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We elaborate a simple classification scheme of all rank-5 SU(2) spin rotational symmetric tensors according to
(i) the onsite physical spin S, (ii) the local Hilbert space V®* of the four virtual (composite) spins attached to each
site, and (iii) the irreducible representations of the Cy4, point group of the square lattice. We apply our scheme
to draw a complete list of all SU(2)-symmetric translationally and rotationally invariant projected entangled
pair states (PEPS) with bond dimension D < 6. All known SU(2)-symmetric PEPS on the square lattice are
recovered and simple generalizations are provided in some cases. More generally, to each of our symmetry class
can be associated a (D — 1)-dimensional manifold of spin liquids (potentially) preserving lattice symmetries and
defined in terms of D-independent tensors of a given bond dimension D. In addition, generic (low-dimensional)
families of PEPS explicitly breaking either (i) particular point-group lattice symmetries (lattice nematics) or
(ii) time-reversal symmetry (chiral spin liquids) or (iii) SU(2) spin rotation symmetry down to U(1) (spin nematics
or Néel antiferromagnets) can also be constructed. We apply this framework to search for new topological chiral
spin liquids characterized by well-defined chiral edge modes, as revealed by their entanglement spectrum. In
particular, we show how the symmetrization of a double-layer PEPS leads to a chiral topological state with a

gapless edge described by a SU(2), Wess-Zumino-Witten model.
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I. INTRODUCTION

The study of quantum many-body entanglement has pro-
vided many key insights into the structure of quantum states
of matter. Low-energy states of quantum lattice systems obey
typically the so-called “area law” of the entanglement entropy
[1-3]. As such, the area law is a huge constraint on the classes
of states that capture the relevant properties of matter at low
energies. A more refined study has shown that, in fact, those
states are captured by the so-called tensor network states, or
simply “tensor networks” [4,5]. Such states obey naturally
the area law, and are at the basis of many theoretical and
numerical developments in the study of quantum many-body
systems and beyond [6]. Examples of such states are, e.g.,
matrix product states (MPS) [7], projected entangled pair states
(PEPS) [8,9], and the multiscale entanglement renormalization
Ansatz (MERA) [10]. These structures are, respectively,
behind the so-called density matrix renormalization group
algorithm (DMRG) for one-dimensional (1D) systems [11],
PEPS algorithms for two-dimensional (2D) systems [12], and
entanglement renormalization [13].

The description of quantum many-body states in terms of
tensor networks has several advantages. Apart from naturally
obeying the area law (and therefore capturing the correct
expected entanglement behavior), tensor network (TN) states
can also be manipulated efficiently (either exactly or ap-
proximately). Another advantage is the fact that both lattice
and internal symmetries can be naturally incorporated. For
instance, a description in terms of symmetric tensors [14,15]
can lead to important computational advantages [16—20], and
helps in the theoretical classification of phases of matter
[21]. Moreover, gauge symmetries can also be naturally
incorporated [22], hence offering a natural framework to
describe lattice gauge theories [23,24].

In a seminal paper [25], Jiang and Ran made the first
attempt to organize PEPS into crude classes distinguished
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by short-range physics, related to the fractionalization of
both onsite symmetries and space-group symmetries. In their
work, the authors introduced (quite generally) the notion of
projective symmetry group (PSG) for PEPS, enabling to deal
a priori with gauge equivalence between tensors. Using lattice
quantum numbers, the authors predicted a number of district
classes for spin—% spin liquids on the kagome lattice. More
recently, a similar framework was applied to classify (trivial)
spin-1 PEPS on the square lattice [26].

Our goal in this paper is to produce a simple classification
scheme of all rank-5 SU(2) spin rotational symmetric ten-
sors. We characterize the tensors according to three criteria:
(i) the onsite physical spin S, (ii) the local Hilbert space
V®* of the four virtual (composite) spins attached to each
site, and (iii) the irreducible representations of the Cy, point
group of the square lattice. Using this scheme, we produce
explicit expressions for all SU(2)-symmetric translationally
and rotationally invariant PEPS with bond dimension D < 6.
As we shall see, one can recover all known SU(2)-symmetric
PEPS on the square lattice as particular cases in our classi-
fication. Generically, to each of our symmetry class can be
associated a (D — 1)-dimensional manifold of spin liquids
(potentially) preserving lattice symmetries and defined in
terms of D-independent tensors of a given bond dimension
D. In addition, generic (low-dimensional) families of PEPS
explicitly breaking particular point-group lattice symmetries
(lattice nematics) and/or time-reversal symmetry (chiral spin
liquids [27,28]) can also be constructed. Finally, we apply
this framework to search for new topological chiral spin
liquids characterized by well-defined chiral edge modes, as
revealed by their entanglement spectrum, and show how the
symmetrization of a given double-layer PEPS leads to a chiral
topological state with a gapless edge described by a SU(2),
Wess-Zumino-Witten (WZW) model [29].

The paper is organized as follows: In Sec. II, we elaborate
on the specifics of our classification [30], show how many
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FIG. 1. (a) Square lattice invariant under Cy4, point-group symme-
tries (reflection axes are shown). The generators of the point group are,
e.g., the 90° rotation R, the reflection Ry, and the inversionZ = R, R,.
(b) A generic rank-5 PEPS tensor with one physical index s and four
virtual indices u, [, d, and r.

remarkable states of matter fit into it, explain the procedure to
construct spin liquids, and point out the connection to previous
work. In Sec. III, we explain several attempts to obtain PEPS
corresponding to higher-spin chiral topological quantum spin
liquids. In particular, we show how a double-layer PEPS leads
to a chiral topological state with a gapless edge described
by a SU(2), WZW model, which we characterize through its
entanglement spectrum (ES). We also discuss how the PEPS
tensor of such double-layer wave function can be expanded as
a sum of “fundamental” SU(2)-invariant PEPS tensors, which
we also characterize. In Sec. IV, we wrap up our conclusions
and outline several directions for future work. Finally, in
Appendix A we review the calculation of entanglement
spectrum (ES) from 2D PEPS, and in Appendixes B and C
we provide the coefficients for the PEPS tensors of several
remarkable and simple states, and of all tensors entering the
decomposition of the double-layer CSL, respectively.

II. CLASSIFICATION OF SU(2)-SYMMETRIC PEPS
ON THE SQUARE LATTICE

A. Construction

We consider here a square lattice [as shown in Fig. 1(a)]
with physical spin-S site degrees of freedom. Hence, d =
2S + 1 basis states are assigned on each site. Here, we
explicitly consider transitionally invariant states described by
a PEPS built from a single tensor A, as the one shown in
Fig. 1(b). Each physical site has four virtual spins attached
labeled on the figure by u, [, d, and r along the up, left,
down, and right directions, respectively. The virtual states |v, )
belong to some representation V of SU(2) of total dimension D
which, generically, is a direct sum V = @V; of N irreducible
representations (IRREP) V; of SU(2), each of partial dimension
2Vi+land D =YX @V, + ).

The corresponding translationally invariant PEPS [3] is
obtained by assigning the same tensor A on every physical
site. Physically, the site tensor A simply encodes a projector
that maps the virtual space V®* onto all 25 + 1 components
of the physical spin S. From the bond point of view, every
pair of the nearest-neighbor (NN) virtual spins is projected to
a block-diagonal virtual spin-singlet state. By construction,
the obtained wave function is a global spin singlet, i.e.,
invariant under SU(2) rotations. For a bipartite lattice as the
square lattice one can perform a simple spin rotation (by x
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around the Y-spin axis) on all sites of a given sublattice that
transforms the virtual bond singlets into diagonal maximally
entangled NN pair states |S) = Zle |vqVy ). In this way, the
SU(2)-invariant PEPS becomes a simple contraction of the
tensor network of the A’s.

Our construction can also be easily generalized to states
that are not SU(2) singlets, i.e., have a total (average) spin
component. For this, one could eventually build up tensors
that transform under S # 0 IRREPS of SU(2) (sometimes
dubbed “covariant” states). In this paper, however, we consider
only “invariant” states under SU(2), i.e., singlets, which for
simplicity we also call “symmetric.”

The 25 4+ 1 components A; of a tensor A encode the
projectors Py : V®* — |s) onto the |s) = |S,S. = s) physical
state. Hence, the problem of enumerating all SU(2)-invariant
PEPS reduces to the finding of all (orthogonal) projectors that
map any virtual space V®* onto any spin-S Hilbert space.
Reversely, it amounts to enumerate all D* orthogonal spin-S
wave functions that can be constructed out of the (§V;)®*
basis states. In other words, we shall use the one-to-one
correspondence between projectors and wave functions and
extract the tensor components from the wave functions. One
can write the physical state |s) as

5) = Y Aderoese)leno.ase), (1)

o1,02,003,04

in terms of the D* virtual basis states |y, a0,03,004) and of the
tensor elements Ag(orj,o2,03,04). Since we can always find a
set of D* orthogonal wave functions, the corresponding basic
tensors fulfill the “orthonormalization” property

Y [As@r,0n,03,00)]" Bo(@),00,03,04) = 8,848,

o,00,003,004

@)

where the left-hand side defines some tensor inner product
A; - By. We have performed such a program analytically using
Mathematica for all possible virtual spaces with D < 6. To
reduce the cost of the computation, it is advantageous to use
spin and (lattice) point-group symmetries. First, it is conve-
nient to decompose the virtual space V®* into all disconnected
subspaces given by the occupations nq.. = {11, ...,nx} of the
N spins V; (Zf\il n; = 4), each subspace providing a different
class of tensors. Second, we use the S, quantum number of the
(physical) wave function. In fact, we start by computing all
S, = S wave functions (or equivalently all projectors onto the
maximum S, = § subspace) and then apply the spin-lowering
operator S_ written in the virtual basis states. Simultaneously,
we classify the various spin-S wave functions according to
their point symmetry, i.e., according to the representations of
the Cy, point group: Ay (s wave), By (dy2_,2 wave), E (doubly
degenerate p wave), A, (g wave), and B, (d,, wave). To
accomplish such a purpose, we simply need to diagonalize, in
the space spanned by the (@ V;)®* virtual basis attached to a
given site, simultaneously (i) the total spin operator, (ii) the 90°
rotation operator R, (iii) the reflection symmetry R, operator,
and (iv) the inversion Z = R, R, operator [see Fig. 1(a)]. In
practice, to perform this task efficiently, we have constructed
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in the V®* basis, the combined (non-Hermitian) operator
Ovo.psw =08 +0.S,+pR+SR, +vD,  (3)

where the diagonal operator D has specific diagonal ele-
ments characterizing each nq sector. The (real) coefficients
0,0,,p,6,v are all chosen of very different magnitudes,
e.g., 10%,10°,10%,102,1, in order to sort out the various
eigenvalues (of order 1). Note that tensors belonging to the
Ay, By, A, and B, symmetry classes are purely real while
the E-symmetric tensors are intrinsically complex and come
in complex conjugated pairs.

As a simple example, let us consider the case V = % which
contains 2* = 16 basis states, all in the unique ngec = {4}
sector (V here is a simple IRREP). Diagonalizing O 6.5,
(omitting the D part) gives 16 states (or tensor components)
which can be grouped into two singlets (S = 0), three triplets
(S = 1), and one quintuplet (S = 2), in agreement with the
decomposition ($)® = (0@ 1)®? =2(0)  3(1) ® (2). The
S = 0 outcomes correspond to “classical” TN, not considered
afterwards. Inspection of the eigenvalues associated to R and
R, reveals that one of the triplet states (or tensors) has B
symmetry, while the other two form a complex conjugate pair
of E symmetry. On the other hand, the unique S = 2 tensor
is fully symmetric (A; IRREP) and corresponds to the spin-2
AKLT state (see below).

Using the method described above, we have generated all
SU(2)-invariant tensors up to D = 6. A subset of the list of
tensors with D < 5 and % < S < 2 is displayed in Table 1,
while the complete list for D < 6 is given as Supplemental
Material [30]. The columns correspond to different physical
spins (limited to S < 2). Vertically, the tensors are classified
according to the representation V = @V; of the virtual spins.
Each line corresponds to a subclass given by a disconnected
set of (virtual) basis states characterized by the occupation
numbers 7, of the A spins V.

It should be mentioned that all the tensors produced in our
systematic procedure do not lead necessarily to different PEPS
due to remaining gauge degrees of freedom. Indeed, imposing
SU(2) and point-group symmetries does not completely fix the
gauge and some freedom remains. Typically, tensors which
have identical nonzero tensor elements up to a sign are gauge
equivalent as can be checked case by case. Table I shows
explicitly all gauge-equivalent tensors.

B. Remarkable PEPS in this scheme

Some of the low-D PEPS obtained using our systematic
construction and listed in Table I have already been introduced
in recent literature and/or correspond to well-known states
of matter. Let us briefly list a few of them below, together
with some simple generalizations (see tensor expressions in
Appendix B).

1. Spin-S,S even integer, AKLT states

The simplest 2D Affleck-Kennedy-Lieb-Tasaki (AKLT)
[31] state is obtained by decomposing a physical spin 2 on each
site into four virtual spin-% spins, pairing every NN virtual spin

into singlet and, finally, applying the projector P : %®4 — 2
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onto the fully symmetric S = 2 subspace on every site. This
state is known to have short-range correlations, and is given
by the A; tensor of the V = % line/S = 2 column of Table I.
This construction can be straightforwardly extended to higher
physical spins by projecting four virtual spin—%,k € N*, onto
the fully symmetric spin-S,S = 2k, physical subspace. This is
realized by the unique V = %,S = 2k, A, tensor of dimension
D =k+1 (see Appendix B for k =1 and Supplemental
Material [30] for k = 1,...,5). The 2D spin-S AKLT states
can serve as useful examples of trivial (featureless) states
or states with symmetry-protected topological order [32] for
k even integer (S =4p) or k odd integer (S =4p + 2),
respectively.

2. Spin-S,S odd integer, featureless paramagnets

Starting with four V = % virtual spins attached to each site
and paired up into NN singlets, as in the AKLT construction,
but projecting them onto S = 1 onsite physical spins gives rise
to a spin-1 featureless paramagnet [33], also with short-range
correlations. This is given by the V = %,S = 1, By tensor of
Table I. This construction can be straightforwardly generalized
to higher physical spins by simply projecting four virtual
spin-% .k € N*, onto spin-S,S = 2k — 1, physical subspace.
This is always realized by the unique V = g,S =2k —1,B;
tensor of dimension D = k + 1 (see Appendix B fork = 1 and
Supplemental Material [30] fork = 1, ...,5). We believe such
states with S > 1 are also featureless paramagnets. Note that,
for all k, the B, tensor comes always in pair with a (complex)
E tensor which leads to a real wave function and might also
have interesting properties.

3. Spin-% resonating valence bond state

The resonating valence bond (RVB) state is a spin-% spin
liquid defined by an equal-weight superposition of all nearest-
neighbor (NN) singlet configurations [34]. It is exactly given
by the V = % @D 0, noee = {1,3}, Ay (named A(ll) from now
on) or B; tensors (named BE]) from now on) of the § = %
column of Table I. The NN RVB state was shown to be a Z,
topological spin liquid on the kagome lattice [35-37]. On the
square lattice it exhibits an extended U(1) gauge symmetry
and is critical [36,38] (see below for the discussion of gauge
symmetry).

4. Long-range spin-% RVB state

The long-range (LR) RVB state is obtained by assuming a
distribution of longer-range singlet bonds beyond NN (yet still
connecting two different sublattices). It is obtained within the
PEPS formalism by linearly combining the V = % B0, noec =
{3,1}, Ay (named A(lz) from now on) tensor with the previous
A" NN RVB tensor

Arrrve = )»1«4(11) + 2 AP, 4

with X;,A, € R. Alternatively, one can use the gauge-
equivalent B; tensors, named Bil) and Bﬁz). The singlet
bond distribution is controlled by the relative (real) weight
between the two tensors. Such a spin liquid Ansatz turned
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TABLE I. List of all SU(2)-symmetric basic rank-5 tensors for physical spin % < S < 2 and bond dimension D < 5. The virtual (physical)
spin degrees of freedom V (S) are displayed vertically (horizontally). Whenever the virtual spin is a direct sum V = @V;, we decompose
the virtual space V®* into all subspaces given by the occupations n.. of the spins V;. Note that, when two tensor classes are related by
“color exchange,” we keep only one of them in the list (e.g., for V = % @D 0D 0 nye = {1,2,1} is omitted since it is the “color conjugate” of
neee = {1,1,2}). Tensors are labeled according to their Cy, point symmetry, A; (s wave), B; (d,2_,> wave), E (doubly degenerate p wave), A,
(g wave), B, (d,, wave). Subscripts (a),(b), etc., are used to differentiate nonequivalent tensors of the same class. Gauge-equivalent tensors
(i.e., giving rise to the same PEPS) are listed between brackets, next to their gauge-related partners. Tensors giving rise to simple known wave

functions are highlighted in boldface (see text for a description and Supplemental Material [30] for expressions).

V\S 1/2 1 3/2 2
i B, E Ay
300
Noce = {1,3} Aq[B{]E
Noce = (2,2} AP AP [By] E B,
Noce = {3.1} Aq[B1] E@?) Ay[B;] A[B]E
1 By E@D A, AY[B1 AV E B,
;0080
Noee = {1,1,2} AP b))
E@9) A3[B,]
Moce = {2,1,1} AP B E€@9) Ay[B,)
103
Moce = {1,3} AP B E€@9) Ay[B,) AI[B] E
Noce = (2,2} ALPIBY B @0 AT AY[B)] AP AV[BIE B,
1®0
Noce = {1,3} Aq[B{] E
Moce = (2.2} Bi[Az] E@ AP B2 AP (B E
Moce = {3.1} APPB" ] E@9 A[By] Ai[BI] E
3 B B E@0 A, A9 B E@ E® A,[B] BY
1e0®0®0

Noce = {1’17171}

A(la—c)[Bia—c)] E(a_f)
A(Za,b)[B;a,b)]

ie1a0

Hoce = (1,21} AYO[B 1 EC@D APBED) E@9 A4 By]
A(za—c)[B;a—c)]

foce = {1,1,2) A“PBD] @0 A,[B)]

19000

Noee = {1,1,2} AP B E@=0 Ay B,)

Moce = {2,1,1) Ay[By] E@ 9 ASP[BY") AP B E@9 Ay[By)

le!

oce = (1,3} AP [BP] @9 Ay[B,] AP B E@9 Ay[Bs)

Moce = {2.2} AYTOBI) AV E@o AYPBP) B @0

Hoce = (3,1 A(la,h)[B;a,h)] Ela—d) A(za,b)[Béa,b)] B;c.d) A(la—z‘)[Bia—c)] Ela—e) Ay[By] By
A(za,b)[B;a,h)] A(za,b)[B;a,h)]

;@0

Moce = {1,3} A1[B1] E

Moce = {2,2} A AVIBIE B, Bi[As] E@D

Hoce = (3,1} Ai[B] E“Y A5[B;] ALPBEP E@D ASP B

2 Bizz,b)[A(za,h)] E(a_d) A(la,b)[BEa.b)] A(lc,d)

E@9 Ay[B{"] By

out to be an excellent variational state for the frustrated J;-J,
antiferromagnetic Heisenberg model on the square lattice [39].
It is interesting to notice that this Ansatz is in fact the most
general D = 3 SU(2)-invariant PEPS.

5. NN fermionic spin-% RVB

The NN fermionic-RVB (fRVB) is defined as an equal-
weight superposition of dimer coverings where each (cen-
trosymmetric) dimer is written in the fermionic representation.
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It can be rewritten as a spin-% NN RVB state where, e.g.,

vertical dimers are assigned a complex factor i providing a

completely different sign structure [40] than the above NN

RVB state. This (real) wave function is given by the unique

S = % V= % @ 0, neec = {1,3}, complex E tensor [41].
6. Generalized spin-S NN RVB

The spin-1 RVB state can be obtained by attaching a single
S =1 virtual spin on every site (accompanied by 3 spin
0). All NN virtual spins % are again paired up into singlets
which resonate. The S =1, V =160, no.. = {1,3}, A; (or
B)) tensor corresponds exactly to such a spin liquid. This
scheme can be generalized to any spin-S NN RVB and is
always described by a single V =S & 0, noc = {1,3}, A
(or B;) tensor. The cases corresponding to S = 1 and % are
highlighted in Table I and the corresponding tensors are given
in Appendix B (see Supplemental Material [30] for all physical
spin Sup to S = 2).

7. Spin-S resonating AKLT loop (RAL) state

As shown by Li et al. [42], the spin-1 RAL state involves
two virtual spin % and two virtual spin O attached to every
site, i.e., the virtual subspace is V = % @0, noee = {2,2}.
Physically, NN virtual spin % are paired up into singlets (as
in the RVB state) and all virtual spins are then projected
locally onto physical spins 1 to produce AKLT loops. The two
S=1,V= % D0, npee = {2,2},A(1“) and A(lb) tensors encode
the two possible site configurations of the loops with 180°
or 90° angles. The RAL state on the square lattice is critical
since the dimer-dimer correlations decay as a power law [42].
Since the 1D AKLT chain can be extended to higher physical
spin (see above for the 2D case), it is easy to generalize the
RAL to a gas of resonating spin-S AKLT chains, for all S
integer. It is given by the only two V = % ®0(D=S+2),
Noce = {2,2}, A(la) and A(lb) tensors. The cases corresponding to
S =1 and 2 are highlighted in Table I and the corresponding
S =1 tensors are given in Appendix B (see Supplemental
Material [30] for all integer physical spin S up to § = 4).

8. Spin-% chiral spin liquid
The chiral spin liquid (CSL) is obtained by linearly com-
bining the two previous A" and A (with real coefficients)
and the V = % ®0, nee = {3,1}, A, tensor (named A, from
now on) with a pure-imaginary coefficient [43,44]. The PEPS
obtained from the resulting tensor [see Fig. 2(a)]

Actira = MAY 4+ 2,47 + i A, )

with A1,A2,A, € R, breaks time-reversal symmetry (provided
Axie # 0) and transforms into its complex conjugate state
under any of the reflection symmetries of Fig. 1(a). It exhibits
clear SU(2); edge modes although there is some evidence for
critical (singlet) bulk correlations.

C. Constructing spin liquids and beyond
1. Generic spin liquids

From a few of the previous examples, we see that tensors
can be linearly combined to give new interesting states. In
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FIG. 2. (a) The three tensors of the spin-% CSL involving the three
virtual states of the % @ 0 (spin) representation: |1) and ||,) on the full
lines, and |0) on the dotted lines. (b) The natural basis of virtual states
of the double-layer tensor [11), |11), [{1),and || ) (€ ; ® 1, spin
1 on top and bottom layers), [10), [{0),]01),and |0}) (€ 3 & 7, spin
5 on top or bottom layer), and [00) (€ 0) is transformed (by a simple
unitary transformation) into symmetric/antisymmetric states w.r.t to
the exchange of layers.

fact, adding D (real) tensors 7@ as ZaD: ! Ao T@ (involving
D real coefficients A,) belonging to the same “class,” i.e.,
characterized by the same physical () and virtual (V') degrees
of freedom and by the same IRREP of the point group Cy,, will
lead to a (D — 1)-dimensional family of completely symmetric
spin liquids which (potentially) do not break any symmetry,
neither SU(2) nor point-group symmetries. The numbers D of
tensors which can be combined in each SU(2) (V,S) symmetry
class to give rise to fully symmetric spin-S spin liquids are
given in Table Il for D < 6 and S < 2. Note that the counting
of tensors of a given bond dimension includes all those of
smaller bond dimensions which can be combined in each class.
Note also that, for a given linear combination of tensors, there
is a priori no guarantee that all correlations remain short range
in such a symmetric state and the absence of spontaneous
symmetry breaking in the thermodynamic limit should, in
principle, always be verified. We observe that the typical
dimensions of the PEPS families do not grow too fast, from
D ~3-10for D =4 up to D ~ 10-40 for D = 6. Also, it is
interesting to notice that a subset of the symmetry classes does
not provide a variational representation of half-integer spin S.

2. Lattice nematics

If the D T“ tensors belong to (at least) two different IRREP
of the point group (while still involving the same virtual and
physical degrees of freedom), the resulting PEPS will explic-
itly break the point-group symmetry. For example, combining
A and B tensors, or A, and B, tensors, will produce a nematic
state where vertical and horizontal directions will become
nonequivalent (e.g., observables will acquire different mean
values). As a concrete example, let us consider the V =1,
S = 2, gauge-equivalent A(l") and B; tensors of Table I. It is
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TABLE II. Sets of the numbers D, /D,/D;/D4/Ds of basic tensors belonging to the five Ay, By, A, B, and (doubly degenerate) E IRREP
of Cy,, respectively, which can be combined in each SU(2) (V,S) symmetry class to give rise to fully symmetric spin-S spin liquids, for
D < 6 and % < § < 2. Note each class defined by a direct sum V = @V; of A/ SU(2) IRREP includes all basic tensors of all subclasses
defined by ngec = (1,12, ... nx) WithO < n; < 4and )", n; = 4. For instance, the V = % ® % @® 0 (D = 5)classincludes the V = % (D =2),

V=1&0(D=3),andV =1&1 (D =4)classes.

3

V\S i 1 3 2

! 0/0/0/0/0 0/1/0/0/1 0/0/0/0/0 1/0/0/0/0
1@0 2/2/1/1/3 2/2/0/1/2 1/1/0/0/1 1/0/0/0/0

1 0/0/0/0/0 0/1/1/0/2 0/0/0/0/0 2/1/0/1/1
lo0®0 8/8/4/4/12 6/5/1/3/6 2/2/0/0/2 1/0/0/0/0
101 0/0/0/0/0 6/9/4/3/13 0/0/0/0/0 6/3/0/1/3
190 0/0/0/0/0 3/5/3/1/8 0/0/0/0/0 5/3/1/3/4

2 0/0/0/0/0 0/2/1/0/3 0/0/0/0/0 3/1/1/2/2
le0@0a0 21/21/12/12/33 12/10/3/6/13 3/3/0/0/3 1/0/0/0/0
101®0 10/10/8/8/18 12/13/5/6/18 6/6/2/2/8 6/3/0/1/3
19080 0/0/0/0/0 11/14/9/6/23 0/0/0/0/0 10/7/3/6/10
1@ 1 4/4/3/3/7 5/5/3/4/8 5/5/3/3/8 5/4/2/2/6
190 1/1/1/1/2 2/3/1/1/4 3/3/2/2/5 3/2/2/2/4

2 0/0/0/0/0 0/2/2/0/4 0/0/0/0/0 4/2/1/3/3
190000 0®0 44/44/28/28/72 20/17/6/10/23 4/4/0/0/4 1/0/0/0/0
1e10080 28/28/20/20/48 25/24/11/14/35 12/12/4/4/16 6/3/0/1/3
ielol 0/0/0/0/0 33/39/24/21/63 0/0/0/0/0 21/15/3/6/18
1608080 0/0/0/0/0 27/31/22/18/53 0/0/0/0/0 17/13/6/10/19
loie0 11/11/8/8/19 13/13/8/9/21 11/11/7/7/18 10/8/4/5/12
191 0/0/0/0/0 9/13/13/9/26 0/0/0/0/0 19/15/7/11/22
10000 2/2/2/2/4 6/6/2/3/8 10/10/6/6/16 4/4/5/4/9
il 0/0/0/0/0 7/12/8/5/20 0/0/0/0/0 15/10/7/10/17
280 0/0/0/0/0 1/4/5/2/9 0/0/0/0/0 10/7/3/6/10
3 0/0/0/0/0 0/3/2/0/5 0/0/0/0/0 5/2/2/4/4

likely that these tensors produce a paramagnet similar to the
S =2 AKLT state, although with gapped edge states. The
linear combination A(I“) + B (A(la) — B)) of the two tensors
gives a product of decoupled vertical (horizontal) spin-2
AKLT chains times a collection of independent horizontal
(vertical) NN dimers (constructed from pairs of all the
remaining virtual spin 1 not involved in the chains). Any partial
superposition like cos 6 A(I”) + sin 6 By,0 €]0,7/2[ will give
a lattice nematic state interpolating between the isotropic
paramagnet and the array of AKLT chains.

3. Breaking SU(2) symmetry down to U(1): Spin nematics and
Néel antiferromagnets

By breaking the global SU(2) spin rotation invariance down
to U(1) one can construct, within our framework, two enlarged
families of anisotropic quantum magnets. If TR symmetry
and space-group symmetry are independently conserved, one
obtains anisotropic spin nematics [45] for which the spin Z
axis becomes nonequivalent from the two equivalent X and
Y spin axis. If the combination of TR with a unit translation
is conserved, one gets Néel-type quantum magnets with a

finite staggered magnetization. In order to achieve this goal,
one should remember that our PEPS are defined in a physical
basis where all spins on the B sublattice have been rotated by
. Each §; component (over the d = 2S5 + 1 components) of
a given tensor hence contributes to a finite amplitude of the
(physical) staggered magnetization S;* = S, in the original
unrotated basis.

The procedure to construct anisotropic magnets is therefore
simple: (i) One sorts out all tensors according to the virtual
space V (as before) and to some maximum value Sp,x of
| S|, defining the physical Hilbert space S, € [—Smax,Smax], bY
merging classes of different SU(2) spin S with the same orbital
symmetry (i.e., IRREP of Cy,). (ii) One groups all tensors into
S, = £|S;| pairs of tensors Tf) (where a labels the pairs)
related by the S, <> —S, symmetry (for S, # 0). (iii) One
then constructs the linear superposition of the (normalized)
onsite tensors for each local S, = s|S;| physical index as
> AasT@. Generically, such a family of PEPS exhibits a
finite staggered magnetization (in the original unrotated basis)
as in a Néel state unless we further impose A, = A4 _s tO
construct nematic states. Note that long-range order (LRO) in
the XY (spin) plane may still spontaneously appear in some do-
mains of the parameter space, despite the local U(1) symmetry.
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4. Complex E tensors, TR-symmetry breaking,
and chiral spin liquids

It is important to notice that, if the D tensors belong to
the Ay, By, Ay, or B, IRREP, the resulting tensor is real
and, hence, invariant under time-reversal (TR) symmetry. For
complex coefficients, or when E tensors are combined, the
resulting state generically breaks TR, except at fine-tuned
parameter subsets. Although chiral spin liquids with protected
chiral edge modes have to be searched in these classes of
PEPS, we believe they probably span a tiny fraction of the
TR-symmetry breaking PEPS manifold. Note also that not all
E tensors give complex PEPS. For example, combining the
three S = % V = % ® 0, complex E tensors (one tensor with
noce = {1,3} and two tensors with no.. = {3,1}) surprisingly
gives a real [SU(2)-symmetric] wave function. We believe
this PEPS family can be viewed physically as an extension
of the NN fRVB (see above) in terms of fRVB states with
longer-range (fermionic) dimers. Similarly, the two PEPS
given by the unique S =1, V = % @ 0,E tensor and by the

1

unique S = % V =3 ®0,E tensor are also real. Hence, we

believe that the spin-%, spin-1, and spin-% PEPS originated
from the V = % @ 0, E tensors can probably all be mapped to

real fermionic PEPS (fPEPS).

5. Gauge symmetry and topological order

Whether or not a PEPS of a given family exhibits topolog-
ical order is a rather subtle issue. The existence of a gauge
symmetry, i.e., an invariant gauge group (IGG), plays a crucial
role and is often a necessary condition. The AKLT states and
the featureless paramagnets above have simple N = 1 virtual
spaces with a single spin species in the four directions 71, = 4.
This is connected to IGG = I, characteristic of topologically
trivial states.

Gauge symmetry [like Z, or U(1)] can also be present,
depending on the different n,. sectors involved in the
construction of the variational manifold. For instance, the NN
RVB state is defined by a unit tensor with V = % @ 0 and
noce = {1,3} which, in practice, implies that one and only one
singlet dimer is attached to every site [35]. This local constraint
implies that the number of dimers cut by a line winding
around an infinite cylinder is conserved, hence providing an
infinite number of topological sectors associated to a U(1)
gauge symmetry [36]. On the other hand, the LR RVB state
mixes noec = {1,3} and noc = {3,1} tensors so that, then, only
the parity of the number of dimers cut by a circumference
is conserved, hence reducing the number of sectors to two
and the gauge symmetry to Z,. More generally, the gauge
symmetry can usually be inferred from the set of numbers of

occupation [n! ,n2 nP ] of the D superposed tensors.

occ’ * * **"Poce

In general, one can always use a minimal global virtual basis
V = @V;, direct sum of N IRREP V; of SU(2), for which all
the occupation numbers nj.. are given by sets of A/ numbers,
ie., nde ={ny,...,n\} and )", n] =4,V j. Subsequently,
topological order can be characterized from the symmetry
[15]. However, (i) an extended gauge symmetry can emerge
in the thermodynamic limit as, e.g., the U(1) symmetry in the
case of the Z, LR RVB state; (ii) reversely, a mechanism of
“confinement” can suppress the topological order associated to

PHYSICAL REVIEW B 94, 205124 (2016)

the underlying gauge symmetry [46]. In any case, topological
order can always be inferred from a thorough investigation
of the transfer operator [46], and not only from the local
symmetry of the tensor.

D. Connection with previous work

Based on the original framework introduced by Jiang and
Ran [25] and the notion of projective symmetry group, Lee and
Han provided a classification of (trivial) spin-1 PEPS on the
square lattice [26], in terms of lattice quantum numbers. In our
classification scheme, we have recovered their results which
correspond to a subset of our S = 1 tensors: the V = % (D =
2), By tensor,the V = 1 (D = 3), By and A, tensors, the V =
16 0(D =4), B,noce = {1,3} (RVB state) and ny.. = {2,2}
(RAL state) tensors. While each tensor has (emergent) U(1)
IGG symmetry, a linear combination of them eliminates this
gauge symmetry and produces a trivial state. Note that these
authors did not report about either the S = 1, E tensors or the
S=1,V=160(D =4), noe.. = {3,1} tensors enumerated
in Table I. Combining, e.g., the S =1,V =100 (D = 4),
noce = {1,3}, and ny. = {3,1} tensors preserves a Z, 1GG
and may lead to a topological spin liquid.

III. APPLICATION: SEARCH FOR HIGHER-SPIN
(8> 1)ycsL

One of the applications of our classification is the system-
atic construction of CSL beyond the physical S = % and virtual

V= % @ 0IRREPs, already realized. Our goal is to construct a
family of TR-symmetry breaking PEPS with linear dispersing
chiral edge modes described by a CFT beyond SU(2),. To
characterize the edge modes, we analyze the entanglement
spectrum (ES) of the corresponding PEPS when wrapped
around an infinite cylinder and splitted in two parts (left and
right), as explained in Appendix A. We describe below several
natural routes to find such CSL.

A. Complex E tensors

One of the first natural candidates would be the above
E tensors which are intrinsically complex. Therefore, their
corresponding PEPS can potentially break TR symmetry and,
hence, be relevant topological CSL. However, we have found
that some of the simplest, small D,E PEPS wave functions
are purely real as seen above (hence showing a perfectly
momentum-symmetric entanglement spectrum), probably due
to the fact that they can be re-casted in the form of real
fPEPS wave functions, as it is the case for the fRVB state.
In this respect, we found that the ES of the NN fRVB state
is completely degenerate, hence saturating the upper bound of
the entanglement measures [e.g., the entanglement entropy per
unit length —Tr(p In p)/N,].

In addition, all complex E PEPS we have tested turned
out to show no well-defined chiral edge modes, although
breaking TR symmetry. For example, this is the case of the
PEPS associatedtothe S = 1, V = 1, E® tensor (see Table I
and Supplemental Material [30]) whose ES is shown in Fig. 3.
In fact, it is not clear, however, whether any E tensor could

give rise to a topological CSL whenever S > %
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FIG. 3. Entanglement spectrum computed ona N, = 10 (infinite)
cylinder (with x = 20) of the PEPS constructed fromthe S =1, V =
1, E@ tensor. Data are plotted vs momentum (modulus ) along
cylinder circumference. Note the spectrum is not symmetric w.r.t.
k = /2, reflecting TR-symmetry breaking of the PEPS. States can
be grouped into SU(2) multiplets, and (s) labels 2s + 1 degenerate
states. Note the spectrum does not seem to fit a simple (chiral) CFT
like SU(2),.

B. A +iA, PEPS

Inspired by previous studies, another promising route to
construct CSL is to consider tensors of mixed A; +iA,
(point-group) symmetry, where both the real and imaginary
components can be a sum of tensors belonging to any given A
and A, classes involving identical virtual and physical degrees
of freedom. This is a direct generalization of Eq. (5). This
procedure guarantees that the PEPS, if complex, transforms
into its (orthogonal) complex conjugate state under any of the
reflection symmetries of Fig. 1(a), a necessary condition for
a CSL. However, this construction does not necessarily imply
that the PEPS breaks TR symmetry and the wave function can,
in some cases, be purely real (up to a global phase). In addition,
even if the PEPS breaks TR symmetry, there is no guarantee
that it exhibits linear dispersing edge modes described by a
CFT characteristic of a topological CSL. Before describing a
successful case (the double-layer CSL and PEPS connected to
it), we will show below an example of some failure.

C. Naive spin-S generalizations of the spin-% CSL

It is known that some families of critical (nonchiral) spin-S
chains [47,48] bear a low-energy description in terms of the
SU2);r Wess-Zumino-Witten models with levels k = 2S. It
is therefore tempting to speculate that (chiral) SU(2), edge
modes can originate from V; = % virtual spins effectively
interacting on the edge. Indeed, the S = % CSL discussed
above, which bears SU(2), edge modes, involves V = % @0
virtual states. In fact, inspecting Table I, one sees that the
construction for § = % can be easily extended for any spin
S assuming V = S @ 0: one can always combine the unique
Noce = {1,3} spin-S RVB tensor (in bold case in Table I) with

PHYSICAL REVIEW B 94, 205124 (2016)

7
< -7 Adouble

—

FIG. 4. Diagram corresponding to Eq. (6) : the two layers of
tensors Ayira are symmetrized by the isommetry S, which projects
the physical dimensions in the three-dimensional spin-1 subspace of
1 ® 3, giving rise to the tensor Agoule-

both the n.. = {3,1}, A; tensors (with a real coefficient)
and the ny. = {3,1}, A, tensor(s) (with pure-imaginary
coefficients). We have computed the ES at a few points
of the three-dimensional (four-dimensional) family of PEPS
corresponding to the case S =1 (§ = %) which turned out to
be always gapped, ruling out chiral topological order.

D. Double-layer CSL and SU(2), edge states

To go beyond the above naive construction, we shall
follow here a strategy borrowed from the field of the
fractional quantum Hall states (FQHS) [49,50]. Recently,
using interpretation of FQHS as conformal blocks in certain
rational conformal field theories [S0], MPS representations
of FQHS were exploited [51,52], providing unprecedented
numerical accuracy [53]. While the (Abelian) Laughlin state
can be written as a simple MPS, the non-Abelian states can
be constructed as multilayer fractional quantum Hall wave
functions upon symmetrization over the layer index [54,55].
Very recently, symmetrization of topologically ordered PEPS
was shown to be a powerful method for constructing new
topological models [56]. Here, we will apply this procedure
by considering two layers of the CSL defined by Eq. (5). The
double-layer tensor [Achira 1% is symmetrized w.r.t the % ® %
physical variables

Adouble = S[Achiral ® Achiral] P (6)

hence projecting onto the S = 1 physical state (see Fig. 4).
More precisely, its S, = +1,0,—1 (physical) components are
given by

-Adouble|l = Achiral|% &® Achirall%,
1
Adgowvtelo = —={Achirar| 1 ® Achirarl 1
V2 : 2

+ Achiral | _% & Achiral |+% } y
Adouble|—l = Achiral|_% ® Achiral|_% ) (7)
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FIG. 5. Same as Fig. 3 for the PEPS obtained from the double-
layer tensor of Eq. (6), N, =6 and x = 14. Whenever possible,
the multiplet content of the levels is shown, following notations of
Table III. The dashed lines are guides to the eye emphasizing the
linear dispersion of the modes.

where the virtual variables of the double-layer tensor on the
left-hand side are given by the tensor product of the virtual
variables of the two single-layer CSL tensors on the right-hand
side. For convenience, we then realize a (unitary) change of
the D =9 virtual basis, from the [5 ® Oliop ® [5 & Olbottom

natural basis to the “symmetric” basis 1 @ % ® % D0, 80
described in Fig. 2(b), where the two spin—% representations
correspond now to spin-% states symmetric and antisymmetric
w.r.t. layer exchange, respectively, and the spin-O, and spin-
0 representations contain the \L@(TL — | 1) and 00 singlets,
respectively. It can be seen easily (see later for details) that
Adouble inherits from Acpirs SU(2) spin rotation symmetry and
lattice A; + i A, (orbital) symmetry. It is therefore expected to
break TR symmetry while preserving all lattice symmetries, a
key property of chiral spin liquids.

We have computed the ES of the double-layer tensor for
A1 = A2 = Ao(=1/+/3) on an infinite N, = 6 cylinder and
results are shown in Fig. 5. Linearly dispersing branches are
clearly seen. A lot of resemblance with the chiral SU(2),

TABLE III. Towers of states of the SU(2), WZW model, in each
of the three sectors characterized by the prnnary fields j = 0,1 301
(listed in each column) and conformal weights 1 1J(j + 1). Each line
corresponds to a Virasoro level indexed by n. For each sector and
each level, the (quasi)degenerate states can be grouped in terms of
exact SU(2) multiplets like n9(0) + (1) + - - - (meaning n singlets,
ny triplets, etc.). The numbers in square brackets correspond to the
total number of states in each group of levels.

n\j 0 i 1

0 ) [1] (H 2 (1) [3]

1 () [3] H+E) 6] (0)+(1) [4]

2 (O+HD+Q2) 9] 2H+23) 1121 (O+2)+Q2) [12]
3 O+3(D+Q) [15] 45 +3G)+ () [26] 2000+3(1)+2(2) [21]
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bilayer representation tensor(s)
/ occupation
% 1.l s
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) 140 CIRNSIY
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% 160,60 S5, 5§
Noce. = {17271} G5
! S ! @0
2 9 s Séa) S(b)
[noc&] = [{27 0, 2}7 {07 2, 2}]
S, 88

T e = [{2,2,00,{2,0,2)]  G7

0/ olal
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1 1 (a) q(b)
loreiao, S8
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Noce. = {1, 1, 1, 1} Gg
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lo-@s00 S

2 2
[Moce] = [{1,2,0,1},{1,0,2,1}] Gio

FIG. 6. All combinations (up to global £7/2 or m rotations)
obtained by expending the A tensors [according to Eq. (5)]
simultaneously in the top and bottom layers of the (symmetrized)
double-layer CSL (leftmost column), leading to orthonormal tensors
(rightmost column) belonging to different representations of the
virtual states (middle column).

205124-9



MAMBRINI, ORUS, AND POILBLANC

0(0) 0O(0)+(1/2)
03 M e oo
o)
0.2t N
§52(0)+(1/2) ~
0.1
(a)
(0)
R
4 2 4
0.3 . 0(0) €8§(0)+(1/2)
O om oo
o)
VN
0.2 '§§2w)+(1/2) =
0.1
(c)
(0)
‘O
0 0 m m 3T Tk
4 2 4

PHYSICAL REVIEW B 94, 205124 (2016)

30
0.8l o0 50
18i2(1)
0.6 8
ol
o(1) o)
0.4
0.2
(b)
(0)
0o 7 7 T p ]{
4 2 4
0.8 [o() 0(0)
o)
0.6 o)
om g o
0.4
0.2 (d)
0)
o
Uz s ok
4 2 e

FIG. 7. ES for the PEPS obtained from various subsets of Eq. (8), and N, = 8, x = 20: (a) S, and G, tensors (% ® %,D =4); (b) S3, S4,
and G4 tensors (1 & 0,D = 4); (¢) S;, Ss, and G, tensors (% ® % @®0,,D =5);(d) S3, S4, S5, G4, and G5 tensors (1 0D 0;,D = 5).

CFT spectrum is seen. The later shown in Table III contains
three sectors labeled by the primary fields j = 0,%,1. The
lowest branch of the ES agrees perfectly with the content
of the j = 0 sector. We also observe two almost degenerate
branches with some energy offset, but with the same slopel,

each compatible with the theoretical expectation for the j = 5

sector. It should be noted that, although an energy offset of 1*—2 of
the (average) level spacing is expected for the j = % branch,
a larger offset (by a factor ~4) is observed which could be
plausibly attributed to finite perimeter (N, ) and finite- x effects
in the ES calculation (see Appendix A).

E. Decomposition in terms of elementary tensors

The double-layer tensor involves D =9 virtual states,
making hard the computation of the ES on larger cylinders
and with larger MPS dimension x to permit a more definite
assignment of the edge theory. In addition, it is not clear
whether the observation of exact SU(2), edge modes requires
some degree of “fine tuning.” For these two reasons, it is a
good idea to try to construct simpler (i.e., with lower bond
dimension D) PEPS which, potentially, could exhibit chiral
edge modes. Our strategy is here to “break up” the double-layer
tensor Agouple into independent parts defined by smaller virtual
spaces V but still exhibiting SU(2) spin rotation and A + i A,
lattice symmetries. To do so, we expend the Ay tensors
according to Eq. (5) simultaneously in the top and bottom

layers. Figure 6 shows all possible combinations depending on
the relative orientation of the various contributions in the two
layers. In fact, it can be shown that each part leads to the sum of
a few orthonormal SU(2) spin symmetric real S and G tensors,
whose virtual states belong to a smaller representation, subset
of the overall Hilbert space V = [% @ 0]®2. The S tensors
and G tensors belong to the A; (s-wave) and A, (g-wave)
IRREP and appear with real and pure-imaginary coefficients,
respectively, so that each part of the decomposition bears an
overall A| + i A, symmetry. More precisely, we can write

Adouble = E SqSe + E gﬁGﬁ (8)
a B
with
Ao 1 -,
= —, = — 3)\, ,
. «/z 52 2\/_
ol e TB
’ 2 12\/§
1 \/? A2
(b) 2 2 (a) 2
= —/=(22+323), =2
S4 12 2( 2 + c) SS 3\/5
1 512 + 322
(b) 2 2 (a) 2 c
= — (=22 =3)%), =2 ~c
’ 12( 2= 3) s 1242
1 22 4922
(b) 2 2 (a) 2 c
= — (32 =322, =27 "¢
%6 12( 2= 3) 123
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FIG. 8. Same as Fig. 7 for other subsets of Eq. (8), and x = 10: (a) N, = 8, for S;, G, Sz, Se. So,and Gy tensors (3 ® 1 & 0 0,,D = 6);
(b) N, = 6, for S1, Gy, S7, and G tensors (1 ® 5 @ 1.D =7); (¢) N, = 6, for Sy, Sg, S7, G1,and G (1@ 3 & 5 ®0,,D = 8); (d) N, =6,

for Sy, S, 83, 84, S7, Si0, G1, G4, and G; (1 @ % ® % @®0,D =28).
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where the subscripts of the S (s) and G (g) tensors (coeffi-
cients) label the different virtual spin representations according
to Fig. 6. The exact expressions of all S and G spin-1 tensors

are provided in Appendix B, written in the same D = 9 overall
basis so that any linear combination of tensors can easily be
performed.

We have applied the above decomposition (8) for the same
choice of the parameters A} = Xy = A (=1/ ﬁ) and computed
the ES of a few ad hoc linear combinations of S and G tensors
(to keep the A; 4+ iA, symmetry) of larger and larger bond
dimension D. Keeping only the S; and G, tensors, on one
hand, or the S3, S4, and G4 tensors on the other hand, enables
to restrict the bond dimension to the same D = 4 small value,
although the two PEPS involve completely different virtual
degrees of freedom: % ® % in the first case and 1 @ O in the
second case. We have found that their corresponding ES shown
in Figs. 7(a) and 7(b), respectively, seem to be both gapped.

By adding, gradually, more virtual degrees of freedom to
the previous cases, it is interesting to see whether the gap in
the ES closes. For instance, adding the Sg tensors to the S;
and G tensors enlarges the virtual space to % @ % ® 0, and
D = 5. However, as seen in Fig. 7(c), the gap seems to persist.
Similarly, adding the S5 and G5 tensors to the S3, S4, and G4
tensors enlarges the virtual space to 1 ®0® 0y and D =5,
but does not close the gap either [see Fig. 7(d)].

Next, we have considered the virtual representations V =
;@3 ®0@0, (D = 6)involving the S1, G, $2, Ss, So,and
Gotensors, V = 1@ % &) % (D = T7)involving the S|, G, 7,
and G7 tensors, V = 1@ 1 @ 1 @ 0, (D = 8) involving the
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S1, Se, S7, Gy,and Gy tensorsand V =1 @ % fa) % ®0(D =
8) involving the Sy, S>, S3, S4, S7, G1, G4, and G tensors.
Results are compared in Figs. 8(a)-8(d). As the number of
tensors and the bond dimension increase, one does not observe
any systematic trend, rather the ES changes in some erratic
fashion. The latter seems nevertheless to remain gapped,
although in Fig. 8(b) the (pseudo)energy scale becomes very
small. In any case, the ES remains very different from the chiral
ES of the D =9 double-layer CSL shown in Fig. 5. This is
a clear indication that there is a large degree of fine tuning in
the latter wave function. In other words, just imposing SU(2)
spin rotation and A; + i A, orbital symmetries, as it was done
for the single-layer CSL, is not sufficient to obtain a CSL.
One reason might be that for SU(2), CFT, (i) spin-1 degrees
of freedom would be needed on the boundary but (ii) spin-1
chains are generically in the gapped Haldane phase. A gapless
spectrum in a spin-1 chain requires fine tuning [47,48].

IV. CONCLUSIONS AND OUTLOOK

In this paper we have elaborated a classification scheme
of all rank-5 SU(2)-symmetric tensors according to the onsite
physical spin S, the local Hilbert space of the bond degrees
of freedom, and the irreducible representations of the Cu,
point group of the square lattice. We have shown how many
remarkable (Mott-insulating) states of matter fall naturally into
this classification. More generally, we have explained how our
scheme can be used to systematically construct families of
translationally invariant many-body singlet states, preserving
or breaking discrete (point-group) lattice symmetries, spin
liquids, and (lattice) nematics, respectively. However, we bring
here a few words of caution: first, we should mention that
LRO [associated, e.g., to spontaneous translation and/or SU(2)
symmetry breaking] may still appear in the thermodynamic
limit in some parameter regions, the PEPS being in that
case a fully symmetric “Shrodinger cat state.” Note that
the existence of LRO in our symmetric PEPS can only
be diagnosed by a thorough numerical investigation, e.g.,
inspecting the low-energy spectrum of the transfer operator
[46]. Second, it is likely that not all translationally invariant
and spin rotationally symmetric spin liquids (on the square
lattice) can be expressed in terms of a PEPS based on a single
onsite SU(2)-symmetric tensor. However, we believe our
classification encompasses a very large manifold of symmetric
spin liquids. Spin liquids not generated by our classification
may include, e.g., those requiring a two-site (gauge) unit cell
such as the (translationally invariant) 7 -flux PEPS of the PSG
classification [25] or those requiring a different type of virtual
particles such as fermions, Majoranas, anyons, etc.

We have also used our construction to systematically search
for higher-spin (S > %) topological chiral spin liquids. One of
our constructions uses a symmetrization over a double-layer
PEPS, showing gapless chiral edge modes corresponding to
a non-Abelian SU(2), Wess-Zumino-Witten model, which we
have determined via the analysis of its entanglement spectrum.
This family of CSL can be seen as a two-dimensional manifold
(spanned by the parameters A,/A; and A./A;) imbedded
in a much larger PEPS family (characterized by arbitrary
superpositions of the S and G tensors). This suggests that,
more generally, non-Abelian CSL live on (relatively small)
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fine-tuned manifolds of large PEPS families. Also, we believe
that our construction can be extended to & layers, then showing
SU(2)x gapless chiral edge modes.

We envisage these results as the first step of a broader
research program, concerning the search of quantum spin
liquids with tensor networks. Further work will involve, for
instance, using the tensors produced in our classification in
order to produce Ansdtze for the numerical simulation of the
frustrated Heisenberg model on the square lattice (improving
the results of Ref. [39]), extending the classification scheme
to the kagome lattice, and using it to propose variational
wave functions to search for new spin liquids for the kagome
Heisenberg antiferromagnet.

Another straightforward extension of our classification is
to enlarge the physical space to more degrees of freedom,
e.g., to include extra U(1)-charge degrees of freedom [41] to
describe hole doping a Mott (spin liquid or antiferromagnetic)
insulator, or more orbital degrees of freedom [N > 2 with
SU(N) symmetry]. To build wave functions with specified U(1)
charge, covariant tensors can be constructed. Lastly, we note
that our PEPS are, by construction, translationally invariant.
However, it is also straightforward to describe states breaking
translation invariance by considering different tensors at every
site of a given supercell. All these problems, and more, will be
addressed in future work along these lines.
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APPENDIX A: ENTANGLEMENT SPECTRUM
FROM 2D PEPS

2D PEPS are a natural arena to study the so-called entan-
glement spectrum (ES) [57] (see for instance Refs. [58,59]). In
this appendix, we review briefly what are the main ingredients
of the calculations of ES in the context of 2D PEPS with tensor
network methods, which we have used in several sections of
this paper to characterize the edge modes.

Consider a 2D PEPS |W) wrapped around a cylinder
of circumference N,, as in Fig. 9(a). For the sake of this
calculation, we consider the cylinder to be infinitely long [58].
We now split the cylinder in two parts, say, left (L) and right
(R). As explained in Ref. [58], the reduced density matrix of
half an infinite cylinder, e.g., for L, is given by

p = U,/GLTGR GLTUT,

with o7,/ the reduced density operators in L/ R for the virtual
spaces across the bipartition, and U an isometry obtained from
the contraction of the PEPS tensors. Technically, o,z are
computed as the dominant left/right eigenvectors of the PEPS
transfer matrix 7 [see Fig. 9(b)]. From this equation, it is

(A)
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(b)

FIG. 9. (a) 2D PEPS wrapped around a cylinder of width N,, and
split into two parts L and R. (b) Transfer matrix 7" of the PEPS.

clear that p has the same eigenvalues than ﬂ O'Rﬂ since
both operators are related only by an isometry (which leaves
the spectrum invariant). Moreover, @ okﬂ shares the
spectrum with o ok, and shares the same quantum numbers
for the eigenvectors [44]. This is particularly convenient since
square roots are difficult to implement in the context of tensor
network methods.

The calculation of o7,z on an infinite cylinder for a
2D PEPS is a well-posed tensor network problem that can
be solved using many different strategies. Here, we use a
similar approach to the one used in Refs. [44,60]. Long
story short: we compute this dominant eigenvector using the
infinite Time-Evolving Block Decimation (iTEBD) method
for nonunitary evolutions [61,62]. More specifically, for a
given set of tensors in the transfer matrix 7, we compute
the tensors for o,z assuming N, — oo using iTEBD. The
resulting dominant eigenvector can be written as an MPO of
bond dimension y, which is then wrapped around a circle
of length N,, and constitutes our approximated o7 g. This
approach is remarkably efficient, and in practice provides
very accurate results, including the ones in this paper. The
computational cost of this calculation is O(x3D® + x2D?%)
[60]. Moreover, in this calculation it is usually possible to fix
topological and/or parity sectors if needed, by feeding this as
an input in the initial vector of iTEBD.

The diagonalization of o/ o then proceeds by using
Krylov-subspace methods (e.g., Lanczos). Such methods rely
on matrix-vector multiplications which, in our case, can be
done very efficiently since the matrix o/ og has an explicit ten-
sor network structure in terms of the MPOs for o and og. At
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TABLE IV. Conventions for labeling virtual states for V =
Si®...8S,.

Virtual state

(S2) Tensor index

M 0

S —1

_Sl 251

S2 2S1 + 1

S2 -1 2S1 +2

=Sy 2S1+...8)+(p—1

this point, it is also possible to fix the total z component of the
spin, which is a good quantum number in our SU(2)-invariant
setting, just by fixing it in the initial vector used in Krylov
methods. Finally, momentum in the transverse direction is also
a good quantum number, which can be extracted a posteriori
by checking how the corresponding eigenvectors transform
under the action of the translation operator.

APPENDIX B: PEPS TENSORS OF SIMPLE STATES

1. Conventions for labeling virtual states

We list below the tensors of the states described in the text.
We first provide the conventions used to label the virtual states
|or). Considering a virtual subspace V=S5, ®...® S, the
labels run from 0 to 2(S; + - - - + §,) + (p — 1) by decreasing
order of S, as explicitly described in Table IV. The resulting
tensor coefficients are found in Tables V-XLIII.

2. S = 2 AKLT state

TABLE V. The §=2 AKLT state. V =1, ng. = {4}, § =
2, Pg = A].

Sz=+2 Sz=+1

75(0,0,0,0) = 1 71(0,0,0,1) = 3
71(0,0,1,0) = 3
71(0,1,0,0) = 1
71(1,0,0,0) = 1

Sz=0

Tp(0,0,1,1) = 7

Tp(0,1,0,1) = 7

5(0.1.1.0) = 7

Tp(1,0,0,1) = 7

Tp(1,0,1,0) = 7

Ty(1,1,0.0) = 7

Sz=-1 Sz=-2

T_1(0,1,1,1) =} To(11,1,1) =1

T_,(1,0.1,1) =}

T_1(1,1,0,1) =}

T_1(1,1,1,0) =}
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3. Spin-1 featureless paramagnet
TABLE VI. The tensor of the spin-1 featureless paramagnet. V =

! Mo = {4}, S=1,Pg =B,

Sz=+1 Sz=0 Sz=-1
71(0,0,0,1) = § T(0,1,0,1) = T.0,1,1,) = 3
71(0,0,1,0) = —3 Tp(1,0,1,0) = =5 T(1,0,1,1) = —3
71(0,1,0,0) = } T_1(1,1,0,1) = §
7:(1,0,0,0) = —1 T1(1,1,1,0) = —1

4. Spin-% resonating valence bond state: Gauge-equivalent .Ag”
and B?) tensors

TABLE VIL. The A{" tensor of the NN resonating valence bond
(NNRVB) state. V = 1 © 0, noee = {1.3}, S =1, Pg = A,.

Sz=+1/2 Sz=—1/2
71(0.2,2.2) =} T_1(1,2,2,2) = i
7,(2,0,2,2) = 712122 =3
7,(2,2,02) =} 712212 =3

1 1
T1(2.2,2,0) = 3 T1(2221)=3

TABLE VIIL The B" tensor of the NN resonating valence bond
(NNRVB) state. V =1 © 0, no. = {1,3}, S=1, Pg=B,.

Sz =+1/2 Sz=+—-1/2
7,(0.22.2) =1 T.1(12.2.2) = j
T1(2,0.2,2) = -1 712,122 = -1
T.(2,2,0.2) =} T 122,12 =3
T1(2,2,2,0) = -1 T_1(222.)= -1

5. Gauge-equivalent .Af) and B(lz) RVB tensors
TABLEIX. The A” RVBtensor. V = 1 @0, noee = {3,1}, S =

1. Pg= A,
Sz=+1/2 Sz=-1/2
T.(0,0,1,2) = -1 T_1(0,1,1.2) = 51z
T1(0021)_—— T,,(0,1,2,1)——i
e
: NG

7.(0,1,0,2) = T10.2,1,1)= 5%
T,(0,1,2,0) = —ﬁ T_1(1,0,1.2) = —
T,(0,2,0,) = % T1(1.0.2.1) = 7%
71(02,1,0) = -5 T,(1,1,02) = 5=

— 1 1
7,(1,0.0.2) = — T.1(1,1,2,0) = 5L
T1(1,0.2,0) = T_1(12,0.) = 5z
7,(1,2,0,0) = -5\ T_1(1.2,1,0) = -

= __L N
7,2.0.0.) = — T.120.1,1) =55

— 1 1
T,2,0,1,00= % T_1(2,1,0) = — %

1 1

T,(2,1,0,0) = — 5% T_1(2,1,1,0) = ;7%
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TABLE X. The B” RVB tensor. V = 1 ®0, neee = {3,1}, S =

%, Pg = B;.

Sz=+1/2 Sz=-1/2
71(0,0,1,2) = —% T_1(0,1,1,2) = 2‘%
T1(0,0.2.1) = 5= T_10,12,) = %
T:(0,1,0,2) = % T_10.2,1,1) = z]%
T1(0,1,2,0) = ﬁ T_1(1,0,1,2) = —ﬁ
T1(0.2,0.) = % T_4(1,02,1) = -5
T:(0.2,1,0) = —21% T_1(1,1,0.2) = ﬁ
T1(1,0,0,2) = —21% T_1(1,1,2,0) = —ﬁg
T%(1,0,2,0)=—% T_1(1,2,0,1) = ﬁ
T1(1,2,0,0) = 21% T_1(1,2,1,0) = %
T%(Z,0,0,l):ﬁ T_.(2, 0,1,1)_—%
T%(Z,O,I,O):—ﬁ T (2101)_7
T1(2,1,0,0) = 2‘% T_1(2,1,1,00 = fz—ﬁ

6. Spin-% NN fermionic RVB state (NN fRVB)

TABLE XI. The spin-% NN fermionic RVB (NN fRVB) tensor.
=3®0,n0e={1,3}, S=14,Pg=E

Sz=+1/2 Sz=—-1/2
T1(0.2.2.2) = 3 T1(1222) =3
71(2,02,2) = +4 T.1(2,1,22) = +4
71(2,2,0,2) = -1 T,,(2,2,1,2) -1
T1(2,2,2,0) = ¥4 T.1(222,1) =4
7. Gauge-equivalent A, and B, RVB tensors
TABLE XII. The A, RVB tensor. V =1 @0, ne. = {3,1}, § =
1, Pg= A,
Sz=+41/2 Sz=-1/2
71(0,0,1,2) = ;1 T_1(0,1,1,2) = M
R — __1
T,0,02,1) = — 51 T 1021, =51
71(0,1,2,0) = ﬁ T.:1(1,02,1) = —%ﬁ
7,02,1,0)=-55 T_4(1,1,02) = —51
1 1
T1(1,0,0.2) = — 515 T_1(1,1,2,0) = ;=
1 1
T1(1,2,0,0) = ;1 T_1(1.2,0,1) = ;=
. — 1
71(2,0,0,1) = ;1 T,2010)=55
1 1
712,1,0,0) = =35 T_,2,1,1,00= —515
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TABLEXIIL The A, RVBtensor. V = 1 @0, ne. = {3,1}, § =

PHYSICAL REVIEW B 94, 205124 (2016)

TABLE XVI. The tensor of the generalized spin-1 NN RVB state.

1, Pg=B,. V=160, ne ={1,3}, S=1, Pg = B.
Sz=+1/2 Sz=-1/2 Sz =+1 Sz=0 Sz=-1
- _ 1 71(0,3,3,3) = 1 T5(1,3,3,3) = 1 T.,(2,333) =1
71(0,0,1,2) = 715 T_10,1,1,2) = 51 1( )=3 1 o( )=3 1 1( ) =3 1
7,002 = -1 rL0ann= g TG03=—p BGLAN=-f 76233 =
F012.0)— 0D — T1(3,3,03) = To(3,3,1,3) = § T.1(3.323) =1
%(,s,)—_m _%(,,,)—m 1 1 |
11(3,3,3,0) = —3 7p3,3,3,1) = —3 7.13,3,3,2)=—3
7:(0,2,1,0) = —-L_ T 1(1,1,0,2) = —-L_ 2 2 2
i ’ 9 ’ zﬁ _7 ’ 9 b 2\/5
T1(1,0,0.2) = — 515 T_4(1,1,2,0) = — 51
T:(1,2,0,0) = ﬁ T_.1(1,2,0,1) = ﬁ TABLE XVII. The tensor of the generalized spin-3 NN RVB
2 2 _ 3 _ _ 3 —
7,200, = -5 T @011 =—5  stae V=500 ne={13},§=5, Pg=4
T,2.1.0.0) = 75 TRLLO =55 5o y3p Sz=+1/2
730444 =3 Ti(1444) =3
8. Spin-1 resonating loop (RAL) state T5(4,0,4.4) = i T1(4,1,4,4) = i
_1 1
TABLE XIV. The tensors of the spin-1 resonating loop (RAL) T;44.04) =3 T4414) =3
state. V = % D0, noce = {2,2}, S=1, Pg = A;. T:(4,4,4,0) = % Ti(444.1) = %
Sz=-1/2 Sz=-3/2
Sz =+1 Sz=0 Sz=-1
T 124,44 =3 T ;34,44 =3
(@) 1 (@) 1 (@ 1 2 2 2 2
170022 = Iy 0.1.2.2) = 775 122 =5 T 1(4,2,4,4)=1 T :(43,44) =1
(@ 1 (@ 1 @ 1 B 2 B 2
T] (092"250) =3 To (0927231) W) T,] (1529271) =3 T,%(4,4,2,4) — % T7%(4,4,3!4) — %
(a) _1 (a) _ 1 (@) 1
7,7(2,0,0,2) = ;5 T,7(1,0,2,2) = 2 T5/(2,1,1,2) = 5 T7%(4,4,4,2) - % T7%(4,4,4,3) = %
79(2,2,0,0) = § 7,"(1,2,2,0) = 515 2211 =1
(@) _
7,(2,0.1.2) = 515
(@ _ 1 TABLE XVIII. The tensor of the generalized spin-2 NN RVB
7,(2.1,02) = 515 5 . 2
@ 1 state. V. = 3 @0, noc = {1,3}, S =3, Pg = B.
7,"2.2,0.1) = 55
(a) = =
1,Y(2.2,1,0) = 55 Sz=+3/2 Sz=+1/2
Sz=+1 Sz=0 Sz=—1 T3(0,4,4,4) = 1 Ti(1,4,44) =}
rP0202=2%  10212=1 01212 =1 734044 =3 T,(4.1.44) = —3
1 1
17(2,0,2,0) = 4 77(1,2,02) = 1 e, =4 T3(4,4,0,4) = 5 Ty(4.4.1,4) = 5
1 1
172021 =1 @440 == T@4410=—;
To(b)(2,1,2,0): % Sz=-1/2 Sz=-3/2

9. Generalized spin-S NN RVB state

TABLE XV. The tensor of the generalized spin-1 NN RVB state.
V=180, Noce = {173}1 §= 17 Pg: Ay

Sz =+1 Sz=0 Sz=-—1

71(0,3,3,3) = 5 To(1,3,33) = 5 T.123.33) =3
71(3.0.3.3) =} T)(3.1.3.3) =} T1(3.233)=3
71(3.3,0.3) = 5 T(3.3.1.3) =5 T.1(33.23) =3
71(3.3.3,00= 3 T(3.3.3.1) =3 13,332 =3

1
T_ 444 =1
T (42,44 = -
1
T (4,424 =}
T (4,442 =

1
2

1
2

1
T (3444 =}
T (43,44 =
1
T_y(4.434) =}
T_y(4,4,43) = —

1
2

1
2

APPENDIX C: S AND G TENSORS OBTAINED FROM THE
DECOMPOSITION OF THE DOUBLE-LAYER CSL

Here, one uses the same set of indices for all tensors,

according to Fig. 2(b).
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TABLE XIX. S. TABLE XXI. S,.
Sz =+1 Sz=0 Sz=-1 Sz =+1 Sz=0 Sz=-1
71(2,2,6,7) = i T5(2,2,7,7) = 7 T_1(2,5,7,7) = ﬁ T1(2,2,8,8) = % T5(2,5,8,8) = ﬁ T_1(5,5,8,8) = %
T1(2,2,7,6) = ﬁ T0(2,7,2,7) = Lf T_1(2,7,5,7) = —%ﬁ T:(2,8,2,8) = 217 75(2,8,5,8) = ﬁg T_,(5,8,5,8) = %
11256600 =7 To(277.2) = ¢6 T_1(2,7,7,5) = 4'7 T:(2,8,8,2) = 21% 75(2,8,8,5) = fﬁ T-1(5,8,8,5) = ﬁ
12627 =~55 T5566=—5% T.65277= 5 TI(6.688)= 5% G288 =5  T,0788=-3
T1(2,6,5.6) = 5% T5(5,6,5.6) = TAGS6ND =17  Ti(68.68)=—5 75828 = T_(7.8.7.8) =~
112665 =-55 TNG669)=-37 Ta65760=-77 76886=-; N"E88D=5  T1,0887)=-
T1(2,67.2) = ;5 16,5560 =—5=  T.(5.657 =57 Ti(8.2.2.8) = 51 To(6.78.8) = —5-  T.8558 =51
N(272,6) = =35 T0(6,5.6,5) = T1(5.67.5) = ~7= 71,8282 = N To(6.8,7,8) = -5z T.1(8,585 = ;=
N2762) =z  T6655) = —% TAGI2D=-37  Ti(8668)=—3= 688N =5 T,6.7.7.8=;%
N(5.2.6,60) = -7z To(7.2.2.7) = 5z T.1(5.7.5.6) = 5% N8,68,6)= -5  To(7.688) = -3  T.8787)=-5
N(5.626 =55  T(272) = % TaG765 =75  T882)=;%  T868)=-3- T.8855=
N1(5,6,62) = === To(1,7.2.2) = 57 T1(5772) = ;5 Ti8.8,6,6)=—5%  To(7886) =3 T.(8877=-5=
T1(6227) = 5 T1(6557) =~ ;= To(8.2.5.8) = 51
T1(6,2,5,6) = — ;1= T_1(6,5,7.5) = 315 T(8.2.8.5) = ;=
71(6,2,6,5) = ﬁ T.1(6,7,5,5) = —ﬁ T)(8.5.2.8) = ﬁ
T1(627.2) = —3= T_1(7,2,5,7) = ﬁ Ty(8.5.8.2) = ﬁ
T1(6,52,6) = — ;1= T1(12,7.5 = -3~ T(8.6.7.8) = — 51
T1(6,5,6.2) = 5= (1527 = ;5 To(8.6.8.7) = — 51
11(6,6,2,5) = — ;1= T-1(1.5.5.6) = — ;1= T(8.7.6.8) = — 51
11(6,6,52) = — ;1= T.(7,5,6,5) = ﬁ T(8,7,8,6) = _21%
T1(6,7,2,2) = ﬁ T_1(7,5,7,2) = —2—55 Ty(8.8,2.5) = ﬁ
T1(7,22,6) = ;5 117,655 =~ To(8.8.5.2) = 51
71(7.2,6,2) = — 1= T_1(1.7.2.5) = ;5 T(8.8.6.7) = — 51
Ti(7,6,2,2) = 417 T_1(7,7,5,2) = 4‘? T0(8,8,7,6) = —ﬁ
TABLE XX. G,.
TABLE XXII. S;.
Sz=+1 Sz=0 Sz=—1
71(2.2.6,7) = —1 T6(2,5.7,6) = 315 T,257.7) =1 Sz=+1 Sz=0 Sz=—1
T)(2.2,7.6) = | T2675=-5%  1.0775=-1 D1O888H= % Th(1,8,8,8) = % 7-14.8.8,8) = %
reseo=l  meaen=-ty  meaime-l TSNSl mansl -
N2665=-3  NE169=55 TAGS6D =% 13880 - i T0(8.8.8,1) = i T\(8.8.8.4) — i
1;(2,6,7,2) = —1% 15(6,2,5,7) = Lf T.1(557.6)=1
7;(2,7,6,2) = 1 T5(6,7,5,2) = M T-1(5,6,7,5)=—1
71(5,2,6,6) = —1 T5(7,5,2,6) = fﬁ T_1(5,7,6,5) = % TABLE XXIIL. 59,
71(5,6,6,2) = § Ty(7,6,2,5) = == T.4(57.7.2) =
T1(6.2.2,7) =} T_1(6,5.57) = Sz=+1 Sz=0 Sz=-1
71(6.2.5.6) = TA6.755=~1  7,0,048) = & D018 =% T,0448 =1
T1(6.5.2.6) = —5 TA025D=3 10084 =1 D048 =1 T,0484) =1
71(6.6,2.5) = § TAT52D =3 10.1.1.8) = i% Ty(0,4.8,1) = g T(0.8,4,4) = ﬁ
71(6.6,5.2) = _% T1(7.5.5.6) = 1_% 11(0,4,0.8) = ;1 T5(0.8,1.4) = ;5 T_1(1,1,4,8) = M
22;22 i :i ;:ii;j;i: i T1(0,4,8,0) = 41? To(1,0,4,8) = # T_1(1,1,8,4) = 4{5
71(0,8,0,4) = -~ To(1,1,1,8) = -1 T,(1,4,8,1) = -
71(7,6,2,2) = 1 T.4(1,7.52) = -} 22 z 42
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TABLE XXIII. (Continued.)

PHYSICAL REVIEW B 94, 205124 (2016)

TABLE XXV. Gg4.

Sz=+1 Sz=0 Sz=-1 Sz=+1 Sz=0 Sz=-1
T)(0, 8,1,1)_—4f To(l18)=—5= 71,084 )=-1 70048 =1 Tp(0,1,8,4) = —1 T_1(0,4,4,8) = —1
71(0,8,4,0) = M To(1,4,0,8) = 715 T.1(4,0,4.8) = 51 7;(0,0,8,4) = —1 75(0,4,1,8) = —1 7-,1(0,8,4,4) =1
na,08,D=—75 701,804 = 1 T1(4,084) = ;5 1(0.1.1.8) = I—i T(0.4.8.1) = % T(1,1,4.8) = § |
T(LL08) = —3  hasLh=—; 1@y =- 10480=g To©.8.1.9) = 184 = -3
T(L180) =7 70840=1%  T.@4408= ?(O’S’“)i i To(1,0,4.8) = T8 =3
T1(1,8,0,) = -1 T,4,0,1,8) = 1= T_,(4,4.80) = 1 10840 = -3 ol4.0.8) =35 8.8, ==3
w2 NG w2 71(1,0,8,1) = 1 To(1,8,0,4) = —1 T 1(4,0,8,4) = 1
T(4008) == T@08)=1=  T.4804= 4} Ti(1.1,0.8) = | To(1.8.4.0) = — 1 T(41,1.8) =}
T1(4,0.8,0) = ;75 Ty(4.1.8,0) = ;5 (48,11 = _F T1(1,1,8,0) = —1 Ty(4.,0,1,8) = —1 T_1(4,4,0,8) = |
T1(48,000 =75  Th48.1.0=;5  T,(4840) =7 71(1,8,0,1) = —1 T)(4,0.8,1) = 1 T1(4,4,8,0)= -1
71(8,0,0,4) = ﬁ T5(8,0,4,1) = ﬁ T_1(8,0,4,4) = 435 7:(4,0,0,8) = —1 T5(4,1,8,0) = —% T_1(4,8,0,4)=—1
nE0L)=-7% 7nE1.04=7% T.@LILy=-7- Ti4800=; Ty(4.8.1,0) = ; T.1(4.8.1.1) = ;
TB040 =37 THELLD=—z Ta6404=gr  E00H=1 To3,04,1) = —; 13,044 = —;
T81,10=-7  7TE140=5 TaE4L)=-1 ;IE:?}(I); =i ;052’123 = ;—lizii‘gi i
NE400 =55  TB40D=gz5;  Ta@440=g5 0000 L ToEA01) = il TA.44.0) = .
TABLE XXIV. 5. TABLE XXVI. 5.
Sz=+1 §2=0 Sz=-1 Sz=+1 Sz=0 Sz=-1
10048 = -5 TO0148)=—g5 Ta0449 =5 10338 =  [HO33H=  T.0G348) =
110084 =75 HO184) =T 110484 = 775 Ti(0.8,3,3) = 51 To(1,8,3,3) = 51 713,384 =1
HOLLY) = - ThO0418) =75 Ta084H=—5  1,3083) = L To(3,1,8,3) = 51 T.1(3,4.83) = ;-
Ti(0.1.8.1) = j To(0.4.8.1) = %@ Ta(1,1.4.8) = —ﬁ NG308) =1 BEAIS = 76843 =
h0408 =75 HO8LY =75  Ta01.84) = 4r Ti(3.3.8.0) = 5 L(G381=5-  T.4338 =31
N0480) = T84 =-75 Ta(418) =5 Ti(3,8,03) = 51 To(3,8,1,3) = 51 T 1(4,833) = ;-
Ti(0.8.0.4) = %ml To(1,04.8) = #? Ta(14.8.1) = —%m NE033) =1 BE1A =5 TL6334) =
no81.h=—-r% NHhl084h)=-75 T.(1814)= Ti(8.3.3.0) = 51 To(8.3.3.1) = 51 T.1(8.43.3) = ;1
710840 = -5 Th(LLL8 =0  T(1841)= ?
71(1,0,1,8) = = To(l,1,8,) = =  7.,(4,0,4,8) = ,
T1(1,0,8,1) = —Tﬁ To(1,4,0,8) = i% T.1(4,0,8,4) = zfr TABLE XXVIL. 557,
Ti(1,1,0.8) = =75 To(1.4.8.0) = — 5 T_1(4,1,1,8)_ T Sz=+1 S7=0 Sz=—1
HAL80=—gg B804 =g  Ta@18D =75 71(0,3,8,3) = 1 T0(1,3,8,3) = 1 T.1(3,43,8) =1
N80 =g T8 LD =gn  T1@4408 = f T1(3,0,3,8) = | To(3,1,3,8) = | T,(3,834) =1
N80 =75 N840 =5  Ta@480=-75 71,3830 =1 73,83, =1 T.1(4,3.83) =1
T1(4,0,08) = — o= T4.0.1.8) = ;7= T.1(4.8,04) = Wi 71(8,3,0,3) = 1 T0(8,3,1,3) = | T.1(8,3,4,3) =1
11(4,08,0)= ;7 TH@4081) =7  T@4811)= 4r
T1(48,00) = — 55 Th*1.0.8) = -5  T.1(4.84,0 = Zf TABLE XXVIIL Gs.
18,004 = -7 Th4180)=J5  T108,044) = f
TE.01L) =~ @80 =-- T,@114=- 1 5=H 5:=0 Se=-1
T1(8,0,4,0) = ﬁ To(4,8,1,0) = ﬁ T_1(8,1,4,1) = L 71(0,3,3,8) = zlﬁ Tp(1,3,3,8) = M 7_1(3,3,4,8) = Lﬁ
T1(8,1,0,1) = - To8,0,1,4) =~ T.1(84,04) = 2f 10833 =—35 710833 =-5% T.3384= 7
71(8,1,1,0) = 4r T5(8,0,4,1) = 471% T.,18,4,1,1) = 4r T1(3,0,8,3) = ﬁ T5(3,1,8,3) = ﬁ T_,(3,4,8,3) = —7
T1(8,4,0,0) = W T5(8,1,0,4) = ﬁ T_1(8,4,4,0) = f T:(3,3,0,8) = ﬁ 75(3,3,1,8) = ﬁ T_1(3,8,4,3) = Lf
To(8,1,1,1) = 5= T1(33.8,0) = 55 T(3.38,1) = 55 T_1(4,3,3,8) = 7
T5(8,1,4,0) = 471% T1(3,8,0,3) = 21% 75(3,8,1,3) = ﬁ T_,(4,8,3,3) = —7
T5(8,4,0,1) = ﬁ T1(8,0,3,3) = zlﬁ 75(8,1,3,3) = # 7_1(8,3,3,4) = 75
To(8,4,1,0) = — s N8330=—-35 7nE33D=-5% T.8433)=
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TABLE XXIX. Sé“)_ TABLE XXXI. (Continued.)
Sz=+1 Sz=0 Sz=-1 Sz=+1 §z2=0 Sz=-1
T1(2,2,3,3) = zf T5(2.3.3.5) = —1 T_1(3,3,5,5) = _% 71(6,0,6,4) = 57 To(2,1,5,1) = ﬁ T.1(7.0.74) = ;5
[ _ 1 ___1
Ti1(2,3,3,2) = _7& 75(2,5,3,3) = _% " 1(3,3,7,7) = 2ﬁ T1(6,1,6,1) = ~3 15(2,4,5,0) = N T_1(7,1,7,1) = W]
- L —_ 1 — 1
T:(3,2,2,3) = 2{ 75(3,2,5,3) = _% T..(3,5,5,3) = _217 7T1(6,4,6,0) = 33 1(4,2,0,5) = 2{6 T_1(7,4,7,0) = 33
Tv(4,5,0,2) = — -
nG322)=—  TB32H=-1  T.677.3= V302 =35
T0(4,6,0,7) = -1
T1(3.3.6,6) = 55 (3352 =—;  T.(335=—35 T°E4 0 6; 2/
_ 1 1 1 O LU= 56
11(3,6,6,3) = 57 70(3,3,6,7) = T-15,5.3.3) = =55 To(5.0.2.4) = —%
N _ 1 _ 1 T 26
N(633.6)= 3  THG337.60=]  T.0337)=35 1120 = 5
— —_1 — 1
71(6,6,3,3) = 51 103523 =—;  T.(1733) =35 To(5.4,2.0) = — -
1
7p(3,6,7,3) = ? Ty(6,0,7,4) = ﬁ
1h(3.7.63) = g 1 To(6,1,7,1) = — 51
15(5,2,3,3) = 7 To(6,4,7,0) — 21%
T5(5,3,3,2) = —1 1
082525, 4 T0(7,0,6,4) = e
75(6,3,3,7) = 1 1
0 4 To(7.1.6,1) = — 5=
T0(6.7.3.3) = § |
1336 ] To(7,4,6,0) = 71
0(/,3,3,6) = 3
T(7,6,3,3) = 1
TABLE XXXII. S
Sz =+1 Sz=0 Sz =-1
b) 3
TABLE XXX. S T10.2,1,5) = =¥ T)(0.24,5) = -7 710,545 = ;7=
3
So=-+1 Sz2=0 So=—1 10242 = = [OS51L9)=Y  T,0747) =
3 3
T2323)=-1  T,2353) = f T\Gs35——1  T0509=%  [0542=-5k T,0245=-%E
3
71(32,3.2) = —3 1p(3,2,3,5) = M T.(3,7.3.7) =3 7;(0,5,1,2) = =¥ T5(0,6,4,7) = T}% T_(1,5,1,5) = zlﬁ
71(3,6,3,6) = & T(3,5,3,2) = T.4(5,3,53) =1 z T z
103.6,3,0)= 3 13,332 = -7 OID= 0 Reen=YE  RO71D=-YE 10542 =-YE
T1(6.3.6,3) = 3 1(3.6,3.7) = 55 T1(1.3.7.3) = 3 v
To(3.7.3.6) = T10.64.6) = — 7= To(0.74.6)= ;5= T1(1.6,47) = ¥
s 9y - 2\/2 3 -
To(5,3,2,3) = _21% 7T,(0,7,0,7) = —\5 T0(1,2,1,5) = —\/% 1(1,7,1,7) = _2%/3
706,37, = 575 L0716 =Y [0242=Y 7,746 = %0
- 1 3 3 3
70(7.3,6,3) = 75 T1(1,2,0,5) = —¥0  Ty(1,5,0,5) = { T_1(2,1,5,4) = — Y0
N(1212) =30 TH512)=-2 T,424)= f‘
3 3
N(1502) = =¥2  T,(1,617) =+  T.Q2451) = —ﬁ
TABLE XXXI. §{". N0,607= Y0 11646 =YL T,@4215= —ﬁ
_ 1 _ f
Se— 41 Se—0 Se— 1 N(L6.1.6) = —57=  To(1.7.0.7) = =% T,(42.4.2) =
_ Vi - L — L
0240 = — L 700245 — 0545 — 1 TA7060=3 1716 =J5 144505 = 7=
2V3 2f «/5 NES
71(0,6,4,6) = 51 100,542 =—5-  7.0747= —ﬁ 712,024 = ;7=  T054)=—37= T1(4512=-3"
1 1 3 3 3
n(1.2.1.2) = 77 10(0.6.4,7) = 7 7 .(1.5.1,5) = 7 712,051 = -1 Ty2,1,2,4) = 4 T_1(4,6,1,7) = @
—__1 1 N 3
HL6LO = =35 T0740 =75  TIID="55 16100 1 peish=-L  74640=-4L
11(2,024) = —31=  T(1.2,1,5 = ;¢ T_1(4,5,0,5) = ﬁ : e
1 1 T1(2,1,5,0) = =% Tp(2,4,2,1) = 5= T_1(4,7,0,7) =
2,121 = ;- To(1,5.1,2) = g T (47,07 = 5= 7 7 Vi
ne420 =g KUGLD=-g  TS0SH=-gh A0 =gm  BeAS)=—gp T.G716 = /&
_ 1 _ 1 - 1
T1(4,2,02) = -5 To(1,7,1,6) = —ﬁ T1(5,15) = 7= Ti4202) = = 42,05 =—7= T.1(5054) = 1=
[ —__1 3 3
T1(4,6,0,6) = 57~ 15(2,0,5,4) = Jé T1(5:4.50) = =375 T1(4,6,0,6) = m Ty(4,2,1,2) = 4 T_1(5,1,2,4) = —‘G
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TABLE XXXII. (Continued.)

PHYSICAL REVIEW B 94, 205124 (2016)

TABLE XXXIII. (Continued.)

Sz=+1 Sz=0 Sz=-—1 Sz=+1 Sz=0 Sz=-—1
3 1
115,020 = Y 71,4502 = s TGS = s N1(2,1,0,5 = —3 To(1,4.2.2) = 515 T1(44.22) = 55
e ; > N1 =5 To(1,4,6,6) = — 715 T.1(4.4.6,6) = — 35
11(5.0.5.00 = 3 Tp(4.6,0.7) = 77 1(5.4.2,1) = - Y1 X | ~1
f : nh22Lh =% T5(1,52,1) = -5 T-1(4,6,6,4) = -1
Ti(5,1.2,0) = =% Tp(4,6,1,6) = = T.1(54,5,0) = 7,(2,5,0,1) = -1 To(1,5.5.0) = L T1(4,6,7,1) =1}
3
T1(6,0,64) = — = TH(*7,0,6)= 37 T4(6,1,7,4) = Y 115,005 = 715 To(1.6,64) =~  T.(5.1L5) =15
1 _ 1 _1
L6070 =Y 6024 =—-L T 6464=-Y TOOLD=70 H06TD =1 o142 =
2930 71(5.2,1,0) = —% To(1,7.6,1) = 5 T.1(5.2.4,1) = -1
3 \/? 6 12 6
T16,1,6,1) = —57=  To(5.0.5.1) = 4+ T-1(6,4.7,1) = 7 71(5,5.0,0) = ;5 Th(1.7.7.0) = g5 Ta(.51LD =5
3
7,(6,1,7,0) = L T512D=-7 T.7074=-7= TN61L07= i 7H(2,1,1,5 = -5 T_16.4,1,7) =1
7 Ti(6,1,1,6) = — L= Ty(2,1,42) = = T_1(6.4.4.6) = — =
Ti(6,4,6,0) = — = Ty(5,1,5,0) = L r,a064) = Y 62 62 W2
\/47 T:(6,6,1,1) = o2 T0(2,2,1,4) = o2 T_.1(6,6,4,4) = 3
Ni(7,06,) =3 Th5420=-= TaTLTD=-%  76701)=1 L2240 =5 Ta671.4 =
7,(7,0,7,0) = _i To(6.07.4) = —  T_,(7.4.6.1)= i 71(7.00.7) = — = Ty(2.4,0,5) = —¢ T(7,1,1,7) = —-
2 230 ! 3V2 6V2
_ A1 _ H _ 1 145U 1 6 olsa, 1, /3 -1t 5La, 6
T1(7160)—§ TO(6164)_74 TAT0) = — 11(7,0,1,6) = } To(2,4,1,2) = 635 T_1(7,1,4,6) = .
T6.17.1) = W5 17,6,1,00= 1 T5(2,5.0,4) = —1 T_1(7,6,4,1) = §
Y ﬁff T1(7,7,0,0) = ——ﬁ L2511 =—% T (7, 7,1,1)_—72
T9(6,4,6,1) = B T Ty(4,0,5,2) = —1
T5(6,4.7.0) = 57 Ty(4.0.7.6) = ¢
Ty(7,0,6,4) = ﬁ To(4,1,2,2) = ﬁ
3
To(7,0,7,1) = 74 Ty(4,1,6,6) = — -1
To(7,1,6,1) = - Th(4.22,1) = 5
3 _1
T9(7,1,7,0) = —4 Ty(4,2,5,0) = 3
T0(7.4.6.0) = ﬁ T5(4,6,6,1) = — =5
Ty(4,6,7,0) = ¢
1
15(5,0,1,5) = o
Tp(5.0.4,2) = —1
1
Ty(5,1,0,5) = 15
Tp(5.1.1,2) = — 5
© Tp(5.2.1,1) = —
TABLE XXXIIL. S5~ To(5,2,4,0) = —é
— 1
Sz =+1 Sz=0 Sz=-—1 H(5,3,0.1) = 62
T — — L T0(575,1,0) = 62
TI(O 0 5 5) 3«[ TO(O,],S,S) = 2 T,1(1,1,5,5) = o2 T()(6 1.1 7) _ 1
AL =5
110077 = 315 T01L71 D =~¢5 Ta(L1L17) =~ To(6,1,4,6) = — =~
71(0,1,2,5) = —¢ T0(0,4,2,5) = —¢ T_1(1.4.2,5) = —¢ Ty(6,4,0,7) = L
71(0,1,6,7) = ¢ T0(0,4,6,7) = ¢ T_1(1,4,6,7) = 1 To(6.4.1.6) = — 1~
TI(OS 2, 1):_% TO(O,5,294):_é T71(1v53254):_% T0(66 1 4):_l
71(0,5.5,0) = 315 (0,551 = 2> T(1551) = 5 To(6.6.4.1) = o
T,(0,7,6,1) = } T(0,7,6,4) = T_1(1,7,6,4) =} . (6’7’0’4) o2
0\0, /,Y, =<
N077.0=-55 NTO77)==r5 T (177.)=—5 T6711) = L
Ti(1,0,5,2) = é 00,055 = T.02244) = R70.17) =
7i(1,0,7,6) = § T(1,07) ==  T.2415=-1 L7046 =1
0.4,6) =1
71(1,1,2,2) = 2> (1,125 =~5  T.Q2442) =5 To(7.1.0.7) = — =
1,0, =
T1(1,1,6,6) = 7 TH(1,152)=—7  T.Q514)=—¢ To(7.1.1,6) = L
Ni(1.22,1) = ;5 To(1,1,6,7) = 5 T_1(4.1,52) = —} To(7,6,1,1) = &
T1(1,2,5.0) = —¢ To(1,1,7.6) = §5 T_1(4,1,7.6) = & T0(7.6,4,0) = ¢
_ 1 1 _ 1 —
Ti(16,6,) = 1= Tp(1.2.2.4) = % T_1(4.2.2.4) = 75 Ty(7.7.0,1) = —m
T1(1,6,7,0) = 1 To(1,2,5,1) = — & T_1(4,2,5,1) =1 To(7,7,1,0) = _ﬁ
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TABLE XXXIV. (Continued.)

Sz=+1 $2=0 Sz=-1 Sz=+1 §2=0 Sz=-1
T0.055) = 2= 0155 =l 70455 = 2= T16,6,04) = — 95 Th(4,0,67) =~ T(7.047) = — 7=
T0,077) == ThO17N=-5l= T.047n=-7 H6G6LD= v #0760 = —5e Ta0.1L17) = 75
N0,12,5) =~ 10254 =%  T40554 =5 11(6,6:4.0) = =7 ThH4122) = 57 Ta(,1.4.6) =
T0.167) == T00425 =l T.07749=-72x N670D= w4166 = - Ta(7407) = -
N0224) = 2= TH0452) =%  Ta0155=-7% N10700D= —sm Td22 D) == T.0.641)= =
Ti0422) = 2= Th0467) =—51= T.(1,17.7) = 13 11(7,0,1,6) = ﬂﬁ 14,2500 = ”:W T_1(7.7.0.4) = — 95
Ti(04.66) = — = THOATE) =~ (1425 = — ;1(7’6’1’0) Sam  Ge20=gg TOTLD G
N0520)=—-= 10524 =50  T.0467) =1 177,00 =~gm .66 = 2 @740 = =375
105500 =5 00550 =5l=  T.0,524) = 1o(.6.7.0) = s

T10,6,64) = — 3= T0(0,674) = -3 T4(1,5,51) = -3 5 To(.7.6.0) = W

71(0,7,6,1) = ﬁ 75(0,7,6,4) = —123% T_1(1,7,6,4) = ﬁ 70(5,0.1,5) = lzﬁ

T077.0) =~ 10770 =-5l= T,0.7.7.1)= ;% 1(5.0.4.2) = i

T1(1,0,5,2) = _%m 75(1,0,5,5) = lz]m T.1(2,2,4,4) = G‘W T(3,1,0.5) = 12%15’3

T(1,07,6)= = To(1,07.7) = -5l 712415 =— hG.L1LD = RG

T(1,1,22) = -3 Th(1,1.25) = -2 T.(2442) = = 10(5.2.0.9) = v

Ni(1L166) = 7= T(L152) =~ T.2514=—7= To3.2.1.1) = _ﬁ

T1(1221) = —575 To(L1L67) ==  T.4055 =75 TG.24.0) = lzj%

1112500 = ;7= T(L17.0= 2=  T.1@4077)=—= TWG40.2) = 7127,

Ti(16,6,) = ;7= To(1.224) = 5l=  Ta@152) =~ LG50 = @

Ti(1,67.0) = o7 To(1.251) =7  Ta41.7.6) = ;= TG.5:1.0) = @

112,042 = 5= Th(1422) = 5= T.@4224)= = f0o6.047) = _;ﬁ

112,105 = — 7 To(1.4,6,0) = == T1(4,2.51) = — 7= T(6.1.1.7) = Wl

TR11) =32 L1520 =-—5 T.@4422)= To(6,1.4,6) = — /s

T1(2,2,0,4) = ﬁ T5(1,5,5,0) = lz]m T_1(4,4,6,6) = —ﬁ To(6,4.0.7) = - 12{2’6

T2.21,1)=—33= To(1,6,64)=—5h 714550 == T(6.4.1.6) =~ 2V

2240 = o= T(167D=ZFr  T14664)=——= To(6,6,1.9) =~ /i3

112402 = 5= T(L76D=Z=  T.(4,671)= = Tol6.6.4.1) = _@

L2500 == T(77.0)=—5l= T,@.77.0)= = To(6,7.0,9) = v

T1(4,022) = ;7=  Th2.045 = 7=  T.0(.045 =75 L6711 = 672’63

T1(4.0.6,6) = — 5= T115) =% T.6,115=—7 T(6.7.:4.0) = 712’6

Ti4220)0= 25 THR142) == T.6142=— Hd.0.1D =~ /T

11(4,6,60) = — 7= D22 14 = 5= Ta(6241) =~ 1o(7,0.4,6) = _@

15,005 = "= TR =gle  TL6405) = = To(7.1,0,7) = G

T1(5,0.1.2) = —p7=  To(24,0.5 = 5= T.1(55.04) = ;7= L(7.1,1.6) = 6727,3

Ni(5.2.1,0) = — 7 24,12 =5l TLG651L)=—-7 7(7.4.06) = 7@

71(5,5,0,0) = ﬁ T5(2,5,0,4) = 12}% T_1(5,5,4,0) = % T9(7,6,0,4) = —;ﬁ

T1(6,0.46) = -5 TH2S51L)=—-Zx T.64,1,7) = = To7.6.1 D = B

116,107 = ;7= To(2.54.0)= ;7 T1(6,44,6) = — 7= 1o7,6:40) = = 1226

Ti(6.1,1,6) = 7= To4025) = 5=  T.(6,644) = — = "(.7.0.h = _@

T1(6,4,0.6) = — = Th(4.052) = ;7=  T.(67.1.4) = = L7109 = "5
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TABLE XXXV. S;")' TABLE XXXV. (Continued.)
Sz=+1 Sz=0 Sz=-1 Sz=+1 §z2=0 Sz=-1
—__1 = L =_L_
710,055 = 775 00,155 = = 110,455 = 7= 11(4,0,6,6) = — 755 T0(4,0,5.2) = 75 TG, LLS) = 75
) ’ S - 3 [
T007.D) = =g HOITD =g T1047 ) =gy N10220=75 DhA06D =575 The142 =5
71(0,1,2,5) = =  Tp(0,2,54) = ——= T_(0,554) =+ T1(4,6,6,0) = ——— T5(4,0,7,6) = —-L  T.,(5,2,1,4) = —¥=
865 265 4130 l( 50,0, ) 27130 0( sy /'y ) J65 l( s4y Ly ) 8
13 _ 3 _ 3 _ 1
T10.1,52) = =% Th0425 =  T,0774=—t T6005= 2 To(.1,2.2) = i T15.24.D = e
N0,1,67) = — = Th0,452) = —33= T.1(1,1,5,5 = 7= 15012 = g7 To(4,1,6,6) = — 5 T1(5.:4.0.5) = 75
K] [ I
TO17.6 =% [046H=-k T 117D =-gk  TEL0D=-% D220 =5g TG4 = -vE
- 3
(& _ _ANE _ _ 1
T0224 =g ThO0AT0 = Ta2s4)=-Y  NO20D==% Nh230=75 = T6.309 =175
T0250) =-Y%5 T,0524 =  7,0425=_] G210 =%  Nh4320=-75 T165LD =575
e BT e TRRETIAE 05500 = s T@.6.6.1) = — i T(55.4.0) =
. 3 iE 4130 4130
T1(0,4,2,2) = T5(0,5,51) = 7= T.1(1,4,52) = - ¥ I I
4130 4V130 s 71(6,0,1,7) = X2 Ty(4,6,7,00 = ——L  T.1(6,1,4,7) = ¥
T1(0.4,6,6) = ——— T75(0,6,7.4) = =  T.,(1,4,6,7) = — T G
T e R A TR URG [6.04.6) = — = HiT.60)= e Ta6417) = —
T1(0,52,1) = =  To(0,7,6,4)=——  T_1(1,47,6) = ¥+ 6107 = ——  T0(5.0.1.5) = —3 44.6) = —_3
865 V65 8 1( s 1y 77) = 365 0( sy by )— /130 T—l(6v b 96) = 27130
710.55.0) = 57 To(0.7.7.1) = — ;7 Ti(1.5.24) = ;7= Ti6.1,1.6) = —5t= Ty5.042) == T,6644=—53
110,664 =~ 11055 =75 Ta(55.D) = g T1(6,4,0.6) = — 7= To(5.1.0.5) = ;7= T(6.7.1.4) = — 7=
K] &) 3 3 3
H0.67.0=%" 11,077 = —i7w Ti(1,6,7.4) = ¥ T1(6,6,0.4) = — = To(5,1,1.2) = — 0= T.1(6,7,4,1) = v¥
T1(0.7.6.1) = — = Ty(1.1.2.5) = — 7= T-4(1,7.6.4) = — T6.61.1) = ——L_ T(5.2.0.4) = — 3 47) = — L
865 2./65 865 1( 50, 1, ) = 27130 0(57 :Ov ) = 2765 T—l(7vos 77) = /130
T10,7,7,0) = =33 To(1,1,52) = —31= T(1,7,7,1) = -7 —_ - —__1
24130 2765 2J/130 T,(6,6,4,0) = YWiE 7(5,2,1,1) = N T_.(7,1,1,7) = NI
[H] 5] -
11(1,0.2,5) = =%~ TH(L.1.67) = ;7=  T.(2.1.45 = ~YE L n67.00) = —i7e T6240=2=  T.(7.146 =-=
N(1,052) = 7= T(1,1,7,6)= 7=  T.1(2.244) =3 _JE __ 3 -
v Wes N N6.7.1,00= %= T)(5.40.2) = —39= T1(7.4,0,7) = — =
K] i T
(1,067 =5 TN©(224) =75 T1Q2415= 7= Ti(7.0,07) =~ To55.0,)= = T.1(7.4,1,6) = v
71(1,0,7,6) = — 7= Ty(1,2.5.) = ——= T.,(2,44,2)= 2 5
1 e e B[00 =~k 5510 = P Ta.6.1.4) = %2
T](lal,zvz): 27130 TO(1747212): 1130 Tf|(2151174): 365 T(7 X 06) \/1? T(6047) R r (764 1) S
_ _ 3 _ B 10/,1,0,6) = 5 0(6,0,4,7) = 77 -105,0,4,1) = ===
11(1,1,6,6) = — 7= To(1,4,6,6) = — ;7= T-1(2,54,1) = - % cocono ¥ reiin ~ s o
— _1 -1 . ,0,0,1) = L) = 7= -1 40,8) = — ==
N(1.22D) = 7= H(1521)=—53= T1(4055 = 7 1700.0=" DOLLD =575 - T0709 =3
N(1.250 = = 101550 =25 T14.077) = -/ ;1(;’37(1)’3) =T ;O(Zv:z’j) = ;ﬁl(:;’::}) = um
13 13 s 15Yy = 5= Ty, = — 7= - 9 Iy = "=
H0520= Y5 n664 = - Ta@125=-%E  OTO=T0R T°E6 " 6; g Ol T
0,7, 1, = -
Ti(1,6,6,1) = —57= T(1L67.1) = 57=  Tu@1.52) = ;7= 1h(6.6.1.4) Ve
= 0(0,6,1,4) = —4m
T(167.0)= T T(76h =3 T,@.167 =% To(6,6,4,1) = — A=
T 44130
3
Ti(1,7,60) = %= To(1,7,7.0) = =175 T-1(4,1,7,6) = — 7= To(6,7,0,4) = — k=
3 75(6,7,1,1) = =
T20.15) = — % 2045 = —1=  T(4.2.24) = A= 00T = 575
_ 1 _ _ 1 To(6,7,4,0) = o=
112042 = 75 THR1LL) =—3= T.(425) =T 01 e,
_ 1 _ 3 _ 3 ol/,Y, 1, = -
12105 = 7=  Th2142)=F% T1(4422) =7 046 O
_ 1 _ 3 _ __3 0(/,0,4,0) = ——=
TR = 7 7214 = F5  T1(4466) = -7 Lo &
&} o/, 1,0,/) = ——F=
TR204) = = Te24h= i T @520 =-%% _
1% /%0 To(7,1,1,6) = 57
TI2211) = 7= T2405=-L  T,4550 = _
2J/130 V65 44/130 To(7,4,0,6) = ——
T12240) = 7= T4l = 7=  T.1(46,64) == e
4/130 4130 230 75(7,6,0.4) = 7=
T2402) = s BRS04 =L TL@67h)=- 1 To(7,6,1,1) = —L_
L} sy Ly - 2x/675
TS50 = RESL)=-7o T@761)= %5 107,640 = -
i) _ 3
112,510 = Y5 12540 = i TH@7.7.0) = — To(7.7.0.D = = 35755
_ 3
N1(4.0.2.2) = Z=  TH402.5 =—== T.(504.5) = = Lh(7.7.1.0) = =375
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TABLE XXXVI. G;.

PHYSICAL REVIEW B 94, 205124 (2016)

TABLE XXXVI. (Continued.)

Sz=+1 Sz=0 Sz=-1 Sz=+1 Sz=0 Sz=-1
_ 1 — _1 | -1 - 1 = __1
1i(0,1.2,5) = ;= 10,155 =575 Ta0455 =70 TG2L0=-7-  T,0710= 7=  T46540 =375
71(0.1,5.2) = ;= 0177 = -/ Ta0477)=—-= Ti6.0.1.7)=— 1~ T1(6.147) = ;=
— 1 —__1 [ [ -1
N0,1,67) = -7  T0245 = s T.1(0.5,5.4) = o T1(6,0.4,6) = = T1(6.1,7.4) = w
— 1 — _ _1 — __1 [
Ni(0,1.7,6) = == To(0.5,4.2) = W T.4(0,7,7,4) = o T1(6,0,7,1) = s T1(6:4,1,7) = s
—_ 1 —__1 —__ 1 —_ 1 —
102,15 =-7%  T0.551) = B T_1(1.2,4.5) = s 71(6,1,0,7) = " T.1(6,4,7.1) = "
[ [ — 1 — L N
T1(0.2,2,4) = = T9(0.6,4.7) = s T1(1.2,5.4) = s 71(6,1,7,0) = " T.1(6,7,1,4) = s
Ti0251) = -7 70,746 = i T1(1,4,2,5) = “i T1(6,4,0,6) = ~m T.1(6,7,4,1) = i
_ 1 — 1 — __1 — 1 - __1
N10422) =575 T077.D =75 Ta(145)=—= 716,604 = ;7o T.1(7,0,4,7) = B
| - __1 — 1 - __ 1 — 1
104,66 = 7= (1,055 = -9 TL(1L467 =2 716640 = T_1(7,1,4.6) = ;1=
110.5,1.2) = ;1= (1,077 = 77 T(14.7,6) = = 11(6,7,0,1) = — = T(7,1,64) = =
— 1 [ —_ 1 —_ 1 [
71(0,5,2,1) = W 70(1,2,2,4) = 2\@1 T-1(1,5,2,4) = 4F T:(6,7,1,0) = Ng, T-1(7,4,0,7) = zﬁ,)
| —___1 — 1 — __1 S S
T1(0.6,1,7) = = Tp(1.4,2,2) = o T1(1,54.2) = " T1(7,0,1,6) = s T1(7,4,1,6) = s
T1(0,6,6,4) = =375 To(1,4,6,6) = T T.1(1,6,4,7) = W T1(7,0,6,1) = W T1(7,4,6,1) = “
— 1 _ 1 I _ 1 _ 1
710.6.7.1) = ;1= Tp(1.5.5.0) = 0 T_1(1.6,7.4) = w3 T1(7,1,0,6) = i T.1(7,6,1,4) = s
— 1 —___1 — __1 — 1 S S
Ni07.1,6) = == To(1,6,6,4) = o T.1(1,7,4,6) = W T1(7.1,6,0) = o T.1(7,6,4,1) = =
— _1 _ __1 I — __1 N
1i(0.7.6,1) = ;= To(1,7,7,0) = B T1(1,7,6.4) = w3 T1(7,6,0,1) = i T1(7,7,0,4) = /T
— 1 N — __1 I [
T1(1,0.25) =~ = Th.054 == TLQ2145 =7  T(7.610= ;- T_1(7.7.4,0) = 57
Ni(1,052) = -7 Th142)=—57= Ta2154) =z
N(1.0.67 =z  ThR2l4)=-15 T12415 =7
— [ —_ 1
n07.6 =37 TQ24D=575  T2@45D=-37 TABLE XXXVIL 5.
N(1.205 ==  HhR4LY =5 TaRS14)=-%
Ti(1,2,5.0) = ;= 2450 = -7 TaQ54D=-  Sz=+1 §2=0 Sz=~1
—__1 [ —__1
7T1(1,5,0,2) = l4ﬁ T0(4,1,2,2) = 2\1”)1 7_1(4,0,5,5) = lzm 71(0,2,3,7) = _ﬁ T5(0,3,5,7) = _ﬁ T_,(1,3,57) = —ﬁ
T1(1,5,2,0) = W Tp(4,1,6,6) = ~a/m T.1(4,07.7) = w0 10273 = L 10375 =% 741,375 = ;1=
T1(1,6,0.7) = i T9(4,2,0,5) = = T1(4,1,2.5) = W T0327)= ~iE 0573 =% T1(1,573) = 7=
N6T0= -7 TE22D=—55 Ta@l5) =z [0356=-1 HO75H=-7 T.0753)=—1x
- . = __L
11(1,7,0,6) = 4f51 Ty(4,5,0,2) = 4§ T_1(4,1,6,7) = 4{5 71(0,3,6,5) = 31% To(1,2,3,7) = _ﬁ T_1(2,3,4,7) = ﬁ
T1(1,7,6,0) = —lm T0(4,6,0,7) = _.475 T_1(4,1,7,6) = —]m T1(0,3,7,2) = 61% To(1,2,7,3) = *ﬁ\/a T.12,3,7,4) = 7ﬁ
11(2,0,1,5) = ;7%= To(4,6,6,1) = BT T.1(42,1.5) = = 71(0,5,3,6) = % Ty(1,3,2,7) = _Ti/a T,(2,4,3,7) = _3756
1
112,042 = 575 Th4.7.0,6) = 1= Ta@25D=-37 10563 =5 W13560=q: T.0473=-3-
_ 1 -1 R ) )
ne0ah=g55  BOOLI=gm  TESID="05 n0639 =57 B36H=55  TaRI3H=—1z
feLo=—gz  ©O02H="5  THE2D="05  n065)=-7 NH13TD=-5z T1@143 =7
Ni(2,150)=-7%  T6,1,0.5) =—57  T.(4550= 7 7,0,7,2,3) = -5 TD(1.53.6)= 5= T.(3.157) =115
[ - 1 - __L ]
11(2,2,0.4) = P T5(5,4,2,0) = Wi T_,(4,6,1,7) = W 710732 = -5z To(1.5,63) = 5= T.1(3.1.7.5) = — 1=
2,240 = 20 H(,5.0.1) = e Ta(4,6,7.1) = W 0263 =35 Th.639 =37 T.,(3.24.7) =51
T1(2,4,0.2) = i 75,3,1,0) = g T1(4,7,1,6) = W MA320 =75 WS =gp  TaG274 =g
71(2,5,0,1) = 751 7(6,0,7,4) = —|47§ T_1(4,7,6,1) = m] T1(1,3,6,2) = _ﬁ To(1,7,2,3) = _#ﬁ T_1(3,4,2,7) = _%ﬁ
11(2,5,1,0) = i Ty(6.1.4.6) = e T1(3,7,7,0) = Tam o Ti16.23) = b B3 =3 T.64560=-
71(4,0,2,2) = VT 1(6,4,1,6) = — 57 T_1(5,0,4,5) = 7715 71(2,0,3,7) = 61% Ty(2,1,3,7) = _ﬁ T-1(3,4,6,5) = ﬁ
_ 1 — _1 .
@060==55 ©6470=55  TOL2V="35  1007)=—17 HRITY=—z T1G4TD=7
—__1 [ - 1
T1(4,2,2,0) = lzm T(6,6,1,4) = 2\@1 T_1(5,1,4,2) = 4\1/5 T1(2,1,3,6) = _ﬁ T5(2,3,1,7) = _Tl\/é T_1(3,5,4,6) = ﬁ
11(4,6,6,0) = WD) 15(6,6,4,1) = —Z—Jlﬁ T_1(5,2,1,4) = —lm 71(2,3,0,7) = _ﬁ T5(2,3,4,6) = i T-1(3,5,6,4) = ﬁ
— _1 _ __1 = 1
T1(5,0,1,2) = m] 10(7,0,1,7) = lzm T-1(5,2,4,1) = 4ﬂ] 71(2,3,1,6) = i To(2,3,7,1) = _3%/6 T_,(3,5,7,1) = —ﬁ
0,020 = i T5(7,0.6,4) = W T16,4.0,5 = TE T30 =—3F TR0 =-px  Ta0645 =17
Ni(5,1,0,2) = — % Tv(7,1,0,7) = W T-1(5,4,1,2) = ¢ T1(2,6,1,3) = i T5(2,6,3,4) = —ﬁ T_1(3,6,5,4) = —6%/3
. N R
N1(5.1,2.0) = ;7 To(7,4.6,0) = — = T.1(5.4.2,1) = 1= 71(2,6,3,1) = _ﬁ Ty(2,6,4,3) = ﬁ T 1(3,7,2,4) = _3756
71(5,2,0,1) = = Tp(7,7,0,) = =57  T1(5,5,0,4) = 57—
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TABLE XXXVIL. (Continued.) TABLE XXXVIL (Continued.)

Sz=+1 Sz=0 Sz=-—1 Sz=+1 Sz=0 Sz=-1

N12.7.03) = 3= Th2.7.13) = IM T.1(3,7,4,2) = M Ty(7,0,3,5) = M

T1(2,7.3.00 = -z Hh213.D=-5% TLG75D) == Ty(7,1,2,3) = M

T1(3,0,2,7) = 61% T5(3,0,5,7) = 4'? T_1(4,2,3,7) = —31% To(7,1,3,2) = m

71(3,0,5,6) = 31z (3,075 = -1 T.(4273)= -3¢ To(7.2,1,3) = — oLz

T1(3,0,6,5) = —ﬁ T5(3,1,2,7) = —ﬁ T_1(4,3,2,7) = ﬁ T9(7,2,3,1) = —ﬁ

Ti1(3,0,7,2) = —ﬁ T0(3,1,5,6) = ﬁ T_1(4,3,5,6) = 3'% T0(7,3,0,5) = Lf

T1(3,1,2,6) = ﬁ Tv(3,1,6,5) = ﬁ T_1(4,3,6,5) = —ﬁ To(7,3,1,2) = 12[

T1(3,1,6,2) = ﬁ T5(3,1,7,2) = —ﬁ T_1(4,3,7,2) = —ﬁ To(7,3,2,1) = ﬁ

113207 =~57 TG21D=-37 T.4(4530=7% T0(7,5,0.3) = ;5

71(3,2,6,1) = ﬁ T5(3,2,6,4) = ﬁ T_1(4,5,6,3) = —ﬁ 15(7,5,3,0) = —ﬁ

T1(3,2,7,0) = —ﬁ T5(3,2,7,1) = —.2175 T_1(4,6,3,5) = ﬁ

T1(3,5,0.6) = 7z To(3.4.2,6) = — 7= T.(4653) =72

13560 =—-% 73,462 == T.(4723) =1 TABLE XXXVIIL S

T1(3,6,0,5) = % 75(3,5,1,6) = ﬁ T_1(4,7,3,2) = —ﬁ 5o i1 S0 P

113,620 =~= T(3.56D) =5z 75,137 = ;5 : 1

13650 =%  TGS510=—-7~ T.6317n=-7 T023D=—557 0357 =-35 111357 = zf

N(3,7.02)=-3% 17,6615 =% T.1(5,3,4,6) = 7= T10.273) = — 0= Th03.7.5) =1z To(13.7.5) = — 575

7,(3.7.2.0) = 61% T0(3.6.2.4) = 7@ T 1(5.3.6.4) = BIW 71(0,3,2,7) = _%m 7,(0,5,7,3) = ﬁ T_1(1,5,7,3) = ﬁ

T1(5.03.6) = 1= TG65D =5z Ta6436=-J  T10350= .zf 50759 =35 Ta(1753)= 375

nE06Y =5k METL)=—  TaGded =gy NOMN=grm 23D =-gp TN = —hy

15306 =~ TGI2D =5 Ta(G.634 = - 7,(0,3,7,2) = _W Ty(1,2,7,3) = _W T.123.74) = — 55

L6360)= 7 TRI50 = TGean= 0530 =0n H032D=-5E Ta@437) = -5y

N(5,603)=-22 714263 =-7% T.5713)=-= T10.5.63) = 2% Th(1.3560) =57 TaQ473)=-3%

Ti(5.6.3.0) = ;& To(4.3.2,6) = ;= T.(5.7.3.0) = ;% 710,635 = 57 To(1.3.65 =%  T2Q2734)=—57%

T(6.03.5) = 2 14362 =—-  T.6345=-2 T10653= .2% (13,70 =~z TaQ743) = -5

71(6,0,5,3) = 31% To(4,6.2,3) = 417 T 1(6,3,5.4) = 3176 71(0,7,2,3) = _W Tp(1,5,3,6) = 712 T.1(3,1,5,7) = zlﬁ

T1(6.1,3.2) = 417 T0(5.0.3.7) = ﬁ T (6.4.3.5) = ﬁ 7,(0,7,3,2) = —m 7(1,5,63) = 5= T.1(3,1,7,5) = %m

Ti(6213) = —7% TG.13.6 =57  T.16453) = N(1,2,63) =575 N©(635=35z TaG247 =%

T1(6.2.3.1) = ;- To(5.1.6.3) = 5 T_1(6.5.3.4) = 3 T1(132,6) = 575 To(1,653) = 5z 106274 = -5

T1(6.3.0.5) = 31% T0(5.3.0.7) = ’ﬁ T 1(6.5.4.3) = 761% T1(1,3,6,2) = ﬁ Ty(1,7,2,3) = —T‘ﬁ T_1(3,4,2,7) = —125—@

L6312 = -7 6316 =5 70035 =-7 1062 =—5 T(l73) =57 T.G450 =5

71(6.3.5.0) = 1 Ty(5.3.6.1) = 1 T1(7.234) = 2z 112,037 =~ 50 D137 =-5% T1034.65 =20

T1(6.5.0.3) = 31% T0(5.6.1.3) = ﬁ T (7.2.4.3) = 31% 7,(2,0,7,3) = _%m T(2,1,73) = -5 T.13,47.2) = —%

T1(6.53.0) =~ Th5.63.0) = 5 T(1.3.1,5) = ;2 T1(2,13,6)= ;7= T317D=-57z T1(3.540) = 5=

117,023 = —5Y  T(5.7.0.3) = — 1z (7324 = — 3 112307 =-57% T340 =7 T.03564) =%

117,032 = 3= T(5,7.3,0)= ;5 T (1.3.4.2) = ,31% T1(23,1.0) = —7=  THh23.7.D=—3% T.657.D) =5

nO209=gf  B6139=gg 02—y [0370= T DA =55 TH0649) =i

T7.230) =~ T6.1.53) = 12 T ((1.43.2) = 7 T12,6,1.3) = =75 Th(2.634) = 7= T.(3.654) = =

71(7,3,0,2) = 61% T5(6,2,3,4) = ﬁ T ,(7.5.1,3) = F T1(2,6,3,1) = 21% T5(2,6,4,3) = ﬁ T.1(3,7,2,4) = _ﬁﬁ

T1(1320)= 3= T6243)=-7 1,053n=-;1 T@703)=- o hRT13)=-5z TaG742) =-=
T(6.3.1,5) = 12173 T1(2,7,3,0) = —% Tp(2,7,3,1) = _.Tl“a T 1(3,7,5,1) = —#?2
T0(6.3.4.2) = _ﬁ 7,(3,0,2,7) = —]Szm 75(3,0,5,7) = ml T_1(4,2,3,7) = — 'ZF
Ty(6.3,5.1) = 1z 71(3,0,5,6) = v T5(3,0,7,5) = 7@ T 1(4,2,7,3) = 7121@
16432 = = 71(3,0,6,5) = 1zr Ty(3,1,2,7) = —11275 T_1(4,3,2,7) = —?fm
706,513 = -1 7,(3,0,7,2) = 1zf Ty(3,1,5,6) = e T_1(4,3,5,6) = e
Th(6.53,1) = oz N1(3,1.2.0) = 5= Th3.1.65 =57 T.1(43.65) = =
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TABLE XXXVIIL. (Continued.) TABLE XXXVIIL. (Continued.)
Sz=+1 Sz=0 Sz=-—1 Sz=+1 Sz=0 Sz=-1
13,162 = 575 Th(3,1,7,2) = IM T_1(43,72) = 1zr To(7,3.2,1) = =3¢
Ni3.2,07) = -3 To(3.2,1,7) = V T_1(453.6) = 2= Ty(7,5,0,3) = ;=
T1(3,2,6,1) = —%m T5(3,2,6,4) = m T_1(4,5,6,3) = 12327 T5(7,5,3,0) = —ﬁ
1132700 =~ ThG271) =57 114635 = =
T1(3,5,0,6) = 125—@ T0(3,4,2,6) = ﬁ T_,(4,6,5,3) = 125@ TABLE XXXIX. Gs.
11 _ 1 _ 11
11(3,5,6,0) = 575 T0(3,4.6,2) = ;= T1(4.7.2,3) = =557 Se— 41 S2—0 Sz— —1
N3.60.5 =%  TG516 =5z T1(4732)=-12=
N _ 1 _ 1 _ 1
NnG620) =505  NHG56D=4r T.61370=—3=  N023D=5 10(0.5.3.7) = 15 T1(1.5.3.7) = 5
_ 1 _ 1 _ 1
13,650 = 527 NHBST0=-7 T.6317)=55 11(0.27.3) =3 00735 =-77 Tal739)=-75
Ti(37.02) = 5% TB3.615 =57  T1(534.6 = 5% 71(0,3,2,7) = 17% 75(1,2,7,3) = 4 1 T_1(2,3,4,7) = 3 1
Ti(3,7,2,0) = — -1 170(3,6,2,4) = — L T.,(5,3,6,4) = = 71(0,3,5,6) = g Tp(1,3,2,7) = —5 T_1(2,3,74) = —3
12v21 3 12v2t T1(0,3,6,5) = . To(1,3,5,6) = L T (2,437 = —
T(5036)= 5 T(365]):# 7’!(5436)2 11 1(17:)—§ 0(,,,)—§ —1(,ss7)—_§
Do T U e T AL 0379 =-1 (13,65 =1 T.1(2,4,7,3) =4
71(5.0.63) = —>—  T,3.7.1.2) = ——-  T.,(54,63) = —> DU o TR TR
PR T e O Wo TR BT T1(0,5.3.6) = § To(1,3.7.2) = —§ T.1273.4) =1
[6300 =55 TGI2D=-57 TaG63D=15/m  rosen=—1  [USEH=-!  T,@743H=-1
N(53.60) =% TG750= 7 Ta6.643) =% N0,635=-1  T65)=-1  1,3247=1
7i5,6,0.3) = lz% 4263 =55 TaGT13)= 75 10653 =—5  TH(1.723) =5 T1(3.274)=—14
7T1(5.6.3.0) = sz h(43.2.0) = ;= T.(5.73.D) == 71(0,7,2,3) = § To(2.1.3.7) = —¢ T.1(3,42,7) =3
116,035 = 55 43,62 =—-7% T7.6345 =% 710.7.3.2) = —3 Th(2.3.1.7) = g T_1(3.4.5.6) = —3
1 _ 1 _ 1
Ti(6,0.53) = 5 04,623 = 1= T.(6354 =575 Ni(1,23.0)= -5 TN(23.64) =—;75  T.13.465) =—3
1 1 _ 1
Ti(6.13.2) = —5J5  T(5.037 ==  T.6435= 3% N(1.6,3.2) = ;75 1n(2.4.63) = ;75 13472 =5
1 1 1
T1(6,2,1,3) = zlﬁ To(5.1,3.6) = 5z T-164.53) = 525 h2o3n=-y  T"QT1IY=-5  TaG51LN=-757
M6230 = —gg BGL6H =g TA633) = g neoTH=-5  Hh273D=3 T1(35.46) =4
1(6.3.0.5) = sz B30 = —2 T (6543 = b 112,1,6,3) = ;15 T(3,1,2,7) = § T1(3,5.6,4) = |
- _ 1 _ 1 _ 1
T1(6,3.1,2) = T0(53.1,6) = =z T.(7.13.5) = ;1 n@23.07 =5 L3156 =—5  T-13,64.5 =—3
2«/@ 12V6 2V 7,(2.3.6,1) = — -1 15(3,1,6,5) = — 1 T.1(3,6,5,4) =
T](6350): 5 TQ(5361):L T—l(7234):_ 11 1(77,)__m 0(;59)__§ —1(7;5)_§
39,9, FENGTT »9,0, 36 1409y 12f T(2370)—1 T(3172)—l T7_1(3,7,1,5) = 1
71(6,5,0,3) = =2 T0(5,6,1,3) = == T.,(7,2,4.3) = — &2 L8 = 8 0= 1. sl = R B w2
12v20 12 ‘Zf 7,(2,7,03) = — | Th(3.24,6)= ' T.,(3.7.24)=—1
71(6,5,3,0) = -1 T0(5.63,) = == T_1(7.3,1,5) = ——— & 527 =78 A= w2 IR 8
2421 126 2*@ 7/2,7,3,0) = L Ty(3,2,7,1) = — 1 T.3,7,42) =1
n.0.2.9= IZf WET0D =55 T304 = _T G027 = L HGSON = —0  T,@23.7) = -
T1(7.0.3.2) = T0(5.7.3.0) = L T (13.4.2) = — 13,0,2,7) = ¢ 0(,,,)——m 14,2,3,7) = —3
lzr NG lzf 71(3,0,5,6) = — 1 T)(3,5.6,1) = § T.1(4,2,7.3) =
_ # _ 9 9 9 - 8 9 9 9 - 8 — £l 9 9 - 8
N0203 =5 HOLAD=g57 OS2I =—5m  6065- 1 peean=—b  T,@327=-1
11(7.23,0) = — 575 To(6,153) = 7z T.(71.43.2) = — 5= T3.07.2) = L T9(3.6,5,1) = 1 T_1(4,356) =3
T1(7.3,0.2) = — 12} T6.2349 =55  Ta051)=-75 15507 = -1 L3705 =1 T.(4365=1
MO320= -5 W624) =55 Ta033D=55  geo16=; BGIAD=-F  T.6372=-1
-
P63 =157 NG270) =1  T@236=-75  T.(4.536 =}
To(6,3,4.2) = i T1(3,5,0,6) = — 1 L4632 = 14563 =-1
10(6,3,5,1) = ﬁ 7,(3.5.6,0) = % T(5,0,7,3) = _41% T_1(4,6,3,5) = %
6.432= 57 Ti(3.6.0.5) = | To(5.1.3.6) = & T_1(4.6,5.3) = -3
Tv(6,5,1,3) = @ T,(3,6,1,2) = —ﬁ Tv(5,3,1,6) = —% T_1(4,7,2,3) = é
(0330 =157 Ti(3.6.5.0) = § TG370 =75  T.4732=}
707039 =~77 (37,02 = § Ty(5.6,1.3) = § T.1(5,1.7.3) = -7
_ 1
L7123 = =57 LG37200=-f  B6.63D=-}  T.(5346=—1
_ 1
5h(7,1,3,2) = e 1(5.03.6)= 5 Th6.1.3.5) = 5 T-1(5.3.64) = =3
(7213 =—57 71(5.0.6.3) = - T5(6.3.1.5) = - T4(5,3,7,1) = i
To(7.2.3.1) = -5z Ti53060=-}  T6324 =  T,5436=1
T5(7,3,0,5) = # 71(5.3,6,0) = } T(6,423) = —715  T.1(54.63) =g
To(7,3,1,2) = 12[ 71(5,6,0,3) = & 75(6,5,1,3) = £ 7_1(5,6,3,4) = —%
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TABLE XXXIX. (Continued.) TABLE XL. (Continued.)
Sz =+1 Sz=0 Sz=-1 Sz =+1 Sz=0 Sz=-—1
T1(5.6,3,0) = —¢ 75(6,5.3,1) = —¢ T.1(5,6,4,3) = 3 T5(6.8,3,5) = ;1%
7T1(6.0.3,5) = & 1)(7,0,53) = 15 T_1(6,3.4,5) = —% Ty(6,8,5,3) = — 31
71(6,0,5.3) = § To(7.1,3,2) = —¢ T_1(6.3.5.4) = 70(7,2,3,8) = ﬁ
T1(6,1,2,3) = —4‘75 T5(7,2,1,3) = —3 T_1(6,4,3,5) = 3 T0(7,2,8,3) = ﬁ
7T1(6,3,0,5) = —% To(7,2.3,1) = & T_1(6,4.53)=—% T0(7,3,2,8) = —ﬁg
11632, = ;15 T5(7.3,1,2) =1 T_1(6,5.3.4) = —3 T0(7.3.8.2) =
71(6,3,5.0) = —% T5(7,3,5,0) = —ﬁ T_1(6,5.4.3) = 3 Ty(7,8,2.3) = _27%
71(6,5,0,3) = § T.1(7,1,53) = ;5 Ty(7.8.3.2) = ;%
7,(6,5,3,0) = —1 T_1(7,2,3.4) = To(8.2,3.7) = —ﬁg
T1(7,0,2,3) = & T_1(7,243) = —4 T8.2.7.3) = ;12
71(7.03,2) = —¢ T_1(7,3.2.4) = 4 To8.3.27) =
71(7,2,03) = -4 T1(7.3,4,2) = § Th(83.5.6) = f
71(7.2,3.0) = § T1(7351) =~ OO e
T1(7.3,02) = § T_1(7.42,3) = —} 10(8,3,6.9) = e
T)(7,3,2,0) = — 1 T.(7,432) =1 1o®.3.7.2) = 17
T5(8,5,3,6) = — 5%
TABLE XL. S. T5(8,5,6,3) = ;1%
1
Sz=+1 Sz=0 Sz=-1 222?2 _ %ﬁ
T1(2,3,6,8) = —ﬁ T0(2,3,7,8) = —ﬁ T_1(3,5,7,8) = ﬁ 75(8,7,2,3) = ﬁ
T1(2,3,8,6) = 41? T5(2,3,8,7) = 4’7 T_1(3,5,8,7) = —21? T5(8,7,3,2) = —ﬁg
71(2,6,3.8) = ;1= Th(2,7.3.8) = T1(3.7.5.8) = ;5
T1(2,6,8,3) = i T0(2,7,8,3) = ﬁ T_1(3,7,8,5) = —%ﬁ TABLE XLI. Go.
71(2,8,3,6) = 41? T5(2,8,3,7) = 4’7 T.,(3,8,5,7) = ﬁ 5o 1 5o 0 Soe 1
T1(28,63) = —3=  T2873)=—3% T.G875= 1~
TB268) = x G218 = 16378 =5 12380 =g 1h(2.3.8.7) = ;15 T_1(3.5.7.8) = —3
N3286)=—3% G287 =-37 T.5387=5% T1(2.6.3.8) = 3 Th(2.7.3.8) = ;5 T_1(3.7.5.8) = —}
NG628) = 1 THBS68 = TL6738 = T268I=—3  DHQIEH=-g5 TGS =;
N(3,682)=—3% T(3586)=-37 T.5783)= = Ti(2.83,6) = —3 12837 =35 T13.8.7.5) = 5
N(3826 =72  NHG658=7%  T.5837N= 7 1i3.2.6.8) = —3 LG3278) = -5 T1(5.387) =3
NG86D = dr  TB685= 5% TLG873=-5x G62Y=—3  DHESEH=-75  TiGT38=;
T6238) = 1 TRI28 = 10358 =5 Ti3820=g T5(3.6.5.8) = — 175 T_1(5.7.8.3) = —3
N6283) =72  HGB78D=-37 T.0385= 7 1i(3.8.62) =g 1(3.7.28) = -5 T1(583.7) =~
N6328) = —3=  THB82D =z T.0538 =, N16238 =3 13827 = 35 T-1(7.3.8,5) = 1
116,382 = ;= T5(3,8,5,6) = 71 T.1(1,583) = 7= T1(6,2.8,3) = —3 7h(3.8,5.6) = 75 T1(7,53,8) =3
16823 =-3= 73865 =% T.1(7,83,5 = 7= T1(6.3.8.2) = ; T5(3.8.6.5 = ;15 T_1(7.583)=—1
N683D = 1 THB8ID = TL0853)=-5, NE83V=-3  1HG87D=5 T-1(1.83.5) =~
TI8.23.6)= —3b=  T53.68) =3  TLB357) = T1(8.2.6,3) = ; T5(5.3.8.6) = 5 T_1(8.3.5.7) = —3
182,63 = 75 T6(5,3.8,6) = 71 T.1(8,3,7,5 = = Ti(8.3.2.6) = —3 To(5.6.3.8) = ;5 T.1(8.3.7.5) = -3
NB3260 = dr  T6638 =z TL@53N=-—5x 36D =—3  DHE68H=-g5  TaE573)=;
183,62 = ;= T5(5,6.8,3) = 71 T.1(8,5,7.3) = 7= 11(8,6,2.3) = § T5(5,8,3.6) = — 115 T1(8753) =3
T1(8,6.2.3) = ;15 T6(5.8.3,6) = 71 T.1(87.3,5) = —5'7 T5(6,3,8,5) = 735
18,632 =—5= T(5863)=—5% T.8753=% 10(6,5,3,8) = 4'751
Ty(6.3.5.8) = — 1z T6(6,5.8,3) = — 115
T6(6,3,8,5) = 17 To(6.8,3,5) = — 115
T5(6,5.3,8) = ;- To(7.2,3.8) = 5
75(6,5.8,3) = 72 T5(7.2.8.3) = — 35
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TABLE XLII. (Continued.)

Sz=+1 Sz=0 Sz =-1 Sz =+1 Sz=0 Sz=—1
_ 1 - - L L
70(7,3.82) = ;5 N12.8.1.2) = — 7= Ty(4.6.8.6) = ;7= T-1(5.2.84) = 57
T0(7’8,3’2) = _%ﬂ T1(2’8’2’1) = m T0(4’8v252) = _%JE T71(5745298) %\/%
1 1 1
3273 =35 TSSO =-gg Tés6O=—gr T1648D =1
Tv(8,3,2,7) = _Tbi 71(5,0,2,8) = —lz—m T0(5.058) = =37 T-1(5.5,1.8) = W
Ty(8,3,5,6) = —%ﬁ 71(5.0.8.2) = = T5(5,0,8,5) = 4%1@ T_1(5.5.8,1) = =
__ 1 _ 1 _ 1 1
T0(8.,3,6,5) = —¢ 71(5.2,08) = —57=  Tp(5.1,8,2) = ¢ T_1(5.8.1.5) = =
T0(8,3,7,2) = — - _ 1 _ i 1
o )= "5 11(5.2.8.0) = To(5.2.1,8) = =¥ T.,(5.8.24) = ;7
15(8,5,6,3) = ;5 ] E» 1
w2 N(580.2) = —57%  Th(5.2.8.1) = ¥ 715842 = -5
T0(8.6.5.3) = 75 3 ; %
e ] T1(5.8.2,0)= -0 T5(5,5.0.8) = 7= T.1(58,5.1) = — 57
0(6,7,2,3) = = _ 1 ] i
w2 Ti6,07.8) = —5=  To(5580) = T(6,47.8)= ;=
Ti6.087) = —57%  T0(580.5) = 7=  T.1(6487)=—75
3
716,1,6,8) = ;7= To(5.8.1.2) = =30 T,(6,7.4.8) = ;7=
—__ 1 I _ L
TABLE XLII. Sg. 71(6,1,8,6) = Wi T5(5,8,5,0) = i T_1(6,7,8,4) = e
_ 1 _ > _ 1
Sz =+1 Sz=0 Sz=—1 7T1(6,6,1,8) = —W T()(6,],8,7)——1 4| T_1(6,8,4,7) = 27@
11(6,6,8,1) = ——=  T0(6,4,6,8) = ;= T_1(6,8,7,4) = 5=
71(02.5.8) = zf 00558 = 7= Ta(558) =% 16708 = %;om T0(6.4,8,6) = ifim T_1(7.1,7.8) = izrf
Ti0285) =—375  To0.585=—57= Ta(585=—3= 716780 = 575 T0(6.648) =— =  T.(.187) = 7=
N [ — 1
T1(0,5,2,8) = f 75(0,7,7,8) = 451 T_1(1,7,7,8) = 451 T1(6,8,0,7) = J% T0(6,6,8,4) = 41% T_1(7,4,6,8) = 2430
110,382 = f 078D ="  TaI8D="7% 16816 L 7y(6,7,1,8) = X1 T_1(7,4,8,6) = —
19,6, 1,0) = — 7= 0\, /,1,08) = -1{/,%,6,0) = 7=
T10,67.8) = =375 T0(0.855 = 7=  T.1(1.855 = = IW . wf
3 L R et
710,687 = —57=  T0(0,8,7.7) = 7= T (1L8,7.7) = 1 71(6,8,6,1) = ;7= 10(6,7,8,1) = — 3 T1(7.6.4.8) = — =
3 ’ N = Vi -1
11(0,7,6,8) = - L1258 = - T,0458 = o | (6’8’2’@ e To(:?&lﬁ? =5 T8 =15
T71(7,0,6,8) = —5— =  Tp(6,8,4,6) = ——F= T_1(7,7,1,8) = —=
3
71(0,7,8,6) = —59=  To(1,5,2,8) = ¥ T12485 =—"  7.7.0.8.6 —im T0(6,8,6,4 —f T_1(7,7,8,1 —f
2V30 1 V30 ](”’)_\/ﬁ 0(,,,)—2m —1(,7»)—4\/3
3 1 1 1
71(0.8,2,5) = -5 To(1,67.8) = -1 T.,02548 =30 77608 = % 75(7,0,7,8) = C T.1(7.8,1,7) = o
T 71(7,6,8,0) = - T0(7,0,8,7) = —— T.1(7,8,4,6) = ———
110852 = -3 T(7.68)=%"  T,2584)=-\ i )= 7% o )= 5 i )=~ 7%
e T,(7,8,0,6) = ———  Ty(7,1,8,6) = X1 T 1(7,8,6,4) = —_
T1(0.8,6,7) = 25 Tp(1.8.2,5) = Y1 T-1(2.84,5) = 57 H )= Tl =73 3 i )= 37%
T T1(7,8,6,0) = -~ T5(7,6,1,8) = =¥  T_,(78,7,1)=—-
11(0.8,7,0) = =575 To(1.852) = -0 T(2854) = 7 230 K Wi
: ‘ R T _ i 1
12282 — L Tsen L3 258 - L 7:(8,0,2,5) = m T5(7,6,8,1) = 1‘0 T_1(8,1,5,5) = W
2.2, 8,6, 7 L1(4.2,5, _ _ A
i _ o TB05) =45 T(1708) = = TaBLL]) =
Nn(1.282) = ;7= L8760 =-Y" T,4285 =75 TE067)=—7s N7h(780= 7=  T1B.245= 7%
3 - A I
71(1,6,6.8) = —;ﬁ Th(2,1,85) = —YE  T(4528) = 7 118,0.7.6) = 5 T5(7.8,0.7) = Wi T1(8,2,54) = 57
T(1,68,6) = 74 T2248 =-= T.4582) =50 TNBI2)=—7 N"hT816=-3" T.8425=-75
71(1,8,2,2) = f Th(2.284) = — 7= T1(4.6,7.8) = -5 T18,1,6,6) = = To(7.87.0)= -5 = T.1(8452) = ;7=
— 1 1 1
T(1.866) == TR428) =0  T,@687 = NB209=—35 NE055= T T_1(8.4,6,7) = 7
11(2,0,5.8) = fﬁ Th(2.482) = — 7=  T.1(4.7.68) = ;7= N1(8,2,1,2) = 57 T(8.0.7.7) = ;7 T 1(8,4,7,6) = =
. 1 _vu -
71(2,0,8,5) = zr Tp(2,5,1,8) = Y T.1(47.8.6) = s Ti8.221)=—J= To8125=-% T-18,51,5) = — 7=
3
) - L 10 —__L
71(2,1,2,8) = 2f Tp(2,5.8,1) = — 1 T (4,825 = 2%/% T:(8,2,5,0) 75 To(8,1,5,2) = %5 3 T_:(8,5,2,4) 75
T 71(8,5,02) = — - Ty8,1,6,7) = ¥ T ,8,542) =
T)(2.1.8.2) = f nesLH=YE  Ta8sy=-t OM0D=Tag BELOD=27 1(8.5.4.2) = 31
1 10 1
T12218) = 7=  To2824) = ;7= T_1(4.8,67) = ;7= 71(8.52,00 = —57=  To(8.1,7,6) = 718,551 = =
- ) ! —__1 _
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