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Small-scale universality of particle dynamics in quantum turbulence
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We show that, in turbulent two-fluid flows of superfluid 4He, the statistically described dynamics of small
particles suspended in the liquid does not depend on the type of imposed flow, at scales smaller than the
average distance between quantized vortices, the quantum length scale of the flow. More precisely, regardless
of the mechanically or thermally driven nature of the large-scale flow, the tails of the observed particle velocity
statistical distributions, indicating the occurrence of large-magnitude events in the proximity of quantized vortices,
display the same power-law shape, characteristic of the quantum description of superfluid 4He. This property of
quantum turbulence can be linked to the small-scale universality observed in classical turbulent flows of viscous
fluids.

DOI: 10.1103/PhysRevB.94.184512

I. INTRODUCTION

Properties of natural systems often depend on the scale at
which they are investigated. Systems that appear similar at
a certain scale may look entirely different at another scale,
leading to the possibility of discovering hidden connections
between apparently dissimilar phenomena. In other words, the
same bricks can be used to build different houses or, similarly,
the same house can be built by using different bricks. We apply
this research approach to the study of quantum turbulence
[1–3], which can loosely be defined as the most general form
of motion of quantum fluids displaying superfluidity, and we
specifically focus on turbulent flows of superfluid 4He, known
as He II, above 1 K. On the phenomenological level, this
quantum fluid is viewed as consisting of two interpenetrating
fluids. The gas of thermal excitations—the viscous normal
component—carries the entire entropy content of the quantum
fluid, while the superfluid component is assumed inviscid and
its circulation is quantized in units of the circulation quantum
κ = h/m = 9.97 × 10−8 m2/s, where h is the Planck constant
and m denotes the mass of the 4He atom [4].

Singly quantized vortices, usually arranged in a tangle, may
exist in He II. In the zero-temperature limit, where there
is no normal fluid, the vortex tangle dynamics represents
the simplest prototype of turbulence. At finite temperature
(as in the present study) turbulence may also occur in the
viscous normal fluid and be influenced by the mutual friction
force arising from the scattering of thermal excitations by the
quantized vortices [1–3]. Quantum turbulence may therefore
bring to light challenging problems, unknown in its classical
counterpart [5–11].

The interpretation of recent visualization results led to the
conclusion that, at length scales larger than the quantum length
scale �q of the probed flow, defined as the average distance be-
tween quantized vortices, turbulent He II behaves as if it were
a viscous fluid, while its quantum nature becomes apparent
at smaller scales. More precisely, in thermal counterflow (a
thermally generated quantum flow with no obvious classical
analog), the velocity and acceleration distributions of small
particles suspended in the liquid have, at large enough scales,
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classical-like shapes, while, at scales smaller than �q, they are
characterized by power-law tails emerging from the quantum
description of He II [6,7]. So, it was indeed proven that the
same house can be built by using different bricks.

Here we show that the same bricks can be used to build
different houses. We investigate experimentally, by visualiza-
tion, the flow-induced dynamics of relatively small particles
in thermally and mechanically driven flows of superfluid 4He,
which appear distinctly different at scales larger than �q.
Still, if the probed length scale �exp is smaller than �q, we
find that the tails of the particle velocity distributions (which
indicate the occurrence of rare events of large magnitude)
are nearly identical, in the range of investigated parameters.
Our experimental result therefore supports the long-held
expectation that, at small enough length scales, the dynamics
of quantized vortices does not depend on the type of imposed
large-scale flow. Additionally, this property of quantum turbu-
lence can be seen as analogous to the small-scale universality
observed in classical turbulent flows of viscous fluids, see, e.g.,
Refs. [12–15], as it emerges from the pioneering work of
Kolmogorov [16,17].

Fundamental results in the study of quantum flows have
been obtained by visualizing the dynamics of solid hydrogen
or deuterium particles of micrometer size, see Ref. [18] and
references therein. Their motion is complex, as particles inter-
act with both the normal and superfluid velocity fields simul-
taneously, and may become trapped (and/or detrapped) onto
the cores of quantized vortices (it is consequently not straight-
forward to separate, in the range of investigated parameters,
the contributions to the particle dynamics originating indepen-
dently from the two postulated flow fields; see Ref. [19] for a
detailed discussion). Nevertheless, the visualization of flows of
superfluid 4He, seeded with these particles, resulted in the dis-
covery of nonclassical velocity [5,6,20] and acceleration [7,21]
statistics in thermal counterflow, among other results, such as
observations of quantized vortex reconnections [22], Kelvin
waves [23], mechanically driven flows past a circular cylinder
[24], and due to an oscillating rectangular cylinder [25].

We extend these investigations by using the Prague
cryogenic setup, described in detail in our previous publi-
cations [6,7,19–21,25,26], and report here results obtained
by visualizing particle dynamics in three different quantum
flows, in various experimental conditions, and by probing
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experimentally these flows at length scales straddling two
orders of magnitude across the quantum length scale �q of
the flow: (i) thermal counterflow in the bulk, as far away as
possible from fluid boundaries [6,7], (ii) thermal counterflow
in the proximity of a wall, approximately ten times closer to
the fluid boundary than in the previous case, and (iii) flow due
an oscillating cylinder, which is a mechanically driven flow
[25].

The main difference between thermally and mechanically
driven flows of He II is that, in thermal counterflow, the normal
and superfluid components flow, on average, in opposite
directions, while, for mechanically generated flows, the two
components are, at large enough length scales, locked together
and move, on average, in the same direction; for a detailed
discussion, see, for example, Ref. [27]. Our experimental
results show that, at small enough flow scales, �exp < �q,
this difference disappears and that the particle motions, when
statistically described, appear to be influenced only by the
quantized vortex dynamics, independently of the imposed
mean flow.

Additionally, the role of solid boundaries in quantum flows
is yet to be investigated in detail, as to date only a few studies
have addressed the issue and solely at scales larger than �q

[8,27–35]. We report how particles in thermal counterflow
behave close to a solid wall, at flow scales smaller that those
probed previously. Our aim is to contribute to this emerging
line of enquiry in quantum turbulence research (boundary
effects on classical flows are extensively studied, see, e.g.,
Ref. [36] and references therein).

II. METHODS

The experimental technique we use is based on visualizing
the motions of relatively small particles suspended in the
liquid, their size being smaller than (or of the same order
of) relevant flow scales. The particles are generated by
mixing helium and hydrogen (or deuterium) gasses at room
temperature, in a volume ratio of approximately 100 to 1,
and by injecting the mixture into the helium bath (gaseous
hydrogen, or deuterium, solidifies during the injection). The
imposed flow induces the particles to move and, since they
reflect the light of a laser sheet, their time-dependent positions
are captured by a fast digital camera, which is situated
perpendicularly to the thin (less than 1 mm thick) laser sheet
and is sharply focused on the illuminated plane by using an
appropriate macro lens (the camera and laser are outside the
experimental volume, at room temperature; see Refs. [19,20]
for schematic views of the setup).

Thermal counterflow experiments are performed in a
vertical glass channel of square cross section, of 25 mm sides,
and 100 mm long (a flat heater is placed on the channel bottom
to generate the flow; see Ref. [19] for a picture of the channel
and Fig. 1 for relevant sketches). The 1 Mpx CMOS camera
field of view is, for the bulk experiments, 13 mm wide and
8 mm high, and is situated as far as possible from the flow
boundaries [6,7], that is, the channel walls are about 6 mm
away from the field of view vertical sides (the field of view
is in the middle of the channel). For the experiments in the
proximity of a solid boundary, an additional glass wall (75 mm
long, 25 mm wide, and 1 mm thick) is inserted inside the

FIG. 1. Sketches of the three different flow generators (dimen-
sions in mm; see the main text for further details). Only the bottom part
of our experimental volume (the innermost part of the cryostat optical
tail) is shown, for the sake of clarity (the cyan rectangles represent
three of the five tail optical ports). The laser sheet, perpendicular
to the camera, is depicted in green, while the camera field of view
is indicated by the black dashed line. The red line represents the
flat heater, placed on the bottom of the counterflow glass channel
(displayed in black). Left: bulk counterflow. Middle: counterflow in
the proximity of a wall (dark blue line). Right: the oscillating cylinder
(shown in gray) is attached to a metallic shaft (black); a perpendicular
view of the cylinder is displayed at the bottom of the sketch.

channel. Here, the camera field of view is 10 mm wide and
8 mm high, and its left side (that farther from the laser) is
0.6 mm away from the additional wall, that is, ten times closer
to the solid boundary than in the case of the bulk counterflow
experiments (the distance between the right side of the field of
view and the glass channel wall is 6 mm, as above).

The strength of this thermally driven flow is quantified by
the counterflow velocity

vns = vn − vs = q

ρST

(
1 + ρn

ρs

)
= q

ρsST
, (1)

where vn and vs indicate the normal fluid and superfluid
velocities, respectively; once the heater is switched on, the
superfluid component moves toward the heat source and the
normal component flows away from it, in order to conserve the
null mass flow rate (we assume here that vn > 0 and vs < 0).
The total density ρ of the fluid, defined as the sum of the
densities of its normal (ρn) and superfluid (ρs) components,
depends weakly on temperature, while the densities ρn and ρs

display much stronger temperature dependencies (He II can
be often considered entirely superfluid at temperatures below
1 K); q is the applied heat flux, S denotes the entropy per
unit mass, tabulated, together with other fluid properties, in
Ref. [4], and T indicates the temperature (liquid 4He becomes
superfluid below the transition temperature Tλ ≈ 2.17 K, at
the saturated vapor pressure; above Tλ it is a classical viscous
fluid, known as He I).
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The mechanically driven flows are obtained inside our
experimental volume (of square cross section, of 50 mm
sides, and 300 mm long) by vertically oscillating a transparent
cylinder, of rectangular cross section (10 mm wide and 3 mm
high; see Ref. [25] for relevant pictures and Fig. 1 for a sketch
of the setup). The vertical laser sheet illuminates the middle
part of the cylinder length (30 mm). The oscillation frequency
f is set between 0.05 and 1.25 Hz, and the corresponding
amplitude a is 5 or 10 mm (the cylinder oscillates in the middle
part of the experimental volume, where its optical ports, of
25 mm diameter, are located, approximately 100 mm above
the volume bottom). The camera field of view is 21 mm wide
and 16 mm high, for a = 5 mm, and 21 mm wide and 21 mm
high, for a = 10 mm; see Ref. [25] for further details.

Thermal counterflow movies are recorded at 400 fps, while
oscillating cylinder movies are obtained at 100 fps. The
images are collected at constant temperature, approximately
one minute after the fluid is set into motion, in order to
ensure that the investigated flows have reached a steady state.
The particle positions and trajectories are calculated from
the movies by using an open-source tracking algorithm [37].
Each movie is typically made of a few thousand images (in
each image there are usually up to a few hundred particles)
and several thousand trajectories, with up to a few hundred
points, are computed for each movie. The obtained tracks are
filtered by using dedicated computer programs, developed by
us, in order to remove spurious trajectories before calculating
the velocities, which are computed by interpolating linearly
consecutive position differences. The distance between the
particles along the trajectories, which can be seen as a measure
of the probed length scale, is proportional to the time between
successive frames, i.e., it generally decreases as the frame rate
increases. Besides, particle positions at a low frame rate can
also be obtained by accordingly removing particle positions
from data sets recorded at a high frame rate, not only from
images recorded at a low frame rate [6,7]. The Lagrangian
quantities calculated from several movies obtained under the
same conditions are finally combined.

III. LENGTH SCALES

The smallest length scale �exp probed in our experiments is
the particle size, of the order of a few micrometers, see Ref. [6]
for typical particle size distributions. However, if the images
are not taken fast enough, it may occur that a particle travels a
distance larger than its size between two consecutive images.
We therefore define the ratio R = �exp/�q between the length
scale probed by the particles (larger than or of the same order
of the average particle size) and the quantum length scale of
the investigated flow (that is, the average distance between
quantized vortices). As detailed below, we obtain values of
�exp straddling about two orders of magnitude across �q, that
is, R results always larger than 0.01 and lower than 100.

In the case of the thermal counterflow experiments, we set
�exp = Vabs t1, where Vabs denotes the average particle velocity,
obtained at the smallest time between particle positions,
and t1 indicates the time between two consecutive particle
positions, used for the calculation of the velocities [6,7]. The
corresponding �q is computed as detailed in Ref. [6], i.e., by
using relevant published data [38].

More precisely, in the present conditions, i.e., at large
enough heat fluxes, the imposed counterflow generates a tangle
of vortex line density L ≈ γ (T )2v2

ns , where the parameter
γ (T ) is known with sufficient accuracy (of about 30%,
see, e.g., Ref. [39] and references therein). We therefore
experimentally select the quantum length scale �q ≈ 1/

√
L, by

tuning the heat flux q, and, following our previous works [6,7],
we use the values of γ (T ) reported in Ref. [38] to estimate the
average distance �q between quantized vortices.

For the oscillating cylinder flows, we set the length scale
�exp probed by the particles equal to 2πf at1. In order to
estimate the corresponding �q we make a few additional
assumptions and, as a first step, on the basis of the results of our
previous work [25], we take the definition of the Kolmogorov
dissipative scale η = (ν3/ε)1/4 [16], where ν is the fluid
kinematic viscosity and ε indicates the mean dissipation rate
of the flow. The latter, in turbulent flows of viscous fluids, can
be set equal to ν�2, where � is the average flow vorticity,
which is calculated from the spatial derivatives of the fluid
velocity and can be seen as a measure of the flow strength;
consider also that, at scales larger than (or of the order of) η,
the related flow behavior is expected to be universal, see, e.g.,
Refs. [12–17].

The following step is to assume that �2 is approximately
equal to the ensemble average of the experimentally obtained
parameter θ2, which is computed by taking suitably into
account the spatial distribution of the particle velocities and
their magnitudes in the proximity of the oscillating cylinder,
see Ref. [25] for further details. We can now write that

�q ≈ η ≈
(

ν2

〈θ2〉
)1/4

, (2)

i.e., we assume that, for the studied oscillating cylinder
flows, the average distance �q between quantized vortices is
approximately equal to the length scale obtained by adequately
applying the definition of the Kolmogorov length scale to flows
of He II.

For He I, which is a viscous fluid, ν is tabulated in
Ref. [4]. The values of the effective kinematic viscosity of
turbulent He II reported in the literature (see, for example,
Ref. [27] and references therein) are, in the investigated
range of temperatures, of the same order of magnitude of
the kinematic viscosity value of He I just above Tλ, that is,
ν = 1.66 × 10−8 m2/s [4], which can also be expressed as
κ/6 [25]. Hence, for the sake of simplicity and consistency
with our previous work [25], in order to estimate from Eq. (2)
�q for the oscillating cylinder data obtained in He II, we set
ν = κ/6.

More generally, the just given length-scale definitions are
based on several assumptions, whose main justification is that
they lead to positive comparisons with experimental data,
as shown below and in our previous publications [6,7,25].
However, the reader should not forget that they are indeed
approximations, which are therefore not expected to capture
entirely the physics of the problem.

Another quantity that can be used to characterize our data
is the thickness of the layer close to the fluid boundary where
viscous effects, if any, are deemed to be significant. For the
oscillating cylinder data, it is possible to calculate the viscous
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FIG. 2. Probability density function (PDF) of (u − um)/usd . Trajectories with at least five particle positions; total number of points: see the
inset of Fig. 4; the area below the data curves is normalized to unity. Circles and triangles denote counterflow data obtained in the proximity
of a wall and in the bulk, respectively, with t1 = 0.025 s (filled symbols), t1 = 0.25 s (open black and red circles, open green triangles), and
t1 = 0.05 s (open blue triangles). Black circles: T = 1.95 K, q = 293 W/m2, vns = 2.4 mm/s, Vabs = 1.5 mm/s, �q = 145 μm; red circles:
T = 1.95 K, q = 587 W/m2, vns = 4.9 mm/s, Vabs = 1.7 mm/s, �q = 73 μm; green triangles: T = 1.77 K, q = 612 W/m2, vns = 6.8 mm/s,
Vabs = 2.4 mm/s, �q = 70 μm; blue triangles: T = 1.77 K, q = 608 W/m2, vns = 6.8 mm/s, Vabs = 3.9 mm/s, �q = 70 μm, deuterium
particles (the other data are obtained with hydrogen particles). Squares indicate oscillating cylinder data, with t1 = 0.01 s and a = 5 mm: see
the legend and Table I. Orange lines: power-law distributions, C/|(u − um)/usd |3, to guide the eye, with C equal to 0.055 (top panel), 0.15
(bottom panel), and 0.03 (insets); magenta lines: Gaussian distributions. Insets: Log-log plots of the PDF of |(u − um)/usd | for R < 1; symbols
as in the main panels.

penetration depth, as discussed in Ref. [25]. We find that its
numerical value is between 0.23 mm, for the smallest R,
and 0.05 mm, for the largest R, that is, it is larger than the
average particle size and of the same order of �q (computations
performed assuming ν = κ/6; in He I, the viscous penetration
depth varies between 0.25 and 0.06 mm). For the thermal
counterflow data, we can estimate the thickness of the viscous
boundary layer by using the Blasius formula, which can be
seen as an upper limit; see, for example, Ref. [40]. We find
that its numerical value is about 2 mm. It follows that the
bulk counterflow experiments are very likely not influenced
by boundary effects, while the same cannot be said about
the counterflow experiments in the vicinity of a wall, as the
field of view is less than 1 mm away from the fluid boundary
(calculations performed in the middle part of the channel, by
using its hydraulic diameter).

IV. RESULTS AND DISCUSSION

Our main result is shown in Fig. 2, where the probability
density function (PDF) of the dimensionless instantaneous
particle velocity (u − um)/usd in the horizontal direction is

plotted. Here, um and usd indicate the mean value and the
standard deviation of the dimensional velocity u, respectively
(u is positive if directed from the left to the right of the field of
view, toward the laser). Circles and triangles denote thermal
counterflow data obtained in the proximity of a solid wall and
in the bulk, respectively, and squares refer to the mechanically
driven flow data (see the caption of Fig. 2 and Table I for the
experimental conditions).

It is apparent that, at large particle velocities, all distribu-
tions, regardless of the type of flow, have the same power-law
shape. To date, this feature was only observed by Paoletti et al.
[5], in decaying counterflow, and by us [6], in steady-state
counterflow. In the case of solid particles, whose motions are
generally influenced by the quantized vortex tangle and by both
velocity fields, the outcome can be justified by considering
that particles trapped onto vortices can probe the occurrence
of vortex reconnections [5].

We observe the same shape also in mechanically driven
flows, which, at large enough scales, are expected to display
features different from those observed in thermally driven
flows [27]. This strongly suggests that, at length scales smaller
than the quantum scale of the flow, particle motions are mainly
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TABLE I. Experimental conditions of the oscillating cylinder data
obtained in He II, see Fig. 2, Fig. 3, and Fig. 4. Length scale ratio R;
temperature T , [K]; frequency f , [Hz]; amplitude a, [mm]; quantum
length scale �q, [μm]. R and �q are estimated from Eq. (2).

R T f a �q

0.07 1.24 0.05 5 235
0.07 1.50 0.05 5 226
0.15 1.26 0.1 5 216
0.36 1.26 0.2 5 175
0.90 1.42 0.2 10 139
1.29 1.24 0.5 5 122
2.94 1.73 1 5 107
2.96 1.24 1 5 106
4.00 1.73 1.25 5 98
7.13 1.38 1 10 88

influenced by quantized vortex dynamics (by using particles
about ten times smaller than the average distance between
quantized vortices, we can indeed access flow scales smaller
than �q, when collecting images at a fast enough frame rate).

The width of the tails of the velocity distributions can be
seen as due to the finite size of the particles. As mentioned in
Ref. [6], the upper limit can be derived from the assumption
that the vortex tension force, acting on a trapped (spherical)
particle, is balanced by the Stokes drag force, leading to
a maximum velocity, that is, the velocity threshold for the
trapped particle to break free,

vmax = ρsκ
2

6π2μd
ln

(
r

ξ

)
, (3)

where d indicates the particle diameter and r = d/2 is its
radius; μ denotes the fluid dynamic viscosity, tabulated in
Ref. [4], and ξ ≈ 1 Å is the vortex core size; a similar formula
was derived in Ref. [41]. More precisely, following Ref. [42],
the vortex tension force due to two vortex strands attached to
the trapped particle can be approximated as

FV T = 2
ρsκ

2

4π
ln

(
r

ξ

)
, (4)

and the Stokes drag force, exerted on the particle by the normal
fluid flow and assumed here to be parallel to FV T , can be
written as

FS = 6πμr(un − up), (5)

where un is the normal fluid velocity, set to zero for the trapped
particle, and up denotes the particle velocity (the particle is
supposed to be smaller than relevant flow scales; see also
Ref. [7] for further details on the particle equation of motion).

If, consistently with experimental results [6,7], we set d

equal to 5 μm, we find that vmax = up varies between 18 mm/s
(wall counterflow) and 27 mm/s (bulk counterflow) and these
values correspond to about 15 usd , the experimentally obtained
upper limit, above which the PDF tails deviate from the power-
law shape; see the upper panels of Fig. 2 and Table II. The
fact that the latter deviation does not occur sharply can be
explained by taking into account the relatively wide particle
size distributions [6,7] (if d is two times smaller, vmax becomes
almost two times larger).

TABLE II. Relevant particle velocities, obtained as detailed in the
text, for the R < 1 data plotted in Fig. 2 and Fig. 3. Flow type: wall
counterflow (WCF), bulk counterflow (BCF), oscillating cylinder
flow (OCF); length scale ratio R; temperature T , [K]; mean particle
velocity um; particle velocity standard deviation usd ; maximum
velocity vmax, estimated from Eq. (3); velocity before trapping occurs
ut , from Eq. (7); all velocity values are in mm/s.

Flow type R T um usd vmax ut

WCF 0.03 1.95 0.2 1.2 18.1 1.8
WCF 0.06 1.95 0.2 1.3 18.1 1.8
BCF 0.09 1.77 −0.3 1.6 26.8 2.6
BCF 0.14 1.77 0.5 1.9 26.8 2.6
OCF 0.07 1.24 −1.2 1.9 24.5 2.4
OCF 0.07 1.50 1.0 2.4 30.9 3.0
OCF 0.15 1.26 0.1 3.9 25.4 2.5
OCF 0.36 1.26 0.4 3.6 25.4 2.5

For the oscillating cylinder experiments, vmax/usd ranges
approximately between 7 and 13, as it can be inferred from
Table II. Considering that the corresponding data sets are
noticeably smaller than in counterflow, see the inset of Fig. 4,
the agreement with experimental data, as displayed in the
lower panels of Fig. 2, is fairly good, although worse than
in counterflow.

In order to estimate the lower limit of the tail width we
proceed as follows, on the basis of the particle equation
of motion [7,42]. We calculate the particle velocity just
before trapping occurs. We assume that the only contribution
to the fluid acceleration is due to the velocity field of a
straight quantized vortex (perpendicular to the large-scale flow
direction) and that the particle acceleration is null, that is, a
particle velocity larger than that computed below should lead
to particle trapping. We can then write that

ρs(1 + C)V
Dus

Dt
+ FS = 0, (6)

where C is the added mass coefficient, equal to 1/2 for
a spherical particle, and V = 4πr3/3 indicates the particle
volume; r denotes the particle radius, which, in this case, is also
equal to the distance between the particle and vortex core. The
superfluid velocity us in the proximity of the vortex can be cal-
culated as κ/(2πr) and is equal to 6.3 mm/s, for r = 2.5 mm;
the corresponding acceleration is Dus/Dt = −κ2/(4π2r3),
where the negative sign indicates that it is directed toward the
vortex core, that is, all particles (regardless of their density)
are attracted to vortices also in the absence of viscosity [in
Eq. (6) the velocity and force are vectors]. We finally obtain
that the velocity before trapping occurs can be written as

ut = ρsκ
2

6π2μd
= un − up, (7)

which is positive in the direction toward the vortex core.
In the case of thermal counterflow we can set un = vn, see

Eq. (1), and, if the particle is moving toward the straight vortex
in the positive direction, i.e., from below, away from the heat
source, in the normal fluid flow direction, we can say that
the minimum particle velocity vmin = vn + ut , as particles are
attracted to vortices. We obtain that vmin/usd varies between
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FIG. 3. PDF of (u − um)/usd for R < 1 (core region); symbols
as in the main panels of Fig. 2.

about 3 (wall counterflow) and 4 (bulk counterflow), the
experimental obtained lower limit; see the upper panel of Fig. 3
and Table II.

For the mechanically driven flows, un ≈ 0 and ut/usd is
approximately equal to 1, see Table II. In the lower panel of
Fig. 3 it is indeed shown that the departure from the Gaussian
shape possibly occurs at velocities smaller than in counterflow.

The reader should now take into account that the numerical
values just reported can only be regarded as first-order
estimates, due to the made assumptions. For example, we have
considered straight stationary vortices, while actual quantized
vortices do move within the two-component fluid and their
topology is also affected by the attracted particles; see, for
example, Ref. [42] and references therein. Additionally, we
have previously shown that the shape of our particles is not
necessarily spherical [20] and that particles do accelerate in
thermal counterflow [7,21].

On the basis of these first-order estimates, we might argue
that the particle velocity distributions (obtained in thermal
counterflow) should display the power-law shape characteristic
of quantum flows between about three and fifteen times the
velocity standard deviation (assuming that the average particle
size is 5 μm) and this is indeed what we see in Fig. 2 and
Fig. 3. The same applies to the oscillating cylinder data sets,
although, as noted above, the numerical values of the range
extrema are slightly different.

Thus our experimental results can be explained as follows.
The superfluid acceleration, due to the velocity field of the
quantized vortices, is felt by the particles, also in the absence
of viscosity, thanks to the inertial and added mass forces.
Particles are then attracted to the vortices and can become
trapped onto them. They can probe therefore the occurrence
of vortex reconnections that is apparent from the shape of the
particle velocity distributions. The fact that this is observed
regardless of the imposed large-scale flow is the small-scale
universality of particle dynamics we claim to observe in
quantum turbulence.

We might add at this point that particle trapping is a
dynamical process, that is, particles that become trapped onto
vortices can be detrapped at a later time and vice versa,

FIG. 4. Flatness of the (u − um)/usd distribution as a function
of R. Circles and triangles denote counterflow data obtained in the
proximity of a wall and in the bulk, respectively, as in Fig. 2 (note,
however, that the same symbols in Fig. 2 represent solely the data at
the smallest R). Squares indicate oscillating cylinder data obtained
in He II: see Table I. Diamonds denote oscillating cylinder data
obtained in He I: see Table III. Magenta line: flatness of the Gaussian
distribution. Inset: total number of particle positions as a function of
R; symbols as in the main panel.

especially if the imposed large-scale flow is strong enough,
as in the case of the present counterflow experiments; see, for
example, Ref. [19] and references therein. We indeed observed
that, at the values of heat flux considered here, most particles
move away from the heater, in the direction of the normal
fluid flow, and interact with the vortex tangle, as it is apparent
from the fact that the corresponding particle tracks are not
straight. Instead, at smaller heat fluxes, particle trajectories in
the normal fluid flow direction appear straighter than those in
the superflow direction, indicating therefore that, at values of
q smaller than those considered here, particles tend to stay
trapped onto vortices for longer times; see Ref. [19] for a
detailed discussion.

The particle velocity distributions obtained from the os-
cillating cylinder data are clearly more scattered compared
to those calculated from the counterflow experiments. This
is likely due to the fact that the total number of particle
positions obtained in the former case is about one order of
magnitude smaller than those corresponding to the latter one,
as displayed in the inset of Fig. 4. Nevertheless, the form of
the oscillating cylinder distribution tails is consistent with the
power-law shape expected in quantum flows, at small enough
length scales.

The result, together with its just described explanation, is
reinforced by the observation that, at large R, the particle
velocity distributions are nearly Gaussian, as observed in
classical flows, see, for example, Ref. [14] and references
therein, regardless of the imposed flow type. Indeed, Fig. 4
displays the distribution flatness and it can be seen that, for R

larger than 1, its value is around three, that of the Gaussian
distribution; see also the shape of the particle distributions at
large R in Fig. 2.

At small length scales (R < 1) the velocity distribution
flatness depends on the type of flow, although, as displayed in
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TABLE III. Experimental conditions of the oscillating cylinder
data obtained in He I, see Fig. 4. Length scale ratio R; temperature T ,
[K]; frequency f , [Hz]; amplitude a, [mm]; dissipative length scale
η, [μm]. R and η are estimated from Eq. (2).

R T f a η

0.12 2.26 0.05 5 130
0.24 2.26 0.1 5 131
0.43 2.27 0.2 5 147
1.01 2.19 0.2 10 124
1.28 2.27 0.5 5 123
2.83 2.18 0.5 10 109
4.99 2.18 0.75 10 94

Fig. 2, the tails have the same power-law shape. This can be
linked to the fact that the flatness of a statistical distribution
is mainly determined by large-magnitude events, which are
indeed rare, that is, flatness is unlikely an adequate quantity to
describe our experimental results at small scales. We expect,
however, that for large enough data sets, substantially larger
than the present ones, the same (universal) flatness behavior
should be observed at low R, when particle motions are
influenced solely by the vortex tangle dynamics, as shown
by the power-law form of the velocity distribution tails.

Nevertheless, the calculation of the velocity distribution
flatness at various length scales can be useful to estimate
the average distance between quantized vortices, the quantum
length scale of the flow, if the latter is not already known. Such
a scale should indeed be of the same order of the smallest scale
at which the value of the distribution flatness becomes approx-
imately equal to three, as seen in Fig. 4. In other words, visu-
alization studies are capable of giving results that are usually
obtained by other means, such as the second sound attenuation
technique (see, e.g., Ref. [27] and references therein).

Additionally, as a consistency check, the flatness values
calculated for the investigated flows of He I (which is a viscous
liquid) do not appear to depend on R (see Table III for the
experimental conditions). The particle velocity distributions
have quasi-Gaussian form at all scales, including those smaller
than the dissipative scale η. To the best of our knowledge, this
statistical property of classical turbulent flows has not been
reported previously, likely due to the facts that (i) such small
scales are difficult to probe experimentally in flows of viscous
fluids, such as water or air, and that (ii) the flow behavior, at
�exp < η, is not expected to be universal. However, this result
is not the focus of the present work and further investigations
should be performed to address the issue in detail.

If we look more closely at Fig. 2, we find that the
distributions obtained in the proximity of a wall are slightly
different from those calculated in the bulk, that is, it seems
that the tails of the latter are wider than those of the former.
Moreover, the flatness values for the present counterflow
experiments close to a wall are smaller than those calculated
from the bulk counterflow data, see Fig. 4. The outcome
seems to be consistent with the physical picture emerging
from recent studies on boundary effects in thermal counterflow
[8,27,29–34], which suggest that, in the proximity of fluid
boundaries, quantized vortices are, on average, closer to each

FIG. 5. PDF of (v − vm)/vsd . Circles and triangles denote coun-
terflow data obtained in the proximity of a wall and in the bulk,
respectively, as in Fig. 2. Orange line: power-law distribution,
0.03/|(v − vm)/vsd |3, to guide the eye. Magenta line: Gaussian
distribution.

other than in the bulk, leading therefore to a larger effective
R. A detailed account of the influence of solid boundaries on
particle dynamics in thermal counterflow (including the cor-
responding velocity difference distributions) will be reported
elsewhere.

The discussion above is mostly based on the statistical
analysis of the particle velocities in the horizontal direction
because the latter is perpendicular to the preferential direction
of motion of the imposed flows. It is therefore easier to
highlight our findings in the flow direction that, on average, is
less influenced by the large-scale flow. Still, if we plot the PDF
of the dimensionless instantaneous velocity (vs − vm)/vsd in
the vertical direction, as shown in Fig. 5 (vs and vsd are
the mean and standard deviation of the dimensional velocity
v, respectively), we obtain the same power-law shape of
the distribution tails (the oscillating cylinder data are more
scattered but do not show a different power-law behavior at
large enough velocities).

A closer look at Fig. 5 confirms that the vertical velocity
distribution cores are in general characterized by a broad peak,
which is often also skewed. This peak is most likely due to
the existence of two velocity fields in steady-state thermal
counterflow [5,6,19,20], while, for the mechanically driven
flows, it can be linked to the shedding of large-scale vortical
structures at the cylinder edges [25] (the latter feature can
also be seen in the horizontal velocity distribution cores, as
displayed in the bottom panel of Fig. 2). Note in passing that, to
date, large vortical structures have not been extensively studied
in thermal counterflow, although their existence is indirectly
supported by a few experiments [7–11,43–45].

Finally, we note, once more, that the physical interpretation
of our data is based on a number of assumptions, detailed
above, which are not expected to capture entirely the physics
of the problem. Nevertheless, these assumptions lead to
consistent explanations, as, for example, at large enough
length scales, R > 1, all particle velocity distributions have
flatness values close to that of the Gaussian distribution,
while, for R < 1, their shape does not depend on the type
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of imposed large-scale flow, where R is obtained from the
above mentioned assumptions. In other words, our work does
not aim at answering all the questions related to particle-vortex
interactions in He II but can be seen as a useful step toward a
comprehensive understanding of this phenomenon.

V. CONCLUSIONS

We have shown that small-scale universality can be
observed in quantum turbulence, similarly as in classical
turbulence. Indeed, since postulated by Kolmogorov [16,17], a
large number of related studies has been performed in the field
of classical turbulence, see, e.g., Refs. [12–14] and references
therein, including the recent numerical investigations showing
that small-scale universality holds already in various flows of
moderate Reynolds number [15].

However, in classical flows, these small scales are still
larger than (or of the order of) the Kolmogorov length scale
η, below which the fluid motion is dissipated into heat by the
action of the fluid viscosity, while, in quantum flows, they
are smaller than (or of the same order of) the quantum scale
�q, the average distance between quantized vortices, below
which fluid motion may exist all the way down to the Å scale,
the size of the quantized vortex core. On the other hand, the
behavior of classical flows at scales smaller than η, to the
best of our knowledge, has yet to be studied in detail. This
could be addressed by investigating, at suitable scales, other
flows of liquid 4He at temperatures larger than the superfluid
transition, following Ref. [25]. Additionally, in both classical
and quantum cases, it is assumed that the flow small scales are
appreciably smaller than the large scales of the flow, which
are of the order of the experimental volume size. In other
words, the small-scale universality we observe can be seen as
analogous to that reported to occur in classical flows, but has
also different features.

A complementary view can perhaps be formulated as
follows. It is generally accepted that in classical turbulence the
departure from a purely Gaussian distribution of the velocity
probability density function (or, in a more pronounced form,
for the velocity difference) is due to intermittency effects,
originating from rare events of large magnitude, possibly
related to the fact that fluid tracers tend to lose energy
faster than they gain it [46]. Quantized vortex reconnections
may therefore play the role of such large-magnitude events
in quantum turbulence and, consequently, the existence of
the observed power-law tails in the velocity (and velocity
difference) distributions could be linked to intermittency
effects in classical flows.

Additionally, quantized vortices tend to move faster after
reconnection than before it [47], and this time asymmetry
could be seen as analogous to the one reported to occur in
turbulent flows of viscous fluids [46]. Experimental evidence
of the latter in quantum flows could possibly be obtained by
using significantly smaller particles and by calculating higher
order velocity statistics, but this is outside the scope of the
present work and can be regarded as a suggestion for future
studies. In any case, our statistical investigation of the motions
of small particles in mechanically and thermally generated
quantum flows of superfluid 4He strongly suggests that the
concept of small-scale universality might be a fruitful one for
the deeper understanding of quantum turbulence as well as the
phenomenon of fluid turbulence in general.
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