 (t,τc)I ⊗ σ (2)

z . (2)

For such kind of noise, J RTN
k (t,τc) jumps between two values

−J0 and J0 according to [18]

J RTN
k (t,τc) = (−1)f (t,τc,k)J0, (3)

where k = 1,2 and the function f (t,τc,k) is related to the times
where the jumps occur by the following expression:

f (t,τc,k) =
∑

j

�
(
t − t kj

)
, (4)

where �(x) is the Heaviside function and

t kj = −
j∑

n=1

τc log
(
pk

n

)
. (5)

In Eq. (5), pk
n are uniformly distributed random numbers and

the correlation time τc determines the frequency of jumps and
is related to the autocorrelation function as follows:

〈
J RTN

k (t,τc)J RTN
k (t ′,τc)

〉 = exp(−2|t − t ′|/τc), (6)

where 〈· · · 〉 represents an average over the fluctuations.

III. RESULTS

The results for the J RTN
1 (t,τc) are shown in Fig. 1,

considering J0 = 1 MHz and τc = 10 ns (black solid curve
in the top panel) and τc = 30 ns (red dashed curve in the
bottom panel). As expected, there are less jumps for a higher
value of τc. Furthermore, to check the 1/f α nature of the
RTN, we numerically calculate the power spectrum S(f ),
which is the Fourier transform of the autocorrelation function
[Eq. (6)]. Such results are shown in Fig. 2 for a fixed amplitude
J0 = 1 MHz and for different correlation times: τc = 1 ns
(magenta dotted curve), τc = 10 ns (black solid curve), and
τc = 30 ns (blue dashed curve). The solid red curve in Fig. 2
is a plot of the function 4 × 10−3/f 0.89, which is used for
comparison to the high frequency behavior of the numerically

FIG. 1. Simulation of the RTN as a function of time, considering
the amplitude J0 = 1 MHz and two different correlation times:
τc = 10 ns (top panel) and τc = 30 ns (bottom panel).

calculated power spectrum S(f ). Such a power-law noise
model is similar to the one deduced for only one qubit in
DQDs [13].

To perform the analysis of our results and to compare to
the experimental work [12], the quantum correlation called
concurrence is employed. Concurrence is a well known
measure of entanglement, which is broadly accepted to be
responsible for a set of important tasks in quantum information
theory, such as quantum teleportation [22] and quantum key
distribution [23]. For two qubits, there is an analytical solution
to concurrence [24], which is given by

C(ρ) = max{0,λ1 − λ2 − λ3 − λ4}, (7)

where λi (i = 1,2,3,4) are the eigenvalues of R = √√
ρρ̃

√
ρ

listed in descending order. ρ̃ is the time-reversed density

FIG. 2. Numerical calculation of the power spectrum S(f )
considering the RTN amplitude J0 = 1 MHz and the following values
for the correlation time: τc = 1 ns (magenta dotted curve), τc = 10 ns
(black solid curve), and τc = 30 ns (blue dashed curve). The function
c/f 0.89 is plotted as a solid red curve for comparison with the high
frequency limit of the numerical calculated power spectrum S(f ).
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FIG. 3. Time-evolution of the DDSE considering the RTN with
fixed correlation time τc = 9 ns and for different noise amplitudes:
J0 = 0 (dashed blue curve), J0 = 11.6 MHz (solid black curve), and
J0 = 23.2 MHz (dotted red curve). Open circles denote the DDSEs
extracted from experimental data [12].

operator, which can be written as

ρ̃ = (
σ (1)

y ⊗ σ (2)
y

)
ρ∗(σ (1)

y ⊗ σ (2)
y

)
, (8)

where ρ∗ is the conjugate of ρ in the standard basis of two
qubits.

The initial state of each DQD is set to |↑〉 = |S〉, then a π/2
rotation around the x axis is performed during the preparation
time τprep, which puts each qubit in a superposed state
(|↑〉+ |↓〉)/√2. Following the experimental description given
in Ref. [12], we use �Bz,1 = �Bz,2 = π/(2τprep), J1/2π =
280 MHz, and J2/2π = 320 MHz. The system dynamics can
be obtained by numerically solving the unitary trajectories
described by the system Hamiltonian [Eq. (1)] together with
the RTN Hamiltonian [Eq. (2)]. We perform an average over
different unitary trajectories to extract the dynamics of the
system including the RTN [25].

We begin our analysis of the dynamics of the system
through the evolution in time of the difference of the
descending sorted eigenvalues (DDSEs) λ1 − λ2 − λ3 − λ4 of
the matrix R = √√

ρρ̃
√

ρ, which is equal to the concurrence
C(ρ) when it assumes positive values. In Fig. 3, we plot
λ1 − λ2 − λ3 − λ4 as a function of time, assuming different
values for the RTN amplitude J0 and for τc = 9 ns. When
J0 = 0, the dynamics is unitary and the concurrence oscillates
without dissipation with a period of 280 ns after τprep. Such
a period is completely defined by the system Hamiltonian
term J12/4σ (1)

z ⊗ σ (2)
z . DDSEs assume zero values for t � τprep

when J0 = 0, but the first experimental value of DDSEs at
t = 25 ns is negative and it must be related to noise effects that
occur during the preparation of the state (|↑〉+ |↓〉)/√2. Such
a negative value occurs during the preparation time as a result
of the interaction of the π/2 rotation around the x direction
and the RTN, which acts in the z direction. Indeed, to take
into account such a negative value of DDSEs, we just need
to use τprep = 25 ns and J0 �= 0, as can be observed in Fig. 3.

FIG. 4. Time-evolution of the DDSE considering the RTN with
fixed noise amplitude J0 = 11.6 MHz and for different values of
the correlation time: τc = 3 ns (dashed blue curve), τc = 9 ns (solid
black curve), and τc = 18 ns (dotted red curve). Open circles denote
the DDSEs extracted from experimental data [12].

Furthermore, one can see in Fig. 3 that the DDSE oscillates in
time and it has an envelope function that decays faster as the
value of J0 is increased. We also perform an analysis of DDSEs
as a function of time for a fixed value of the RTN amplitude
J0 = 11.6 MHz and different correlation times τc, which is
shown in Fig. 4. The increasing of the correlation time has
a similar effect when compared to the increasing of the RTN
amplitude in Fig. 3; i.e., the bigger the correlation time, the
faster the decay of the envelope function as a function of time.
For τc = 9 ns and J0 = 11.6 MHz, there is good agreement
between the experimental results (open circles in Figs. 3 and 4)
and DDSEs extracted from the dynamics including the RTN.
The results shown in Figs. 3 and 4 might suggest that it is
possible to find different pairs of τc and J0 that adjust the
experimental data, but this conception is misleading because
other pairs of τc and J0 cannot reproduce the experimental data
in the whole range of time.

By means of our description of the decoherence mechanism,
we can analyze the entanglement dissipative dynamics through
our theoretical model. Particularly, we focus on two aspects:
the role of the preparation time τprep and the two-qubit coupling
J12. The system is interacting with the environment during the
preparation time, which affects the entanglement efficiency. To
understand the role of such a physical parameter, we analyze
the effects on the maximum value of concurrence caused
by distinct preparation times τprep. Another crucial physical
parameter that rules the entanglement is the coupling between
each qubit. The two-qubit coupling J12, which can be increased
by controlling the dipole-dipole interaction, determines the
time τent for achieving the state with the highest value of
entanglement (concurrence). This time τent can be extracted
from the term J12/4σ (1)

z ⊗ σ (2)
z of Eq. (1) and is given by

J12 = π/τent. In the experimental results, τ
exp
ent = 140 ns and

the maximum obtained value for entanglement is around 0.44
[12]. In other words, both τprep and τent are two fundamental
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FIG. 5. Numerical solution for the maximum value of the con-
currence as a function of R and for τprep = 10 ns, τprep = 25 ns, and
τprep = 40 ns, considering the description of the noise that better fits
the experimental data, i.e., τc = 9 ns and J0 = 11.6 MHz.

characteristic times that are intrinsically related to the success
of achieving a maximally entangled state.

To illustrate the role of the preparation time and the
dependency on the two-qubit coupling J12 in the entanglement
dynamics, we plot in Fig. 5 the maximum value of concurrence
as a function of R = J12/J

exp
12 , where J

exp
12 is the value extracted

from the experimental data, for different preparation times
τprep. As expected, such results show an enhancement of
the entanglement when J12 is increased and when τprep is
decreased. This behavior is related to the fact that a maximally
entangled configuration is faster achieved for a larger J12

even though the RTN disturbs the ideal obtainment of the
superposed state during the preparation time τprep. In Fig. 5, one
can see that for R � 20 the maximum value of entanglement
is approximately constant. Furthermore, a small increase in
the value of J12 surprisingly enhances the maximum value
of entanglement, as can be observed by the steep jump in
max[C(ρ)] for a small variation of R in Fig. 5. To understand
further how these characteristic times affect the maximally
entangled state, in Fig. 6, we plot the maximum value of
concurrence as a function of τprep for R = 1, R = 2, R = 5,
R = 10, and R = 50. One can notice in Fig. 6 that the
maximum concurrence monotonically decreases as a function
of τprep and that the maximum concurrence rapidly increases
with the increasing of R. For example, by doubling the
experimental value of the two-qubit coupling (R = 2), the
maximum value of entanglement has a growth of 40% for
5 � τprep � 50. These results address the way such physical

FIG. 6. Numerical solution for the maximum value of the con-
currence as a function of τprep for R = 1, R = 2, R = 5, R = 10, and
R = 50, considering the description of the noise that better fits the
experimental data, i.e., τc = 9 ns and J0 = 11.6 MHz.

parameters can be tuned in order to substantially enhance the
entanglement between S-T0 qubits.

IV. CONCLUSION

In summary, we proposed a model based on the RTN, which
mimics the 1/f α noise, to describe the dissipative dynamics
of two S-T0 qubits in two DQDs. By employing such a
model, we were able to determine a suitable description of the
experimental data shown in Ref. [12]. Moreover, we studied
the role of the preparation time and the two-qubit coupling
in the dissipative dynamics. We showed that the two-qubit
coupling plays a crucial role in the entanglement evolution and
a small increase in J12 can lead to a considerable amplification
of the entanglement. Such results can be used as a reference
for further studies in quantum systems where the 1/f α noise
is present.
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