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Mixed electrical-heat noise spectrum in a quantum dot
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Using the Keldysh Green function technique, we calculate the finite-frequency correlator between the electrical
current and the heat current flowing through a quantum dot connected to reservoirs. At equilibrium, we find that
this quantity, called mixed noise, is linked to the thermoelectric ac conductance by the fluctuation-dissipation
theorem. Out of equilibrium, we discuss its spectrum and find evidence of the close relationship between the
mixed noise and the thermopower. We study the spectral coherence and identify the conditions to have a strong
correlation between the electrical and heat currents. The change in the spectral coherence due to the presence of
a temperature gradient between the reservoirs is also highlighted.
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I. INTRODUCTION

The electrical noise spectrum in quantum systems is
accessible experimentally through very sensitive techniques
such as spectrum analyzer [1,2], use of a superconductor-
insulator-superconductor tunnel junction as an on-chip spec-
trum analyzers [3] and measurement of photon emission
spectrum [4]. It exists also a proposal to measure the heat
statistics in quantum devices [5]. Given the fast progress of
detection techniques, it is not forbidden to imagine that in
the next few years, the measurement of the noise correlator
between the electrical current and the heat current (mixed
noise) would be possible.

In parallel, calculations of finite-frequency electrical-heat
mixed noise are needed for quantum systems. There exist
very few works on the zero-frequency mixed noise [6—10]
and not even one concerning the finite-frequency mixed noise.
Theoretically, the studies are limited to the electrical noise
spectrum (see [11-13] and references therein), to the energy
noise spectrum [14—16], to the statistics of the energy current
in the presence of time-dependent excitation [17,18], and
to the heat noise spectrum [19]. This is regrettable since
it has been shown recently that the zero-frequency mixed
noise contains information on the thermoelectric response
of the system [9,10]: it gives the figure of merit in the
linear response regime and it is related to the thermoelectric
efficiency in the weak transmission regime (Schottky regime).
At finite frequency, the mixed noise should bring informa-
tion on the dynamics of the thermoelectric conversion, in
particular on the thermoelectric response of time-modulated
systems, which is the study of an increasing number of works
[20-29]. In this paper, we fill this lacuna by calculating the
mixed noise spectrum of a quantum dot (QD) using the
Keldysh out-of-equilibrium Green function technique. We
focus on the nonsymmetrized noise spectrum since this is
the quantity which is relevant for quantum systems, due to
the fact that the current operators do not commute with each
other [3,30,31].

The paper is organized as follows: We present the model
and give the definition of electrical and heat currents in Sec. II.

II. MODEL

To model the QD connected to left (L) and right (R)
reservoirs, we use the Hamiltonian H = H; + Hgr + Hp +
Hy, where Hy—p g = Zkea EkaClaCm describes the energy

of electrons in the reservoir «, with cza (cke) the creation
(annihilation) operator, Hp = g;d'd describes the QD with a
single energy level &4, with d T (d) the creation (annihilation)
operator,and Hr = _,_; » Zkea(Vkaciad + H.c.) describes
the transfer of electrons from the reservoirs to the QD and
vice versa. The left and right reservoirs are assumed to be
at equilibrium with temperature 77 r and chemical potential
ur g (see Fig. 1).

The charge current fg and heat current IAJ, flowing from
the reservoir « to the QD, are given by the time derivatives
[32-34] of the operators’ number of electrons in the reservoir
o, Ny, and energy of electrons in the reservoir o, H,:
fg = —eN, and I: = —H, + ptg Ny, with N, = Y kew ciack(x.
The time derivatives of these two quantities are equal to
N, =ih~'[H,N,] and H, = ii~'[H,H,], which lead after
calculation to

. i

No =23 (~Viacied + Vid'cio). ¢))
kea

H, = > g eta(—VigCloyd + Vi dicy). )

Injecting Eqs. (1) and (2) in the definitions of T (9 and I:i , We
obtain

o ie 3
0 - > Viaclyd — Vi i),

kea

. i
Io =2 (eta = 1) Viatlod = Vid'cra).

kea

which give in a compact form

iel=r

The results for the noise spectra are presented in Sec. I1I, and fO{’ = 2(8"‘1 — g (Vkaclad — VkZchka). 3)
discussed in Sec. IV. We conclude in Sec. V. h kea
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FIG. 1. Picture of the QD connected to left and right reser-
voirs with distinct temperatures and chemical potentials (we take
eV =, — ug and AT = T, — Tg). The black arrows indicate the
convention chosen for the currents’ direction.

III. NOISE SPECTRUM

The nonsymmetrized noise spectrum is defined as

o0
Shi(w) = / Sy (,0)e ™" dt, 4)
where 874 (,0) = (ALY (t)AIAé7 (0)) is the current-current time
correlator, and AFY (1) = [P (1) — (IF), with 17, the electrical
(p = 0)orheat(p = 1) current operator from the reservoir « to
the central region through the barrier . The finite-frequency
nonsymmetrized noise 85; (w) quantifies the correlation be-

tween the currents /' and [’ g at finite frequency w. Such a
general definition embeds three types of noise: (i) the charge
noise Sgg(w), corresponding to the correlator between the

electrical current and itself; (ii) the mixed noises S‘% (w) and
S;g (w), corresponding to the correlators between the electrical

current and the heat current, and (iii) the heat noise S,}(w),
corresponding to the correlator between the heat current and
itself.

We first compute the time correlator Spg(7,1') using the
Keldysh out-of-equilibrium formalism [35], and next calculate
its Fourier transform in order to get Sgﬂq (w). To achieve this
task, we insert the current operator, given by Eq. (3), in
the definition of the noise, given by Eq. (4), and perform
the calculation of the average of the product of four cre-
ation/annihilation operators, making the following assump-
tions: noninteracting electrons, wide-band approximation, and
symmetrical coupling strength between the reservoirs and the
QD (i.e., symmetrical left and right barriers). The details of
the calculation are given in Appendix A. The final expression
of finite-frequency nonsymmetrized noise we obtain is

Pq R
Saﬂ(w)z A de

[e.¢]

X [(& = o) (e — up)? Agp(e, )
+ (& = o)’ (€ — ho> — 1) Bup(e,0)
+ (& — ho — ue)’(e — np)? Byy(6,0)
+(e — how — pe)’ (e — how — pp)1Cop(e, )], (5)
with
Ap(e,0) = T (e — ho) fry(e — ho)[T (e) f1(e)
+ [8ap — 1)1 f5 (&) + [8ap — 1* @)1 f5(e)].  (6)

Bug(e,0) = t(e)t(e — hw)[ f(e) — (&) f1,(e)]
x [f1(e — hw) — t*(e — hoo) f1i (e — ho)],  (7)
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and
Cap(e,0) = T (&) f1;() T (e — ho) f1;(e — how)

+ [8up — 17(e — )1 £} (6 — hw)
+[8up — 1(e — h)I ff (e — ho)],  (8)

where f7(e) = {1 + expl(e — ;LOI)/kBT(,[]}’1 is the Fermi-
Dirac distribution function for electrons, fO’](s) =1-— fi(e)
is the distribution function for holes, f fl’h(s) =
[ ff’h @+ f ;J’(s)] /2 is the average left and right distribution,
t(¢) is the transmission amplitude, and 7 () = |t(s)|* is
the transmission coefficient. The transmission amplitude is
related to the retarded Green function of the QD, G’ (¢),
through the relation t(e) = iI"G"(¢), where I is the coupling
strength between the QD and the reservoirs [13].

Equation (5) gives the electrical noise when p = g =0, it
gives the mixed noise when either p = 0 and g = 1, or vice
versa, and it gives the heat noise when p = ¢ = 1. S (w) isa
real quantity when p = ¢ and @ = 8 (autocorrelator), but can
be complex otherwise (cross correlator). We have checked that
the electrical noise 830 (w) extracted from Eq. (5) coincides
with the results of the literature [13,36], and that the heat noise
S;é(w) extracted from Eq. (5) coincides with the existing
results of the literature in the limit of energy-independent
transmission amplitude [14]. The expressions for the mixed
noises Sfﬁé (w) and 801(2 (w) are novel. This is the central result
of this paper. It is valid at any frequency w, coupling strength
I' between the QD and the reservoirs, QD energy level ¢4,
and for any temperature and voltage gradients between the
left and right reservoirs.

In the following, we choose first to restrict our study to the
case where temperatures for the left and right reservoirs are
equal, T, = T = T, and for ¢; = 0 (electron-hole symmetry
point), and we discuss the mixed noise spectrum in three
situations: (i) at equilibrium, (ii) for energy-independent trans-
mission amplitude, and (iii) for an Anderson-type transmission
amplitude. In the latter case, we also discuss the spectral
coherence in the presence of a temperature gradient between
the two reservoirs.

IV. DISCUSSION
A. At equilibrium

Atequilibrium, i.e., u; = ur = e, where ¢ is the Fermi
energy for electrons in the reservoirs, and for equal left and
right reservoir temperatures, i.e., Ty = Tg = T, we have from
Egs. (5)(8)

Pa A e h
St = [ de e e ~ oy

x [e741 Ayp(e.00) + e (6 — 1) Bap(e,)
+(e — ha) e B}, (e,0) + (e — ha)"H9Cyp(e.0)],

©
with

Aup(e.0) = T(e — ho)[2805 — T ()], (10)
Bup(e.w) = 1(e)i(e — ho)[1 — r*(e)I[1 — 1*(e — hw)], (1)

Cap(e.00) = T(e)[280p — T (e — hav)], 12)
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since for isothermal reservoirs at equilibrium, we have

Le’h(e) = ,?h(s) = ]f;h(s). From Eq. (9), it can be shown
using SV (—w) = "7 SIl(w) that the noise spectrum
obeys the relation

Sy (@) = N(hw)[ 845 (—w) — SJf ()], (13)

where N(hw) = [exp(hw/kgT) — 117" is the Bose-Einstein
distribution function. Removing the reservoir’s index and
using the definitions [37] of the electrical ac conductance
G(w) = [S®(—w) — S®(w)]/2hw, the thermal ac conduc-
tance K(w) = [S''(—w) — S''(w)]/2AwT, and the thermo-
electric ac conductance X(w) = [S'0(—w) — S (w)]/2hwT
which is the product of the ac thermopower (i.e., Seebeck
coefficient) by the electrical ac conductance, we estab-
lish that the noises are related at equilibrium to the ac
conductances through the following fluctuation-dissipation
relations:

S%w) = 2hoN (hw)G(w), (14)
S (w) = 2hwT N (hw)X (), (15)
S'(w) = 2hoT N (hw)K (w). (16)

Through these relations, we can state that in a similar way
that the finite-frequency electrical noise contains informa-
tion on the dynamics of the charge transfer, the finite-
frequency heat noise contains information on the dynamic
of the heat transfer [since G(w) and K(w) are the response
to an excitation modulated in time]. Moreover, Eq. (15)
confirms the key role played by the mixed noise S°(w)
to quantify the thermoelectric conversion. Note that in
the limit of zero frequency, Eqs. (14)—(16) reduce to the
relations given in Ref. [9] since we have in that limit
N(hw) — kpT /hw.

B. Energy-independent transmission

For an energy-independent transmission amplitude 7, the
real parts of the electrical, mixed, and heat noise spectra are
given by Fig. 2 in the low-temperature limit. We do not plot
their imaginary parts whose magnitudes are smaller with a
factor 100 comparing to the ones of the real parts. Let us
now discuss the features appearing on Fig. 2. First, we notice
that similarly to the electrical noise, which cancels when
the frequency is larger than the voltage hiw > eV, the mixed
and heat noises cancel as well. The reason is the following:
knowing that the noise is called emission noise at positive
frequency and absorption noise at negative frequency [38], we
understand that the system can not emit an energy larger than
the energy provided to it, here the voltage since temperature
is taken small. Second, we observe that the electrical noise
varies linearly or by plateaus with both voltage and frequency,
due to the fact that when transmission is energy independent,
the system works in the linear regime. Third, the mixed noise
can change its sign whereas the electrical and heat noises
keep a single sign. Fourth, the electrical and mixed correlators
between distinct reservoirs S; ¢ are equal in absolute values to
the correlators in the same reservoir S77, and nearly equal for
the heat correlator [39].
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FIG. 2. Noise spectra as a function of frequency hw/TI €
[—10,10] and voltage ¢V /T € [—10,10] for 7 =0.01 and ¢ =
T +i[T(1 = T)]'?, at low temperature kzT/T = 0.01. S}{(w) is
plotted in units of e>~P~9T"!'+P+4 / _ The right reservoir is grounded
(ur =0).

In the limit of weak or perfect transmission, i.e., 7 <« 1 or
T = 1, respectively, the integration over energy in Eq. (5) can
be performed analytically (see Appendix B for the details of the
calculation). The expressions of the noises, which are all real in
these limits, are given in Table I. These expressions constitute
a generalization of the fluctuation-dissipation theorem to an
out-of-equilibrium situation since the Bose-Einstein distribu-
tion function is estimated at frequency shifted by +eV/h.
Concerning the electrical noise, its expression at 7 < 1 is in
full agreement with the result of perturbative calculations [40].
Concerning the mixed and heat noise expressions, there is
no previous work to compare in the literature. Note that at
zero voltage, the mixed noise cancels in both limits (7 <« 1
and 7 = 1) but not in the intermediate regime: the mixed
noise is then given by Eq. (15) which is a priori nonzero.
It is also worth to notice that Sollé(a)) contains a contribution
which is proportional to 832 (w) with a proportionality factor
equal to LT?, where £ = 72k /3¢? is the Lorenz number.
Since in certain limits the heat noise is related to the
thermal conductance and the electrical noise to the electrical
conductance, as through Eqgs. (16) and (14) at equilibrium, for
example, it is not surprising to find a relation which involves
the Lorenz number between the heat noise and the electrical
noise thanks to the Wiedemann-Franz law, or between the
thermal conductance and the electrical noise as obtained in
Ref. [41]. Table I gives also the sum over reservoirs of the
electrical, mixed, and heat noises Zaﬁ 85g (w). Contrary to
the total electrical and mixed noises, which are equal to zero
in the limits we consider (no charging effect on the QD), the
total heat noise takes a finite value which indeed corresponds
to the heat power fluctuations. At zero frequency, the power
fluctuations are conserved, i.e., the heat power fluctuations are
equal to the electrical power fluctuations [9]. It is also true at
finite frequency provided that 7 = 1 since in that limit we have
from Table I Zaﬂ Sollé(a)) = V28% (w). At zero temperature,

we get for T =1, 35 Spp(w) = 2|hw|(eV)*O(—w)/ h, and
for7T « 1, Zaﬂ S;é(w) = 4T |hw|3®(—w)/ h at zero voltage,
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TABLE I. Expressions of the electrical, mixed, and heat noises in the energy-independent weak/perfect transmission limits [42]. We have
a = R when o = L, and vice versa. The total electrical, mixed, and heat noises summed over both reservoirs are also given. The details of the

calculations are performed in Appendix B.

Type of noise Notation 7Tk 1 7T=1

Electrical noise S%(w) L2845 — 1) Y, (hw £ eV)N(hw £ V) £ (28,4 — D2hoN (ho)
Total electrical noise > of 822 (w) 0 0

Mixed noise S (@) T (28, — 1) 3, FEEVEN (o + e V) £(1 = 28,1)eV hoN (ha)
Total mixed noise > Sap(@) 0 0

Heat noise S! () LT85 (w) (LT + %+ 2)SW ()
(autocorrelator) +%[h3w3N(hw) +Y . MN(B&) +eV)] +% Y (hwEeV)N(ho £eV)
Heat noise Sl () LT28%(w) LT8R () — 22 8% (w)
(cross correlator) +;l£ > MN(M) +eV) —# L(hwo £ eV)N(hw £ eV)
Total heat noise > up Sap(@) LR’ N(hw) + Y. (hw £ eV N(hw £ eV)] V289 (w)

and ), Sph(@) =T|eV|*/h at zero frequency in good
agreement with Ref. [14].

C. Anderson-type energy transmission

For an Anderson-type transmission amplitude of the form
t(e) =il'/[(e — e4) + iT"], both the real and imaginary parts
of the electrical, mixed, and heat noise spectra are given
by Fig. 3 in the low-temperature limit. Note that the imag-
inary parts of SV (w) and S}! (w) are both zero since the
autocorrelators are real quantities, and that the real and

Rl

eV/T 4

Real Part

huw /T

4
~
<
—

Imaginary Part

huw/T

FIG. 3. Noise spectra as a function of frequency hw/TI €
[—10,10] and voltage eV /T e [—10,10] for 7 (¢) = I'?/(* + T'?),
at low temperature kzT/T = 0.01. SJ{(w) is plotted in units of
e?~P=4T1*+r*4 / . The right reservoir is grounded (g = 0).

imaginary parts of the cross correlators are of the same order
of magnitude, contrary to the energy-independent transmission
case. The main observation is the dramatically distinct spectra
that we have for the autocorrelators, 82%(0)) and S FL(a)), in
comparison to the cross correlators, S () with p # g or/and
o # B. Whereas the autocorrelator spectra are quite similar
to the ones obtained in the case of an energy-independent
transmission amplitude (compare to Fig. 2), excepted an
additional structure in the region of small positive frequency,
the cross-correlator spectra exhibit the following features: (i)
their sign can change, (ii) it appears a new region with specific
behavior close to small frequency, but (iii) we still have a
cancellation of the noises for iw > eV, again due to the fact
that the system can not emit energy larger than the one provided
to it. We remark that in any situations, those depicted in Figs. 2
and 3 and those summarized in Table I, the mixed noise cancels
at zero voltage, meaning that the cancellation of the ratio
—V/AT, which is equal to the Seebeck coefficient Sy for
open circuit, causes the cancellation of the mixed noise. This
is one evidence that thermopower and mixed noise are closely
connected.

To have a deeper insight in the electrical, mixed, and heat
noises, we plot their real and imaginary parts as a function
of frequency at weak coupling strength I', for increasing
temperatures in Figs. 4 and 5. All the types of noise exhibit
an asymmetric spectrum at low temperature (red curves)
and a nearly symmetrical spectrum at large temperature
with a vanishing imaginary part (black curves), due to the
fact that when the temperature increases we are leaving the
quantum regime. Thus, at large temperature, it is no longer
necessary to make the distinction between nonsymmetrized
and symmetrized noises since the currents are no longer
operators but just scalars (classical regime). The electrical
and heat autocorrelators [see Figs. 4(a) and 4(b)] are real
and positive quantities. The electrical autocorrelator Sg% (w)is
strongly frequency dependent at low temperature with a down-
staircase-like behavior starting from the value 27 Te?/h and
going to the value O [see red curve in Fig. 4(a)], but resembles
to a white noise at large temperature [43] with a constant
value equals to wT'e?/h, except in a narrow low-frequency
region [see black curve in Fig. 4(a)]. At large temperature,
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FIG. 4. Electrical noises SY (w) and S (w) (left column) and heat noises S}
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FIG. 5. Mixed noises SY} (w) (left column) and 8P (w) (right column), as a function of frequency hw/eV. Same parameters as in Fig. 4.
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the heat autocorrelator S} (w) presents a power-law variation
with frequency, given by h?w?nT'/h [see black curve in
Fig. 4(b)] whereas the real part of S ik(a)) decreases linearly
with temperature [43]. The electrical and heat cross correlators,
depicted in Figs. 4(c)-4(f), are complex quantities whose
imaginary parts cancel at large temperature (black curves),
making the cross correlators real quantities in that limit. The
electrical autocorrelator and the real part of the electrical
cross correlator have distinct profiles but coincide at zero
frequency in absolute value since due to charge conservation
we have SY (0 =0)=—8Y(w =0)=nTe?*/2h in that
limit.

1O .
0.8
0.6/

(w)

0
LR

3

—_—

—
-3 -2 -1 0 1 2 3

w/eV

] -
0.87(6)

3 06
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-3 -2 -1 0 1 2 3

w/eV
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We turn now our interest to the mixed noise depicted
in Fig. 5. Similarly than for electrical and heat noises,
increasing the temperature changes the mixed spectrum from
an asymmetric profile to a symmetric profile with frequency,
and cancels its imaginary part, again due to the fact that we
are leaving the quantum regime. At low temperature, we also
see that the imaginary parts of the mixed noises SglL(a)) and
SglR(a)) have a staircase-like profile which is reminiscent of the
electrical noise autocorrelator [compare Figs. 5(c) and 5(d) to
Fig. 4(a)]. Besides, the real parts of the mixed noises present
quite particular profiles at low temperature: a linear profile
in frequency for S (w) [see the red curve in Fig. 5(a)] and

Lob——— LI o T
g (@)
0.6}
0.4}
02
0.0

(w)

0
LR

§
30
0
-3 -2 -1 o 1 2 3
w/eV
1.07——12 ———————————————————————————————— -
05 () ]
3 06} ]
— R
R 0.4¢ ]
02/ ‘_’)
0.0/ ]
-3 -2 -1 0o 1 2 3
w/eV
1.0——(—1—1—) ——————————————————————————————— .
0.8 ]

(w)

;

11

|
—
(=]
—_
S}
w

w/eV

FIG. 6. Spectral coherence for 7 (g) = I'2/(e% + I'?), for I'/eV = 0.02 (left column) and I'/eV = 0.2 (right column), at kzTz/eV = 0.1
and temperature gradient equal to AT /eV = 0 (blue curve), AT /eV = 0.5 (green curve), and AT /eV = 1 (red curve). The dashed black line

shows the maximal possible value for the spectral coherence, i.e., 1.
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vanishing value when |Aw| > |eV| for S%(a)) [see the red
curve in Fig. 5(b)]. At large temperature, SV} (w) becomes
frequency independent with an asymptotic value equal to
—nle? V/h, and S(L”R(a)) cancels [43]. Here again, we find
that the mixed noise is related to the Seebeck coefficient St
since both quantities vary linearly with voltage.

For completeness, we discuss the spectral coherence
of the cross correlators, defined as CJg(w) = |Shg (w)|*/

[Siw (@)Sg4 ()], and plot their profiles on Fig. 6. Thanks to

Cauchy-Schwarz inequality, we have 0 < Cfg (@) < 1, where

the value zero for the spectral coherence means that the
currents /2 and Ig are uncorrelated, whereas the value one

means that the currents I} and I¢ are fully correlated. The
plots on the left column of Fig. 6 are obtained for a weak
coupling strength (I'/eV = 0.02), whereas the plots on the
right column correspond to an intermediate coupling strength
(I'/eV = 0.2). In the weak coupling strength limit, we remark
that C(fi () is equal to zero at negative frequency, meaning
that the absorbed signals in distinct reservoirs are uncorrelated.
Moreover, we see in Fig. 6(a) that the left and right electrical
currents are well correlated only at zero frequency, i.e., in the
large-time limit, due to charge conservation which imposes
CY(w =0) = CY (w = 0) = 1. When the coupling strength
increases, the spectral coherence C 2% (w) is broadened to
nonzero frequencies [see Fig. 6(b)] and can even reach 40%
at positive frequencies, an effect which is amplified around
hw = eV when a temperature gradient is applied [see red
curve in Fig. 6(b)]. The electrical and heat currents inside
a single reservoir, here L, are well correlated at AT =0
[see blue curves in Figs. 6(c) and 6(d)] provided that fiw >
—eV, excepted in a narrow region around fw = eV where
a minimum of CY} (w) is observed. At the same frequency,
CY%(w) exhibits a maximum [see blue curves in Figs. 6(e)
and 6(f)] meaning that the left electrical current and the
right heat current are maximally correlated in that region of
frequency. The increasing of the coupling strength reinforces
this effect with values of CY% () up to 80% [see blue curve in
Fig. 6(f)]. This result allows us to make the prediction that the
thermoelectric conversion could be optimal when the voltage
applied to the QD is time modulated with a frequency equal to
the dc voltage, i.e., eV /h. This effect is, however, suppressed
in the presence of a temperature gradient [see green and red
curves in Fig. 6(f)]. On the contrary, CilR(a)) can be increased
at high frequency by the application of a temperature gradient
[see Fig. 6(h)].

V. CONCLUSION

We have used the Keldysh out-of-equilibrium Green func-
tion technique to calculate the finite-frequency mixed noise,
and have shown that its spectrum presents a rich and specific
profile, which differs from the ones of the electrical and
heat noises. At equilibrium, it is related to the thermoelectric
ac conductance, meaning that the finite-frequency mixed
noise gives access to the dynamics of the thermoelectric
conversion. Out of equilibrium, by a careful study of the
spectral coherence, we find that the electrical current in
one reservoir is strongly correlated to the heat current in
the other reservoir when the frequency is of the order of the
applied voltage. The method developed here constitutes an

PHYSICAL REVIEW B 94, 205416 (2016)

adequate framework which can be used in future works on
this quantity in more complicated quantum systems, including
multiterminals, multichannels, and interactions in some extent.
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APPENDIX A: CORRELATORS OF CHARGE
AND HEAT CURRENTS IN A QD

1. Computation of the time correlator S;{ (¢,

We use an approach analog to the one developed by Haug
and Jauho for the calculation of electrical noise [32], but
instead of calculating the symmetrized noise, we calculate
the nonsymmetrized one since it is this latter quantity which is
accessible in the experiments measuring the electrical current
noise. We perform this calculation for each type of noise, the
electrical, mixed, and heat ones, using the general framework
exposed in this Appendix.

a. Expression of SJ(t,t') in terms of the two-particle
Green function of the QD, G4

We report Eq. (3) in Eq. (4) and get
2-p—q
D (era— 1) (ewp — 1)’

kea.k'ep
X [Via Vie e (DA (1)t 5 (1Hd (1)
— Via Vi plet(0d(0)d (¢ e (1)
— Vi Viepld (D cra(0)e] 5(1)d ()
+ Vi VEptd (Derad (1 )ews ()1 — () 14).
(A1)

Defining the following greater two-particle Green func-
tions [32]

Gi"7 (1,1 = i*(Tel (Dd(t)el,(t)d (1),

e
Slfﬁq(tvt/) = -

G547 (1.1) = iX(T el (Dd()d (¢ )ewp(t),
G5 (1) = P(Td (Dera(Del (1AW,
Gy (t,1) = iH(Td (e () (1 )crp(t)),

and using the Keldysh formalism [35], the nonequilibrium
contour-ordered counterparts of the correlation function can
be expressed in terms of Gfd(t,r’), the contour-ordered

counterparts of the two-particle Green functions Gfd’>(t,t/),
through

2-p—q

e

ST == D (o — 1) (ewp — 1p)
kea,k'ef

X [Vka V](/ﬂGLI‘d('L','L',) - Vka kaﬂG;d(T,T/)
Vi ViepGS(1,T) + V5 Vi G4 (2,1)]

— (I3 (A2)
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The next step is to express the two-particle Green functions Gfd , mixing ¢ and d operators in terms of the two-particle Green
functions of the QD, Gf’d, and of the bare Green function of the reservoirs g;,. We have [32]

Vie Vi

Gt = ——

/f d11d vy ga(T1,7)8rp(12,7)GY (1,7 11, 10),

Via Vis

G3'(1,7) = =dudupgia(t, 1IG(r.7) — =5

f/ d11dT81a(12,T)grp(t', 11)G5 (7,7, 11, 1),

Ve Vg

G5 (1,7') = —8i8up8ra(T,T)G(T,T) + =

// dT1d g (T, 118K p(12,7)GY (1,7 11, 12),

. V aV/
Gl(r.t) = -2k

/ / d1dTs 81a(T.1)gup (T )GU (2,7 71, 12),
with
G{(x.7'.11.1) = i*(Ted(v)d(x)d' (11)d' (1)),
G§ (1.7 .11, 12) = i (Ted(v)d'(t))d(1)d (1)),
G (r,7'\m1,m) = i*(Ted (D)d(7)d(r1)d' (1)),
G (1.7 11.10) = i (Ted' (1)d (t)d(11)d(12)).
Injecting the above expressions of Gl?d in Eq. (A2), we get

e2—r—4
Sy (r,t) = —( op Z(eka 1)’ Vi P[8ka (T, TG (T,7) + gra(T,T)G(T',7)]

kea

Via Vie
+ Z (eka — Ma)? (ekp — Mﬁ)qM

// dT1d T [ —gka(T1,T)8K (T2, T NG (z,7'\11,12)
keak'ep

+ 8k (12, D p (T, TG, T, 71, 12) — gra(T,T1) 8w p (72, TG (1,7, 71, T)
- gka(fvTl)gk’ﬁ(f/,TZ)GZM(T»T/JI51'2)]> — (I2)(15). (A3)

where G(t,7") = —i(Tcd(t)df(t)) is the one-particle Green function of the QD.

b. Evaluation of the two-particle Green functions G using decoupling procedure

In the absence of Coulomb interactions, we can express fully the two-particle Green functions of the QD, Gfd(t, v/,71,72), in
terms of the one-particle Green function of the QD, G(z,t’), through

Gl (7' ,11,1) = G(1,1)G(T', 1) — G(1,1)G (T, 10),
G3'(r,7',11,m) = G(1,7)G(11,12) — G(7,12)G (11,7,
Gi(1,7',11,1) = G(11,1)G (1, 1) — G(/,1)G(11,T2),
Gi(1,7',11,1) = G(12,7)G(11,7) — G(11,7)G (12, 7).

Injecting these four expressions in Eq. (A3), we obtain a result which can be separated into two parts, a connected part and a
disconnected part [32]

Sof(@.T) = S 415 (0.0 + S (T T) = (W), (Ad)
with
e2r=d Vi Vioy
Sgg,d,-sc(f,f/) = Z (Eka — Ma) (Ekp — Mﬁ)q%[/dflgka(flvf)G(f,Tl)/dfzgk’ﬂ(@sf/)G(f/,TZ)

kea,k'ep

- /dTnga(fZ,T)G(TaTZ)/dflgk’ﬂ('[,"fl)c(fl"f/)_/dflger(fafl)G(fl,T)/dTng’ﬂ(TZ’T,)G(f,aTZ)
+ fdf1gka(f,T1)G(T1,T)/dfzgk'ﬁ(fl,fz)G(fz,T/)} (A5)
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TABLE II. Expressions of the P;(¢,t") coefficients appearing in Eq. (A7).

Po(t,t) 8t .G (t,1) + g5, (t,t)G=(t',1)
Put,t") — [dn[G7 (', 1)g5, (1,0 + G=( 1), (1,1)] [ dia[ G (1,12)87 4 (12,8') + G (8,1) g4 4 (12,17)]
Pa(t,') G=(1,1) [[ dndn[ g, (' ;1) (11,1285, (12,1)
+g,:,ﬂ(t’,tl)G<(t1,tz)g,‘fa(tz,t) + gljlg(t/vtl)ca(tlJZ)glfa(tht)]
Ps(t,t) G=@t'.,nff dtldzz[g,ﬁa(t,zl)G’(t],zz)g,jﬂ(tz,t/)
81, (1,10G™ (11,1)80 4 (12,1) + 87, (1,01) G (11,12)gf 5 (12,)]
Put,t) — [dn[gr,(t.1)G” (11.1) + g5, (t1.1)G (11,1')]

x [ dir[gf (1, 1)G(t2,1) + 8541, 12)G  (12,1)]

and

e2—r—q
Sofeom(TT) = | 8up D (6t = 1) Vil [81a(7' G (0,7 + 810(T.T)G (T, D))

kea

|V Vi |2 ’
+ D (6t — o) (Ewp _Mﬁ)q%// d71d o[~ ga (11, T)8up(12,T)G (T, 1) G (T, T1)
kea,k'ep

+ 8ka (12, T)grp(t), 1) G (1,7)G(11,72) + gra(T, T8k p(12,T)G (T, T)G (11, 12)

- gka(fafl)gk’ﬂ(f/vTZ)G(TZ»T)G(Tl,T/)]:|- (A6)

The disconnected part can be calculated directly. We obtain Sé’;,’ydm(t,r’) = (i) (fg), thus, finally 874 (z,7') = 87 . (z,7').

B af,conn

¢. Analytic continuation of the connected part

We perform now the analytic continuation of Eq. (A6) to get its T > t’ component:

! ezipiq ! 7 I !
Sty = 5 bup 3 _(e1a — 1a)” | Veal (8107 DGET) + 810(T.TIGE Do
kea Poltt)
|Vka Vk’ |2 /
+ Z (eka — Ma) (ekp — Mﬁ)qTﬂ — dt1dt,G(t',11)8ka(11,T)G(T,12)gr (12, T")

kea,k’'ep

Pi@.t')

’

4 [G(m/) / / dndrzgkf,s(r’,n)G(n,mgka(n,r)} +ew / / dT1dfzgka(T,T1)G(T1,Tz)gk’ﬁ(fz,f/)}

>t T>T

Pa(t,t") Ps(t,t')

- [f/ dndfzgka(f,n)G(n,t/)gk«ﬁ(r’,rz)G(tz,r)]

>t

Pa(t.t')

The five P;(¢,t") contributions are computed using analytic continuation rules [32]. Their expressions are given in Table II. Using
these notations, the noise reads as

2—p—q |V Vo |2 4
e o
ety = | Bap D (ka1 ViaPPo(t.) Y (e — ) (ewp — ) == D Piet) | (AT)
kea kea i=1
Kep
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TABLE III. Expressions of the P;(w) coefficients appearing in Eq. (AS8).

Po(w) [ de(gr, (e)G™ (e — hw) + g1, (e — hw)G=(¢))
Pi(w) — [de[G(e)gr(6)G (¢ — hw)gp 4(e — hw) + G (6)g5, (6)G™ (s — haw)gf 4(¢ — hew)
B B
+G(e)g, (6)G' (€ — hw)g; 4 (e — hw) + G=(6)g, (8)G™ (6 — hw)gf 4(6 — hov)]
Pr(w) [deG™ (e — ho)[g},()G™ ()i, () + g15(€)G = (6)g () + 855 ()G (e)gf, (¢)]
Ps(w) deG<(€)[g£a(8 — hw)G' (e — ha))g,jﬁ(e — hw)
+8o (6 — hw)G™ (e — ﬁw)g;’,ﬂ(a — hw) + g, (e — hw)G (e — ha))g,‘:,ﬂ(s - hw)]
Py(w) — [ de[gr, (s — hw)G (e — hw) + g, (s — hw)G“(¢ — hw)][gf.,()G () + g5,4(6)G“ ()]

2. Finite-frequency nonsymmetrized noise S, ()

a. Fourier transform of S? ;,’ (t,t') and exact result for S :g (®)

Performing the Fourier transform of Eq. (A7) and using the fact that in the stationary case the Green functions depend on the
difference of their time arguments only, we obtain

er—r—a 4
| Bup ) (ke — 1) Vial"Po(@) 4D _(ere — 1) (ewp = 1) ViaViep? Y Pilw) |, (A8)

kea kea i=1
Kep

() =

where the expressions of P;(w) are given in Table III. Using the expressions of the bare Green functions of the reservoirs g¢, (¢)
and g, (¢) in terms of the Fermi-Dirac distribution function for electrons fy(¢), and Fermi-Dirac distribution function for holes

i) =1- fie),
8ra(8) = 2mify(e)6(e — era), (A9)

8ra(&) = =27 f}(£)8( — £ra), (A10)
we can rewrite Eq. (A8) under the form

2-p—q

Shil(w) = ¢ / de[8upi FP () f£(e)[G (e — hw) + G’ (e — hw) — G*(e — hw)]
— 8api FI (e — how) £l (€ — hw)G=(e) — G'(e)G' (¢ — hew) f2(e) f4 (e — hw)FL(e) F{ (e — ho)
— GG e — hw)fff(s)f(f’(s — hw)FY (e — hw)Fj () + iG"(6)G™ (¢ — o) f(e)FL (e)H] " (¢)

+iG=(e)G" (¢ — ha))f;(s — ha))Fg(s — hw)H (e) +iG(e)G™ (e — hw)fg(s)Fg(s)H(f(s)

+iG=(e)G*(e — hw) f(e — hw)FF (s — hw)Hi*(e) + G=(e)G™ (¢ — hw)H[ (¢, p)H}" (¢)], (A11)
where we have introduced the two following functions:
FP(e) =27 ) (8ka — 1)’ | Vial?8(6 = £10) = (€ = pta)? 27|V (6) pu(e) (A12)
kea —Ty(e)
and
HP(e) =) (era — ta)” | Vial [ (8) — ghole — h0)], (A13)
kea

with p, (&) the density of states associated to the reservoirs o, and T'y, = 27|V, (¢)|? pe (&), the coupling strength between the QD
and the reservoir «. Note that Eq. (A11), given S”, g (w), has been obtained without making any approximation at this stage: it is

the exact result for a noninteracting QD.

b. S‘fg (w) for symmetrical barriers in the wide-band limit

To continue further the calculation, we make two simplifying assumptions: (i) wide-band limit, i.e., we are working on an
interval of energy in which the density of states is constant, p,(¢) = cst, and we assume as well that V,(¢) is energy independent,
consequently, we have I'y(¢) = 27| Vo (e)? pale) = Ty, and (ii) symmetrical barriers, i.e., we assume that the left and right
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TABLE IV. Expressions of the coefficients appearing in Eq. (A14).

Aap(e,0) —3 [l = ho) + fle = h)]([ f2(©) = f5@]1ET (¢ — hew) — 5[ f5(6) = 3 f5(@)]T ()T (¢ — hw))
Bogp(e,0) FL@) fi(e — hw)i(e)t(e — ho) — § fL(@)[ fl(e — hw) + fi(e — hw)]t1(e)T (¢ — hw)
—1 [ — hw)[ f(e) + [T (e)i(e — hw) + 3[ fi(e) + fL(©)][fli(e — hw) + fi(e — hw)]T (e)T (¢ — ho)
Cop(e,0) —3 [i (e —ho)[ f(e) + f5(©)]T ()t (e — ho) — 5 fi(e — hw)[ f5(e) + f5(&)]T (e)r*(e — haw)
+ilf5 @) + f5©][f5 (e — ho) + fi(e — hao)]T(e)T (e — ho)
D, (e,0) fL©[f(e — ho) + fl(e — hw)]T (e — ho)
Ey(e,0) [fee) + fL@)] fl(e — ho)T (e)

barriers are symmetrical (', = I'g = T'). In that case, we have the remarkable relation [13] #(¢) + t*(e) = 27 (¢), with t(¢) =
iI'G"(¢) the transmission amplitude and 7 (&) the transmission coefficient. Within these two simplifying assumptions, we have

Fl(e) =T(e — o)’
and
ir
H(f(g) = 7[(8 - ,Uvot)p + (& — ho — Ma)p]-

Injecting these two last expressions in Eq. (A11), rearranging the terms, and using the relations [32,44]

G7(e) —G=(e) = G'(e) — G(e), G=(e) =il'G" ()G (&) f(e) + f5(e)],

G'(g) — G%e) = —2iT'G"(e)G"(e), T(e) =T2G"(e)G(e).
We finally get

2—-p—q
Syp (@) = eT / de[Sup(e — 1ta)” " Da(8,0) + Sup(e — hew — o) Eo(2,0)
+ (& — 1)’ (6 — 11p)! Aup(e,0) + (€ — 1)’ (6 — o — 1) Bop(e,00)

+ (e — how — pa)P (e — pp) By, (s,0) + (6 — hw — pe)’ (e — hw — pp)? Cople,w)], (Al14)

where the coefficients Ay (€,w), By(g,w), Cy(e,w), Dy(e,w), and E,(g,w) are given in Table IV. Equation (A14) leads to the
Eqgs. (5)-(8) once we define

Aaﬁ(g,(l)) = Aolﬁ(gaw) + BolﬂDa(S?w)’ Botﬂ(gsw) = B(Xﬁ(evw)5
Caple,0) = Cople,0) + Sap Eole,0),  f1i'(e) = L[ f"(e) + 15" (#)].

where @ = R wheno = L, and @ = L when o = R.

(

APPENDIX B: NOISE SPECTRUM FOR ¢ AND 7T and
INDEPENDENT OF ENERGY

1 oo
Supl@) =+ ; [ _def(e — pa)le — np) Mg

In case of independent energy transmission amplitude and
coefficient, Egs. (5)—(8) reduce to

— ha(e — )Ny — hote — ng)(NGa)”

+ I’ O] (@) /(e — ho), (B4)
2 00
S¥%(w) = ¢ de Myafe(s)fah(s —hw), (Bl)  with the coefficients M?2, N?) and O?) given in
g p apfy ap Nog uf
IZ I Tables V-VII, where Z = [7 (1 — 7)]'"/? is the imaginary part
o0 . . .
01 _ € _ ys ) of ¢, 7 being the real part of ¢. These real and imaginary
Sap(@) = h 25:/—00 def(e = pp) May — hoNgy parts are extracted from the two relations: 7t* =7 and
4 t 41+ =2T.
x fo(e) fi (e — hw), (B2)
e 00 s 5 1. Preliminary calculations
10/, _ y Y8
Sup(@) = n Z / . de[(e — pa)Mig — ho(Ng,)'] In the following sections, we will meet the integral
ys U

x f2(&) fle — ho), (B3) Ly = /_ _de foe) file — ho), (B5)
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TABLE V. Expressions of the coefficients ML’; appearing in Egs. (B1)—(B4).

Mg y=86=L y=8=R y=L,5=R y=R =1L
a=p=R T2 T2 TA=T) TA=T)
a=L,B=R -T2 -7 T -T) S, G I
a=R,B=L -T2 -T2 T -T) -7 -7)
withn =0, 1, or 2. Here, we calculate this integral considering and
the isothermal case T;, = T, = T, thus, 0 (n =0),
L" =10 (n=1) (B11)
(n) 3 s
15 = N(ho + ps — iy) —16k3 T3 (n =2).

sinh (M)

oo
n
d
* /—oo S cosh (50%) cosh (=) ,

(B6)

where we have introduced the Bose-Einstein distribution
function N (hw) = [exp(hw/kpT) — 1]7'. Using the identity
sinh(a — b)/[cosh(a) cosh(b)] = tanh(a) — tanh(b), we end
up with

N(h — o0 —
I(r:;) = (ho> + s My)/ ¢"de| tanh | =1
4 2 NS 2kpgT

& — s — hw
—tanh [ Z—2 ") |. B7
an( 2T )} B

To go further, we perform a Taylor expansion up to the third
order with x = w, u,,, or ps. It leads to

™ _ N(ho + ws — ) [ 1y — ps — th(n)
ys — 1
2 2kpT
I‘LJZ/ - (M& + hw)Z L(n) /‘(/?/ - (M(S + hw)?) (n)}
4k3T? g 24k3T3 I
(B8)
with LY = [% e"de[tanh®(e/2kpT) — 11, LY =
[ e"deltanh’(e/2kpT) — tanh(e/2kpT)], and LY =

[72 &"de[1 4 3tanh*(e/2kpT) — 4tanh*(e/2kT)].  The
calculation of these integrals gives

Finally, we get
1) = (ho + ps — 11y )N(heo + ps — ), (B12)

(hw + ps)* — 113
Ly = ——— NG+ — ), (B13)
0 _ [0+ — kg T2 (ot )’ —
ys 3 3
X N(ho + ps — y)-

(B14)

2. Limit of weak transmission 7 « 1

In this section, we give the calculation of the expressions
appearing in the first column of Table L.

a. Electrical noise spectrum

We calculate only SY (w) since when t and 7 are
independent of energy, we have the relations

SY (0) = SPr(@) = —SiR(w) = —Shy ().

At weak 7, we have
62 [ee)
8% () = - > / de M} f(e) £ (e — how)
ys ¥

27“ [}
-5 [ Liesie -

2T
+ fe) fle — ho)|de = ——[1) + 1],

—4kpT (n=0), A
LY =10 (n=1), (BY) B15)
—4An’k3T? /3 (n=2),
which gives
0 (n=0), -
L(Z") = —4szT2 n=1), (B10) S11(@) = T[(hw —eVIN(w —eV)
0 (n=2), + (hw + eV)N(ho + eV)]. (B16)
TABLE VI. Expressions of the coefficients ./\/:)[yf;S appearing in Egs. (B2)-(B4).
N y=6=1L y=486=R y=L3J§=R y=R =1L
a=8=L 772—}—1'2’2' 772 _iZZT 7(1_7)_1'227
a=p=R z ZLiZT T(1—T)— 22 _iZT
a=L,B=R -z —Z_izT T - T)+ 2L i27
a=Rp=L -5 —izZT -z 7 —T(1-T)+ 2L
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TABLE VII. Expressions of the coefficients Ogg appearing in Eq. (B4).

ol y=8=1L y=8=R y=L3§=R y=R8=1L
2 2 2 2
a=p=1L T +T(1-T) = = T +T(1-T)
2 2 2 2
a=p=R = T +7T0-T) T +T(1-T) z
72 iZT 72 iZT 72 iZT 72 iZT
a=L =R -7 T3 T T2 T T2 -7 T3
72 iZT 72 iZT 72 iZT 72 iZT
a=R,p=L ) - Tt T T35 % T 2

It reduces at equilibrium (zero voltage) to

22T
8% () = eh hoN (ho), (B17)
and at zero temperature to
00 T
Si () = T[(eV — hw)B®(eV — hw)
— (hw + eV)O(—eV — hw)], (B18)
since we have N(x) = —©(—x) when T — 0.
b. Mixed noise spectrum
We start from
01 ¢ > 2
Saﬂ(w) = E Z/ dg[(8 - lu’ﬁ)Motﬂ
ys © 7%
— hoNJ f@) fie — hw).  (B19)

We calculate only SY} (w) since at weak 7, we have
S[1L(0) = = Spr() = S]j(w) = —SpL ().

We have

eT
SBIL(CU) = 7/

—00

[ee]

de[(e — ) f1(€) fa(e — how)

+ f2(&) fi(e — hw)] — hafg(e) f1 (e — )]

eT
= 7[1&3 — uelip + Il = (ue + ho) Iy |,
(B20)
which gives
T
8% () = ‘;—h[(hw — eV N(hw — eV)
— (hw + eV)* N (ho + eV)]. (B21)

It reduces to S} (w) = 0 at equilibrium (zero voltage) and to

S (w) = %[—(hw —eV)’O(eV — hw)
+ (hw + eV)?’O(—eV — ho)] (B22)

at zero temperature.

¢. Heat noise spectrum

‘We start from

1 oo
Syp(@) =+ VZB f_ _def(e — pa)te - 1Ml

— heoe — )N — heo(e — pp)(Ni)"
+ 120’ Ol f2(e) £ (e — Tw), (B23)
which gives for S ilL(w)
T o0
Slhw) =+ / de[(e — . )
x [fL(e) fr(e — ho) + fr(e) fl (e — ho)]
—2ho(e — pi) fr(e) f1 (€ — ho)
+ PP’ f{(e) f1 (e — ho) + f{(e) f1 (e — how)]]

7 2) 2) (1 (€8] 2 (7(0) ©)
=7 [ a+Tpe =200 (I g+ gy ) 417 (I g+ 1g.)

—2ho(14) — prly)) + R (I + 15)].
(B24)

We report the expressions of the integrals given by Eqgs. (B12)—
(B14) and factorize the various contributions. It gives

21,2 72
! (@) = %[(ﬁwﬂv(ﬁw) L TT

X [(hew — eV)N(hw — eV)
+ (hw + eV)N (hw + eV)]

(hw — eV)>
T
n (hw + eV)?

N(hw — eV)

N(hw + eV)i|, (B25)

which reduces at equilibrium (zero voltage) to

212k3T?

Sii(w) = %E(hwf + hw]zv(hw), (B26)

and at zero temperature to

_ 3
Shh@) = %[—(hwf@(—hw) + M@w ~ hw)
3
= M@(—eV - hw)] (B27)

since we have N(x) = —©(—x) when T — 0. Note that
S}QIR (w) is obtained from the expression of S BL (w) by inverting
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the voltage V — —V, as a consequence we have Sph(w) =
SilL(a)). We now calculate

T o0
Sih(@) = " / de[—(e — ur)(e — pug)

x [ ff@) fr(e — ho) + fae) fi(e — ho)

+ hae — ) f7(€) fr(e — ho)

+ ha(e — ) fz(e) f1 (€ — ho)]
R R TR {1 )

— g Iig + )] + ho[ g + Iy ]

— hopr 1% — hopgly ] (B28)

We report the expressions of the integrals given by Eqs. (B12)—
(B14) and factorize the various contributions. It gives

21,2 12
Sih(@) = %[—” k;T [(hw — eV)N(liw — eV)
+ (hw + eV)N(ho + eV)]
_ 3
+ (theV)N(hw —eV)
3
+ (thr—ev)N(hw + ev)}, (B29)

which reduces at equilibrium (zero voltage) to

T

1 22k T?
Sir(@) = z[g(ﬁwf -

3 ha)i| N(hw), (B30)

and at zero temperature to
11 T 3
S rlw) = 6—h[(eV — hw)’BO(eV — hw)

— (hw + eV)’O(—eV — hw)]  (B31)

since we have N(x) = —®(—x) when T — 0. Note that
S} (w)is obtained from the expression of S} & (w) by inverting
the voltage V — —V, as a consequence we have Sy} (w) =
Sih(w).

3. Limit of perfect transmission 7 = 1

In this section, we give the calculation of the expressions
appearing in the second column of Table I.

a. Electrical noise spectrum

For 7 = 1, we have
62 00
Sop(w) = (28— 1) / de[ f{(e) f{(e — hw)

+ fa(@) frle — hw)]

62

= @8y = D[I[]) + Ia]

2

- %(zaaﬂ — 1)2lwN (hw). (B32)
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b. Mixed noise spectrum

For 7 = 1, we have

e [ hw
SglL(w):E/ d8<8—,uL—7>

x [f{(e) fi(e = hw) + fi(e) (e — how)]

el ,m ho\r 0 | 0
= E[ILL + Igg — (ML + 7)[ILL + IRR]:|‘

After simplification, it leads to

8% (w) = —ghweVN(ha)). (B34)

A similar calculation leads to Sy (w) = £hweV N (hw). More-
over, we have SvL(w) = —S%(») and S%! (0) = =S} (w).

c. Heat noise spectrum

For 7 = 1, we have

1 o0
S (@) = A / ds([(s —up)? — (s — pp)l

x [fie)f1 (e = hw) + fi(e) fr(e — )]

h2 2
- ijfj(s)fgh(s—ﬁw)>
14

+

1
= | 12+ Tk — Qe+ ho)[ 1) + Iy

R w?
+ pr(ur + ho)[ 1) + Ign] + - Il
y$

(B35)
It gives
1[ [ 2hon?kiT? W
SilL(w)z— il + @ + hwe?V? | N(how)
h 3 6
h2w?
+ Z(hwieV)N(hwieV)] (B36)

+

A similar calculation leads to

[/ 2hon?kiT?  Ho?
Sir(@) = —5[( o . )N(ha»
h2w?
+ > “(ho % eV)N(he + eV)]. (B37)

+

In addition, we have Sih(w)= S}l (w) and Sk (0) =
Sih(w).
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